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Chapter 1

Newtonian Mechanics

In this chapter, we will introduce the fundamentals of Newtonian mechanics. You
have already encountered most of this in Experimental Physics 1. We will briefly
summarize the basics in Section 1.1. We will then explain the Galilean principle of
relativity, conservation laws, and the concept of fictitious forces in detail.

1.1 Fundamentals

Space and Time: After establishing the units of length (scales) and time (clocks),
as well as a reference system, we characterize events by (t,x) ∈ R1+3, where t is the
time coordinate, and x = (x1, x2, x3) are Cartesian coordinates of a three-dimensional
Euclidean space. The quantities have an absolute, reference-system-independent
meaning:

• |t1 − t2| : Time interval between two arbitrary events (t1,x1), (t2,x2)

(=⇒ Simultaneity is absolute); (1.1)

• if t1 = t2 :

|x1 − x2|: Spatial distance between two simultaneous events. (1.2)

The general coordinate transformations that leave these quantities invariant are

t′ = λt+ a , (λ = ±1; a ∈ R) ,

x′ = R(t)x+ b(t) , (R(t) ∈ O(3); b(t) ∈ R3) .
(1.3)

Here, R(t) ∈ O(3) is a time-dependent orthogonal 3×3 matrix. These transformations
allow us in particular: (i) to reverse the direction of time (λ = −1), (ii) to shift the
time origin (a ̸= 0), and (iii) to rotate and shift the spatial reference system (in a
time-dependent manner) (R(t), b(t)).

1



2 CHAPTER 1. NEWTONIAN MECHANICS

It can be easily verified that the transformations (1.3) form a group. This is essentially
a consequence of the fact that the transformations are characterized by the invariants
(1.1) and (1.2).

Inertial Systems: From the standpoint of mechanics, however, not all of these
coordinate systems are equivalent. The special class of inertial systems is distinguished
by the law of inertia. In an inertial system, a free particle1 with coordinates x satisfies
the equations of motion

ẍ = 0 ,
(
ḟ(t) ≡ d

dt
f(t)

)
; (1.4)

i.e., it moves uniformly in a straight line along the path

x(t) = x(0) + ẋ(0) t . (1.5)

In an inertial system, therefore, the path of a free particle t 7→ (t,x(t)) is a straight
line in R4. The subgroup of coordinate transformations (1.3) that maps inertial
systems to inertial systems are then the straight-line preserving mappings

t′ = λt+ a , (λ = ±1; a ∈ R) ,
x′ = Rx+ vt+ b , (R ∈ O(3);v, b ∈ R3) .

(1.6)

These mappings again form a group, known as the Galilean group or the group of
Galilean transformations.

We postulate the existence of an inertial system (and thus infinitely many uniformly
moving inertial systems). In practice, different reference systems are used as inertial
systems. For example, in laboratory experiments on small time and length scales,
one can approximately assume the Earth to be an inertial system. On the other
hand, when considering planetary orbits in our solar system, its center of mass with
axes oriented towards fixed stars (with high precision) is an inertial system. On even
larger time and length scales, one would then have to transition to the center of our
Milky Way, for example.

Unless stated otherwise, we will denote (t,x) as the coordinates of an event in an
(arbitrary) inertial system.

Center of Mass Theorem (Concept of Mass): Every point particle has an
invariant mass m > 0, which (after establishing a unit of mass) is characterized by the
center of mass theorem. For a closed (isolated) system of N particles with coordinates
x1, . . . ,xN , the center of mass theorem states

N∑
i=1

miẍi =
d

dt

N∑
i=1

pi = 0 . (1.7)

1A free particle is a particle that is not subjected to any (external) force.
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The definition of mass mi is independent of the choice of inertial system, since
ẍ′
i = Rẍi.

The quantity pi = miẋi is called the momentum of the i-th particle. The above
equation is then the conservation law of the total momentum P =

∑N
i=1 pi. Defining

the center of mass of the N -particle system by

X =
1

M

N∑
i=1

mixi , M =

N∑
i=1

mi , (1.8)

the center of mass theorem can also be written as Ẍ = 0. The center of mass of a
closed system thus moves along an inertial path

X(t) = X(0) +
P

M
t . (1.9)

In scattering processes, particles can be created or destroyed. However, the total
momentum P must be conserved in every inertial system. Now consider two inertial
systems that are related by x′ = x+ vt: The momentum of the i-th particle in the
primed inertial system is then p′

i = pi +miv. Since both P and P ′ are constant, it
follows from the relation P ′ = P +Mv that the total mass M must also be constant.
In particular, mass is additive if multiple particles combine into one.

1.2 The Newtonian Equations of Motion

We consider a system of N particles, whose position coordinates are described by
xi(t). The Newtonian principle of determinism requires that the paths xi(t) are
uniquely determined for all t, provided the positions xi(t0) and the velocities ẋi(t0)
are given at a time t0. In particular, the accelerations ẍi(t0) are then determined,
i.e., there exist functions Fi, such that

miẍi(t) = Fi
(
x1(t), . . . ,xN (t), ẋ1(t), . . . , ẋN (t), t

)︸ ︷︷ ︸
Force law of the system

. (1.10)

These are the so-called Newtonian equations of motion. Conversely, it follows from
the existence and uniqueness theorem for ordinary differential equations that (under
weak conditions on Fi) the paths xi(t) are uniquely determined by (1.10) and the
above initial data at t = t0 for at least a small time interval around t0. We call a
system of N particles that satisfies a force law of the form (1.10) a mechanical system.

In physics, we usually investigate force laws of the form Fi = F
(in)
i + F

(ex)
i with

an external force F
(ex)
i = F (ex)(xi, ẋi, t) independent of xj , ẋj with j ≠ i and an

internal force F
(in)
i . The internal force F

(in)
i on the i-th particle depends only on the

positions of the other particles,

F
(in)
i = F

(in)
i (x1, . . . ,xN ) . (1.11)
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Since it does not depend on the velocities, it can be measured statically. In most
cases, F (in)

i is simply a superposition of two-body forces

F
(in)
i =

3∑
k=1
k ̸=i

Fik , (1.12)

where Fik = Fik(xi,xk) is the force exerted by particle k on particle i. For a (closed)
two-particle system, it then follows from (1.7) that

Fik + Fki = 0 (1.13)

(actio = reactio).

Examples of closed mechanical systems (with F (ex) = 0) include the solar system,
whose force law is given by

miẍi = −G
N∑
k=1
k ̸=i

mimk
xi − xk
|xi − xk|3

(1.14)

or a system of charged particles (with charge ei), for which the force law

miẍi =
N∑
k=1
k ̸=i

eiek
xi − xk
|xi − xk|3

(1.15)

holds.

Examples of non-closed mechanical systems include a charged particle in an external
electromagnetic field (given by E(x, t) and B(x, t))

mẍ = eE(x, t) +
e

c
ẋ×B(x, t) , (1.16)

or a one-dimensional oscillator with friction force and driving force k(t)

mẍ = −fx− rẋ+ k(t) . (1.17)

In both cases, the particle is only subjected to an external force.

The description of these systems as mechanical systems requires approximations. For
example, in (1.16), E(x, t) and B(x, t) are given external electromagnetic fields, and
the influence of the charged particle on them has been ignored. In (1.17), −rẋ is a
summary description of the friction, without considering the dynamics of the damping
medium.

Since friction is an effective description of a complicated interaction of a particle
with a medium, we will hardly consider it in this lecture. You will find that friction
overall plays a subordinate role in the standard lectures of the study. Thus, you will
(probably) only encounter irreversibility and friction again in statistical mechanics.
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1.3 The Galilean Principle of Relativity

The Galilean (or classical) principle of relativity states that the laws of nature are the
same in all inertial systems, i.e., they are invariant under Galilean transformations.2

The principle thus makes all inertial systems equal. For mechanics, the principle of
relativity requires that the equations of motion of a closed system are invariant under
Galilean transformations (1.6). We now want to show that then Fik must have the
form

Fik = fik(|xi − xk|)
xi − xk
|xi − xk|

(1.18)

where fik(r) is any scalar function of one variable.3 This means that the force acts
along the line connecting the two particles and depends only on the distance between
the two particles.

To prove this, consider a mechanical two-particle system whose force law in an inertial
system is of the form

m1
d2x1

dt2
= F12(x1,x2) (1.19)

Let x′ be the coordinates in another inertial system, which arises from the unprimed
inertial system through a (time-independent) Galilean transformation with t = t′:

x′
i(t) = Rxi(t) + b . (1.20)

The principle of relativity then requires that the same equation of motion holds in
the primed inertial system; i.e.,

m1ẍ
′
1 = F12(x

′
1,x

′
2) (1.21)

should be equivalent to (1.19) with F12 being the same function. For the left side,
we have m1ẍ

′
1 = m1Rẍ1 from (1.20).

Invariance under a pure translation (R = 1, b ̸= 0) thus leads to the condition
F12(x1,x2) = F12(x1 + b,x2 + b). This immediately implies that F12 can only
depend on x1 − x2.4 Thus, we obtain that F12(x1,x2) = F12(x1 − x2). Invariance
under rotations R ∈ SO(3) then leads to the condition that

RF12(x) = F12(Rx) (1.22)

holds. If one specifically chooses a rotation R around the axis in the direction of
the connecting line x = x1 − x2 (Rx = x), it follows with RF12(x) = F12(x) the
assertion

F12(x) = f12(x)
x

|x| (1.23)

2This fundamental principle will later be replaced by Einstein’s principle of relativity in special
relativity.

3The factor 1/|xi−xk| could of course also have been absorbed into the definition of fik. However,
we want fik to have the units of a force.

4This can be seen, for example, by setting b = −x2.
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about the direction of the force. Furthermore, (1.22) requires that f12(x) = f12(Rx)
for any rotation R, thus f12(x) = f12(|x|). This proves the assertion (1.18).

The forces in (1.18) always possess a potential

Fik = −
∂

∂xi
Vik(|xi − xk|) , with

d

dr
Vik(r) = −fik(r) . (1.24)

Accordingly, for the superposition of two-body forces, we have

F
(in)
i = − ∂

∂xi
V (x1, . . . ,xN ) , V =

3∑
i,k=1
i<k

Vik(|xi − xk|) . (1.25)

So far, we have considered the ‘passive interpretation’ of the principle of relativity: if
x(t) and x′(t′) describe the same path in different inertial systems, then they must
satisfy the equations of motion in both inertial systems (which must have the same
form). However, one can also use an ‘active interpretation’: if x(t) is a solution of the
equations of motion in one inertial system, then x(t) is also a solution with respect
to any other inertial system.5 As an example, consider the case of time reversal
(λ = −1): if x(t) is a solution, then x(−t) is also a solution; the time-reversed motion
is therefore always also a solution of the equations of motion.

Invariant versus Form Invariant: Form invariance of an equation requires that
the equation has the same form in different reference systems. In this case, the
potential V (x1, . . . ,xN ) must be replaced by V ′(x′

1, . . . ,x
′
N ) defined by

V ′(x′
1, . . . ,x

′
N ) = V (x1, . . . ,xN ), (1.26)

since the value of the potential energy of a particle configuration does not
depend on the choice of coordinates. Fields that transform like (1.26) are called
scalar fields. Starting from the potential, one finds directly the relation

F ′
i (x

′
1, . . . ,x

′
N ) = −

∂V ′

∂x′
i

= −R ∂V
∂xi

= RFi(x1, . . . ,xN ) (1.27)

of the force laws in the two reference systems. Fields that transform like
(1.27) are called vector fields. If one restricts the possible transformations to
the Galilean transformations (1.20), one obtains that ẍ′ = Rẍ, as already
shown. Thus, the Newtonian equations (1.10) are form invariant under Galilean
transformations, as long as F is a vector field (both sides are simply multiplied
by R in the primed reference system). Form invariance simply describes the
mathematical fact that an equation has a certain (nice) form in certain reference
systems.

5The path x(t) then generally describes a different path, as this function now denotes the
components with respect to a different coordinate system!



1.4. CONSERVATION LAWS 7

The invariance of an equation under Galilean transformations, on the other
hand, requires that the equation is identical in two reference systems. In the case
of the Newtonian equation, this means that F ′(x′

1, . . . ,x
′
N ) = F (x′

1, . . . ,x
′
N )

or also V ′(x′
1, . . . ,x

′
N ) = V (x′

1, . . . ,x
′
N ), i.e., V ′ and V are the same function.

Due to (1.26), it follows that

V (Rx1 + b, . . . , RxN + b) = V (x1, . . . ,xN ) (1.28)

for a time-independent Galilean transformation x′
i = Rxi + b. The invariance

of a closed system in classical mechanics under Galilean transformations is an
experimental fact with physical consequences. The force law thus has the form
(1.18) and we obtain, as discussed in detail in the next chapter, the 10 classical
conservation laws.

1.4 Conservation Laws

We now want to make some general statements about mechanical systems. Mechanical
systems are characterized by satisfying a force law of the form (1.10).

(a) Impulse Law: It directly follows from (1.10), that

d

dt

N∑
i=1

pi︸ ︷︷ ︸
P

=

N∑
i=1

Fi︸ ︷︷ ︸
F : resultant force

. (1.29)

(b) Angular Momentum Law: Since the time derivative of xi is proportional to
pi, it follows that

d

dt

N∑
i=1

xi × pi︸ ︷︷ ︸
L

=

N∑
i=1

xi × Fi︸ ︷︷ ︸
M : resultant torque with respect to x = 0.

. (1.30)

The angular momentum L can be decomposed, L = X × P +LS, into the part of
the center of mass motion X × P and a part of the internal motion relative to the
center of mass

LS =
N∑
i=1

(xi −X)× (pi −miẊ) . (1.31)

In the decomposition, we have used that
N∑
i=1

mixi × Ẋ = X × P = X ×
N∑
i=1

pi = X ×
N∑
i=1

miẊ , (1.32)

since
∑N

i=1mixi =MX and MẊ = P.6

6Here, M denotes the total mass, M =
∑N

i=1mi.
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(c) Energy Law: Multiplying (1.10) by ẋi and summing over i leads to

d

dt

N∑
i=1

1

2
miẋ

2
i︸ ︷︷ ︸

T

=
N∑
i=1

Fi · ẋi︸ ︷︷ ︸
power of the forces.

, (1.33)

where we have introduced the kinetic energy T . As with angular momentum, the
kinetic energy can also be decomposed

T =
1

2
MẊ2 + TS , where TS =

N∑
i=1

1

2
mi

(
ẋi − Ẋ

)2 (1.34)

describes the kinetic energy of the internal motion with respect to the center of mass.
In the decomposition, we have used that

1

2

N∑
i=1

miẋiẊ =
1

2
MẊ2. (1.35)

Closed Systems: Closed systems, which only interact with each other through
internal forces, are described by a potential V (x1, . . . ,xN ) with F

(in)
i = −∂xiV , see

Eq. (1.25). The invariance of the equations of motion under Galilean transformations
(Galilean principle of relativity) requires that

V (Rx1 + b, . . . , RxN + b) = V (x1, . . . ,xN ), (R ∈ O(3); b ∈ R3). (1.36)

Thus, for closed, Galilean invariant systems, we have:

(i) the resultant force F = 0 vanishes (P is conserved),

(ii) the resultant torque M = 0 vanishes (L is conserved),

(iii) the power reduces the potential,

N∑
i=1

Fi · ẋi = −
dV

dt
(1.37)

(the energy T + V is conserved).

To prove this, consider an arbitrary unit vector e:

(i) It holds

e · F = − d

dλ
V (x1 + λe, . . . ,xN + λe)

∣∣∣∣
λ=0

= 0 , (1.38)

since the potential is invariant under translations. Since this holds for arbitrary unit
vectors e, it follows that F = 0.
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(ii) Consider a rotation R(φ) of angle φ around e. Then we have

d

dφ
R(φ)x

∣∣∣∣
φ=0

=
d

dφ
(φe)× x

∣∣∣
φ=0

= e× x , (1.39)

and therefore

e ·M =

N∑
i=1

e · (xi × Fi) =

N∑
i=1

(e× xi) · Fi

= − d

dφ
V (R(φ)x1, . . . , R(φ)xN )

∣∣∣∣
φ=0

= 0 . (1.40)

Since e is arbitrary, it follows that M = 0.

(iii) follows directly from the chain rule.

A closed system that satisfies the Galilean principle of relativity thus possesses the
ten classical conservation laws (integrals of motion):

P and MX − P t (6 center of mass integrals), (1.41)
L (or LS) (3 angular momentum integrals), (1.42)
T + V (or TS + V ) (energy integral). (1.43)

These 10 conservation laws are related to the 10 continuous parameters b, v, R and
a (3 + 3 + 3 + 1) of the Galilean group (see Chapter 4.5.3).

1.5 Accelerated Reference Systems

The Newtonian equations of motion have the simple form

mẍ = F , (1.44)

which is valid in all inertial systems. Sometimes, however, it is convenient to work
in coordinate systems that are not inertial systems. In such accelerated reference
systems, so-called ‘fictitious forces’ arise.

Let y denote the coordinates of an arbitrary reference system, which is related to an
inertial system x by

x = R(t)y + b(t) , (R(t) ∈ SO(3); b(t) ∈ R3) (1.45)

Then it holds

ẋ = Ṙy +R ẏ + ḃ , ẍ = R̈y + 2Ṙ ẏ +R ÿ + b̈. (1.46)

Multiplying the equation for ẍ by Rt (where Rt is the transpose matrix of R) leads
to

mÿ = Rt F − 2mRtṘ ẏ −mRt R̈y −mRt b̈ , (1.47)
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since RtR = 1.

The first term on the right side is the force vector

K ≡ RtF (1.48)

in y-coordinates. The additional terms are the fictitious forces that arise. The last
term contains the acceleration of the point y = 0 in y-coordinates

a ≡ Rtb̈. (1.49)

The remaining terms can be simplified by introducing the mapping Ω = Rt Ṙ. One
can easily see that the mapping Ω is antisymmetric; for taking the time derivative of
the relation RtR = 1, we obtain

Rt Ṙ+ ṘtR = Ω+ Ωt = 0 . (1.50)

Thus, Ω generally has the form

Ω =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 : Ωy = ω × y, with ω = (ω1, ω2, ω3). (1.51)

A point at rest in the y-system has in the x-system the velocity ẋ = Ṙy + ḃ. The
components of this velocity in the y-system are therefore Rtẋ = ω × y + Rt ḃ. In
particular, ω describes the y-components of the (instantaneous) angular velocity of
the y-system relative to the x-system; the vector ω points in the direction of the
instantaneous axis of rotation.

Furthermore, we have

Rt R̈ = Ω̇− Ṙt Ṙ = Ω̇− ṘtRRt Ṙ = Ω̇ + Ω2 , (1.52)

Rt R̈y = ω̇ × y + ω × (ω × y) . (1.53)

Overall, equation (1.47) thus reads

m ÿ = K − 2m (ω × ẏ)−m (ω̇ × y)−mω × (ω × y)−ma . (1.54)

The terms appearing to the right of K are called fictitious forces, in particular,

−2mω × ẏ the Coriolis force
and −mω × (ω × y) the centrifugal force. (1.55)

These are the only fictitious forces in uniform rotation of the y-system (ω = constant,
a = 0). The additional term −ma, which appears for a ≠ 0, is called the guiding
force.
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Figure 1.1: The point P is located at geographical latitude φ. The Earth’s rotation
occurs around the axis from the center of the Earth to the North Pole (0N⇀). The
y-system is fixed at point P and rotates with angular velocity 2π/day around the
Earth’s axis.

It should be noted that the above fictitious forces are proportional to the inertial
mass mT of the particle, whereas the gravitational force mS g is proportional to the
gravitational mass mS .7 Experimentally, it is found that the two are equal:

mS = mT , Experiment: mS/mT = 1± 10−12. (1.56)

Due to the equality of gravitational and inertial mass, the equations of motion of a
particle in a homogeneous gravitational field g relative to a freely falling, non-rotating
(ω = 0) reference system are given by

mT ÿ = mSg −mTg = 0 , (1.57)

i.e., the weight force is completely transformed away. In an inhomogeneous gravita-
tional field, this only holds locally. The equivalence of inertial and gravitational mass
is an important foundation of general relativity.

1.5.1 Example: Free Fall to the Earth’s Surface

As an application, we consider free fall to the Earth’s surface. Let P be a point on
the Earth’s surface, whose geographical latitude is described by φ. Let (t,x) be a
‘space-fixed’ inertial system with origin at the center of the Earth, whose x3-axis
points towards the North Pole N . (We neglect here the Earth’s motion around the
Sun, axial precessions, etc.) The rotating coordinate system is denoted by y with

7The inertial mass is the constant that appears in the Newtonian equations of motion F = mT ẍ.
The gravitational mass describes the Newtonian gravitational force F = −∇(GmS1mS2/x12).
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x = R(t)y + b(t). The vector b is equal to b = Rp, where p = 0P
⇀ is the fixed vector

from the center of the Earth to P (at time t = 0), see Fig. 1.1.

Using (1.54), we find the equations of motion

ÿ = g′ − 2ω × ẏ (1.58)

of a mass point near P , where

ω = (−ω cosφ, 0, ω sinφ) , ω = 2π/day ,

and

g′ = g − ω ×
(
ω × y

)
−

=ω×(ω×p)︷︸︸︷
a = g − ω ×

(
ω × (p+ y)

)
≡ (0, 0,−g) , (g ≈ 9.81m/s2). (1.59)

In the last line, we have defined the y3-direction as the vertical direction along which
the resultant of the gravitational acceleration, the centrifugal force, and the guiding
force acts at P .8

In components, equation (1.58) reads

ÿ1 = 2ω sin(φ) ẏ2 ,

ÿ2 = −2ω sin(φ) ẏ1 − 2ω cos(φ) ẏ3 , (1.60)
ÿ3 = −g + 2ω cos(φ) ẏ2 .

We want to describe a mass point that is released from rest at t = 0 (ẏ = 0) at height
h (y1 = y2 = 0, y3 = h > 0). The first and third equations then yield

ẏ1 = 2ω sin(φ)y2 and ẏ3 = −gt+ 2ω cos(φ)y2 . (1.61)

Substituting into the second equation leads to the differential equation

ÿ2 + 4ω2 y2 = 2gtω cosφ (1.62)

for y2. The general solution of this is

y2 =
g cosφ

2ω
t+A sin(2ωt) +B cos(2ωt) . (1.63)

The initial condition y2(0) = 0 givesB = 0, and ẏ2(0) = 0 requiresA = −(2ω)−2g cosφ.
Thus, we find the result

y2 =
g cosφ

2ω

(
t− 1

2ω
sin 2ωt

)
. (1.64)

8The gravitational acceleration is approximately the same everywhere on Earth. We have further
assumed that |y| ≪ |p|, so that the gravitational acceleration is independent of y.
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For t > 0, y2 > 0, i.e., there is an eastward deflection. Since ωt ≃ fall time/day ≪ 1,
we expand in powers of ωt and obtain

y2 =
gt2

3
cos(φ)ωt . (1.65)

In principle, we can now also determine y1, y3 using (1.61). However, the corrections
to free fall for these components are only of the order (ωt)2. The impact occurs at
time T with gT 2/2 = h. We obtain the total eastward deflection

y2(T ) =
1

3
ω
(8h3
g

)1/2
cosφ . (1.66)

For example, for φ = 45◦, h = 100m, the eastward deflection is just y2 ≈ 1.6 cm.

1.6 Mechanical Similarity

In part, it is possible to find certain properties of the solution of the Newtonian
equations of motion (1.10) without explicitly solving them. An important example
is the case when the forces are generated by a potential V that is a homogeneous
function (of degree k) of the coordinates, i.e.,

V (x′
1, . . . ,x

′
N ) = V (λx1, . . . , λxN ) = λk V (x1, . . . ,xN ) (1.67)

with λ > 0, x′
i = λxi and k ∈ R. If one differentiates this relation with respect to xi,

one obtains
λ
∂V

∂x′
i

(x′
1, . . . ,x

′
N ) = λk

∂V

∂xi
(x1, . . . ,xN ), (1.68)

i.e., the forces F (x1, . . . ,xN ) = −∂xiV are homogeneous of degree k − 1.

Given a solution xi(t) of the equations of motion

miẍi = −
∂V

∂xi
(x1, . . . ,xN ) (1.69)

one can obtain further (scaled) solutions x′
i(t

′) = λxi(t) using the transformation
x′
i = λxi and t′ = βt as long as

β = λ1−k/2 (1.70)

is chosen. With this choice, it holds

mi
d2x′

i

dt′2
=

λ

β2
miẍi

(1.69)
= − λ

β2
∂V

∂xi
(x1, . . . ,xN )

(1.68)
= − λ

2−k

β2︸ ︷︷ ︸
=1

∂V

∂x′
i

(x′
1, . . . ,x

′
N )

and thus x′
i(t

′) is also a solution of (1.69).
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The transition from xi(t) to x′
i(t

′) corresponds to the transition to new particle paths,
where only spatial and temporal distances are scaled by the corresponding factors λ
and β (geometric similarity). Since the new coordinates again satisfy the equations
of motion, it holds for two paths (which are similar to each other) that the ratio of
the times along the paths behaves like

t′

t
= β =

(
l′

l

)1−k/2
(1.71)

where l, l′ describes the spatial extent of the paths.9 We also obtain the scaling
relations

|ẋ′|
|ẋ| =

λ

β
=

(
l′

l

)k/2
,
|L′|
|L| =

λ2

β
=

(
l′

l

)1+k/2

,
E′

E
=
λ2

β2
=

(
l′

l

)k
, (1.72)

for the velocity ẋ, the angular momentum |L|, and the total energy E = T + V .

As an example, we consider the gravitational attraction between two point masses
(k = −1). We will show in Chapter 2.2 that the corresponding paths are ellipses
around the common center of mass. Two similar paths then have the same eccentricity
but generally a different semi-major axis a. From (1.71), we obtain

T ′

T
=

(
a′

a

)3/2

, (1.73)

i.e., the squares of the orbital periods T behave like the cubes of the semi-major axes
(3rd Kepler’s Law).

Virial Theorem: In the case that the potential is a homogeneous function and the
motion of the particles occurs in a bounded spatial region (with bounded momentum),
there is a simple relation between the time average of the kinetic and potential
energy. The theorem is of a statistical nature, as it does not make a statement about
instantaneous (exact) relations between different mechanical quantities, but only
deals with the time average.

To obtain the relation, we rewrite the kinetic energy a bit,

2T =
N∑
i=1

pi · ẋi =
d

dt

(
N∑
i=1

pi · xi
)

︸ ︷︷ ︸
=G

−
N∑
i=1

xi · ṗi︸︷︷︸
=Fi

. (1.74)

We now want to average this expression over time. The time average of a function
f(t) is defined by

f = lim
τ→∞

1

τ

∫ τ

0
dt f(t). (1.75)

9For example, one could choose l = |x1(0)| and l′ = |x′
1(0)|.
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It is easy to see that for a bounded function F (t)

dF

dt
= lim

τ→∞
F (τ)− F (0)

τ
= 0 (1.76)

holds. By assumption, G(t) is bounded and from (1.74) follows the virial theorem

2T = −
N∑
i=1

xi · Fi; (1.77)

the right side of this equation is referred to as the virial of the system.

For a homogeneous potential, the Euler’s theorem10

kV =
N∑
i=1

xi ·
∂V

∂xi

holds, and thus we find (Fi = −∂xiV )

2T = kV . (1.78)

For the gravitational potential (k = −1), it follows that 2T = −V (V is negative).
For an isotropic oscillator, we have k = 2 and therefore T = V .

10Note: Differentiating V (λx) = λkV (x) with respect to λ yields
∑

i ∂xiV · xi = kλk−1V (by the
chain rule). One then sets λ = 1.
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Chapter 2

The Two-Body Problem

Before we want to further investigate the structure of classical mechanics, it is
instructive to first study a few examples. We begin with the simplest case, an isolated
mechanical system of two particles. We will see that this case can generally be
reduced to the problem of a particle in an effective potential. This insight is the basis
for the general solution (integration) of the two-particle problem.

2.1 The General Case

As we have shown in Chapter 1.3, the force between two particles acts along the
line connecting the two particles and depends only on the distance between the two
particles. The equations of motion are therefore generally of the form

ẍ1 = −
1

m1

∂V

∂x1
(|x1 − x2|) , ẍ2 =

1

m2

∂V

∂x1
(|x1 − x2|) , (2.1)

where V (r) is the potential.

For two particles with masses m1 and m2, which interact only through gravitational
force, the potential is, for example, given by V (r) = −Gm1m2/r. In this case,
equations (2.1) also apply to extended, spherically symmetric bodies (e.g., in good
approximation for celestial bodies), since outside such a body, the gravitational force
is exactly as if the entire mass were located at the center (Newton’s theorem).

17
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2.1.1 Relative Coordinates and Conserved Quantities

To solve the above problem, it is helpful to separate the center of mass motion. For
this purpose, we introduce the center of mass and relative coordinates

X =
1

M
(m1x1 +m2x2) , (M = m1 +m2) , (2.2)

x = x1 − x2 (2.3)

In terms of these variables, the equations of motion are

MẌ = 0 (2.4)

µẍ = −∂V
∂x

(|x|) ,
( 1
µ
=

1

m1
+

1

m2

)
, (2.5)

i.e., the center of mass motion X(t) and the relative motion x(t) are decoupled. The
center of mass motion X(t) is an inertial motion (see Chapter 1.1), and the equation
for the relative motion x(t) is that of a single particle with reduced mass µ under
the influence of the external potential V (|x|). The relative system still possesses two
conserved quantities.

Angular Momentum: The (relative) angular momentum

L = µx× ẋ (= constant) (2.6)

is conserved, since L̇ = −x×∂xV (|x|) = 0. Thus, the trajectory x(t) lies in the plane
perpendicular to L, the orbital plane. To describe the motion in the orbital plane,
we use polar coordinates (r, φ) with the associated unit vectors er = (cosφ, sinφ, 0)
and eφ = (− sinφ, cosφ, 0) in radial and azimuthal directions.1 With x = rer and
ėr = φ̇eφ, we find for the velocity

ẋ = ṙ er + r φ̇eφ. (2.7)

Thus, the magnitude of the angular momentum is given by

l ≡ |L| = µ r2 φ̇ = constant . (2.8)

This is the area law (2nd Kepler’s Law): If F (t) denotes the area swept out by the
vector x(t) in the orbital plane, then

Ḟ (t) =
1

2
r2φ̇ =

l

2µ
= constant , (2.9)

see Fig. 2.1.

Energy: The other conserved quantity is the relative energy

T + V =
µ

2
ẋ2 + V (r) =

µ

2
(ṙ2 + r2φ̇2) + V (r) = E = constant . (2.10)

1We have set the coordinate system such that L points along the (positive) x3-axis.
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F (t)

∆ϕ

x(0)∆F ≈ 1
2r

2∆ϕ

x(t)x(t+∆t)

Figure 2.1: Illustration of the area law: F (t) denotes the area in the orbital plane
swept out by the vector x(t) in time t. Its change ∆F is given by the area r2∆φ/2
of the dark gray triangle. We thus obtain for the area change per time Ḟ = r2φ̇/2,
which is proportional to the angular momentum l = µr2φ̇.

The constancy of the energy E follows from Ė = ẋ · µ ẍ+ ẋ · ∂xV (|x|) = 0.

The combination of the two conserved quantities allows us to solve the two-body
problem. Substituting φ̇ from (2.8) into the energy equation (2.10) yields

1

2
µṙ2 + U(r) = E , U(r) =

l2

2µr2
+ V (r) . (2.11)

The term l2/2µr2 is called the centrifugal potential. The radial motion r(t) on
0 < r <∞ is that of a mass point with mass µ under the influence of the effective
potential U(r).

The remaining differential equation (2.11) is separable with the solution

t(r)− t(r0) = ±
∫ r

r0

dx√
2
µ(E − U(x))

; (2.12)

the square root changes sign at each turning point. For the region where the radius
increases (decreases), the positive (negative) sign must be chosen. Additionally, we
obtain with

dφ

dr
=
φ̇

ṙ
= ± l

µ r2
√

2
µ(E − U(r))

, (2.13)

also

φ(r)− φ(r0) = ±
r∫

r0

l dx

x2
√

2µ (E − U(x))
. (2.14)

The function φ(r) describes the trajectory in the plane without reference to the
temporal progression. To find the trajectory x(t), one must solve (2.12) for r. This
gives r(t) and, using (2.14), also φ(t).

Through (2.12) and (2.14), the determination of the trajectory is reduced to the
calculation of integrals: the problem is integrable, see also Chapter 8.2. The trajectory
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U(r)

r

r
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E4

ṙ

E1
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A
×
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×

×
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×
×
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×

×

Figure 2.2: Potential and phase portrait for four different energies.

depends on four motion integrals E, l, r0 and φ0 = φ(r0). Together with the orbital
plane (direction of L), these uniquely determine the trajectory.2

2.1.2 The Different Types of Orbits

Using an example, we illustrate possible types of motion of the relative motion.
Figure 2.2 shows the motion at four different energies in phase space with the
coordinates (r, ṙ) (phase portrait). The trajectories always lie in the region

E − U(r) =
µ

2
ṙ2 ≥ 0 . (2.15)

At the boundaries of this region, ṙ = 0; these are the turning points of the trajectory
(marked with × in the diagram). For a point with ṙ = 0 to actually be a turning
point, it must hold that

µr̈ = −dU
dr
̸= 0 (2.16)

must hold. If dU/dr = 0 for r = r0 (these are the points A and B in the diagram),
there is an equilibrium solution with r = r0. The solution at A is stable (i.e., a
trajectory with initial conditions (r, ṙ) close to A will always remain close to A),

2The connection to the ‘elementary’ integration constants r0, φ0, ṙ0, φ̇0 is obtained through the
equations (2.8) and (2.10).
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whereas B is unstable. In general, we distinguish bound orbits, which run entirely in
the finite region, and scattering orbits with r(t)→∞ for t→ ±∞.

2.1.3 Bound Orbits

For bound orbits, r(t) is periodic with the period

T (E) = 2

rmax∫
rmin

dx√
2
µ(E − U(x))

, (2.17)

where rmin and rmax are the zeros of E −U(r) that limit the allowed r-interval. This
formula follows directly from (2.12).

If both rmin and rmax are turning points, then T <∞. In this case, one can locally
(near x∗ = rmin and x∗ = rmax) expand the function E−U(x) with E−U(x∗+ϵ) ≈ α ϵ.
The resulting integral ∝

∫
dϵ /
√
ϵ converges. If one of the interval boundaries is not

a turning point but an equilibrium point (as for E = E3, where rmax = rB), then
T (E3) =∞.

For a periodic orbit, the azimuth φ increases during one period T by the angle
(perihelion precession)

∆φ = 2

rmax∫
rmin

l dx

x2
√

2µ(E − U(x))
, (2.18)

which follows directly from (2.14). The trajectory is generally a ‘rose curve’ in the
ring rmin ≤ r ≤ rmax, which only closes if ∆φ/2π is rational, see Fig. 2.3(a).

2.1.4 Scattering Orbits

We now consider the case that V (r)→ 0 for r →∞. Then there are scattering orbits
only for energies E ≥ 0 (with r(t) → ∞ for t → ±∞).3 If E > 0, the scattering
orbits have straight asymptotes (for t→ ±∞). A scattering orbit is determined by
the energy E > 0, the direction e (|e| = 1) of the incoming asymptote, and the
impact parameter b ⊥ e, see Fig. 2.3(b). For t→ −∞ (due to V → 0) the asymptotic
relation µ|ẋ| → √2µE holds, and thus µẋ→ √2µE e. With l = µ|x× ẋ|, we obtain
the relation

l = b
√

2µE (2.19)

between the impact parameter b = |b| and the angular momentum l. Therefore, b
and E determine the scattering angle

χ = π − 2θ (2.20)
3In the limit r → ∞, V (r)− U(r) = 0.
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Σ

θ χ

e′

e

r = rmin

b

ψ

θ

(a) (b)

Figure 2.3: (a) Rose curve (b) Scattering orbit with the impact parameter b in the
plane Σ. The particle starts at t→ −∞ at the position r →∞ and approaches the
scattering center in the direction e ⊥ b. It passes at rmin the closest distance to the
scattering center before it moves towards r →∞ in the direction e′ (deflected by the
scattering angle χ).

with

θ =

∫ ∞

rmin

l dx

x2
√

2µ(E − U(x))
=

∫ ∞

rmin

b dx

x2
√

1− V (x)E−1 − b2x−2
, (2.21)

cf. with equation (2.14).

For fixed E and e, the vector b determines the direction vector e′ (|e′| = 1) of the
outgoing asymptote. This relationship defines a mapping Σ ∋ b 7→ e′ ∈ S2. Since e′

is described by the polar angle (χ, ψ) with respect to e, under this mapping the area
element dσ = b db dψ transforms into the solid angle element dΩ = sinχdχdψ. The
differential scattering cross-section (with dimension of an area) is defined as the ratio

dσ

dΩ
(χ) =

∣∣∣∣ b

sinχ

db

dχ

∣∣∣∣ = b

sinχ

∣∣∣∣∣
(
dχ

db

)−1
∣∣∣∣∣ , (2.22)

where χ = χ(b) is given by (2.20) and (2.21). It may happen that different bk lead to
the same scattering angle χ; then (2.22) must be replaced by

dσ

dΩ
(χ) =

∑
k

bk
sinχ

∣∣∣∣∣
(
dχ

dbk

)−1
∣∣∣∣∣ (2.23)

The latter case occurs, for example, whenever −∞ < V (0) ≤ 0 is true. Then it holds
that χ(0) = 0, since for b = 0 the trajectory passes directly through the origin. Since
in general limb→∞ χ(b) = 0, it follows from the intermediate value theorem that every
(non-extremal) value χ(bk) is assumed at least at two points bk.
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In a scattering experiment, one bombards the scattering center with a homogeneous
flux density j (particle number per area and time unit) of incoming particles with
fixed E and e. Then j (dσ/dΩ) dΩ is the number of scattered particles per unit time
with outgoing asymptote direction e′ ≡ (χ, ψ) in the solid angle element dΩ.

The total number of scattered particles j σtot is therefore proportional to the total
scattering cross-section

σtot =

∫
S2

dσ

dΩ
dΩ. (2.24)

It is equal to the area of the impact parameters b ∈ Σ that lead to a scattering (i.e.,
exhibit χ(b) ̸= 0); for integrating (2.24) we immediately obtain the result

σtot = πa2 , (2.25)

where a = supr≥0{r | V (r) ̸= 0} ≤ ∞ is the range of the potential.

2.2 The Kepler Problem

The Kepler problem is an important special case of the two-body problem, in which
two particles with masses m1 and m2 attract each other gravitationally. In this case,
the potential takes the form

V (r) = −1

r
Gm1m2 , (2.26)

where G = 6.67 · 10−11 m3/kg s2 denotes the Newtonian gravitational constant. With
the reduced mass

µ =
m1m2

m1 +m2
, m1m2 =Mµ , (M = m1 +m2) (2.27)

one finds

U(r) =
l2

2µr2
− GMµ

r
. (2.28)

The trajectory is given by the general relationship (2.14). Substituting x = 1/s (with
−dx/x2 = ds) leads to

φ(r)− φ0 = ∓
∫ r−1

r−1
0

l ds√
2µ(E − U(1/s))

= ∓
∫ r−1

r−1
0

ds√
α+ 2βs− s2

, (2.29)

where we have introduced the parameters α = 2µEl−2 and β = GMµ2l−2. The last
integral has the antiderivative (α+ β2 ≥ 0)∫

ds√
α+ 2βs− s2

= − arccos
( s− β√

α+ β2

)
. (2.30)
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Thus, (2.29) can be explicitly integrated with the result

φ(r) = ± arccos
( r−1 − β√

α+ β2

)
; (2.31)

here we have chosen the free constant φ0 in such a way that it cancels the contribution
from the lower limit of integration. By solving for r, the trajectory in polar coordinates
is obtained as

r =
d

1 + ε cosφ
, (2.32)

with the parameters

d =
1

β
=

l2

GMµ2
, and (2.33)

ε =

√
α+ β2

β
, that is, 1− ε2 = − α

β2
= − 2El2

G2M2µ3
. (2.34)

The equation (2.32) for the trajectory defines a conic section with a focus at r = 0;
depending on the value of the eccentricity ε, it can be one of the following:

Circle : ε = 0, that is, E = −G2M2µ3/2l2,
Ellipse : ε < 1, that is, E < 0,
Parabola : ε = 1, that is, E = 0,
Hyperbola : ε > 1, that is, E > 0.

The angle φ = 0 corresponds to the perihelion (minimum r). We will show below
that (2.32) corresponds to an ellipse for ε < 1.

2.2.1 Elliptical Orbits

From Fig. 2.4(a) and the equation of the ellipse r+ r̄ = 2a, we obtain the relationship

r̄2 = (r cosφ+ 2aε)2 + r2 sin2 φ = (2a− r)2. (2.35)

From this, we obtain after factoring the result

4ar(1 + ε cosφ) = 4a2(1− ε2) . (2.36)

This is precisely the trajectory (2.32) with

d = a(1− ε2). (2.37)

The fact that Newton’s law of gravitation with V (r) ∝ r−1 predicts elliptical orbits
is historically significant: Johannes Kepler derived from the observations of Tycho
Brahe that the orbit of Mars is an ellipse with a focus at the Sun (or in the center of
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ξ
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ϕϕ
r̄

2aε

r
b

a

a
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O

(a) (b)

M
A

BP

Figure 2.4: (a) Ellipse with the major and minor axes a and b. The two foci are
separated by the distance 2aε with the eccentricity ε =

√
1− b2/a2. (b) Graphical

relationship between the true anomaly (azimuth) φ and the eccentric anomaly ξ. For
the construction of the eccentric anomaly, the circumference from the radius a is
needed. The point B on the circumference (and thus ξ) is characterized by having
the same projection on the axis MA as the point P ≡ (r, φ) on the ellipse.

mass), and extended this to the other planets (1st Kepler’s Law). Newton was able
to theoretically explain this result with his theory of gravitation.

Another important feature of an ellipse is the semi-minor axis

b = a
√
1− ε2 =

√
ad (2.38)

with which the area of the ellipse F = πab = πd1/2a3/2 can be determined. According
to the area law (2.9) (2nd Kepler’s Law), it holds that

F = T Ḟ =
T l

2µ
, (2.39)

where T is the orbital period. With this relation, one can solve for the orbital period

T =
2µ

l
F =

2µ

l
πd1/2 a3/2 =

2π√
GM

a3/2 (2.40)

If m1 ≪ m2, then M ≈ m2, and the ratio T 2 : a3 is the same for all planets (3rd
Kepler’s Law).

To describe the temporal progression of the orbit, it is useful to use the eccentric
anomaly ξ (i.e., the angle relative to the center of the ellipse, see Fig. 2.4(b)) instead
of the true anomaly (azimuth) φ.4 By considering the projection of MB onto MA,
one finds the relationship

a cos ξ = aε+ r cosφ, (2.41)

4The eccentric anomaly was introduced by Kepler.
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which links the eccentric anomaly ξ with the true anomaly φ. Regarding the eccentric
anomaly, the Kepler’s equations hold

r = a(1− ε cos ξ), t =

√
a3

GM
(ξ − ε sin ξ), (2.42)

where t = 0 corresponds to a perihelion passage. The equations (2.41) and (2.42)
together provide an (implicit) expression for the orbit x(t).

Proof of Kepler’s Equations: The equation for r follows directly from (2.41) with

εa cos ξ = ε(aε+ r cosφ)

= a− a(1− ε2) + εr cosφ

= a− r(1 + ε cosφ) + εr cosφ

= a− r , (2.43)

where in the second transformation the trajectory (2.36) was used.

The proof of the time equation is obtained directly from the area law F (t) = l t/2µ,
see equation (2.9). For this, one uses that a stretching of the ellipse by the factor
a/b =

√
a/d ≥ 1 in the direction of the minor axis results in the circumcircle. The

area swept out by the radius vector F (t) transforms into the area

F̃ (t) =
a

b
F (t) =

√
a

d

l t

2µ
=

1

2

√
GMa t (2.44)

of AOB (multiplied by a/b due to the stretching). However, the area F̃ of AOB is
precisely the difference of the circular sector AMB with area a2ξ/2 and the triangle
OMB with area (aε)(a sin ξ)/2. Thus, we obtain

F̃ (t) =
1

2
a2(ξ − ε sin ξ) (2.45)

and by comparing with (2.44) the second equation in (2.42).

2.2.2 Hyperbolic Orbits

As already shown at the beginning of the chapter, we obtain in the Kepler problem
scattering orbits (hyperbolas) for positive energies. To determine the differential
scattering cross-section, we need the relationship of the scattering angle χ = π − 2θ
with the impact parameter b = l/

√
2µE.

As seen in Fig. 2.5, the angle θ corresponds to the limit θ = π − limr→∞ φ(r).
According to (2.32), it holds that cosφ→ −1/ε for r →∞. Expressed in terms of
the angle θ, this is the condition cos θ = 1/ε and therefore tan2 θ = ε2 − 1. On the
other hand, according to (2.34), it also holds that

ε2 − 1 =
2E

=l2︷ ︸︸ ︷
(2µEb2)

G2M2µ3
. (2.46)
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θ
θ

ϕ χ
Figure 2.5: Scattering orbit (hyperbola with ε > 1)
for the Kepler problem.

Thus, we obtain the result

tan θ =
2E

GMµ
b . (2.47)

To determine the differential scattering cross-section, we need the intermediate results

dχ

db
= −2dθ

db
= − 4E

GMµ
cos2 θ (2.48)

and

b

sinχ
=

b

2 sin θ cos θ
=
GMµ

4E

1

cos2 θ
. (2.49)

Thus, we obtain the scattering cross-section

dσ

dΩ
=

∣∣∣∣ b

sinχ

(dχ
db

)−1
∣∣∣∣ =

(
GMµ

4E sin2 χ2

)2

, (2.50)

where we have used cos θ = cos(π/2 − χ/2) = sin(χ/2). For charged particles, the
product of the charges e1e2 appears instead of GMµ (Rutherford scattering formula).
Surprisingly, the same result also holds in quantum mechanics.

2.2.3 Laplace–Runge–Lenz Vector

The Kepler problem has an additional integral of motion compared to the general
two-body problem, namely the Laplace–Runge–Lenz (LRL) vector

A = µẋ×L−GMµ2
x

r
. (2.51)

This conserved quantity allows for a completely algebraic determination of the orbit.
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To show that A is indeed conserved, we first determine a vectorial form of the area
law

µ
d

dt

x

r
= µ

( ẋ
r
− x

r2

=x·ẋ/r︷︸︸︷
ṙ
)

=
µ

r3
(
ẋ r2 − x(x · ẋ)

)
= − µ

r3
x× (x× ẋ) = − 1

r3
x×L. (2.52)

Thus, we directly obtain the result

dA

dt
= −GMµ

r3
(x×L− x×L) = 0 , (2.53)

where we have used the equations of motion

µẍ = −∂V
∂x

(|x|) = − x

r3
GMµ (2.54)

as well as the time independence of L.

The LRL vector does not provide three additional conserved quantities, as it is related
to the angular momentum L and the energy E. On the one hand, the LRL vector
lies in the orbital plane, as it is orthogonal to L with

A ·L = 0, (2.55)

as can be easily verified by explicit calculation.5 On the other hand, the square of its
length is related to the energy

A2 = (GMµ2)2 + µ2ẋ2 l2 − 2GMµ2

r

=l2︷ ︸︸ ︷
µx · (ẋ×L)

= (GMµ2)2 + 2µEl2 , (2.56)

where we have used the formula (2.10) for E. Therefore, the LRL vector provides
only one additional conserved quantity.

To understand the significance of this conserved quantity, we measure the azimuth φ
with respect to A with x ·A = r|A| cosφ (A lies in the orbital plane). On the other
hand, we can directly calculate x ·A from (2.51) with the result

x ·A = µ(x× ẋ) ·L−GMµ2r = l2 −GMµ2r . (2.57)

Thus, we obtain (purely algebraically) the trajectory

r =
l2

GMµ2 + |A| cosφ =
d

1 + ε cosφ
(2.58)

5In fact, both terms in (2.51) are individually perpendicular to L.
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with d as in (2.33) and the eccentricity

ε =
|A|

GMµ2
(2.59)

proportional to the length of A. The direction of A is the additional conserved
quantity. Since in the parametrization (2.58) φ corresponds to the perihelion, the
vector A points from the origin to the perihelion. The conservation of A thus
corresponds to the absence of perihelion precession.

From the conservation of A, we can also easily determine the trajectory of p(t) = µẋ(t).
Since A lies in the orbital plane, it holds that L · p = 0. The calculation of

L×A = L× (p×L)−GMµ2L× x

r

=
(
l2p− (L · p)L

)
−GMµ2L× x

r

= l2p−GMµ2L× x

r

allows us to solve for p with the result

p =
1

l2
L×A+

GMµ2

l

L

l
× x

r
. (2.60)

Now, (L/l)×(x/r) is simply the unit vector in the orbital plane, which is perpendicular
to x (in the direction of the orbit). Thus, p(t) describes a circle over the course of
one orbit around L×A/l2 with radius GMµ2/l.
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Chapter 3

Selected Three-Body Problems

In contrast to the two-body problem, which we discussed in Chapter 2, the three-body
problem is no longer integrable. However, one can find special solutions (partly
approximate).

3.1 Equilibrium Positions and Their Stability

The Sun and Jupiter are the heaviest bodies in the solar system. We want to
investigate the motion of a light object (asteroid) under their influence. We assume
that the Sun S and Jupiter J move in circular orbits with angular velocity ω = 2π/TJ
around the common center of mass 0. The distance R = aJ between the two bodies
remains constant over time. The asteroid A is attracted by the gravitational force of
the Sun and Jupiter but is assumed to have no influence on the motion of S and J.
Due to this approximation, this formulation is also called the restricted three-body
problem. We choose the units as follows:

ω = 1, R = 1, G = 1 . (3.1)

y2

y1

r1
r2

JS

m1 m2ω

A

R
0

Figure 3.1: Motion of an asteroid A under the influence of the Sun and Jupiter.

31
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Thus, we define the three mechanical units (length, time, mass) as follows:

Length: 1 =̂ aJ ≈ 5.2 aE = 7.8 · 108 km,

Time: 1 =̂
TJ

2π
≈ 1.9 years,

Mass: 1 =̂
4π2a3J
GT 2

J

(2.40)
≈ 1.0MS = 2.0 · 1030 kg.

Since the y-system defined in Figure 3.1 is rotating, the equations of motion (1.54)
for an accelerated reference frame are to be used. In the center of mass system, J has
a distance rJ = Rm1/(m1 +m2) from the origin, while the distance from S is exactly
rS = Rm2/(m1 +m2). Since S and J are in an equilibrium position, the gravitational
force and centrifugal force at their centers of mass (−rSe1, rJe1) cancel each other
out; that is, we have

G

R2
m1m2 =

m1m2

m1 +m2
Rω2 . (3.2)

In the chosen units, we obtain the relationship1

m1 +m2 = 1 , (3.3)

and thus S and J have the coordinates (−m2, 0, 0), (m1, 0, 0).

Since all forces on A are proportional to its mass m, it drops out of the equations
of motion for A. Therefore, we can measure all forces by accelerations. With these
preliminary considerations, we have to consider the following accelerations acting on
body A:

Gravitational Acceleration: G = −m1

r31
(y1 +m2, y2, y3)−

m2

r32
(y1 −m1, y2, y3),

Centrifugal Acceleration: Z = (y1, y2, 0),

Coriolis Acceleration: C = 2(ẏ2,−ẏ1, 0). (3.4)

We are looking for equilibrium solutions with y = constant. The Coriolis force
disappears in this case, and we obtain the conditions (G+Z = 0)(m1

r31
+
m2

r32
− 1
)
y1 +m1m2

( 1

r31
− 1

r32

)
= 0 , (3.5)(m1

r31
+
m2

r32
− 1
)
y2 = 0 , y3 = 0 .

For the solution of the second equation, there are 2 possibilities. Either y2 = 0
(Euler’s special case) or

m1

r31
+
m2

r32
= 1 (Lagrange’s special case). (3.6)

1The result also follows directly from the 3rd Kepler’s Law (2.40).
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In the Euler case, A lies on the y1-axis. On this axis, the resulting acceleration G+Z
is directed as follows:

×
y1

S J

× ×
.

Thus, there are 3 equilibrium positions (× in the diagram), which we do not want to
determine further.

In the Lagrange case, it follows from (3.5) and (3.6)

r1 = r2 = 1 , (3.7)

i.e., SJA forms an equilateral triangle in the 12-plane;

y1

x2

e2

A

e1

S J

y2

x1

.

Therefore, there are two Lagrange equilibrium positions (with y2 > 0 or y2 < 0),
whose stability we now want to investigate.

For the stability analysis, we consider small deviations x≪ 1 from the rest position
x = 0, i.e., we set y =

(
1
2 −m2,

√
3/2, 0

)
+ x and linearize the gravitational force G;

Z is already linear. Due to ∂yr−3
i

∣∣
A = −3ei with

e1 =
1

2
(1,
√
3, 0) , e2 =

1

2
(−1,

√
3, 0) (3.8)

in linear approximation we have

r−3
i = 1− 3ei · x. (3.9)

Thus, we obtain the linearized acceleration (m1 +m2 = 1)

G ≈ −m1(1− 3e1 · x)
(1
2
+ x1,

√
3

2
+ x2, x3

)
−m2(1− 3e2 · x)

(
−1

2
+ x1,

√
3

2
+ x2, x3

)
≈ G0 +

3

2
m1e1 · x (1,

√
3, 0) +

3

2
m2e2 · x (−1,

√
3, 0)− (x1, x2, x3)

≡ G0 + (G1, G2, G3) ; (3.10)
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here, G0 = (m2−m1
2 ,−

√
3
2 , 0) are the zeroth-order terms and

G1 =
(3
4
− 1
)
x1 +

3
√
3

4
(m1 −m2)x2 ,

G2 =
3

4

√
3(m1 −m2)x1 +

(9
4
− 1
)
x2 ,

G3 = −x3 (3.11)

are the first-order corrections in x. Furthermore, we have

Z = Z0 + (x1, x2, 0) , C = 2(ẋ2,−ẋ1, 0) , (3.12)

where Z0 = (12 − m2,
√
3
2 , 0) again represents the zeroth-order contribution. By

construction, we have G0 + Z0 = 0 (equilibrium position), and we obtain the
(linearized) equations of motion

ẍ1 =
3

4
x1 +

3
√
3

4
(m1 −m2)x2 + 2ẋ2,

ẍ2 =
3
√
3

4
(m1 −m2)x1 +

9

4
x2 − 2ẋ1, (3.13)

ẍ3 = −x3 .

The x3 motion is decoupled and performs a harmonic oscillation with frequency ω = 1
(synchronized with the circular motion of S and J).

To solve the two remaining equations, we make the exponential ansatz

xk(t) = ak e
iλt , (k = 1, 2) . (3.14)

Since the coefficients of the linear differential equation (3.13) are real, the real
and imaginary parts of the complex solution (3.14) form the sought real solutions.
Substituting the ansatz yields the homogeneous system of equations

a1

(
λ2 +

3

4

)
+ a2

(3√3
4

(m1 −m2) + 2iλ
)
= 0, (3.15)

a1

(3√3
4

(m1 −m2)− 2iλ
)
+ a2

(
λ2 +

9

4

)
= 0 . (3.16)

For the system of equations to have a nontrivial solution (a1, a2) ̸= 0, its determinant
must vanish, i.e., (

λ2 +
3

4

)(
λ2 +

9

4

)
=

27

16
(m1 −m2)

2 + 4λ2 . (3.17)

After a few elementary transformations using (m1 −m2)
2 = (m1 +m2)

2 − 4m1m2 =
1− 4m1m2, we can bring this condition into the form(

λ2 − 1

2

)2
=

1

4
(1− 27m1m2) . (3.18)
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For 27m1m2 < 1 or in general mass units for

m1m2

(m1 +m2)2
<

1

27
(3.19)

there are 4 different real solutions ±λ1, ±λ2 to (3.18), and the general solution of
(3.13) is any superposition of the 4 eigenoscillations (3.14). Since all λi are real, these
solutions behave oscillatory and are bounded. At least in linear approximation, the
equilibrium position is therefore stable if (3.19) is satisfied. If the opposite inequality
holds (27m1m2 > 1), complex eigenfrequencies arise (including always those with
Imλ < 0). Thus, there are exponentially growing solutions, and the equilibrium
position x = 0 is unstable.

The stability condition (3.19) can be rewritten as a condition for the mass ratio
r = m1/m2; r > 1, since without loss of generality m1 > m2. Substituting m1 = rm2

directly yields the condition r/(1 + r)2 < 1/27. By solving for r, we obtain the result

r =
m1

m2
>

1

2
(25 + 3

√
69) ≈ 25.0. (3.20)

In the case of the Sun and Jupiter, (3.20) is certainly satisfied (mJ ≈ 10−3mS). In fact,
there are numerous asteroids in the vicinity of the Lagrange equilibrium positions,
known as Trojan asteroids.2 In the Lagrange equilibrium position concerning the
Earth and the Moon, the positioning of Tracking and Data Relay Satellites is planned.

3.2 Motion of the Moon

The Moon M orbits the Earth E in an orbital plane that is slightly tilted to the
ecliptic E (the orbital plane of the Earth around the Sun S). As shown in Figure 3.2,
we introduce the auxiliary plane Σ. This allows us to distinguish the following events
for the motion of the Moon:

M ∈ Σ+, Full Moon (Moon is in opposition to the Sun),
M ∈ Σ−, New Moon (Moon is in conjunction with the Sun),
M ∈ E ∩ Σ+, Lunar Eclipse,
M ∈ E ∩ Σ−, Solar Eclipse.

One can now also distinguish two periods for the Moon’s orbit around the Earth:

2πµ = synodic month
= period between successive, similarly directed

passages through Σ (from New Moon to New Moon)
= 29.53059 days;

2Without proof: For sufficiently small values of the ratio (3.19), stability also holds outside the
linear approximation. The Euler equilibrium positions are, however, obviously unstable.
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node line

S

M

ecliptic (E)

i ≈ 5◦

Σ−

Σ+

orbital plane of the moonE

Figure 3.2: Orbit of the Moon relative to the Earth and the Sun. The orbital plane of
the Moon is inclined by i ≈ 5◦ with respect to the ecliptic. We additionally define the
(auxiliary) plane Σ, which is perpendicular to the ecliptic and connects the Sun with
the Earth. We further divide this plane into two areas: The points that lie between
the Earth and the Sun (conjunction) are denoted by Σ−, and the points that are
(from the perspective of the Earth) in the opposite direction to the Sun (opposition)
are denoted by Σ+.

2πµ̃ = draconic month
= period between successive, similarly directed

passages through the ecliptic (from ascending node to ascending node)
= 27.21222 days.

The two periods are related by

r =
µ

µ̃
= 1.08520 . (3.21)

This ratio can mostly be explained purely kinematically. When we project the Moon’s
orbit onto the ecliptic, we approximately obtain (since i is small) a circular orbit.
Comparing the position after a synodic month (after the time 2πµ), we obtain from
Figure 3.3 the relationship

(2πµ)ω̃ = 2π + (2πµ)ω0 (3.22)

with ω̃ = µ̃−1, where the additional term on the right side arises due to the Earth’s
motion around the Sun with angular velocity ω0 = J−1, 2πJ = 1 year = 365.242 days.
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E ′

E
S M

M ′

(2πµ)ω̃

(2πµ)ω0

Figure 3.3: Projection of Fig. 3.2 onto the ecliptic. Since i is very small, the motion
of the Moon is (almost) a circular orbit.

Thus, we would have

µ

µ̃
= 1 +

µ

J
= 1.08085 ≈ 1 +

1

12.3
. (3.23)

The deviation from the observed value (3.21) suggests a slow rotation of the Moon’s
orbital plane. We will return to this later.

The kinematic ratio in (3.23) can also be simply explained as follows: Due to the
Earth’s motion around the Sun, the plane Σ is ‘running away’ from the Moon. Since
the plane Σ rotates once in a year, we find that during this time the Moon has passed
through E once more than Σ, NE = NΣ + 1. By definition, we have NE = J/µ̃ and
NΣ = J/µ, and therefore

µ

µ̃
=
NE

NΣ
= 1 +

1

NΣ
= 1 +

µ

J
. (3.24)

3.2.1 Eclipse Cycles

The ratio (3.21) determines the cadence of solar eclipses (or lunar eclipses): Starting
from an exact conjunction SME (solar eclipse), the next solar eclipse can only occur
after the time

∆t = 2πµp (3.25)

with p ∈ Z, since only then M ∈ Σ−. For a solar eclipse, however, the Moon must
additionally be in the ecliptic. Thus, one of the conditions

2πµp = 2πµ̃q, (in the same node), (3.26)

or

2πµp = 2πµ̃

(
q +

1

2

)
, (in the opposite node), (3.27)
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must also be satisfied. Thus, the determination of eclipses reduces to finding rational
approximations, so that3

r =
µ

µ̃
≈ q(+1

2)

p
. (3.28)

Due to the finite extent of S, E, and M, these conditions need only be satisfied within
a ‘tolerance’ ∆ ≈ sin i = 0.087,4 i.e.,

dist
(
p r,
{ Z

Z+ 1
2

})
< ∆/2. (3.29)

Since r ≈ 1 + 1/12, see Eq. (3.23), after 12 synodic months (= one lunar year) an
eclipse occurs again in the same node. However, this periodicity is not exact; already
after

∆

|12r − 13| ≈ 3.88 (3.30)

cycles, or the integer part thereof, the tolerance is exhausted and the periodicity
breaks down.

On the other hand, starting from an exact conjunction (opposition) after the time
∆t = 2πµ(p+ 1/2), an opposition (conjunction) occurs if

2πµ

(
p+

1

2

)
= 2πµ̃q, (in the same node), (3.31)

or

2πµ

(
p+

1

2

)
= 2πµ̃

(
q +

1

2

)
, (in the opposite node). (3.32)

Thus, in this case, we need a rational approximation

r =
µ

µ̃
≈ q(+1)

2p+ 1
(3.33)

with an odd denominator.

Good rational approximations of the (irrational) number 2r can be obtained using
the method of continued fractions.5 Among others, we obtain the approximations

2r = 2,
11

5
,
13

6
,
102

47
,
191

88
,
293

135
,
484

223
. (3.34)

3The same result is obtained for determining another lunar eclipse, starting from a perfect
opposition.

4More information can be found at www.math.ualberta.ca/pi/issue6/page17-18.pdf.
5We treat 2r, since the denominator in (3.28) is generally half-integer. The continued

fraction expansion of 2r is given by [2; 5, 1, 6, 1, 1, 1, 1]. This corresponds to the conver-
gents 2r = 2, (11/5), 13/6, (89/41), 102/47, 191/88, 293/135, 484/223, see de.wikipedia.org/wiki/
Kettenbruch.

www.math.ualberta.ca/pi/issue6/page17-18.pdf
de.wikipedia.org/wiki/Kettenbruch
de.wikipedia.org/wiki/Kettenbruch
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saros

sar
lunar year

fortnight

semester

half-octon

octon

tzolkinex

tritos

Figure 3.4: Canon of eclipses, adapted from www.imcce.fr (Patrick Rocher); starting
from the situation in the upper left (green dashed) with three solar and two lunar
eclipses, the same configuration (with a small error) is obtained after certain times
(green bordered).

www.imcce.fr
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With (3.28) we obtain the following eclipse cycles (from solar eclipse to solar eclipse,
or from lunar eclipse to lunar eclipse):

q: p: Name: ∆t/year q: p: Name: ∆t/year

Moon in the same node: Moon in the opposite node:
13 12 lunar year 0.970 6 6 semester 0,485
51 47 octon 3.800 95 88 tzolkinex 7,115

242 223 saros 18.030 146 135 tritos 10,915

Additionally, with (3.28) for the transition from a solar eclipse to a lunar eclipse (or
vice versa), we obtain the cycles6

q: p: Name: ∆t/year q: p: Name: ∆t/year

Moon in the same node: Moon in the opposite node:
121 111 sar 9.015 0 0 fortnight 0,040

(half saros) 25 23 half octon 1.900

In Fig. 3.4 we have illustrated the various cycles. The most famous cycle is the
Saros(cycle) (223r = 241.999 ≈ 242) with the period7

∆t = (2πµ)223 ≡ 1 Saros ≈ 18 years + 11 days + 8 hours, (3.35)

which was already known to the Chaldeans. The cycle lasts over 1200 years (over 70
eclipses) until it breaks down. The total solar eclipse that was visible on August 11,
1999 in southern Germany, therefore repeated itself on August 21, 2017, 8 hours later
(i.e., over the USA).8 Due to the time shift, the next solar eclipse in Europe (in the
same cycle) will not occur again until 3 Saros = 1Exeligmos on September 12, 2053.

3.2.2 Restricted Three-Body Problem

We now want to determine the important ratio (3.21) for the determination of eclipses
as accurately as possible theoretically as a function of µ/J . To do this, we treat the
system S, E, M (with masses M ≫ m≫ m′) as a restricted three-body problem, see
Chapter 3.1; that is, we consider the Moon as a body in the external gravitational
field of the Sun and Earth. The Earth describes a circular orbit (radius R) around
the Sun. Conversely, the Sun describes a circular orbit in the rotating reference frame

6Only approximations r ≈ q/p with p odd yield an entry.
7In this formula (and only here), 18 years refers to the time of (18 ·365+4) days. The 4 additional

days correspond to the (minimal) number of leap years in the 18 years.
8The corresponding events are cataloged as solar eclipse No. 21 and 22 in the 145th Saros cycle.

The discrepancy 11 + 11 = 22 ̸= 21 in the date arises because there are 5 leap years (2000, 2004,
2008, 2012, 2016) in the 18 years.
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R

e1 = (1, 0, 0)

S

y1

y2

ω

E

M

e1

Figure 3.5: Accelerated coordinate system for the restricted three-body problem Sun
(S), Earth (E), Moon (M). The system rotates with angular velocity ω = J−1 around
E.

of the Earth with origin E. We choose the units9

ω = J = 1, m = 1, G = 1. (3.36)

Thus, the synodic month

µ ≈ 29.53 days
1 year

= 0.08085 . (3.37)

In the 2-body system Sun-Earth, the gravitational and centrifugal forces must cancel
as in (3.2),

G
mM

R2
=

mM

M +m
Rω2 ≈ mRω2. (3.38)

In our units, we thus obtain the relationship

M = R3. (3.39)

We choose the accelerated coordinate system y, as shown in Figure 3.5. The following
accelerations act on the Moon (forces divided by m′). The gravitational accelerations
from the Earth

GE =
∂

∂y

1

|y| = −
1

|y|3y , (3.40)

9Thus, the three mechanical units are given by 2.2 · 106 km, 58 days and 6.0 · 1024 kg.
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and from the Sun

GS =M
∂

∂y

1

|R e1 − y|

=M
( e1
R2

+
3(e1 · y)e1 − y

R3
+O(y2)

)
= R e1 + 3 y1 e1 − y + . . . . (3.41)

The linearization in y/R is appropriate, since for the Moon’s orbit |y|/R ≈ 1/390
holds. The first term compensates exactly the leading acceleration10 (see (1.54))

−a = −ω × (ω × (−Re1)) = −R e1 . (3.42)

Furthermore, the centrifugal acceleration

Z = (y1, y2, 0), (3.43)

compensates the 1, 2-components of −y in (3.41). Finally, the Coriolis acceleration
is given by

C = 2(ẏ2,−ẏ1, 0) . (3.44)

We thus obtain the equations of motion of the Moon (with r = |y|)

ÿ1 − 2ẏ2 =
(
3− 1

r3

)
y1 ,

ÿ2 + 2ẏ1 = −
1

r3
y2 , (3.45)

ÿ3 = −
( 1

r3
+ 1
)
y3 .

Since the inclination of the Moon’s orbit with respect to the ecliptic is small (i ≈ 5◦),
we first determine periodic orbits in the 12-plane and then, as their perturbation, the
actual Moon’s orbit.

3.2.3 Periodic Orbits

Let y3 ≡ 0: We construct a 1-parameter family of periodic solutions of (3.45),
which rotate counterclockwise around y = 0, see Fig. 3.6. We obtain exactly one
orbit (up to a shift in time) through every point of the (y1, y2)-plane near y = 0.
Initially, it is evident from (3.45) that with each solution (y1(t), y2(t)), the pairs
(y1(−t),−y2(−t)) and (−y1(−t), y2(−t)) are also solutions. They arise from time
reversal and subsequent reflection at the 1- or 2-axis.

For every starting point (y1(0) > 0, y2(0) = 0) on the 1-axis, one can always choose a
vertical initial velocity (ẏ1(0) = 0, ẏ2(0) > 0) such that the orbit intersects the 2-axis

10The coordinate origin, which is located in the Earth, is moved around the Sun with angular
velocity ω.
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y1

y2

Figure 3.6: Family of possible Moon
orbits in the ecliptic with y3 = 0.

(at time πµ/2) horizontally, i.e., y1(πµ/2) = 0, ẏ2(πµ/2) = 0 with µ > 0. From the
aforementioned symmetries, we obtain the relationships

y1(t) = y1(−t) , y2(t) = −y2(−t) ,
y1(πµ/2 + t) = −y1(πµ/2− t) , y2(πµ/2 + t) = y2(πµ/2− t) . (3.46)

Thus, with the uniqueness of the solution for given initial conditions, one can extend
any solution from t ∈ [0, πµ/2] to all of R. In particular, the orbits are periodic,
y(t+ 2πµ) = y(t), and oval (mirror-symmetric with respect to the 1- and 2-axes).

We choose the orbital period 2πµ as the parameter and introduce the new time unit

τ =
t

µ
(3.47)

so that the synodic month (in units of τ) = 2π. Then, (3.45) with ′ = d/dτ becomes

y′′1 − 2µy′2 = −
µ2

r3
y1 + 3µ2y1 ,

y′′2 + 2µy′1 = −
µ2

r3
y2 , (3.48)

y′′3 = −µ2
( 1

r3
+ 1
)
y3 .

Without the underlined term (tidal forces), which we treat as a perturbation, the
first two equations

(y1 + iy2)
′′ + 2iµ(y1 + iy2)

′ = −µ
2

r3
(y1 + iy2).

The sought (now 2π-)periodic solution is a circular orbit

y1(τ) + iy2(τ) = r0e
iτ , y3(τ) = 0 (3.49)

with

r0 =
µ

2
3

(1 + 2µ)
1
3

. (3.50)
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Subsequently, we can now justify the neglect of the tidal perturbation in (3.48); if we
substitute the solution (3.49) into the correction term, it is smaller by a factor of µ2

than the leading term.

We now want to consider the influence of tidal forces in perturbation theory in µ≪ 1.
Instead of y, we introduce new coordinates (z, ζ) ∈ C× R through

y1 + iy2 = µ2/3(1 + 2µ)−1/3eiτz ,

y3 = µ2/3(1 + 2µ)−1/3ζ

(‘Variation of Constants’). They are adapted to the above approximate solution (3.49)
(z(τ) = 1, ζ(τ) = 0) and correspond to a reference frame that additionally rotates
with one revolution per month around the y3-axis. The equations (3.48) now read

z′′ + 2i(1 + µ)z′ = (1 + 2µ)
(
1− 1

ρ3

)
z +

3

2
µ2
(
z + e−2iτz∗

)
, (3.51)

ζ ′′ = −
(1 + 2µ

ρ3
+ µ2

)
ζ , (3.52)

with ρ2 = |z|2 + ζ2. Of course, without the perturbation term, the previous approxi-
mate solution (i.e., z(τ) = 1, ζ(τ) = 0) is still a solution.

We now assume the sought 2π-periodic solution as a power series in µ 11

z(τ) = 1 +

∞∑
k=2

µkzk(τ) ≡ 1 + z̃(τ) (3.53)

with

zk(τ + 2π) = zk(τ)

zk(τ)
∗ = zk(−τ) (3.54)

zk
(π
2
+ τ
)∗

= zk
(π
2
− τ
)
.

To calculate z2(τ), we first develop zρ−3 in µ. In leading order, ζ = 0, and therefore
we obtain

ρ2 = |z|2 = (1 + z̃)(1 + z̃∗) = 1 + (z2 + z∗2)µ
2 +O(µ4)

ρ−3 = 1− 3

2
(z2 + z∗2)µ

2 +O(µ4) (3.55)

zρ−3 = 1 + z̃ − 3

2
(z̃ + z̃∗) +O(µ4) = 1−

(1
2
z2 +

3

2
z∗2
)
µ2 +O(µ4) .

Comparing the terms ∝ µ2 in (3.51) yields

z′′2 + 2iz′2 =
3

2
(z2 + z∗2) +

3

2
(1 + e−2iτ ) . (3.56)

11The perturbation term is O(µ2), so the expansion (3.53) starts with k = 2; (3.54) follows from
(3.46).
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The ansatz z2(τ) = a0 + a−e−2iτ + a+e
2iτ (with a0,± ∈ R due to (3.54)) yields12

z2(τ) = −
1

2
− 19

16
e−2iτ +

3

16
e2iτ . (3.57)

Equation (3.57) describes, in leading order, the oval shape of the periodic orbit. The
difference of the ‘semi-axes’ is given by

∆ = µ2
(
z2

(π
2

)
− z2(0)

)
≈ 2µ2+2/3 . (3.58)

For µ = 0.08085, this is approximately ∆ = 1.3 · 10−2 (with z = 1 the distance from
Earth to Moon). In reality, the change in distance is greater, and the Moon’s orbit is
not perfectly periodic.

3.2.4 Variations of the Orbit

The ansatz for orbits that are close to the periodic solution (z(τ), ζ(τ) ≡ 0) is(
z(τ) + ẑ(τ), ζ̂(τ)

)
, (3.59)

with ẑ and ζ̂ small. We substitute this ansatz into the equations of motion (3.51)
and (3.52), and linearize in ẑ, ζ̂. This yields the variation equations of the periodic
solution.

Since ∂ρ
∂ζ

∣∣
ζ=0

= 0, the variation equation from (3.51) contains no ζ̂, i.e., only ẑ appears.
In particular, this equation is solved by ẑ ≡ 0 and we can consider a variation that
lies above the periodic orbit. The variation of (3.52) reads

ζ̂ ′′ = −
(1 + 2µ

ρ3
+ µ2

)
ζ̂ , (3.60)

where ρ = ρ|ζ=0 refers only to the periodic orbit. Substituting (3.57) into (3.55) leads
to

ρ−3 = 1 +
3

2
µ2(1 + e2iτ + e−2iτ ) +O(µ4) . (3.61)

Thus, (3.60) becomes

ζ̂ ′′ = −
(
1 + 2µ+

3

2
µ2(1 + 2 cos 2τ) + µ2 + . . .

)
ζ̂

= −
(
1 + 2µ+

5

2
µ2 + 3µ2 cos 2τ + . . .

)
ζ̂ . (3.62)

If we initially neglect the term ∝ 3µ2 cos 2τ , we obtain the differential equation of a
harmonic oscillator in ζ̂ with the angular frequency

r =
(
1 + 2µ+

5

2
µ2
)1/2

= 1 + µ+
3

4
µ2 + . . . . (3.63)

12The solution z02(τ) = aeiτ − 3a∗e−iτ of the homogeneous part of the equation (3.56) does not
satisfy (3.54). It therefore does not contribute.
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in τ -units (with µ = 1). In any units, this is precisely the ratio (3.21) of the synodic
to the draconic month. In first order, we have r = 1 + µ in agreement with (3.23).
For the Moon with µ = 0.08085 (see (3.37)), we obtain (including the second-order
correction)

r = 1.08575 (3.64)

in very good agreement with (3.21).

The term ∝ 3µ2 cos 2τ implies that ζ̂(τ) is no longer periodic, but has an average
frequency r. Due to the oscillatory behavior, r is only influenced by this in order µ4.
By considering further terms of the perturbation series for ζ, as well as for ẑ(τ) ̸= 0,
the agreement with the observed value (3.21) improves even further; for example, in
the next order one finds

r = 1.08517 . (3.65)



Chapter 4

Lagrangian Mechanics

In this chapter, we want to reformulate Newton’s equations of motion into the
Lagrangian formulation. This formulation has several significant advantages. Con-
ceptually, all coordinate systems are treated equally, meaning that the formalism
remains valid even in accelerated and curved reference frames. This leads to the
automatic consideration of fictitious forces and constraints. Another advantage is that
the Lagrangian function is a scalar, so one no longer has to worry about the direction
of the forces. In a certain sense, this chapter is the centerpiece of the lecture. It is
therefore worthwhile to study the material carefully. In particular, we will derive two
of the most important results, the ‘Hamilton’s principle’ and the ‘Noether’s theorem’.

4.1 Configuration Space and Position Coordinates

The reformulation of Newton’s equations of motion is particularly useful for systems
with (holonomic) constraints. In this perspective, part of the forces is described
indirectly by restricting the motion possibilities of the mass points.

We will introduce the relevant terms using three examples:

(A) The mathematical pendulum: The motion of the mass point swinging in a vertical
plane is restricted by the string maintaining a fixed distance from the suspension
point (constraint). The permissible positions of the pendulum are then given by

x = l(t)e ≡ x(e, t) (4.1)

with l(t) being the (time-dependent) length of the string. The configuration
space of the pendulum is S1, and the motion of the pendulum is determined by a
function R ∋ t 7→ e(t) ∈ S1. On the configuration space, the position coordinate
θ ∈ K ⊂ R can be introduced with e(θ) = (cos θ, sin θ). The open set K is called
a chart. The mapping e(θ) is not bijective, as e(2π) = e(0). To represent the

47
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e
ϕ

θ
x

l(t)

y(t)

Figure 4.1: Spherical pendulum
with variable suspension point y(t)
and length l(t).

entire S1 bijectively, at least two charts (an atlas) are needed. However, this
subtlety is not important in this course.

(B) The spherical pendulum: The suspension point y(t) and the pendulum length
l(t) are prescribed functions of time t, see Fig. 4.1. The permissible positions of
the pendulum under these constraints are

x = y(t) + l(t)e ≡ x(e, t) , (4.2)

where e is a point on the unit sphere S2 (configuration space of the pendulum).
The motion of the pendulum is given by a function t 7→ e(t) ∈ S2. Now, position
coordinates can be introduced on S2; for example, the spherical coordinates θ, φ
with

e(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ) . (4.3)

This maps the configuration space to a piece of R2:

chart of S2

S

S2
N

θ

φ

π

0 2π

The mapping is not bijective on the boundary of the rectangle (or on the prime
meridian of S2).

(C) A pearl on a rotating wire: On a parabolically curved wire, which rotates around
the 3-axis with angular velocity ω, sits a pearl (mass point). The two constraints
are satisfied by the parametrization

x = R(ωt)
(
re1 +

1

2
αr2e3

)
= R(ωt)

(
r, 0,

1

2
αr2
)
≡ x(r, t) (4.4)

with R(φ) being the rotation around the 3-axis by angle φ and r ∈ R being the
position coordinate. The configuration space of the problem is {x(r, t) | r ∈ R},
i.e., isomorphic to R.
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R3N

x(q, t)

∂x
∂qα

qαRf

q(t)

∂x
∂qβ

q

qβ

K

x(t)

Figure 4.2: Mapping from the position coordinates (left) to the Cartesian coordinates
(right). The tangential vectors ∂x/∂qα locally span the vector space of virtual
displacements in R3N .

In general, we have a system of N particles, whose configuration space in Cartesian
coordinates x = (x1, . . . ,xn) ∈ R3N at time t forms a smooth f -dimensional surface
in R3N ; constraints of this type are called "holonomic constraints". The system then
has f degrees of freedom.1 We describe the system using the position coordinates
q = (q1, . . . , qf ); that is, we have (locally) a chart q ∈ K ⊂ Rf and (for each t ∈ R) a
mapping

x : K → R3N , with q 7→ x(q, t) , (4.5)

which is differentiable in (q, t). We additionally need the tangential mapping to have
rank f ; that is, the vectors

∂x

∂qα
∈ R3N , (α = 1, . . . , f) , (4.6)

should be linearly independent. Thus, the tangential vectors (4.6) at each point (q, t)
form an f -dimensional vector space, see Fig. 4.2.

Any permissible (compatible with the constraints) motion x(t) of the system (within
the chart K) is then induced by a function t 7→ q(t) ∈ K via

x(t) ≡ x(q(t), t) (4.7)

To formulate the equations of motion of a system in the position coordinates q =
(q1, . . . , qf ), we need the following terms.

Velocities, Kinetic Energy: With (4.7), the permissible velocities at time t at
position q are given by

ẋ =

f∑
α=1

∂x

∂qα
(q, t) q̇α +

∂x

∂t
(q, t) ≡ ẋ(q, q̇, t) (4.8)

1In the example B, we have N = 1 and f = 2. Thus, we have two degrees of freedom.
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with arbitrary generalized velocities q̇ = (q̇1, . . . , q̇f ) ∈ Rf . The velocities ẋ ∈ R3N

thus lie (necessarily) in the vector space spanned by ∂x/∂qα and ∂x/∂t, but not
necessarily in the tangent space.

With (4.8), ẋ becomes a function of the independent variables2

(q, q̇, t) ∈ K × Rf × R.

Thus, the kinetic energy T can also be expressed as a new function

T =
1

2

N∑
i=1

miẋ
2
i ≡ T (q, q̇, t) (4.9)

Due to (4.8), we have

∂ẋ

∂q̇α
=

∂x

∂qα
(4.10)

and thus

∂T

∂q̇α
=

N∑
i=1

miẋi ·
∂ẋi
∂q̇α

=
N∑
i=1

miẋi ·
∂xi
∂qα

. (4.11)

Virtual Displacements: At a point (q, t), the (directional) derivative of the
function x(q, t) at fixed t is a linear mapping Rf ∋ δq 7→ δx ∈ R3N , defined by

δx =

f∑
α=1

∂x

∂qα
δqα. (4.12)

The permissible vectors of the image δx are the tangential vectors at the point (q, t).
The permissible δx are also called the space of virtual displacements of the system
from the position x(q, t) at time t.

For examples A and C, the configuration space is one-
dimensional. The space of virtual displacements is therefore
simply the tangent to the circle (for A) or to the parabola (for
C) at the point x(q, t). For the spherical pendulum (example B),
δx corresponds to a variation of the position coordinates θ, φ at
fixed time and is thus perpendicular to the string e.

δx

ϕ

l(t)

θ

ẋ

The comparison of (4.12) with (4.8) shows that ẋ is generally not a virtual displace-
ment under time-dependent constraints.

2In the Lagrangian formalism, it is essential to consider (q, q̇, t) as independent variables. Here,
q̇ according to (4.8) are the coordinates of the velocity vector in the tangent space while (q, t)
determine the point x at which the tangent space is formed.
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Virtual Work, Generalized Forces and Momenta: Let (F1, . . . ,FN ) be the
forces acting on the particles at position x(q, t). Their virtual work is defined as3

δA =
N∑
i=1

Fi · δxi. (4.13)

With (4.12), we can rewrite this relationship as

δA =

f∑
α=1

Kαδq
α ≡ ⟨K, δq⟩ (4.14)

with the coefficients (generalized forces)

Kα =
N∑
i=1

Fi ·
∂xi
∂qα

(q, t). (4.15)

By construction, the expression (4.14) does not depend on the choice of position
coordinates.

The forces arising from the restriction (4.5) of the permissible configurations x ∈ R3N

of the system are called constraint forces, while the remaining forces are called driving
forces. For the example B of the spherical pendulum, the

tension in the string S is a constraint force and the weight
force G is a driving force. Note that S ⊥ δx. The principle
of d’Alembert postulates that this statement generally holds:
‘Constraint forces are perpendicular to the virtual displacements
and do not perform virtual work.’ Thus, constraint forces do
not contribute to the generalized forces Kα and do not need to
be calculated in the Lagrangian formalism. Although constraint
forces do not perform virtual work, they can perform real work
under time-dependent constraints with S · ẋ ≠ 0 (even though
S · δx = 0).

S

δx

G

Analogous to the generalized forces Kα, one also defines the generalized momenta pα
via

N∑
i=1

miẋi︸ ︷︷ ︸
=pi

· δxi =
f∑

α=1

pα δq
α ≡ ⟨p, δq⟩, (4.16)

i.e.,

pα =

N∑
i=1

pi ·
∂xi
∂qα

=
∂T

∂q̇α
. (4.17)

The last equation follows from (4.11). With (4.9), we thus obtain the relationship
pα = pα(q, q̇, t).

3The virtual force δA is a mapping of the virtual displacement to the real numbers. Note that
δA is generally not a derivative of a function A(q, t); see also Chapter 4.3.
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Rf

q(t)


family of curves
qλ(t)

t

K

Figure 4.3: The path q(t) is embedded
in a family qλ(t) of curves such that
q0(t) = q(t) (bold line).

Variation of a Path: As a final preparation, we introduce the concept of the
variation of a path. The variation of a path generalizes the concept of directional
derivative (partial derivative with respect to a variable) to the ‘derivative’ with respect
to a function δqα(t).

For a path q(t), we form an arbitrary 1-parameter family of curves qλ(t) such that
q0(t) = q(t), see Fig. 4.3. The variation of a function F (q, q̇, t) is then defined as

δF (t) =
∂

∂λ
F (qλ(t), q̇λ(t), t)

∣∣∣
λ=0

(4.18)

with

qαλ (t) = qα(t) + λ δqα(t). (4.19)

The f functions δqα : R→ K are freely selectable. They correspond to the variations
of qα(t). We will later need the relation

δq̇α(t) =
∂

∂λ
q̇αλ (t)

∣∣∣
λ=0

=
d

dt
δqα(t), (4.20)

which links the variations δq̇α with the variations δqα.

It is easy to verify that the variation of the position δx corresponds exactly to the
virtual displacements from (4.12). It follows that a variation δF of any function
F (x, t) is a virtual displacement.

4.2 Equations of Motion

With these preliminary remarks, we can formulate the equations of motion in a
coordinate-free manner, so that they are valid in any reference frame.

Let q(t) be a mechanical path, i.e., x(q(t), t) is a solution of Newton’s equations of
motion

miẍi = Fi. (4.21)
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Then, for any variation of a mechanical path, we have

d

dt
⟨p, δq⟩ (4.16)

=
d

dt

N∑
i=1

miẋi · δxi =
N∑
i=1

miẋi · δẋi +
N∑
i=1

miẍi · δxi

= δ

(
1

2

N∑
i=1

miẋ
2
i

)
+

N∑
i=1

Fi · δxi. (4.22)

Thus, we have transformed Newton’s equations (4.21) for arbitrary position coordi-
nates q into the form

d

dt
⟨p, δq⟩ = δT + δA (4.23)

The forces are now only contained in the form of virtual work. Since the constraint
forces do not perform virtual work, it suffices to determine the driving forces, so that
we will henceforth denote the driving forces by Fi only.

Starting from (4.23), we immediately obtain the explicit form

f∑
α=1

(ṗαδq
α + pαδq̇

α) =

f∑
α=1

(
∂T

∂qα
δqα +

∂T

∂q̇α
δq̇α +Kαδq

α

)
(4.24)

of the equations of motion. The underlined terms cancel out according to (4.17).
Since for fixed t the variations δqα(t) can be chosen arbitrarily, the prefactors must
vanish, i.e.,

ṗα =
∂T

∂qα
+Kα. (4.25)

With the relation (4.17), we thus obtain the equations of motion

d

dt

∂T

∂q̇α
− ∂T

∂qα
= Kα, (α = 1, . . . , f). (4.26)

for arbitrary position coordinates q = (q1, . . . , qf ). These are f second-order differen-
tial equations for the functions qα(t) given the generalized forces Kα = Kα(q, q̇, t).
Note that here and in the following, the total time derivative (d/dt) refers to taking
the derivative along a path q(t).

Remark: The equations of motion (4.26) can also be derived without the concept
of virtual displacements. Using (4.9) and (4.11), we find

d

dt

∂T

∂q̇α
=

N∑
i=1

miẋi ·
d

dt

∂xi
∂qα

+

N∑
i=1

miẍi ·
∂xi
∂qα

,

∂T

∂qα
=

N∑
i=1

miẋi ·
∂ẋi
∂qα

=
N∑
i=1

miẋi ·
d

dt

∂xi
∂qα

. (4.27)

Together with (4.15) and (4.21), this directly leads to the final result (4.26).
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4.3 Lagrangian Systems

The Lagrangian formalism becomes particularly elegant if the driving forces Fi possess
a potential V (x, t) with Fi = −∂xiV (x, t); such a force field is called conservative.
Then it holds

δA = −
N∑
i=1

∂V

∂xi
· δxi = −

f∑
α=1

∂V

∂qα
δqα, (4.28)

so that −δA is the variation of V (q, t) ≡ V (x(q, t), t). It immediately follows

Kα = − ∂V
∂qα

, (4.29)

so that V (q, t) is the potential of the generalized forces. With the Lagrangian function

L(q, q̇, t) = T (q, q̇, t)− V (q, t) (4.30)

the Euler-Lagrange equations

d

dt

∂L

∂q̇α
− ∂L

∂qα
= 0, (α = 1, . . . , f) (4.31)

for a mechanical path result from (4.26).

The equations of motion of a system with constraints can therefore generally be
established as follows:

1. Write T = 1
2

∑N
i=1miẋ

2
i , V = V (x) (in an inertial system) in Cartesian components

without considering the constraints.

2. Express the (permissible according to the constraints) configurations x = (x1, . . . ,xN )
in terms of independent position coordinates q = (q1, . . . , qf ). With x = x(q, t),
compute ẋ = ẋ(q, q̇, t).

3. Substitute x, ẋ into L = T − V .

4. Set up the Euler-Lagrange equations (4.31).

This procedure will now be illustrated with a few examples.

Example 1: (see A)

A planar pendulum with a fixed suspension point
and prescribed, time-dependent length l(t). The
position coordinate is θ. From

x = l(cos θ, sin θ) = l e(θ)

ẋ = l̇(cos θ, sin θ) + lθ̇(− sin θ, cos θ)

l(t)

x2

θ

x1
mg
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one calculates

T =
m

2

(
l̇2 +

(
lθ̇
)2)

, V = −mgx1 = −mgl cos θ ,

and from this
∂L

∂θ̇
= ml2θ̇ ,

∂L

∂θ
= −mgl sin θ .

Thus, the Euler-Lagrange equation (4.31) reads

d

dt
(ml(t)2θ̇) +mgl(t) sin θ = 0 . (4.32)

which corresponds to the angular momentum theorem.

Remark: The tension S as a constraint force is not considered in the formalism.
However, it does perform work, as ẋ in this example is not a virtual displacement.
Therefore, the energy T + V is not conserved. One finds

d

dt
(T + V ) = m(l̇ l̈ + l2θ̇θ̈ + ll̇θ̇2)−mgl̇ cos θ +mglθ̇ sin θ . (4.33)

Utilizing the equation of motion (4.32), one obtains

d

dt
(T + V ) = ml̇(l̈ − lθ̇2 − gl̇ cos θ) . (4.34)

The right side corresponds exactly to the power S · ẋ of the constraint force.
Since we know that S points in the direction of the string, we can explicitly
determine the tension in this case and obtain

S = m(l̈ − lθ̇2 − g cos θ)e(θ) . (4.35)

The last term thus corresponds to the counterforce of the weight along the string.
The first term is the counterforce of the guiding force and the second term is
the counterforce of the centrifugal force. These forces must all be balanced by
the tension in the string to ensure that the constraint |x| = l remains satisfied.
These forces are not needed in the Lagrangian formalism and are usually not
calculated at all.

Example 2: (see B)

We consider the spherical pendulum with l(t) ≡ l and y(t) ≡ 0. The position
of the pendulum is given by

x = l(sin θ cosφ, sin θ sinφ, cos θ).

By differentiating with respect to t, we obtain the expression

ẋ = lθ̇(cos θ cosφ, cos θ sinφ,− sin θ) + l sin θ φ̇(− sinφ, cosφ, 0)
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for the velocity vector. Thus, the kinetic energy becomes

T =
1

2
ml2(θ̇2 + sin2 θ φ̇2) (4.36)

and the potential energy is V = −mgx3 = −mgl cos θ. The Lagrangian function
is given by

L =
1

2
ml2(θ̇2 + sin2 θ φ̇2) +mgl cos θ. (4.37)

We compute

∂L

∂θ̇
= ml2θ̇,

∂L

∂φ̇
= ml2 sin2 θ φ̇,

∂T

∂θ
= ml2 sin θ cos θ φ̇2.

The Euler-Lagrange equations then read

d

dt
(ml2θ̇)−ml2 sin θ cos θ φ̇2 +mgl sin θ = 0,

d

dt
(ml2 sin2 θ φ̇) = 0.

Example 3: (see C) For the pearl on a rotating wire, we obtain directly with (4.4)
(note that RtṘx = ω × x with ω = ωe3)

Rtẋ = ω ×
(
re1 +

1

2
αr2e3

)
+ (e1 + αre3)ṙ

= ωre2 + (e1 + αre3)ṙ.

Thus, the kinetic energy is given by

T =
1

2
mẋ2 =

1

2
m(Rtẋ)2 =

1

2
mω2r2 +

1

2
m(1 + α2r2)ṙ2.

The potential energy due to the weight force takes the form V (r) = mgx3 =
1
2mgαr

2. Thus, we obtain

∂L

∂ṙ
= m(1 + α2r2)ṙ,

∂L

∂r
= m(ω2 − αg)r +mα2rṙ2.

The Euler-Lagrange equations take the form

d

dt

(
m(1 + α2r2)ṙ

)
−m(ω2 − αg)r −mα2rṙ2 = 0.

Example 4: Charged Particle in an Electromagnetic Field

From the homogeneous Maxwell equations4

divB = 0 , rotE +
1

c

∂B

∂t
= 0

4We use Gaussian units.
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it directly follows that the magnetic field B(x, t) and the electric field E(x, t)
can be represented by electromagnetic potentials φ,A with

B = rotA , E = −∇φ− 1

c

∂A

∂t
. (4.38)

The motion of a particle (in Cartesian coordinates x ∈ R3) is determined by
the Lagrangian function

L(x, ẋ, t) =
1

2
mẋ2 − e

(
φ(x, t)− ẋ

c
·A(x, t)

)
, (4.39)

where m is the mass and e is the charge of the particle. In fact,

∂L

∂xk
= −e ∂φ

∂xk
+
e

c

3∑
i=1

ẋi
∂Ai
∂xk

,
∂L

∂ẋk
= mẋk +

e

c
Ak ,

d

dt

∂L

∂ẋk
= mẍk +

e

c

(
∂Ak
∂t

+

3∑
i=1

∂Ak
∂xi

ẋi

)
,

so that the Euler-Lagrange equations (4.31)

mẍk = e
(
− ∂φ

∂xk
− 1

c

∂Ak
∂t

)
︸ ︷︷ ︸

Ek

+
e

c

3∑
i=1

ẋi

(∂Ai
∂xk
− ∂Ak
∂xi

)
︸ ︷︷ ︸

(ẋ×B)k

,

coincide with (1.16).

Example 5: Double Pendulum

In the (planar) double pendulum, two mass points move under the influence of
a uniform gravitational field in a vertical plane, the first with a fixed distance
l1 from a fixed point (which we choose as the origin), and the second with a
fixed distance l2 from the first mass point. We denote the displacements from
the vertical of the respective suspension points by the position coordinates θ1
and θ2. The position coordinates (in the plane) are then

x1 = l1(cos θ1, sin θ1) , x2 = x1 + l2(cos θ2, sin θ2)

and the configuration space is S1 × S1.

For the kinetic energy, one finds with ẋ1 = l1θ̇1(− sin θ1, cos θ1)

T =
1

2
(m1 +m2)l

2
1θ̇

2
1 +m2l1l2θ̇1θ̇2 cos(θ1 − θ2) +

1

2
m2l2θ̇

2
2 ,

while the potential energy is given by

V = −m1l1g cos θ1 −m2g(l1 cos θ1 + l2 cos θ2).
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q(t) = q0(t)

qλ(t)
t

q

(a) (b)

t
(2)
λ

t
(1)
λ

qλ(t)

q(t) = q0(t)
mech. path

t

q

t(2)

t(1)

Figure 4.4: Variation of a mechanical path q(t) with (a) or without (b) change of the
endpoints q(0), q(1).

The Lagrangian function is simply L = T − V . From this, one can easily derive
the equations of motion. However, the double pendulum is not integrable: the
equations of motion cannot be reduced to the computation of integrals. In fact,
numerical calculations (and experiments) indicate a ‘chaotic behavior’. The
behavior of the double pendulum already strongly depends on minimal changes
in the initial conditions after a finite time.

Remark: More generally than in (4.30), a system is called a Lagrangian system if
there exists a Lagrangian function L(q, q̇, t) such that the equations of motion are
given by the Euler-Lagrange equations (4.31). We have already examined such a
system in example 4. With (4.31), one obtains in this case

d

dt
⟨p, δq⟩ = d

dt

f∑
α=1

∂L

∂q̇α
δqα

(4.31)
=

f∑
α=1

( ∂L
∂qα

δqα +
∂L

∂q̇α
δq̇α
)

= δL (4.40)

for a mechanical path with the generalized momenta

pα =
∂L

∂q̇α
. (4.41)

4.4 Hamilton’s Principle

The laws of mechanics can be derived for Lagrangian systems from an extremal
principle. This extremal principle is called the principle of the ‘least’ action or
Hamilton’s principle. To this end, we define the action of a path q(t) (t(1) ≤ t ≤ t(2))
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as

S[q(t)] =

∫ t(2)

t(1)
dtL(q(t), q̇(t), t). (4.42)

We calculate the variation δS of the action around a mechanical path. We allow the
possibility that the endpoints are also varied; that is, the endpoints qλ(t

(i)
λ ) of the

comparison paths qλ(t) are generally also functions of the variation parameter λ, see
Fig. 4.4. We write for the variation of the endpoints,

∆t(i) ≡ dt
(i)
λ

dλ

∣∣∣
λ=0

,

∆q(i) ≡ d

dλ
qλ(t

(i)
λ )
∣∣∣
λ=0

= δq(i) + q̇∆t(i) (4.43)

with δq(i) = δq(t(i)), where δq (as always) refers to the variation at fixed time. With
these preliminary considerations, we obtain

δS =
d

dλ

∫ t
(2)
λ

t
(1)
λ

L(qλ(t), q̇λ(t), t) dt
∣∣∣
λ=0

=

∫ (2)

(1)
δL dt+ L∆t

∣∣∣(2)
(1)

(4.40)
=

(
⟨p, δq⟩+ L∆t

)∣∣∣(2)
(1)

With (4.43), we obtain the general formula

δS =

( f∑
α=1

pα∆q
α −

( f∑
α=1

pα q̇
α − L

)
∆t

)∣∣∣∣(2)
(1)

(4.44)

for the variation of a mechanical path. In particular, it holds

δS = δ

∫ (2)

(1)
Ldt = 0 (4.45)

for any variation of a mechanical path with fixed endpoints.

This is the content of Hamilton’s principle:

The action of a mechanical path q(t) is stationary (not necessarily mini-
mal) with respect to any family qλ(t) of variation paths with fixed endpoints.

From Hamilton’s principle, the Euler-Lagrange equations immediately follow after
performing the variation. We have

0 = δS =

∫ (2)

(1)
δL dt =

∫ (2)

(1)

f∑
α=1

( ∂L
∂qα

δqα +
∂L

∂q̇α
δq̇α
)
dt

=

f∑
α=1

pα δq
α
∣∣∣(2)
(1)
−
∫ (2)

(1)

f∑
α=1

( d
dt

∂L

∂q̇α
− ∂L

∂qα

)
δqα dt

after partial integration. At fixed endpoints, δqα(t) = 0 for t = t(1), t(2), and thus
(4.31) follows directly. We have thus shown that Hamilton’s principle is equivalent to
the Euler-Lagrange equations.
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4.4.1 Equivalent Lagrangian Functions

Two Lagrangian functions L1 and L2, which differ only by the total time derivative
of a function F (q, t),

L1 − L2 =
d

dt
F (q, t) ≡

∑
α

∂F

∂qα
q̇α +

∂F

∂t
, (4.46)

describe the same dynamics, i.e., lead to the same Euler-Lagrange equations. This
follows directly from Hamilton’s principle. For fixed endpoints, indeed, for any
otherwise arbitrary variation

δ

∫ (2)

(1)

d

dt
F (q, t)dt = δF (q, t)

∣∣∣∣(2)
(1)

= 0 (4.47)

and thus δS1 = δS2. Of course, one can also directly show that L1 and L2 lead to
the same Euler-Lagrange equations.

Example 4 (Continuation): If one changes the potentials (φ,A) by a gauge trans-
formation

φ→ φ− 1

c

∂χ

∂t
, A→ A+∇χ , (4.48)

where χ is an arbitrary scalar function, the electromagnetic field (4.38) does
not change. Therefore, the equations of motion (1.16) should also be invariant.
In fact, L, given in Eq. (4.39), transforms under a gauge transformation (4.48)
into the equivalent Lagrangian function

L+
e

c

(∂χ
∂t

+ ẋ ·∇χ
)
= L+

e

c

dχ

dt

4.5 Conservation Quantities and Noether’s Theorem

4.5.1 Conservation Quantities

A function f(q, q̇, t) is called a conservation quantity or constant of motion if for all
mechanical paths q(t) it holds

d

dt
f(q, q̇, t) = 0,

so that f remains constant during the motion. In Chapter 1.4, we have already
encountered the conservation quantities momentum, angular momentum, and energy.

The Euler-Lagrange equation (4.31) is a second-order differential equation in the f
degrees of freedom of the position coordinates. Therefore, in general, 2f integrations
are needed to solve the problem. Conservation quantities are extraordinarily impor-
tant, as each (independent) conservation quantity reduces the number of integrations
required to solve the equations of motion by one.
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Example: For the two-body problem from Chapter 2, we have f = 3N = 6 degrees
of freedom (with N = 2). The Galilean principle of relativity provides the
10 conservation laws from Chapter 1.4. Thus, in general, the 2f − 10 = 2
integrations of (2.12) and (2.14) remain. For the Kepler problem, we additionally
found the LRL vector, which provides an additional independent conservation
quantity. Thus, we could find the path without integration, and the only
remaining integration is the determination of the time t(r) from (2.12).

4.5.2 Cyclic Variables

Let L be the Lagrangian function of a Lagrangian system. If L is independent of a
position coordinate qα, i.e., if ∂L/∂qα = 0, then the coordinate qα is called cyclic.
For each cyclic variable qα, it then holds, due to the Euler-Lagrange equation

d

dt
pα =

d

dt

∂L

∂q̇α
=

∂L

∂qα
= 0, (4.49)

i.e., the generalized momentum pα = ∂L/∂q̇α is a conservation quantity.

Example 2 (Continuation): Let us consider the spherical pendulum again. The
Lagrangian function L does not depend on φ according to Eq. (4.37). The
corresponding conservation quantity is the generalized momentum

pφ =
∂L

∂φ̇
= ml2 sin2 θ φ̇ ,

which corresponds to the angular momentum about the vertical axis. This is
conserved since no torque acts in the vertical direction.

The fact that the Lagrangian function L does not depend on a cyclic variable qα is
equivalent to the Lagrangian function remaining invariant under the shift ϕλ(q) of
the position coordinates, with

[ϕλ(q)]
β = qβ + δβαλ (4.50)

i.e., with qλ(t) = ϕλ(q(t)), it follows that L(qλ, q̇λ, t) = L(q, q̇, t) independent of λ.5

This reformulation illustrates the idea of Noether’s theorem.

4.5.3 Noether’s Theorem

Many of the conservation quantities we have found so far can be derived from
Noether’s theorem. We call a family ϕλ : Rf → Rf , (λ ∈ R), of mappings of the

5The Kronecker symbol δαβ is defined by δαβ = 1 for α = β and δαβ = 0 otherwise.
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v(q)

q

φλ(q(t))

φλ(q)

q(t)

Figure 4.5: The vector field v(q) at point q generates the flow ϕλ(q), i.e., the point q
is (locally) shifted along v(q) by the flow. Starting from a path q(t), one obtains the
family qλ(t) = ϕλ(q(t)). If the chart K only covers a subspace of Rf , only a portion
of the flow (dashed rectangle) is needed.

position coordinates6 onto itself a flow if it satisfies the group property7

ϕ0 = id , ϕλ ◦ ϕµ = ϕλ+µ (4.51)

Every flow has a generating vector field v(q) on Rf , which is defined by

v(q) =
∂

∂λ
ϕλ(q)

∣∣∣
λ=0
∈ Rf (4.52)

see Fig. 4.5. Due to the group property of the flow, it holds (4.52) indeed for all
(λ, q) ∈ R× Rf , i.e.,

∂

∂λ
ϕλ(q) =

∂

∂ε
ϕλ+ε(q)

∣∣∣
ε=0

=
∂

∂ε
ϕε(ϕλ(q))

∣∣∣
ε=0

= v(ϕλ(q)) . (4.53)

The function f(λ) = ϕλ(q) is thus the solution of the first-order differential equation

df(λ)

dλ
= v(f(λ)), with the initial condition f(0) = q . (4.54)

Thus, conversely, the vector field determines the flow.8 The concept of flow can also
be transferred to a general configuration space: In a chart, only a portion of the flow
ϕλ can be represented; in general, multiple charts (an atlas) are needed to cover the
entire configuration space.

Let now q(t) be any curve in the configuration space. The flow ϕλ maps the curve
q(t) to the family qλ(t) = ϕλ(q(t)). We call the flow ϕλ a continuous symmetry of
the Lagrangian function L(q, q̇, t) if

L(qλ(t), q̇λ(t), t) = L(q(t), q̇(t), t) +
d

dt
Fλ(q(t), t) (4.55)

6For simplicity, we first treat the case where the chart covers all of Rf .
7Here, id is the identity mapping with id(x) = x.
8Provided that (4.54) has a global solution f(q) for every initial value q.
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holds for all λ ∈ R and for any curve t 7→ q(t) ∈ Rf ; that is, the Lagrangian function
is mapped to an equivalent Lagrangian function under the flow. With F ≡ 0, the
Lagrangian function is called invariant under the continuous symmetry.

With this, we can formulate the Noether’s theorem:

Let ϕλ be a continuous symmetry of L, then is

⟨p, v(q)⟩ − δF ≡
f∑

α=1

pα(q, q̇, t) v
α(q)− δF (q, t) , (4.56)

with pα = ∂L/∂q̇α obtained, i.e., on every mechanical path q(t) it holds 9

d

dt

(
⟨p, v(q)⟩ − δF

)
= 0 .

Remarks:

• For every continuous symmetry, there is a conservation law.

• Noether’s theorem is helpful because it is often easier to find continuous sym-
metries than to determine conserved quantities.

• The converse of Noether’s theorem generally does not hold. Not every con-
served quantity has a continuous symmetry; for example, the LRL vector A
is not explained by any foot. This deficiency of the Lagrangian formulation is
eliminated with the Hamiltonian formalism, where every conserved quantity
also has a (canonical) flow, see Chap. (7.6).

• Noether’s theorem also applies to flows qλ(t) = ϕλ(q(t), t), which depend on
time t. 10 The vector field is then given by v : (q, t) 7→ ∂λϕλ

∣∣
λ=0
∈ Rf . The

proof remains unchanged and we obtain (4.56) with the time-dependent vector
field v(q, t) instead of v(q).

Proof: For the variation family qλ(t) around any mechanical path q(t), it holds by
definition

δq(t) =
∂

∂λ
qλ(t)

∣∣∣
λ=0

= v(q(t)).

According to the assumption (4.55), it also holds

δL =
d

dλ
L(qλ, q̇λ, t)

∣∣∣
λ=0

=
d

dt
δF (q(t), t).

With (4.40), the claim follows directly.
9The conserved quantity depends only on δF in the expansion of Fλ(q, t) = δF (q, t)λ+O(λ2).

In fact, it is sufficient that in Eq. (4.55) the terms of linear order in λ are a total time derivative, so
that the function Fλ exists to every order of λ. This result follows from the integral representation
Fλ(q, t) =

∫ λ

0
δF (qµ, t) dµ of Fλ.

10To maintain the group property, the flow is defined formally on the extended configuration space
(q, t) by ψλ(q, t) = (ϕλ(q), t). The vector field is then given by w(q, t) = ∂λψλ(q, t)|λ=0 = (v, 0) ∈
Rf × R.
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Example 6: One can easily obtain the conservation of the generalized momentum,
which corresponds to a cyclic coordinate, from Noether’s theorem. If qα is
cyclic, the flow

[ϕλ(q)]
β = qβ + δβαλ

defines a continuous symmetry of the Lagrangian with F ≡ 0. The corresponding
vector field

vβ = δαβ

then has only one non-trivial component. The conserved quantity provided by
(4.56) is simply the conjugate momentum pα.

Example 7: The Lagrangian

L(x, ẋ) =
m

2
ẋ2 − V (|x|)

of a particle in 2 dimensions with the position coordinates11 x ∈ R2 is
invariant under all rotations R ∈ SO(2), i.e., L(xλ, ẋλ) = L(x, ẋ) with
xλ = ϕλ(x) = R(λ)x being the coordinates rotated by the angle λ. We
determine the corresponding vector field

v(x) = R′(λ)x
∣∣∣
λ=0

= e3 × x = −x2e1 + x1e2

and the impulses

p =
∂L

∂ẋ
= mẋ.

Thus, we obtain with Noether’s theorem the conserved quantity

L3 = p · v(x) = m(x1ẋ2 − x2ẋ1).

This corresponds exactly to the angular momentum about the 3-axis. If we had
assumed the polar coordinates (r, φ) as position coordinates instead of x, we
would have found that φ is cyclic and thus

pφ =
∂L

∂φ̇
= mr2φ̇2

obtained. One can easily verify that L3 = pφ.

Example 8: A mass particle at position x ∈ R in a homogeneous gravitational field
has the Lagrangian

L =
1

2
mẋ2 −mgx.

The flow (pure Galilean transformation)

xλ(t) = ϕλ(x(t), t) = x(t) + λt

11One may also use the Cartesian coordinates x as generalized coordinates.
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is a symmetry of the problem, since

L(xλ, ẋλ, t) =
1

2
m(ẋ+ λ)2 −mg(x+ λt) = L(x, ẋ, t) +

d

dt
Fλ(x, t)

with
Fλ(x, t) = mλ

(
x− 1

2
gt2
)
+

1

2
mλ2t.

The corresponding vector field is v(x, t) = t and

δF = m
(
x− 1

2
gt2
)
.

Noether’s theorem thus provides the conserved quantity

β = mẋv(x, t)− δF = m
(
ẋt+

1

2
gt2 − x

)
. (4.57)

Conservation of Energy: The (generalized) conservation of energy cannot be
derived directly (from our form) of Noether’s theorem. The conservation of energy
is based on the fact that the Lagrangian L = L(q, q̇) does not explicitly depend on
time (autonomous system). The symmetry underlying the conservation of energy is
therefore the time translation.

For the proof of conservation of energy, we consider the variation qλ(t) = q(t+ λ) of
a mechanical path q(t) with δq(t) = q̇(t). Now, Eq. (4.40) requires that

d

dt
⟨p, q̇⟩ = δL =

d

dt
L− ∂L

∂t
(4.58)

Since L does not explicitly depend on t, the generalized energy

E = ⟨p, q̇⟩ − L =

f∑
α=1

pα(q, q̇, t)q̇
α − L(q, q̇, t) (4.59)

is conserved along every mechanical path.

Example 9: If the Lagrangian is given by L = T (q, q̇)− V (q), with

T (q, q̇) =
1

2

f∑
α,β=1

gαβ(q)q̇
αq̇β (gαβ = gβα) (4.60)

it holds
f∑

α=1

q̇α
∂L

∂q̇α
=

f∑
α,β=1

gαβ(q)q̇
α q̇β = 2T . (4.61)

Such systems occur, for example, when the constraints (4.5) do not depend
on time t, see (4.8) and (4.9). The constraint forces do no work, since ẋ is a
virtual displacement. Since in this case L does not explicitly depend on time,
the conservation of energy holds in the form

E = T + V .
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Example 2 (Continuation): Another example is the spherical pendulum. Since the
Lagrangian (4.37) does not explicitly depend on time, the energy

E = θ̇
∂L

∂θ̇
+ φ̇

∂L

∂φ̇
− L =

l2

2
θ̇2 + U(θ)

is conserved with

U(θ) =
p2φ

2l2 sin2 θ
− g l cos θ.

The effective potential U consists of the gravitational potential and the cen-
trifugal potential, see (2.11).

Example 4 (Continuation): As an example, we consider a charged particle in a
static (time-independent) field. In this case, the Maxwell equations are

E = −∇φ(x) , B = rotA(x) .

The Lagrangian is time-independent and thus the energy is conserved. The
generalized momentum is given by

p =
∂L

∂ẋ
= mẋ+

e

c
A.

Note that in this case the generalized momentum p does not coincide with
the (kinematic) momentum mẋ of Newtonian mechanics. Thus, we obtain the
energy

E = p · ẋ− L =
1

2
mẋ 2 + eφ(x). (4.62)

The first term is the kinetic energy and the second term is the potential energy
in the electric potential φ.

Example 8 (Continuation): For the mass particle in the homogeneous gravitational
field, the energy is conserved. With Example 9 we obtain

E = T + V =
1

2
mẋ2 +mgx.

We have previously found the additional conserved quantity β. With these two
conserved quantities, the problem is completely integrated.
In fact, we can solve the equation for β for ẋ with the result

ẋ =
1

t

(
x− 1

2
gt2 +

β

m

)
.

Substituting into the equation for E then yields after a short calculation

γ2 ≡ 2

m
(E + gβ) =

( 1
2gt

2 + x+ β/m

t

)2

.

This equation can be solved for x with the projectile parabola

x = −1

2
gt2 + γt− β

m

as a result.
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4.6 The 10 Classical Conservation Laws

For a (closed, Lagrangian) system L = T − V , whose potential V is invariant under
Galilean transformations, we have already derived in Chapter 1.4 ten conserved
quantities. We now want to trace these back to the 10 continuous parameters of the
Galilean group (1.6).

Due to Galilean invariance, the Lagrangian of such a system is of the form

L
(
x1, . . . ,xN︸ ︷︷ ︸

= x

; ẋ1, . . . , ẋN
)
=

1

2

N∑
i=1

miẋ
2
i − V (x1, . . . ,xN ) ≡ T − V , (4.63)

with

V (Rx1 + b, . . . , RxN + b) = V (x1, . . . ,xN ) , (R ∈ SO(3); b ∈ R3),

see (1.36). The impulses are then given by

pi =
∂L

∂ẋi
= miẋi (4.64)

We will now discuss the parameters of the Galilean group individually:

(i) Time translations: As we have already shown in Example 9, the conserved
quantity is the energy E = T + V .

(ii) Spatial translations: L is invariant under the joint translation

ϕλ(x1, . . . ,xN ) = (x1 + λb, . . . ,xN + λb)

by the vector λb. The generating vector field is given by v(x, t) = (b, . . . , b).
The corresponding conserved quantity is then

N∑
i=1

miẋi · b ≡ P · b ,

i.e., the total momentum P is conserved, since b is arbitrary.

(iii) Rotations: L is invariant under the rotations

ϕλ(x1, . . .xN ) = (R(e, λ)x1, . . . , R(e, λ)xN ) ,

where R(e, λ) is the rotation about the axis e with angle λ. The corresponding
vector field v(x) = (e×x1, . . . ,e×xN ), see (1.39), yields the conserved quantity

N∑
i=1

miẋi · (e× xi) = e ·
N∑
i=1

xi ×miẋi ≡ e ·L ,

i.e., the total angular momentum L is conserved.
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(iv) Special Galilean transformations: A special Galilean transformation is a
transformation into a uniformly moving coordinate system with velocity v. This
corresponds to the flow

ϕλ(x1, . . .xN , t) = (x1 + λvt, . . . ,xN + λvt).

with the generating vector field v(x, t) = (vt, . . . ,vt). The Lagrangian trans-
forms as

L(xλ, ẋλ) =
1

2

N∑
i=1

mi(ẋi + λv)2 − V (x1 + λvt, . . . ,xN + λvt)

= L(x, ẋ) +

N∑
i=1

mi

(
λẋi · v +

1

2
λ2v2

)
.

Thus, the special Galilean transformations are a continuous symmetry (4.55)
with

Fλ(x, t) =
N∑
i=1

mi

(
λxi · v +

1

2
λ2v2t

)
, δF (x, t) =

N∑
i=1

mixi · v .

The corresponding conserved quantity (4.56) is

N∑
i=1

miẋi · vt−
N∑
i=1

mixi · v = (P t−MX) · v ;

i.e., the center of mass integral MX − P t is conserved.

4.7 The Principle of Euler-Maupertuis

We restrict ourselves to autonomous systems, so that the constraint (4.5) does
not explicitly depend on time and the potential depends only on the coordinates,
V ≡ V (q), see Example 9. With (4.8) we obtain the kinetic energy in the form

T (q, q̇) =
1

2

f∑
α,β=1

gαβ(q) q̇
αq̇β , gαβ(q) =

1

2

N∑
i=1

mi
∂xi
∂qα
· ∂xi
∂qβ

. (4.65)

The kinetic energy thus defines a (Riemannian) metric on the configuration space
with the mechanical line element

ds2 =
1

2

N∑
i=1

mi(dxi)
2 =

1

2

f∑
α,β=1

gαβ(q) dq
αdqβ. (4.66)
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q2

q1

(1)

(2)

energy E in the region
E − V (q) ≥ 0

path at fixed

Figure 4.6: Variations of the path curve in
the principle of Euler-Maupertuis. The vari-
ations are at fixed energy and fixed position
of the starting and endpoint. Note that at
fixed energy the time of the starting and end-
point will generally change under a variation
of the path curve.

Thus, it follows directly that the kinetic energy

T (q, q̇) =
1

2

N∑
i=1

miẋ
2
i =

(
ds

dt

)2

(4.67)

corresponds simply to the square of ds/dt.

We are interested in a variational principle for the path curve (geometric shape of the
curve) without specifying the temporal course. We use the conservation of energy
E = T + V and want to allow only variations at fixed energy. When we restrict the
variations to a fixed energy, we can only hold the endpoints of the path curve but
not the starting and ending times, see Fig. 4.6. In fact, the general result (4.44)

δS = −E∆t
∣∣∣(2)
(1)

(4.68)

holds for any variation of a mechanical path at fixed energy E = ⟨p, q̇⟩ − L and fixed
endpoints (∆q(i) = 0). This fact motivates the introduction of the reduced action12

S0[q(t)] = S + E(t(2) − t(1)) =
∫ t(2)

t(1)
dt (L(q, q̇) + E), (4.69)

with which we obtain the new extremal principle δS0 = 0, since

∆t
∣∣∣(2)
(1)

= δ

∫ (2)

(1)
dt.

It remains to find a method to perform the variations of S0 at fixed energy without
reference to time (which will now change). The idea is to switch from integration

12The transition from S to S0 corresponds to a Legendre transformation from t to E, see Chap. 8.
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over time to integration over the line element ds. In fact, we find with L+ E = 2T
and (4.67), that

(L+ E)dt = 2T
dt

ds
ds = 2

√
Tds = 2

√
E − V (q) ds. (4.70)

The last form is independent of time and we obtain the principle of Euler-Maupertuis13

0 = δS0 = δ

∫ (2)

(1)

√
E − V (q) ds (4.71)

for any variation of the path curve at fixed endpoints q(i), i = 1, 2.

Remark: To compute the integral in (4.71), one must parameterize the path curve
q(τ) with τ being an arbitrary parameter. The principle of Euler-Maupertuis then
explicitly states that

0 = δ

∫ τ (2)

τ (1)

√
E − V (q(τ))

√
T (q(τ), q′(τ))︸ ︷︷ ︸

≡L̃(q,q′)

dτ, with q′ =
dq

dτ
.

The integrand is then a (new) Lagrangian L̃(q, q′) and the extremal principle leads
to the Euler-Lagrange equations

d

dτ

∂L̃

∂q′α
− ∂L̃

∂qα
= 0

see Eq. (4.31).

Example: As an example, we consider the case of a free particle, V (q) ≡ 0. Then
the variational principle (4.71)

δ

∫ (2)

(1)
ds = 0 ,

i.e., the path curves for any energy E > 0 are geodesics (with respect to the
mechanical metric (4.66)), i.e., curves of extremal length.

An illustration of this is a particle that slides frictionlessly on a 2-dimensional
surface in R3. In this case, the kinetic energy is given by

T =
m

2
ẋ2 =

m

2

(ds
dt

)2
,

where ds2 = (dx)2 refers here to the Euclidean line element of R3. A comparison
with (4.67) shows that the Euclidean line element differs from the mechanical

13The constant factor 2 between S0 and
∫√

E − V ds is irrelevant for the extremal principle.
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one only by a constant factor. Since this only corresponds to a different unit
of length, this difference is insignificant for the extremal principle (4.71). We
can therefore replace the mechanical length measure with the Euclidean one
for a particle. Thus, the path curves of the particle are simply geodesics in the
Euclidean sense, e.g., the great circles on the sphere.

Relation to Fermat’s Principle: Fermat’s principle states that light (in geometric
optics) takes the path curve for which the travel time is an extremum. In a medium
with spatially dependent refractive index n(x), the effective light speed c/n(x) also
becomes spatially dependent. The travel time along a path curve is thus given as

L[x(τ)]
c

=

∫ (2)

(1)

n(x)

c
ds (4.72)

with L[x(τ)] being the optical path length of the path curve x(τ).14 Fermat’s principle
thus states that

δL[x(τ)] = δ

∫ (2)

(1)
n(x) ds = 0 (4.73)

at fixed endpoints. One can now nicely recognize the analogy to the principle of
Euler-Maupertuis (4.71) with the identification

n(x) ∝
√
E − V (x). (4.74)

To perform the variation, we parameterize the path curve by an arbitrary parameter
τ . Then (4.73) reads

δ

∫ τ (2)

τ (1)
n(x)|x′|︸ ︷︷ ︸
L(x,x′)

dτ = 0,

with ′ denoting the derivative with respect to τ .

Example: In a stratified medium with n(x) = n(x3), x1, x2 are cyclic coordinates.
Thus, we obtain the conserved quantities

∂L

∂x′i
= n(x3)

x′i
|x′| = n(x3)x

′
i, (i = 1, 2),

where in the last step we chose a parameterization by the arc length with
dτ = ds so that |x′| = 1.

14The parameter τ here denotes any parameterization.
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Thus, we first find that the ray is straight (x′2/x′1 =
const., and thus w.l.o.g. x′2 = 0). Introducing the
angle α(x3) between the 3-axis and the path, with
sinα(x3) = x′1/|x′| = x′1, we then obtain the Snell’s
law

n(x3) sin
(
α(x3)

)
= const. x3

x1

α(x3)

x3



Chapter 5

Vibrational Problems

Another important class of mechanical motions are vibrations. In this chapter, we
want to investigate the concept of the natural vibration of a conservatively vibrating
system and a selected example (parametric resonance) of a forced vibration. Finally,
we will also address the problem of a vibrating string.

5.1 Conservative Vibrating Systems

We consider a system whose position is determined by f coordinates (q1, . . . , qf ) ≡
q ∈ Rf . The system is supposed to exhibit energy conservation in the form

E = T (q̇) + V (q) (5.1)

with

T (q) =
1

2

f∑
α,β=1

gαβ q
αqβ and V (q) =

1

2

f∑
α,β=1

kαβq
αqβ (5.2)

exhibiting quadratic forms on Rf (gαβ = gβα, kαβ = kβα), where T is assumed to
be positive definite. We can use the kinetic energy to introduce a mechanical scalar
product

(x, y) =
1

2

f∑
α,β=1

gαβ x
αyβ =

1

2

(
T (x+ y)− T (x)− T (y)

)
(5.3)

for two vectors x, y ∈ Rf . It is easy to verify that (x, y) satisfies all the properties of
a scalar product. In particular, (q, q) = T (q). Thus, the space of position coordinates
Rf becomes a Euclidean vector space.1

1A Euclidean vector space is a vector space with a scalar product.

73
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The mapping Ṽ = g−1k is then a (with respect to the mechanical scalar product)
symmetric2 linear mapping Ṽ : Rf → Rf , such that the potential energy is given by

V (q) = (q, Ṽ q) = (Ṽ q, q). (5.4)

Energy conservation now requires that

0 =
d

dt
E =

d

dt
[(q̇, q̇) + (q, Ṽ q)] = 2(q̇, q̈ + Ṽ q). (5.5)

For these relationships to hold for all q̇, the equations of motion follow3

q̈ = −Ṽ q. (5.6)

As a symmetric mapping, Ṽ has a complete orthonormal system of eigenvectors
e1, . . . , ef ∈ Rf

Ṽ ek = λkek, (ek, el) = δkl (5.7)

with λk ∈ R. In this basis, we have

q =

f∑
i=1

ξiei (5.8)

with ξi being the normal coordinates. In the normal coordinates, the equation of
motion (5.6) reduces to (eigenvibrations)

ξ̈i = −ω2
i ξi, ω2

i = λi. (5.9)

The system is thus equivalent to a system of f uncoupled harmonic oscillators with
frequencies ω1, . . . , ωf . The general solution of (5.6) is therefore a linear superposition
(superposition)

q(t) =

f∑
i=1

ei[(ei, q(0))︸ ︷︷ ︸
=ξi(0)

cos(ωit) + (ei, q̇(0))︸ ︷︷ ︸
=ξ̇i(0)

1

ωi
sin(ωit)] (5.10)

of the f eigenvibrations. However, if the eigenfrequencies are not in a rational ratio
to each other, generally no periodic motion results.

A vibrating system is called stable if no solution q(t) grows unbounded as t → ∞.
We can immediately see that the system (5.1) is stable if ω2

i > 0 for all i, i.e., if both
T and V are positive definite. If V is only positive semidefinite, then at least one
ωi = 0. In this case, we obtain

1

ωi
sin(ωit)

(ωi→0)−−−−→ t, (5.11)

i.e., in this case, the system is unstable.
2A symmetric mapping Ṽ satisfies (Ṽ x, y) = (x, Ṽ y) for all x, y ∈ Rf .
3The equations of motion can also be obtained as Euler-Lagrange equations for L = T (q̇)− V (q).
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Remark: The problem (5.1) is important because it describes a general autonomous
mechanical system near an equilibrium position q∗; without loss of generality, we
set q∗ = 0 with V (q∗) = 0. For the kinetic energy, we have found the general form
(4.60) in this case. Since we are only interested in small displacements, we can simply
identify gαβ from (5.2) with gαβ(q

∗) from (4.61). Furthermore, we can expand the
potential V (q) around the equilibrium point with the result

V (q) ≈
f∑

α=1

=0, since equilibrium︷ ︸︸ ︷
∂V

∂qα
(q∗) qα +

1

2

f∑
α,β=1

∂2V

∂qα∂qβ
(q∗) qαqβ, (5.12)

i.e., V (q) is as required a quadratic form.

Example: As an example, we consider the simplest coupled oscillator from
two identical harmonic oscillators with angular fre-
quency Ω =

√
f/m, which are connected by a

spring with a spring constant f̃ . The energy of the
system is (with x1, x2 being the displacements from
the unstressed equilibrium position)

f f

f̃
mm

E = T (ẋ) + V (x) =
1

2
m(ẋ21 + ẋ22) +

1

2
f(x21 + x22) +

1

2
f̃(x2 − x1)2.

It is easy to verify that V (x) = (x, Ṽ x) holds with the symmetric matrix

Ṽ =

(
Ω2 + Ω̃2 −Ω̃2

−Ω̃2 Ω2 + Ω̃2

)

and Ω̃ =
(
f̃/m

)1/2. The eigenvalue problem (5.7) has the solution

e1 =
1√
m

(1, 1), ω1 = Ω,

e2 =
1√
m
(1,−1), ω2 =

√
Ω2 + 2Ω̃2.

In the first eigenvibration, the two oscillators simply oscillate in phase with a
constant distance, so that the coupling spring is never stretched. The frequency
of this vibration is, of course, simply the original frequency Ω. In the second
eigenvibration, the oscillators oscillate out of phase and oscillate with the same
amplitude. The corresponding frequency ω2 is therefore increased.

We see that the eigenvibrations are intuitive, so we could have guessed them.
This approach is facilitated by introducing the concept of symmetry.
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Symmetries: A (discrete) symmetry is a linear mapping S : Rf → Rf , which leaves
T and V invariant; i.e., we require that T (q) = T (Sq) and V (q) = V (Sq) or (written
with the mechanical scalar product)

(q, q) = (Sq, Sq) and (q, Ṽ q) = (Sq, Ṽ Sq). (5.13)

The first relationship means that S is orthogonal (with respect to the mechanical
scalar product).4 The second condition thus requires,5 that S−1Ṽ S = Ṽ ; i.e., S
commutes with Ṽ

[S, Ṽ ] ≡ SṼ − Ṽ S = 0. (5.14)

A symmetry is useful when one can determine its eigenspaces more easily than those
of Ṽ . The reason is that due to (5.14), the eigenspaces of S are invariant under Ṽ ;
i.e.,

with Sei = λiei =⇒ SṼ ei = Ṽ Sei = λiṼ ei. (5.15)

It is therefore sufficient to solve the eigenvalue problem of Ṽ in each eigenspace of S
(‘symmetry sector ’) separately. This then leads to a reduction in the dimension of
the problem.6

Example: Cyclic Chain

We consider a system of N identical mass points,
which are arranged on a circle and connected by
identical springs (spring constant f , fundamen-
tal frequency Ω =

√
f/m). The coordinates

(x1, . . . , xN ) describe the displacements from the
equilibrium position.

N − 1
1 2

3
N

The equations of motion are mẍi = −f [(xi− xi−1)+ (xi− xi+1)], and therefore
from (5.6)

(Ṽ x)i = Ω2(2xi − xi−1 − xi+1), (N + 1 ≡ 1).

Since all mass points are equal, the system has the symmetry

S : (x1, . . . , xN ) 7→ (x2, . . . , xN+1 ≡ x1).

The eigenvalue problem Sx = λx for S is easy to solve. We find xl+1 = λxl =
λ2xl−1 = · · · = λlx1. Specifically, it must hold x1 = xN+1 = λNx1. The
mapping S thus has N eigenvalues

λk = eikδ,
(
k = 0, . . . , N − 1; δ =

2π

N

)
4Due to (5.3), one can conclude from (q, q) = (Sq, Sq) that (x, y) = (Sx, Sy).
5Note that (q, Ṽ q) = (Sq, SS−1Ṽ Sq) = (q, S−1Ṽ Sq) holds for all q.
6The problem can even be completely solved if all eigenspaces of S are one-dimensional.
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with the corresponding eigenvectors (not normalized)

ẽk =
(
1, eikδ, e2ikδ, . . . , e(N−1)ikδ

)
.

Since the eigenspaces of S are one-dimensional, the reduced problem in a
symmetry sector becomes trivial. We immediately obtain Ṽ ẽk = ω2

kẽk with

ω2
k = Ω2(2− e−ikδ − eikδ) = 2Ω2(1− cos kδ) = 4Ω2 sin2

kδ

2
,

i.e., the eigenfrequencies of the cyclic chain are

ωk = 2Ω sin
kπ

N
.

We see that the modes k and k′ = N − k are degenerate. The general motion
of the chain is given by (5.10).7

Special eigenmodes are:

• k = 0: with ω0 = 0, ẽ0 = (1, . . . , 1). This mode is called the zero mode and
its solution ξ0(t) = ξ0(0) + ξ̇(0)t corresponds to a uniform rotation of the chain.

• k = N/2 (for N even): with ωN/2 = 2Ω, ẽN/2 = (1,−1, . . . ,−1). Thus,
neighboring mass points oscillate out of phase.

The other eigenvectors are not real. Here, ẽk and ẽ−k ≡ ẽN−k are each
degenerate. They correspond to the oppositely traveling waves Re(ẽ±ke−iωkt)j=
cos(kjδ∓ωkt) at the same frequency ωk. The real eigenvectors of this frequency
are the standing waves

1

2
(ẽk + ẽ−k) = (1, cos kδ, . . . , cos(N − 1)kδ),

1

2i
(ẽk − ẽ−k) = (0, sin kδ, . . . , sin(N − 1)kδ).

5.2 Parametric Resonance

In addition to resonance in a forced vibration, when the frequency of the driver
matches the natural frequency, there is another type of resonance phenomenon called
parametric resonance, which we will address in this chapter. A generic example is
the problem of a harmonic oscillator

ẍ = −ω2(t)x, ω(t+ T ) = ω(t); (5.16)

whose frequency is periodically modulated. Note that at no point does a force act
on the oscillator. In fact, x ≡ 0 is always a solution of (5.16) and the oscillation is
therefore not directly driven from the outside.

7Of course, one should first form real and normalized eigenvectors ek for Ṽ from the degenerate
ẽk, ẽN−k, see also below.
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mg

θ

l(t) Figure 5.1: A person stands on a swing (mathematical pen-
dulum). They drive the motion by moving the center of mass
up and down, thereby periodically changing the distance l(t)
from the suspension point to the center of mass.

Example: Such systems often arise from linearization around a periodic solution
of a nonlinear problem (see e.g. (3.62)). Equation (5.16) also describes the
swinging while standing, see Fig. 5.1. The distance from the suspension point
to the center of mass is periodically changed along the rope with l(t) = l(t+T ).
The angular momentum equation (4.32) requires that

d

dt
(ml2θ̇) = −mgl sin θ .

For small displacements (θ ≪ 1), this leads to

d

dt
(l2θ̇) = l

d2

dt2
(lθ)− ll̈θ = −glθ

and thus
d2

dt2
(lθ) = −g − l̈

l
(lθ) .

This corresponds to ω2(t) = (g − l̈)/l and x = lθ but is exactly the equation of
motion (5.16) of parametric resonance.

In a first step, we rewrite the equation (5.16) into the system

ż = A(t)z, z =

(
x
ẋ

)
, A(t) =

(
0 1

−ω2(t) 0

)
. (5.17)

of first-order differential equations; it holds, of course, A(t+ T ) = A(t). Let P (t) be
the propagator of (5.17) for the time interval from 0 to t defined by

z(t) = P (t)z(0). (5.18)

Example: We seek the propagator of (5.17) for ω(t) ≡ ω constant. The general
solution of the harmonic oscillator problem is then given by (cf. (5.10))

x(t) = x(0) cos(ωt) + ẋ(0)
1

ω
sin(ωt).
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We obtain

z(t) =

(
x(0) cos(ωt) + ẋ(0)ω−1 sin(ωt)
−x(0)ω sin(ωt) + ẋ(0) cos(ωt)

)
and thus the propagator

Pω(t) =

(
cos(ωt) ω−1 sin(ωt)
−ω sin(ωt) cos(ωt)

)
(5.19)

of an oscillator with constant angular frequency ω.

The periodicity of A requires that

P (nT ) = P (T )n , (n = 1, 2, 3, . . .) . (5.20)

Exponentially growing solutions occur when P (T ) has an eigenvalue λ ∈ C with
|λ| > 1; conversely, all solutions are bounded and the system is stable if all eigenvalues
satisfy |λk| ≤ 1.

Since the trace of A vanishes (SpA(t) = 0), it follows8

d

dt
DetP (t) = Sp

(dP
dt
P (t)−1︸ ︷︷ ︸
A(t)

)
DetP (t) = 0 (5.21)

and therefore DetP (t) = DetP (0) = 1.

The two eigenvalues λ1, λ2 of P (T ) thus satisfy λ1λ2 = 1. Furthermore, P (T ) is real,
and if λi is an eigenvalue, then λ∗i must also be an eigenvalue. This gives rise to two
possibilities:

1. λi = λ∗i : λi real 2. λ1 = λ∗2 : λiλ
∗
i = 1

0 1 1

λ2

λ1 λ2

λ1

0

| SpP (T )| = |λ1 + λ2| > 2 |SpP (T )| = |λ1 + λ2| ≤ 2

In the first case, the system is unstable (|λ2| > 1), in the second case stable (|λ1| =
|λ2| = 1).9 The stability of the system is therefore determined by the trace of P (T ).

8It holds Det(1+εA) = 1+εSp(A)+O(ε2). Thus, it follows (to first order in ∆P ) Det(P+∆P ) =
Det(P ) Det(1 + ∆P P−1) = Det(P ) + Sp(∆P P−1) Det(P ).

9The limiting case λ1 = λ2 = 1 is stable.
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Example: We investigate the system for the simple case where ω(t) is simply given
by the step function

1 + ε = ω+

1
T/2 T 3T/2 2T

t

ω(t)

1− ε = ω−

between the values ω+ = 1 + ε and ω− = 1 − ε. The value ω = 1 for the
undisturbed oscillation with ε = 0 corresponds to the choice of time unit: i.e.,
we have set the period of the undisturbed oscillation to T0 = 2π. The parameter
ε characterizes the strength of the disturbance.

Due to the step form of ω(t), we directly obtain

P (T ) = Pω−(T/2)Pω+(T/2)

for our problem with Pω(t) from (5.19). For the stability analysis, we deter-
mine10

SpP (T ) = cos
ω+T

2
cos

ω−T
2
− ω+

ω−
sin

ω+T

2
sin

ω−T
2

+ cos
ω+T

2
cos

ω−T
2
− ω−
ω+

sin
ω+T

2
sin

ω−T
2

= (cosT + cos εT ) +
1

2

(
ω+

ω−
+
ω−
ω+

)
︸ ︷︷ ︸
=(1+ε2)(1−ε2)

(cosT − cos εT )

=
2

1− ε2
(
cosT − ε2 cos εT

)
= 2− 4

1− ε2
(
sin2

T

2
− ε2 sin2 εT

2

)
(5.22)

or: = −2 + 4

1− ε2
(
cos2

T

2
− ε2 cos2 εT

2

)
.

We now consider T (and thus the modulation frequency) as a variable and seek
the T ranges in which the system is unstable (resonance ranges). There are two

10In the second equation we use the identities cos(a+ b) + cos(a− b) = 2 cos a cos b and cos(a+
b) − cos(a − b) = −2 sin a sin b; in the fourth or fifth the identities cos(2a) = 1 − 2 sin2 a and
cos(2a) = 2 cos2 a− 1.
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possibilities for instability:

(a) SpP (T ) > 2 : sin2
T

2
< ε2 sin2

εT

2
, (5.23)

(b) SpP (T ) < −2 : cos2
T

2
< ε2 cos2

εT

2
. (5.24)

We discuss the two cases for ε≪ 1:

(a) For ε = 0, SpP (T ) = 2 if T = 2πn, (n = 1, 2, 3, . . .). For small ε, we seek
solutions of (5.23) in the form T = 2πn+ x with |x| ≪ 1. Approximately, the
resonance ranges are given by

|x| < 2πnε2 . (5.25)

(b) For ε = 0, SpP (T ) = −2 if T = (2n+ 1)π, (n = 0, 1, 2, . . .). For small ε,
we set T = (2n+ 1)π + x, and (5.24) then reads

|x| < 2ε . (5.26)

In case (b), the width of the resonance intervals is independent of n and vanishes
like O(ε) as ε→ 0. In case (a), this width increases proportionally to n at fixed
ε and vanishes like O(ε2). In arbitrary units, T/2π = T/T0 is the ratio of the
periods of the disturbance and the free oscillation. Thus, the stability diagram
is approximately given by:

1 21
2

ε

(b) (b) (b)(a)(a)

T/T0
0 3

2
5
2

Note that the area of resonance at T = 1
2T0 is larger than when driving with

the natural frequency (T = T0). This means it is better to drive a parametric
resonator with double its natural frequency than with its natural frequency.

5.3 Vibrating String

We model a string by a periodic arrangement of identical mass points of mass m at
position xi = ai along the 1-axis (i ∈ Z), see Fig. 5.2. Each pair of neighboring mass
points interacts with each other via a spring force with spring constant f . We assume
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0
F0

F0

−2 0 2−1 1 3 4 5 6 7 8· · · · · ·

u2, u3

x/a

Figure 5.2: Modeling a string as an arrangement of mass points at each position
xi = ai along the 1-axis. Neighboring mass points are connected with a spring with
spring constant f . The string is stretched with an external force F0 = af , which
guarantees the correct equilibrium position (gray). The vector ui then describes the
displacement of the i-th mass point from the equilibrium position.

that the string is stretched by the external force F0 such that we achieve the desired
displacement a = F0/f in equilibrium.

The potential energy of the springs takes the form

V =
1

2
f
∑
i∈Z

(ui+1 − ui + ae1)
2 (5.27)

with the displacements ui of the i-th mass point from the equilibrium position.

We are interested in the description of small displacements. In particular, we want to
consider transverse displacements with ui ·e1 = 0. Thus, we can rewrite the potential
energy as

V = V0 +
1

2
f
∑
i∈Z

(ui+1 − ui)
2 (5.28)

with V0 being a constant (independent of ui). We now directly obtain the equations
of motion

müi = −
∂V

∂ui
= f(ui+1 + ui−1 − 2ui) (5.29)

of the i-th mass point.

To realistically describe a string, we now want to gradually increase the density of
mass points; i.e., we take the continuum limit

a→ 0, m→ 0, with ρ = m/a fixed. (5.30)

We replace xi = ai with the continuous coordinate x ∈ R and ui becomes the
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differentiable function u(x). In particular, it holds (by Taylor expansion)

ui±1 ≈ u(x)± au′(x) +
1

2
a2u′′(x). (5.31)

Thus, we obtain the continuum limit

f

m
(ui+1 + ui−1 − 2ui)

(a→0)−−−−→ F0

ρ
u′′(x). (5.32)

The equations of motion (5.29) transition in the continuum limit to the wave equation

∂2

∂t2
u(x, t) = c2

∂2

∂x2
u(x, t) (5.33)

with u(x, t) being the displacement of the string at point x at time t and

c =

√
F0

ρ
(5.34)

being the propagation speed. The wave equation is a partial differential equation,
as the parameter i, which initially numbered the particles, has now become another
parameter x = ai of the function u.

We will restrict ourselves to the case where the string only performs motion in the
13-plane with u(x, t) = u(x, t)e3. The general solution of the wave equation has the
form (d’Alembert)

u(x, t) = f(x− ct) + g(x+ ct) (5.35)

with f, g : R→ R being two arbitrary (twice differentiable) functions. One can easily
verify the solution by substitution. Here, f describes a disturbance that propagates
to the right, maintaining its shape. Similarly, g propagates to the left while remaining
shape-invariant. The general solution is a superposition of a right-moving and a
left-moving wave.

Example: Guitar

In the case where the string is fixed at the points x = 0 and x = L, i.e.,
u(0, t) = 0 and u(L, t) = 0, neither of the two functions provides a solution to
the problem. The reason is that a right-moving wave is reflected at the point
x = L (and transforms into a left-moving wave). The solution to the problem is
therefore necessarily a superposition of a right-moving and a left-moving wave,
i.e., a standing wave of the form

u(x, t) = A sin(k(x− ct)) +A sin(k(x+ ct))

= 2A sin(kx) cos(kct). (5.36)
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For the standing wave to satisfy the boundary condition at x = L, it must hold

k = kn = n
π

L
, (n = 1, 2, . . . ) (5.37)

Thus, with (5.36), the string oscillates with the frequency

νn =
knc

2π
= n

c

2L
, (5.38)

i.e., with the frequency ν1 = c/(2L) (and its overtones).



Chapter 6

Rigid Bodies

A rigid body is a system of mass points whose relative distances between all pairs
of points remain constant during motion. Although this represents an idealization,
this concept is very useful, and the mechanics of the motion of rigid bodies deserves
a detailed presentation. The example we will primarily focus on is the gyroscope,
where a point of the rigid body is held fixed.

6.1 Mass Distribution and Inertia Tensor

Mass Distribution: A rigid body is described by a mass distribution

dm = ρ(y) d3y (6.1)

with the mass density ρ(y) with respect to a body-fixed coordinate system y ∈ R3.
The general configuration in the space-fixed inertial system x is then given by

x(t) = R(t)y + b(t), t 7→ R(t) ∈ SO(3) and t 7→ b(t) ∈ R3, (6.2)

cf. Fig. 6.1. Unlike a mass point, the configuration space is 6-dimensional: three
coordinates describe the position b(t) of the reference point, while the additional
three coordinates R(t) describe the orientation of the rigid body relative to a standard
configuration. Often we are interested in a situation where a point of the rigid body
(not necessarily the center of mass) is held fixed. In this case, there is only a rotational
motion about this fixed point, which we set at x = y = 0, and no translation. A
rigid body with a fixed point is called a gyroscope.

With the mass distribution dm, one can compactly write the various quantities of
mechanics, e.g.

• the total mass: M =
∫
dm,

• the center of mass: X =M−1
∫
dmx,

85
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b(t)
x2

x1

y2

R(t)

y1

Figure 6.1: The general position of a rigid body is described by a translation by b(t)
and a rotation R ∈ SO(3). The configuration space is therefore 6-dimensional.

• the angular momentum: L =
∫
dmx× ẋ,

• the kinetic energy: T = 1
2

∫
dm ẋ2.

Example: (concentrated mass points) One can see the concept of a mass point as
a special case of the general mass distribution dm. For this, one introduces
the concept of a concentrated mass point at the location y0 with mass 1 as
dm = δ(y − y0)d

3y (Dirac delta function) with∫
dmf(y) =

∫
d3y f(y)δ(y − y0) = f(y0)

for any function f : R3 → R. Thus, for the mass distribution, one obtains

dm =

N∑
i=1

mi δ(y − yi)

the results from Chap. 1 for N mass points. As an example, we consider the
kinetic energy

T =
1

2

∫
dm ẋ2 =

N∑
i=1

1

2

∫
d3y δ(y − yi) ẋ

2 =
N∑
i=1

1

2
miẋi

2

with x(yi, t) = xi(t) the position of the i-th particle at time t. The expression
for T agrees with (1.33).
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Kinetic Energy: We can use the relationship (6.2) to express the kinetic energy
in body-fixed coordinates. We obtain

T =
1

2

∫
dm ẋ2 =

1

2

∫
dm(Ṙy + ḃ)2 =

1

2

∫
dm(ḃ2 +

=RtṘy·RtṘy︷ ︸︸ ︷
Ṙy · Ṙy+2Ṙy · ḃ)

=
1

2
M ḃ2 +

1

2

∫
dm (ω × y)2 +MṘY · ḃ (6.3)

with the center of mass Y = Rt(X − b) and the angular velocity ω in y-coordinates.1

In the following, we will either place the body-fixed coordinate system on the center
of mass (so that Y = 0) or (in the case of a gyroscope) on the fixed point (so that
b = 0). In both cases, the last term of (6.3) vanishes. Thus, the kinetic energy
T = 1

2M ḃ2 + Trot separates into the kinetic energy of the reference point (as if the
entire mass were concentrated at the reference point) and the rotational energy

Trot =
1

2

∫
dm (ω × y)2 =

1

2

∫
dm
(
y2ω2 − (y · ω)2

)
=

1

2

3∑
i,k=1

Θikωiωk (6.4)

where we have defined the coefficients of the inertia tensor Θ by

Θik =

∫
dm (y2δik − yiyk). (6.5)

Angular Momentum: For the calculation of the angular momentum, we again
consider the two cases with Y = 0 or b = 0. From (6.2), we obtain the result

L =

∫
dmx× ẋ =Mb× ḃ+

∫
dmRy × Ṙy︸ ︷︷ ︸

≡RS

, (6.6)

where the first term describes the angular momentum of the reference point. The
second term is the angular momentum with respect to this point (with y = 0). In
y-coordinates, it has the form2

S =

∫
dmy ×RtṘy =

∫
dm

=y2ω−(y·ω)y︷ ︸︸ ︷
y × (ω × y)

≡ Θω. (6.7)

With the angular momentum vector S, we can express the rotational energy as

Trot =
1

2
ω · S. (6.8)

1As already mentioned in Chapter 1.5, we write RtṘy = ω × y with ω being the y-coordinates
of the angular velocity.

2Note that R(a× b) = Ra×Rb for arbitrary a, b ∈ R3.
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Inertia Tensor: The mapping given by (6.7) Θ: ω 7→ S is the inertia tensor of
the rigid body with respect to y = 0. In components, it has the form

Si =
3∑

k=1

Θikωk (6.9)

with Θik from (6.5). Since the mass distribution in the y-system is fixed, the
components of Θik do not depend on time; they rather characterize an intrinsic
property of the rigid body. Furthermore, the Θ-matrix is symmetric, Θik = Θki. The
inertia tensor Θ therefore has three orthonormal eigenvectors fi (principal axes of
inertia) with

Θfi = θifi , (i = 1, 2, 3) . (6.10)

As can be seen from (6.4), the quadratic form associated with Θ is 2Trot ≥ 0 and is
therefore positive semi-definite. In fact, it is positive definite if the mass distribution
is not degenerate (i.e., not concentrated on a line through y = 0). In the following,
we will mostly describe the system in the principal axis system, in which

Θ =

θ1 θ2
θ3

 , Si = θiωi, T =
1

2

3∑
i=1

θiω
2
i (6.11)

holds with the principal moments of inertia θi > 0.

6.2 Equations of Motion

The 6 equations of motion that determine the motion of a rigid body are given by

MẌ = F (Impulse Law), (6.12)

L̇ = M (Angular Momentum Law), (6.13)

with F being the total force and M the total torque (with respect to x = 0).

Due to the simplicity of the relationship between ω and S via the inertia tensor in
the body-fixed system, it is useful to transform the angular momentum law into the
body-fixed system. After applying Rt to the angular momentum law (6.13) using
L̇ =Mb× b̈+ ṘS +RṠ (from (6.6)), we obtain

Ṡ + ω × S +Rt(b×M b̈) = RtM . (6.14)

These equations of motion, together with the impulse law (6.12) and the relationship
S = Θω, determine the trajectory. We want to simplify the equations of motion a
bit further in the two cases:
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Center of Mass as Reference Point (Y = 0): In this case, b = X. Then, from
the impulse law, we obtain the relationship

Ṡ + ω × S = N (6.15)

with N = Rt(M −X × F ) being the torque with respect to the center of mass in
y-components.

Gyroscope (b = 0): In the case of a gyroscope held at the suspension point
x = y = 0, only the angular momentum law is needed. The relationship between the
space-fixed and the body-fixed coordinate systems in this case is given by x = Ry.
The equations of motion reduce again to (6.15), this time with N = RtM , the torque
with respect to the suspension point.

In the principal axis system (see (6.11)), the Euler equations arise from (6.15) in
components

θ1 ω̇1 + (θ3 − θ2)ω2 ω3 = N1,

θ2 ω̇2 + (θ1 − θ3)ω3 ω1 = N2, (6.16)
θ3 ω̇3 + (θ2 − θ1)ω1 ω2 = N3.

These equations define a system of nonlinear first-order differential equations. Through
ω(t), Ω(t) = RtṘ is also given,3 and to determine R(t), the linear differential equation

Ṙ = RΩ(t) (6.17)

needs to be solved.

In general, the explicit solution of the equations of motion of a rigid body is difficult. In
the remainder of the chapter, we will restrict ourselves to the treatment of gyroscopes,
as for these only R(t) needs to be determined, not additionally b(t). Depending on
the principal moments of inertia, we distinguish the following types of gyroscopes:

all θi different (asymmetric gyroscope),
θ1 = θ2 ̸= θ3 (symmetric gyroscope),
θ1 = θ2 = θ3 (spherical gyroscope).

6.3 The Free Gyroscope

For the free gyroscope, the Euler equations hold with N = 0. A gyroscope is
free if either no driving forces act or only the weight force in the case that the

3We remind again that ω × x = Ωx for all x ∈ R3.
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suspension point coincides with the center of mass. Since then b = 0, it follows that
T = Trot =

1
2ω · S. With the equation of motion Ṡ = −ω × S, one obtains

Ṫ = ω · Ṡ = 0, (6.18)

i.e., the (kinetic) energy is conserved with T = E. Moreover, L is also conserved.

The motions of the free gyroscope with energy E can thus be geometrically represented
with the construction of Poincaré:

rolling

L

ω

body-fixed ellipsoid of inertia: y ·Θy = 2E

spatially fixed plane: L · x = S · y = 2E

The equations are satisfied by construction for y = ω. In fact, they uniquely determine
(for given R) ω and thus Ṙ. For let y be any point in the space-fixed plane. Then
we decompose y = ω + (y − ω), and find

y ·Θy = ω ·Θω︸ ︷︷ ︸
=2E

+2 (y − ω) ·
=S︷︸︸︷
Θω︸ ︷︷ ︸

=2E−2E=0

+(y − ω) ·Θ(y − ω)︸ ︷︷ ︸
≥0

. (6.19)

Thus, y ·Θy ≥ 2E and ‘=’ holds only for y = ω.

The space-fixed plane (perpendicular to L) is therefore the tangent plane of the
inertia ellipsoid at the point ω. Since ω is the instantaneous axis of rotation, the
contact point of the ellipsoid with the tangent plane has zero velocity, i.e., the inertia
ellipsoid associated with the principal axes of a gyroscope rolls on the plane with a
fixed center (torque L fixed) without slipping. Meanwhile, the angular velocity ω
(contact point of the ellipsoid) moves around L.

A simple analytical treatment of the free gyroscope is only possible in special cases.
We will describe two of them below.

Permanent Rotations: A simple solution exists if the gyroscope rotates around
one of its principal axes. As an example, we choose

ω = (ω0, 0, 0) , (6.20)

where ω0 is constant. This is obviously a solution of the Euler equations. To investigate
the stability of this solution, we consider a disturbance ω = (ω0 + ω1, ω2, ω3) by
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retaining only linear terms in the small quantities ω1, ω2, ω3. In this approximation,
the Euler equations are given by

θ1ω̇1 = 0 ,

θ2ω̇2 = (θ3 − θ1)ω0ω3 , (6.21)
θ3ω̇3 = (θ1 − θ2)ω0ω2 .

The first equation states that ω1 remains constant, and the other two can be written
in matrix form (

ω̇2

ω̇3

)
=

(
0 θ3−θ1

θ2
ω0

θ1−θ2
θ3

ω0 0

)(
ω2

ω3

)
. (6.22)

The eigenvalues ±λ of the 2× 2 matrix are given by

λ2 =
(θ3 − θ1)(θ1 − θ2)

θ2θ3
ω2
0 (6.23)

and are therefore either both real or both purely imaginary. The first case (with
λ ̸= 0) occurs if θ1 is between θ2 and θ3, i.e., if θ2 < θ1 < θ3, or if θ3 < θ1 < θ2.
Then, (6.22) has exponentially growing solutions, i.e., the rotation is unstable. In
the remaining cases, λ2 < 0, the eigenvalues are purely imaginary and the solutions
are bounded. This means that of the three principal axes, only two exhibit stable
permanent rotations, namely those with the smallest and largest principal moments
of inertia.

The same result follows even outside the linear approximation: As we have seen above,
the kinetic energy T and the angular momentum L are conserved, and therefore we
have

T =
1

2

3∑
i=1

θiω
2
i =

1

2

3∑
i=1

S2
i

θi
≡ E , (6.24)

L ·L = S · S =

3∑
i=1

S2
i ≡ l2 . (6.25)

Thus, S always lies on the intersection of an ellipsoid (with the semi-axes
√
2Eθi)

and a sphere of radius l, see Fig. 6.2. The intersection curves for θ1 < θ2 < θ3 near
the principal axes f1 and f3 are small closed curves, i.e., S (and thus ω) remains
near them. Not near f2.

The Symmetric Free Gyroscope: In the special case of a symmetric body, the
inertia ellipsoid is a rotational ellipsoid, i.e., two of the three principal moments of
inertia are equal. Without loss of generality, let θ1 = θ2, and thus f3 is the figure
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f2

f3

f1

Figure 6.2: In the diagram, the intersection curves for
the case θ1 < θ2 < θ3 are shown.

axis. The Euler equations then simplify to

ω̇1 = −αω2 ,

ω̇2 = αω1 ,
(
α =

θ3 − θ1
θ1

ω3

)
, (6.26)

ω̇3 = 0 .

The last equation requires that ω3 is constant. Thus, α is also constant. The solution
of the differential equation for ω1 and ω2 is then given by

ω1(t) + iω2(t) = (ω1(0) + iω2(0))e
iαt . (6.27)

The vector ω thus rotates around the figure axis with constant angular velocity α.
The motion R(t) results as a special case of the next section or with the construction
of Poincaré: It is simply seen that in the symmetric gyroscope, the angular momentum
S, the axis of rotation ω, and the figure axis f3 always lie in one plane.4

Now, if the axis of rotation moves around the figure axis with angular velocity α, this
implies in space-fixed coordinates that both the figure axis and the axis of rotation
move around the space-fixed angular momentum L with angular velocity α. It is said
that the figure axis precesses.

Example (Euler’s Theory of Pole Oscillations)

The kinematic North Pole (direction of the instantaneous axis of rotation ω) of
the Earth rotates around the geometric North Pole (figure axis). The external
torques acting on the Earth are so weak that the rotational motion can be
considered as force-free. The Earth is symmetric around the pole axis and
slightly flattened at the poles, so that θ1 is less than θ3. Specifically, the
numerical ratio of the moments of inertia is given by

θ1 − θ3
θ1

= −0.0033 . (6.28)

4In body-fixed coordinates, it holds that ω × f3 = (ω2,−ω1, 0), S = (θ1ω1, θ1ω2, θ3ω3) and thus
S · (ω × f3) = 0.
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The period of the precession movement is therefore

T =
2π

α
=

2π

ω3︸︷︷︸
=1day

θ1
θ3 − θ1︸ ︷︷ ︸
≈300

≈ 300 days . (6.29)

It follows that the rotational axis of the Earth describes a circle around the
North Pole over the course of 10 months. A (though irregular) motion of this
kind has been observed. The amplitude of the precession is very small, the axis
of rotation never wanders more than about 4.5m from the North Pole. The
path is, however, completely irregular, and the fundamental period seems to be
approximately 427 days (and not 300 days). The fluctuations are attributed to
small displacements of the mass distribution on the Earth, such as those caused
by atmospheric movements, while the difference in the period arises from the
fact that the Earth is not completely rigid, but has the elastic properties of a
material like steel.5

6.4 The Heavy Symmetric Gyroscope

The other important example is the gyroscope in a homogeneous gravitational field.
In the following, we consider the case of the symmetric gyroscope, i.e., we again
assume that θ1 = θ2. For symmetry reasons, the center of mass then lies on the figure
axis. In the body-fixed coordinate system, it therefore has the components

yS = (0, 0, l) , l > 0 . (6.30)

We choose the space-fixed x-system such that the x3-axis points vertically upward.
As position coordinates, we use the Euler angles (φ, θ, ψ), cf. Fig. 6.3. The body-fixed
y-system (with the basis vectors fi) arises from the space-fixed x-system (with the
basis vectors ei) through the following sequence of 3 rotations6

R = R1(φ)R2(θ)R3(ψ)

with:
Rotation Rotation Axis Rotation Angle

1. x3 φ (e1 goes over to the node line)
2. K θ (e3 goes to f3)
3. y3 ψ

5The force-free precession of the Earth’s axis should not be confused with its slow precession
around the normal to the ecliptic. This astronomical precession arises from gravitational forces of
the Sun and the Moon, which were considered negligible in the above discussion. This assumption is
justified since the period of astronomical precession is very large (26,000 years).

6We describe the rotations as a transformation from the x- to the y-system. The order of rotation
is thus exactly reversed, as in the definition x = Ry. The order of the Euler angles is chosen such
that typically ψ̇ > θ̇ > φ̇ is.
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Figure 6.3: Coordinate system for describ-
ing the heavy symmetric gyroscope: The
angle θ indicates the inclination of the gy-
roscope. The angle θ is also called the
‘nutation angle’. The angle φ is called the
‘precession angle’. It indicates the orienta-
tion of the gyroscope axis projected onto
the ‘ground’ (the node line K). The angle
ψ is the ‘self-rotation angle’.

where the ‘node line’ K is the image of the x1-axis under the 1st rotation. The
corresponding chart of SO(3) is the region

{0 < θ < π; 0 < φ,ψ < 2π} ⊂ R3 . (6.31)

The three Euler angles are also called precession angle (φ), nutation angle (θ), and
self-rotation angle (ψ).

The rotation axes are given by the unit vectors eφ, eθ, eψ. In the body-fixed
coordinate system, eψ = f3 is precisely the unit vector in the y3 direction. The other
two rotation axes are somewhat more complicated. However, one can easily find
geometrically that

eθ = cosψ f1 − sinψ f2 , (6.32)
eφ = sin θ(sinψ f1 + cosψ f2) + cos θ f3

with fi being the unit vectors along the yi-axes.

The angular velocity (in body-fixed components) is thus given by

ω = φ̇eφ + θ̇ eθ + ψ̇ eψ , (6.33)

=
(
φ̇ sin θ sinψ + θ̇ cosψ, φ̇ sin θ cosψ − θ̇ sinψ, φ̇ cos θ + ψ̇

)
.

The kinetic energy

T =
θ1
2
(ω2

1 + ω2
2) +

θ3
2
ω2
3 (6.34)

thus calculates to

T =
θ1
2

(
φ̇2 sin2 θ + θ̇2

)
+
θ3
2

(
ψ̇ + φ̇ cos θ

)2
. (6.35)

The center of mass has the form in the space-fixed coordinate system

xS = (∗, ∗, l cos θ) . (6.36)



6.4. THE HEAVY SYMMETRIC GYROSCOPE 95

This leads to the Lagrangian
L = T − V , (6.37)

with
V = mgl cos θ . (6.38)

Conservation Laws: Since L does not depend on t, φ, and ψ, the system has the
three conserved quantities:

T + V = E , (6.39)

pφ =
∂L

∂φ̇
= φ̇ θ1 sin

2 θ + (ψ̇ + φ̇ cos θ) θ3 cos θ ≡ L3 , (6.40)

pψ =
∂L

∂ψ̇
= (ψ̇ + φ̇ cos θ) θ3 ≡ S3 . (6.41)

We denote the corresponding constant values by E, L3, and S3. Here, L3 and S3 are
the projections of the angular momentum onto eφ = e3 (vertical) and onto eψ = f3
(figure axis), respectively. From S = Θω, it directly follows

pφ = S · eφ , pψ = S · eψ . (6.42)

The conservation of T + V and pφ also holds more generally if the gyroscope is not
symmetric; however, pψ is only conserved for symmetric gyroscopes.

Integration of the Equations of Motion: From (6.40) and (6.41), we obtain

ψ̇ + φ̇ cos θ =
S3
θ3
, φ̇ =

L3 − S3 cos θ
θ1 sin

2 θ
. (6.43)

Substituting into (6.39) yields

E′ ≡ E − S2
3

2θ3
=
θ1
2
θ̇2 +

(L3 − S3 cos θ)2
2θ1 sin

2 θ
+mgl cos θ . (6.44)

This is a first-order differential equation for the nutation motion θ(t). To solve it, we
introduce the variable u = cos θ. With u̇ = − sin θ θ̇, one finds

u̇2 = (α− βu)(1− u2)− (a− bu)2 ≡ f(u) , (6.45)

where the constants α, β, a, and b are given by

α =
2E′

θ1
, β =

2mgl

θ1
> 0 , a =

L3

θ1
, b =

S3
θ1

(6.46)

Note that u is only defined for −1 ≤ u ≤ 1. Since the left side is non-negative, u̇2 ≥ 0,
the general solution is restricted to the region where f(u) ≥ 0; there it reads

t(u)− t(v) =
∫ u

v

dx√
f(x)

. (6.47)
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The function f(u) is a cubic polynomial. The roots of this cubic polynomial correspond
to the angles for which θ̇ changes its sign, i.e., the turning angles of θ. For large u,
βu3 is the dominating term; since β > 0, f(u) is therefore positive for large positive
u and negative for large negative u.

At the points u = ±1, f(u) = −(a∓ b)2, and is therefore always negative (we treat
the general case b ̸= ±a)7. Thus, at least one of the roots must lie in the region
u > 1, which corresponds to no physical angle. Due to (6.45), f(u) ≥ 0 must hold
somewhere in the physical range (|u| ≤ 1). Therefore, for a gyroscope, f(u) must
have two roots u1 ≤ u2 that lie within the interval [−1, 1] with the general shape

energetically allowed interval for the solution u(t)

−1 +1

u1 u2

f(u)

of f(u). The points u1 and u2 are the turning points of the nutation motion. This
motion is periodic with the period

T = 2

∫ u2

u1

dx√
f(x)

. (6.48)

Using (6.43), one can then also determine φ(t) and ψ(t) from a solution for u(t) =
cos θ(t). In particular, we have

φ̇ =
a− bu
1− u2 , (6.49)

and thus φ̇(t) has the same period T . On the other hand, φ(t) describes the precession
of the figure axis around the vertical. By integrating (6.49), we find that this precession
is the sum of a linear function in t (mean precession) and a periodic function of period
T .

It is common to describe the motion of the gyroscope by plotting the intersection
curve of the figure axis on a sphere with unit radius around the suspension point. This
curve is called the locus of the figure axis. The spherical coordinates of a point on the
locus in the space-fixed system are identical to the Euler angles θ and φ.8 The third
angle, ψ, only describes the rotation of the gyroscope around its own symmetry axis.
As we have seen above, the locus runs between the two limiting circles θ1 = arccosu1
and θ2 = arccosu2, where θ̇ vanishes on both circles. The shape of the locus curve
is largely determined by the value of the root u0 ≡ a/b of a− bu. It can be shown
that u0 > u1. From (6.49), we obtain the result that the precession motion changes
direction for u > u0 = a/b. Thus, we obtain the following locus curves:

7The limiting cases correspond to the standing gyroscope (b = a, S3 = L3) and the hanging
gyroscope (b = −a, S3 = −L3).

8The angle φ is conventionally measured from the (−x2)-axis.
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θ2

θ1

a/b > u2 a/b = u2 u1 < a/b < u2

In the first case, φ̇ > 0 for all times. The figure axis thus performs a precession
around the vertical while θ performs a nutation between the limiting circles. The
second case with a/b = u2 is not as extraordinary as one might initially think. It
corresponds to the initial conditions θ̇(0) = φ̇(0) = 0 (releasing the gyroscope without
initial precession of the figure axis). Then, u(0) = u0 = a/b holds (due to φ̇(0) = 0)
and f(u0) = 0 (due to θ̇(0) = 0). In this case, the gyroscope ‘falls’ from θ2 down to
θ1 and then reorients itself. In the last case, φ̇ changes sign at the limiting circle
θ0 = arccosu0. For θ1 ≤ θ < θ0, normal precession occurs, while for a more upright
gyroscope (with θ0 < θ ≤ θ2), the precession runs backward.

6.4.1 Examples

Pure Precession: We obtain a pure precession as a special case if u1 = u2 ≡ ū.
Then φ̇ is constant and f(u) has a double root at ū , i.e., f(ū) = f ′(ū) = 0.

Standing Gyroscope: We consider the stability of the standing gyroscope with
angular velocity ω. Initially, θ = θ̇ = 0 and thus L3 = S3 = θ3ω, E′ = mgl. We
obtain

α = β =
2mgl

θ1
, a = b =

θ3ω

θ1
.

Thus, we have
f(u) = (1− u)2[α(1 + u)− a2]

which has a double root at u = 1 and thus θ = 0 is an equilibrium point. For
the stability of this motion, we consider the behavior of f . Depending on the
sign of [· · · ]u=1 = 2α− a2, we obtain

(stable)

u

d.h. ω2 < 4θ1mgl/θ23

+1

2α > a2

(unstable)

u

+1

2α < a2

d.h. ω2 > 4θ1mgl/θ23
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as a possible behavior.

The first case corresponds to a fast gyroscope with |ω| > ωc ≡ 2
√
θ1mgl/θ3

and u = 1, θ = 0 as the only physical solution. The standing position is thus
stable and the gyroscope sleeps. In the second case (|ω| < ωc), the equilibrium
solution θ = 0 is unstable, as an energetically allowed interval follows to the left
of u = 1. The upright spinning top begins to wobble as soon as |ω| drops below
the stability threshold ωc due to friction losses. Thus, the sleepless gyroscope
awakens after a certain time and begins to tumble.



Chapter 7

Hamiltonian Systems

For various aspects of mechanics (and especially for quantum mechanics and statistical
mechanics), the Hamiltonian description of mechanics is important. The basic idea is
that, instead of using the position coordinates and their velocities to describe the
system, one replaces the velocities with the conjugate momenta. This approach will
now be explained in detail.

7.1 Hamiltonian Function

Consider a Lagrangian system for which the Lagrangian function L depends on the
position coordinates qα, their velocities q̇α, and possibly time t, L ≡ L(q, q̇, t). The
(canonical) conjugate momenta are defined by

pα =
∂L

∂q̇α
≡ pα(q, q̇, t) , (α = 1, . . . , f) (7.1)

As we will see later, the motion of a mechanical system can often be described more
naturally in the phase space, whose coordinates are the position coordinates qα and
the corresponding momenta pα. To achieve this description, we need to express the
velocities q̇α in terms of pα.

The Hamiltonian function H(q, p, t) arises from the Lagrangian function L(q, q̇, t)
through a contact (or Legendre) transformation at fixed (q, t). In this process, the
variable q̇ is replaced by p via:

99
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Geometrically: Analytically:

−H(p)

q̇ q̇

L(q̇)

slope p

L
One solves (7.1) for

q̇ = q̇(q, p, t) (7.2)

and substitutes this into

⟨p, q̇⟩−L =

f∑
α=1

pα q̇
α−L(q, q̇, t) ≡ H(q, p, t) (7.3)

(cf. (4.59)).

We want to determine the relationship between the partial derivatives of H and those
of L. We obtain directly

∂H

∂pα
= q̇α +

f∑
β=1

(
pβ −

∂L

∂q̇β

)
∂q̇β

∂pα
= q̇α

∂H

∂qα
=

f∑
β=1

(
pβ −

∂L

∂q̇β

)
∂q̇β

∂qα
− ∂L

∂qα
= − ∂L

∂qα

∂H

∂t
= −∂L

∂t
(7.4)

since ∂L/∂q̇β = pβ .

7.2 The Canonical Equations of Motion

The equations of motion for the phase space coordinates (q, p) can now be easily
derived from the Euler-Lagrange equations ṗα = ∂L/∂qα. The resulting Hamiltonian
(canonical) equations of motion are

q̇α =
∂H

∂pα
, ṗα = − ∂H

∂qα
, (α = 1, . . . f) . (7.5)

These are 2f first-order differential equations for the 2f unknown functions q1(t), . . . qf (t),
p1(t), . . . pf (t).

Examples:

(i) Point mass in an external potential V (x):

L =
m

2
ẋ2 − V (x) , p = mẋ ,

H =
p2

2m
+ V (x) .
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(ii) The same system in polar coordinates

L =
m

2
(ṙ2 + r2φ̇2)− V (r) , pr = mṙ , pφ = mr2φ̇ ,

H =
1

2m
(p2r + r−2p2φ) + V (r) .

(iii) The general autonomous case (cf. Example 9 from Chapter 4.5.3)

L =
1

2

f∑
α,β=1

gαβ(q)q̇
αq̇β − V (q) , pα =

f∑
β=1

gαβ(q)q̇
β ,

H =
1

2

f∑
α,β=1

gαβ(q)pαpβ + V (q) ,

where (gαβ(q))α,β=1,...,f is the inverse of the matrix (gαβ(q))α,β=1,...,f .

(iv) Charged particle in an external electromagnetic field:

L =
m

2
ẋ2 − e

(
φ(x, t)− ẋ

c
·A(x, t)

)
, p = mẋ+

e

c
A ,

H =
1

2m

(
p− e

c
A(x, t)

)2
+ eφ(x, t) .

Since the Lagrangian function does not explicitly depend on time, in these cases the
Hamiltonian function is simply the generalized energy, cf. (4.59). However, it should
be noted that H is a function of (q, p, t), i.e., q̇ must be expressed in terms of p.

7.3 Phase Space and Poisson Brackets

We denote the 2f variables

x ≡ (x1, . . . , x2f ) ≡ (q1, p1, . . . , q
f , pf ) (7.6)

as the phase coordinates of the system, and the corresponding space as the phase
space. If the configuration space is Rf , then the phase space is simply R2f . The
canonical equations (7.5) in this notation read

ẋi =

2f∑
k=1

εik
∂H

∂xk
, ε =



0 1
−1 0

. . .
. . .

0 1
−1 0


. (7.7)
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The matrix ε has the important properties εt = ε−1 = −ε.
Now let F (q, p) = F (x) be any function on the phase space. Along a mechanical path
x(t) = (q(t), p(t)), the change in F (x(t)) is given by

d

dt
F (q(t), p(t)) =

2f∑
k=1

∂F

∂xk
ẋk =

2f∑
i,k=1

∂F

∂xk
εki

∂H

∂xi

=

f∑
α=1

(
∂F

∂qα
∂H

∂pα
− ∂F

∂pα

∂H

∂qα

)
. (7.8)

For two arbitrary functions of the phase space F1(q, p) and F2(q, p), the Poisson
bracket is defined as

{F1, F2} ≡
2f∑

i,k=1

∂F1

∂xi
εik

∂F2

∂xk
=

f∑
α=1

(
∂F1

∂qα
∂F2

∂pα
− ∂F1

∂pα

∂F2

∂qα

)
(7.9)

of F1 and F2. With this notation, the time derivative of F (along a mechanical path)
can be rewritten as

d

dt
F (q(t), p(t)) = {F,H}(q(t), p(t)) , (7.10)

where we have made explicit that the Poisson bracket must be evaluated at the point
x(t). For F (x) = xi, we find the canonical equations of motion in the form

ẋi = {xi, H}. (7.11)

Example: Particularly simple Poisson brackets exist between momentum and po-
sition coordinates. In fact, it is easy to calculate that the "canonical Poisson
brackets" hold

{qα, qβ} = 0 , {qα, pβ} = δαβ , {pα, pβ} = 0 ,

where δαβ is the Kronecker symbol.

The Poisson brackets are linear

{aF1 + bF2, F3} = a{F1, F3}+ b{F2, F3}, (a, b ∈ R) (7.12)

and antisymmetric (since εt = −ε)

{F1, F2} = −{F2, F1}. (7.13)

They also satisfy the Jacobi identity

{{F1, F2}, F3}+ {{F2, F3}, F1}+ {{F3, F1}, F2} = 0 . (7.14)

We will provide the proof of this at the end of Chapter 7.5.



7.4. CANONICAL TRANSFORMATIONS 103

7.4 Canonical Transformations

As we saw at the beginning of Chapter 7.3, the Hamiltonian equations of motion in
phase space take the simple form ẋi = {xi, H} or also (with ε−1 = εt)

2f∑
i=1

εik ẋi =
∂H

∂xk
. (7.15)

We now want to study the structure of bijective coordinate transformations

x̄i = ϕi(x1, . . . , x2f ) (7.16)

that leave the canonical equations (7.15) form-invariant. This means that for every
Hamiltonian function H, the equations of motion

2f∑
i=1

εik ˙̄xi =
∂H̄

∂x̄k
, (7.17)

with H̄(x̄) = (H̄ ◦ ϕ)(x) = H(x) are equivalent to (7.15). Transformations with this
property are called canonical transformations.

From (7.16) and (7.17), we directly obtain

2f∑
i,j=1

εik
∂x̄i
∂xj

ẋj =

2f∑
l=1

∂H

∂xl

∂xl
∂x̄k

. (7.18)

Now we define the Jacobian matrix

Aij(x) ≡
∂ϕi
∂xj

=
∂x̄i
∂xj

, (7.19)

and thus obtain the condition1

2f∑
j=1

(
2f∑

i,k=1

AijεikAkl

)
︸ ︷︷ ︸

=εjl, since invariant to (7.15)

ẋj =
∂H

∂xl
.

We conclude that the canonical transformations are characterized by

At(x)εA(x) = ε (for all x) . (7.20)

The linear mappings A : R2f → R2f with the property AtεA = ε are called symplectic
and form the group Sp(2f). In particular, it holds

(DetA)2 = 1 (7.21)

and even DetA = +1, which we will not prove here. Thus, the inverse of a canonical
transformation exists. If A ∈ Sp(2f), then the following properties hold:

1Note that ∂xj/∂x̄i = (A−1)ji.
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• A−1 ∈ Sp(2f), since (A−1)tεA−1 = (A−1)t(AtεA)A−1 = ε,

• At ∈ Sp(2f), since ε = −ε−1 = −((A−1)tεA−1)−1 = −Aε−1At = AεAt.

A canonical transformation preserves all Poisson brackets, i.e.

{F1, F2}(x) = {F̄1, F̄2}(x̄) , where F1(x) = F̄1(x̄), F2(x) = F̄2(x̄). (7.22)

This follows simply from the fact that2

{F1, F2} =
2f∑

j,k=1

∂F1

∂xj
εjk

∂F2

∂xk
=

2f∑
i,l=1

∂F̄1

∂x̄i

(
2f∑

j,k=1

Aij εjk Alk

)
︸ ︷︷ ︸

=(AεAt)il=εil, since At∈Sp(2f)

∂F̄2

∂x̄l

= {F̄1, F̄2} , (7.23)

With the form (7.11) of the canonical equations of motion, it is also clear in the
reverse direction that any transformation that preserves all Poisson brackets (7.22)
defines a canonical transformation.

Example 1: (Point transformations) In the Lagrangian formalism, any new position
coordinates q̄α = q̄α(q 1, . . . , qf ) can be introduced. The Lagrangian function
defined by T − V remains invariant with L̄(q̄, ˙̄q) = L(q, q̇). The conjugate
momenta are therefore given by

p̄α =
∂L̄

∂ ˙̄qα
=

f∑
β=1

∂L

∂q̇β
∂q̇β

∂ ˙̄qα
(4.10)
=

f∑
β=1

pβ
∂qβ

∂q̄α
. (7.24)

As we will see in Chapter 7.7.1, this transformation is of course also canonical.
This result can also be obtained by directly calculating the Jacobian matrix.

Example 2: The group of canonical transformations is however significantly larger
than the group of point transformations. This fact is one of the advantages
of the Hamiltonian compared to the Lagrangian formalism. For example, the
transformation (f = 1)

q̄ =
√
pq3 , p̄ =

√
p

q
.

is also a canonical transformation. To prove this, we calculate the Jacobian
matrix

A =
1

2

(
3
√
pq

√
p−1q3

−
√
pq−3

√
p−1q−1

)
.

It can be easily verified that this is symplectic.
2In the literature, this relationship is often written as {F1, F2}x̄ = {F1, F2}x, where the index of

the Poisson bracket indicates the “variables” of the functions F1, F2
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7.5 Canonical Flows

Let x = (x1, . . . , x2f ) be phase coordinates in the phase space Γ = R2f . Let
ϕλ : x 7→ x̄ ≡ x(λ) be a canonical flow, i.e., a family of canonical transformations
with x(0) = ϕ0(x) = x. By differentiating with respect to λ, we obtain the generating
vector field v(x), (cf. (4.53))

dx(λ)

dλ
=

∂

∂λ
ϕλ(x) = v(ϕλ(x)). (7.25)

The fact that the transformation ϕλ is to be canonical for every λ means that the
Jacobian matrix

(Aλ)ik(x) =
∂(ϕλ)i
∂xk

=
∂x̄i
∂xk

(7.26)

is symplectic for all x and λ.

We now want to characterize the vector fields v(x) that generate canonical flows.
From (7.25), we obtain (at each point x)

∂

∂λ
(Aλ)ik =

∂

∂xk
vi(ϕλ(x)) =

2f∑
l=1

∂vi
∂x̄l

(x̄)︸ ︷︷ ︸
≡Vil(x̄)

(Aλ)lk , (7.27)

or in matrix notation

∂

∂λ
Aλ(x) = V (x̄)Aλ(x) , with x̄ = ϕλ(x) . (7.28)

For λ = 0, we trivially have a symplectic transformation with A0(x) = 1. For the
transformation to remain symplectic for all λ, we must therefore only require that

0 =
∂

∂λ
(AtλεAλ) = Atλ(V

tε+ εV )Aλ . (7.29)

Since DetAλ ̸= 0 and εt = −ε, this is equivalent to (εtV )t = εtV or (the kl-element)
written out

∂

∂x̄k

2f∑
i=1

εilvi(x̄)︸ ︷︷ ︸
≡gl(x̄)

=
∂

∂x̄l

2f∑
i=1

εikvi(x̄)︸ ︷︷ ︸
=gk(x̄)

. (7.30)

These conditions mean that g(x) is the gradient of a function F (x), i.e.

gk(x) =

2f∑
i=1

εikvi(x) =
∂F

∂xk
(x) or vi(x) =

2f∑
k=1

εik
∂F

∂xk
(x) . (7.31)

The vector fields of canonical flows are characterized by (7.31).
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Thus, we obtain the important result that the differential equation (7.25), which
characterizes canonical flows, has the form of canonical equations (cf. (7.11))

dxi(λ)

dλ
=

2f∑
k=1

εik
∂F

∂xk
(x(λ)) = {xi, F} , (7.32)

where the parameter λ plays the role of time and F that of the Hamiltonian function.

From the derivation, the reverse also follows directly: Canonical equations generate
canonical flows in phase space. The function F (x) is called the generating function
of the canonical flow.

Example: The dynamics (time evolution) of an autonomous Hamiltonian system
H = H(x) generates a canonical flow in phase space with ϕt(q, p) = (q(t), p(t)).
Here, q(t), p(t) satisfy the canonical equations of motion (7.15) with the ini-
tial conditions q(0) = q and p(0) = p. The flow is canonical because the
corresponding vector field v = (q̇, ṗ) satisfies the condition (7.31) with F = H.

An important consequence is the fact that the Poisson bracket is compatible
with time evolution. In fact, we obtain at a fixed time t with q̄ = q(t), p̄ = p(t)
and Fi = F̄i ◦ ϕt from (7.23) immediately that

{F̄1, F̄2}(q̄, p̄) = {F1, F2}(q, p)

and thus

{F̄1, F̄2} ◦ ϕt = {F̄1 ◦ ϕt, F̄2 ◦ ϕt}; (7.33)

i.e., the time evolution ϕt "commutes" with the Poisson bracket.

Proof of the Jacobi Identity: Let Fi(x), i = 1, 2, 3 be functions on the phase
space. We consider the flow x(λ) = ϕλ(x) generated by F3. Using (7.10), we obtain
for the changes of the quantities F1, F2 and {F1, F2} under the flow the conditions

d

dλ
Fi(x(λ))

∣∣∣
λ=0

= {Fi, F3},
d

dλ
{F1, F2}(x(λ))

∣∣∣
λ=0

= {{F1, F2}, F3}, (7.34)

where the Poisson brackets are evaluated at x = x(0). From (7.33), we know that
the Poisson bracket commutes with the flow, i.e.

{F1, F2}(x(λ)) = {F1 ◦ ϕλ, F2 ◦ ϕλ}(x).

Differentiating this relationship with respect to λ gives (using the product rule)

d

dλ
{F1, F2}(x(λ))

∣∣∣
λ=0

=

{
dF1(x(λ))

dλ

∣∣∣
λ=0

, F2

}
+

{
F1,

dF2(x(λ))

dλ

∣∣∣
λ=0

}
. (7.35)

Substituting (7.34) yields (utilizing the antisymmetry) the Jacobi identity (7.14).
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7.5.1 The Liouville Theorem

φt(Ω)

x

Ω
φt(x)

The phase volume

µ(Ω) =

∫
Ω
dx1 . . . dx2f (7.36)

of any subset Ω ⊂ Γ of the phase space is invariant
under time evolution, i.e.

µ(ϕt(Ω)) = µ(Ω) . (7.37)

To prove this, we only need the fact that ϕt is a canonical flow so that at any time t
the mapping ϕt : x 7→ x̄ = x(t) is a canonical transformation. Thus, we obtain

µ(ϕt(Ω)) =

∫
ϕt(Ω)

dx̄1 . . . dx̄2f =

∫
Ω

∣∣∣Det
∂x̄i
∂xj

∣∣∣︸ ︷︷ ︸
= 1, due to (7.21)

dx1 . . . dx2f = µ(Ω) . (7.38)

The equation (7.37) states that every canonical flow ϕt is volume-preserving.

7.6 Conservation Laws

As we saw in Chapter 7.3, the time change of a quantity F (x) along a mechanical
path is given by

d

dt
F (x(t)) = {F,H}(x(t)) (7.39)

The quantity F is conserved if and only if the Poisson bracket of F with H vanishes.

Now let F1 and F2 be two conserved quantities, i.e.

{F1, H} = {F2, H} = 0 . (7.40)

Then, from the Jacobi identity, it follows that {F1, F2} also has a vanishing Poisson
bracket with H. Thus, the Poisson bracket of two conserved quantities is again a
conserved quantity (Poisson’s theorem).

Example: The angular momentum L is defined by L = x× p. If two components
of the angular momentum e1 ·L and e2 ·L are conserved, then so is the third
component, since

{e1 ·L, e2 ·L} = (e1 × e2) ·L . (7.41)

Moreover, it holds
{e1 ·L, e2 · p} = (e1 × e2) · p ; (7.42)

i.e., if one momentum component and the angular momentum are conserved,
then in fact all momentum components are conserved.



108 CHAPTER 7. HAMILTONIAN SYSTEMS

We denote the canonical flows generated by F and H in the sense of Chapter 7.5 by
ψλ and ϕt. It holds

d

dt
F (ϕt(x))

∣∣∣
t=0

= {F,H} = −{H,F} = − d

dλ
H(ψλ(x))

∣∣∣
λ=0

. (7.43)

Thus, F is a conserved quantity if and only if H is invariant under the canonical flow
generated by F with

H(ψλ(x)) = H(x). (7.44)

To every conserved quantity, there corresponds a continuous symmetry ψλ of H, and
vice versa. In a certain sense, this statement is the converse of Noether’s theorem.

Example: Let R6 be the phase space with coordinates (x,p) and

F (x,p) = e ·L = e · (x× p) , (7.45)

where e is a fixed unit vector. The differential equations (7.32) of the canonical
flow generated by F are (in the form (7.5))

dx

dλ
=
∂F

∂p
= e× x ,

dp

dλ
= −∂F

∂x
= e× p . (7.46)

After integration, we obtain the corresponding canonical flow

ψλ : (x,p) 7→ (R(λ)x, R(λ)p) , (7.47)

where R(λ) is the rotation in R3 about the axis e with angle λ. The components
(7.45) of the angular momentum are thus the generating functions of the
rotations. With (7.43), the most general form of the angular momentum
theorem is given by

d

dt
e · (x× p)

∣∣∣
t=0

= − d

dλ
H(R(λ)x, R(λ)p)

∣∣∣
λ=0

. (7.48)

Thus, e · (x × p) is particularly conserved if H is invariant under rotations
about the axis e. Similarly, the momentum component e · p is the generator
of the translations ψλ : (x,p) 7→ (x + λe,p). This results in the momentum
theorem

d

dt
e · p

∣∣∣
t=0

= − d

dλ
H(x+ λe,p)

∣∣∣
λ=0

. (7.49)

Occasionally, one is interested in the time change of F (x, t), i.e., a quantity F that
explicitly depends on time. We obtain (instead of (7.39))

d

dt
F (x(t), t) =

2f∑
i=1

∂F

∂xi
ẋi +

∂F

∂t
= {F,H}+ ∂F

∂t
(7.50)
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In particular, for H = H(x, t), the energy theorem holds

dH

dt
= {H,H}︸ ︷︷ ︸

=0

+
∂H

∂t
=
∂H

∂t
(7.51)

due to (7.13). For autonomous systems with H = H(x), the energy H is therefore
conserved.

7.7 The Hamiltonian Principle in Phase Space

According to the definition of the Hamiltonian function (7.3), it holds

L(q, q̇, t) = ⟨p, q̇⟩ −H =

f∑
α=1

pαq̇
α −H(q, p, t) . (7.52)

We therefore expect that the equations of motion can be derived from the variational
principle

δ

∫ (2)

(1)

(
⟨p, q̇⟩ −H

)
dt = 0 . (7.53)

where the position qα(t(i)) is held fixed at the endpoints t(i).

In phase space, however, we consider qα and pβ as independent variables, while in the
original formulation of the variational principle, the variation of q̇ was determined by
that of q. It is therefore a priori not obvious that (7.53) yields the correct equations of
motion. However, the variational principle (7.53) is indeed equivalent to the canonical
equations of motion. Under a variation of the independent variables qα, pβ (with
fixed endpoints q(i)), we obtain

δ

∫ (2)

(1)

( f∑
α=1

pαq̇
α −H

)
dt

=

∫ (2)

(1)

f∑
α=1

(
pαδq̇

α + q̇αδpα −
∂H

∂qα
δqα − ∂H

∂pα
δpα

)
dt

=

f∑
α=1

pα δq
α︸︷︷︸

=0

∣∣∣(2)
(1)

+

∫ (2)

(1)

f∑
α=1

[(
q̇α − ∂H

∂pα

)
δpα −

(
ṗα +

∂H

∂qα

)
δqα
]
dt ,

where we have partially integrated the first term on the left side of the second line.
The boundary terms vanish, and we obtain exactly the Hamiltonian equations of
motion.
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7.7.1 Generating Canonical Transformations

As preparation for the discussion of the Hamilton-Jacobi equation in Chapter 8, we
now want to discuss how to systematically construct canonical transformations. We
consider a Hamiltonian system with phase space coordinates x = (q1, p1, . . . , q

f , pf )
and Hamiltonian function H(x, t). We subject the system to a (possibly) time-
dependent canonical transformation

x̄i = ϕi(x1, . . . , x2f , t). (7.54)

Since the transformation is canonical, the equations of motion in the new coordinates
x̄ = (Q1, P1, . . . , Q

f , Pf ) are again the Hamiltonian equations. However, since the
canonical transformation depends on time, we generally need to introduce a new
Hamiltonian function K(x̄, t). Equivalently, the claim is that the two variational
problems

δ

∫ (2)

(1)

(
⟨p, q̇⟩ −H

)
dt = 0 and δ

∫ (2)

(1)

(
⟨P, Q̇⟩ −K

)
dt = 0 (7.55)

have solutions x(t) and x̄(t), which correspond under (7.54). A sufficient condition
for this is (cf. (4.46)), that the two integrands in (7.55) differ by a total derivative of
a function F (q,Q, t).3

This means that for all curves x(t) it holds4

⟨p(t), q̇(t)⟩ −H(x(t), t) = ⟨P (t), Q̇(t)⟩ −K(x̄(t), t) +
dF

dt
. (7.56)

Rearranging gives from (7.56) the expression

dF

dt
=
(
⟨p, q̇⟩ − ⟨P, Q̇⟩

)
+ (K −H). (7.57)

It is useful to express the function F not in terms of the variables q and Q but rather
in terms of the old coordinates q and the new momenta P . The transition from Q to
P as an independent variable is achieved by a Legendre transformation. We define

S(q, P, t) = F (q,Q, t) + ⟨P,Q⟩ with Pα = − ∂F

∂Qα
(q,Q, t). (7.58)

3Since we hold the endpoints δqα and δQα fixed in the variational calculus, F does not modify
the Euler-Lagrange equations.

4Often, this relationship is also written compactly

⟨p, dq⟩ −Hdt = ⟨P, dQ⟩ −Kdt+ dF

as an identity of differentials. Thus, we have dF = ⟨p, dq⟩ − ⟨P, dQ⟩+ (K −H)dt. The Legendre
transformation on S is then obtained with the product rule d⟨P,Q⟩ = ⟨dP,Q⟩ + ⟨P, dQ⟩ and
dS = dF + d⟨P,Q⟩.
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Analogous to (7.4), we obtain for the partial derivatives5

∂S

∂Pα
= Qα,

∂S

∂qα
=
∂F

∂qα
,

∂S

∂t
=
∂F

∂t
. (7.59)

Thus, we directly obtain

dF

dt
≡

f∑
α=1

(
∂F

∂qα
q̇α +

∂F

∂Qα
Q̇α
)
+
∂F

∂t

=

f∑
α=1

(
∂S

∂qα
q̇α − PαQ̇α

)
+
∂S

∂t
(7.60)

for the total time derivative of the function F (q,Q, t).

For a given function F (q,Q, t), by comparing (7.57) with (7.60), we obtain the
relationships

pα =
∂S

∂qα
(q, P, t) , Qα =

∂S

∂Pα
(q, P, t) , K = H +

∂S

∂t
, (7.61)

between the old (q, p) and the new (Q,P ) canonical coordinates (and the new
Hamiltonian function K). To explicitly obtain the canonical transformation (7.54),
one must solve the first equation for Pα and substitute the result into the second
equation. This gives

Qα = Qα(q, p, t), Pα = Pα(q, p, t). (7.62)

The condition for solvability at a point (q0, P0, t0) is that there

Det

(
∂2S

∂qα∂Pβ

)
̸= 0 . (7.63)

One calls S(q, P, t) the generating function of the (at any time t) canonical trans-
formation (7.62). The transformation is canonical for every fixed time t = t0, since
it is generated there by S0(q, P ) = S(q, P, t0). For the generating function S0 the
time derivative vanishes, and thus the new variables x̄ = ϕ(x, t0) satisfy the canonical
equations of motion with the Hamiltonian H̄(x̄) ≡ K0(x̄) = H(x). This corresponds
exactly to the definition (7.17) of a canonical transformation.

By freely choosing the function S, one can elegantly construct canonical transfor-
mations. To show this, we consider two examples (analogous to the examples in
Chapter 7.4).

5Replace (L,H, q̇, p) in (7.4) with (−F, S,Q, P ).
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Example 1: (Point transformations) Let S =
∑f

β=1 PβQ
β(q1, . . . , qf ), where the

functions Qα(q) are given. Then, from (7.61)

Qα = Qα(q1, . . . , qf ) , pα =

f∑
β=1

Pβ
∂Qβ

∂qα
. (7.64)

After solving the second equations for Pα with Pα =
∑f

β=1 pβ(∂q
β/∂Qα), these

are the point transformations discussed in connection with (7.24); where we
have now proven that the transformation is canonical.

Example 2: For f = 1, we consider the generating function S(q, P ) = 1
2q

2 P 2.
Equation (7.61) yields

Q = q2P , p = qP 2. (7.65)

Thus, we obtain the canonical transformation

Q =
√
pq3 , P =

√
p

q
. (7.66)

Remark: The generating function S(q, P, t) of the canonical transformation is not
the same as the generating function F (q, p) of a canonical flow (Q,P ) = x(λ) =
ϕλ(q, p) from (7.32). However, the terms are closely related. For small λ, it holds

S(q, P, λ) =

f∑
α=1

Pαq
α + λF (q, P ) +O(λ2) . (7.67)

Proof: From (7.61), we know

pα = Pα + λ
∂F

∂qα

∣∣∣∣
(q,P )

+O(λ2) , Qα = qα + λ
∂F

∂pα

∣∣∣∣
(q,P )

+O(λ2) . (7.68)

Since Qα − qα = O(λ) and Pα − pα = O(λ), we can also rewrite the result as

Qα = qα + λ
∂F

∂pα

∣∣∣∣
(Q,P )

+O(λ2) , Pα = pα − λ
∂F

∂qα

∣∣∣∣
(Q,P )

+O(λ2) . (7.69)

Thus, (Q,P ) = (q(λ), p(λ)) locally is the solution of the canonical equations dqα(λ)/dλ =
∂F/∂pα, dpα(λ)/dλ =−∂F/∂qα with the initial condition (q(0), p(0))= (q, p) with
F (q, p) being the generating function, cf. (7.32).



Chapter 8

The Hamilton-Jacobi Theory

The Hamilton-Jacobi theory is another reformulation of classical mechanics. It
encompasses all results of the Lagrangian and Hamiltonian formulations, but also
provides a deeper understanding of integrability. Furthermore, it allows, as presented
in Chapter 8.5, a direct transition from classical mechanics to quantum mechanics.

8.1 The Time-Independent Case

We now consider an autonomous system, i.e., a system where the Hamiltonian does
not explicitly depend on t, H = H(q1, . . . , qf , p1, . . . , pf ). We attempt to find a time-
independent canonical transformation such that K is just one of the new momentum
coordinates, e.g., K(Q,P ) = Pf , where Pf corresponds to the energy E. If successful,
the equations of motion in the new coordinates are given by

Ṗα = − ∂K

∂Qα
= 0 , (α = 1, . . . , f) , (8.1)

Q̇α =
∂K

∂Pα
= 0 , (α = 1, . . . , f − 1) , Q̇f =

∂K

∂Pf
= 1 .

The equations of motion are then trivially solv-
able with

Pα(t) = Pα(0) , (α = 1, . . . , f) ,

Qα(t) = Qα(0) , (α = 1, . . . , f − 1) ,

Qf (t) = Qf (0) + t .

P1, . . . , Pf , Q
1, . . . , Qf−1

Qf

Canonical flow to the Hamiltonian
K = Pf .

As we have seen in Chapter 7.7.1, a generating function S0 = S0(q, P ) must be

113
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determined such that (see (7.61))

H
(
q1, . . . , qf ,

∂S0
∂q1

, . . . ,
∂S0
∂qf

)
= Pf ≡ E . (8.2)

This equation is called the time-independent Hamilton-Jacobi equation. It is a
(parameterized by Pf ) first-order partial differential equation for S0. For S0 to be
solvable for qα, a family of solutions is needed1

S0(q
1, . . . , qf , P1, . . . , Pf ) with Det

(
∂2S0
∂qα∂Pβ

)
̸= 0 , (8.3)

parameterized by (f − 1) parameters P1, . . . , Pf−1 and of course also Pf . Such a
solution is called a complete integral.2

It is important that Q(q, P, t) can be solved for q with the condition (cf. (7.63))

Det

(
∂2S0
∂qα∂Pβ

)
̸= 0. (8.4)

Necessary for solvability is therefore at least that

Rang

(
∂2S0
∂qα∂Pβ

)
α=1,...,f
β=1,...,f−1

= f − 1 . (8.5)

This condition is indeed also sufficient. From (8.2), by differentiating with respect to
P1, . . . , Pf , we obtain∑

α

∂H

∂pα

∂2S0
∂qα∂Pβ

= 0 , (β = 1, . . . , f − 1) ,
∑
α

∂H

∂pα

∂2S0
∂qα∂Pf

= 1 .

The last column (β = f) of the matrix (8.4) cannot therefore be a linear combination
of the first f − 1. Moreover, a necessary condition for the solvability of (8.2) is that
in the considered region of phase space nowhere

∂H

∂p1
= . . . =

∂H

∂pf
= 0 (8.6)

holds.

From the complete solution of the Hamilton-Jacobi equation, the motion in the
original coordinates results as follows. For given values of the conserved quantities
P1, . . . , Pf , each of the equations

∂S0
∂Pβ

(q, P ) = Qβ , (β = 1, . . . , f − 1) (8.7)

1In general, S0(q, P ) +A with A ∈ R is a solution. However, the additional additive constant A
is irrelevant in mechanics.

2As we have seen in Chapter 5.3, a general solution of a partial differential equation depends on
arbitrary functions (and not just on parameters).



8.2. SEPARABLE PROBLEMS 115

for q = (q1, . . . , qf ) corresponds to a surface in configuration space, which, according
to (8.5), has linearly independent normals. Their average is the (1-dimensional)
trajectory. The temporal traversal of this trajectory is given by

∂S0
∂E

(q, P ) = Qf (0) + t ≡ t0 + t. (8.8)

The 2f constants Q1, P1, . . . , t0, E arise from the initial conditions.

Example 1: The harmonic oscillator has the Hamiltonian

H =
1

2m
p2 +

1

2
fq2.

with the angular frequency ω =
√
f/m. The Hamilton-Jacobi equation for

S0(q) is the ordinary differential equation

1

2m

(
dS0
dq

)2

+
1

2
fq2 = E

with the solution

S0(q) =

∫ q

0
dx
√
m(2E − fx2). (8.9)

The motion is given by (8.8). With

∂S0
∂E

=

∫ q

0
dx

√
m

2E − fx2 =
1

ω
arcsin

(
q/
√
2E/f

)
= t0 + t

we obtain the general solution

q(t) =
√

2E/f sin
(
ω(t0 + t)

)
.

8.2 Separable Problems

If one can write the Hamilton-Jacobi equation (8.2) as

f
(
q1,

∂S0
∂q1

)
= F

(
q2, . . . , qf ,

∂S0
∂q2

, . . . ,
∂S0
∂qf

)
, (8.10)

the coordinate q1 is called separable. The separation ansatz

S0(q
1, . . . , qf ) = S1(q

1) + S̃0(q
2, . . . , qf ) (8.11)

then leads to the two equations

f
(
q1,

dS1
dq1

)
= P1 , F

(
q2, . . . , qf ,

∂S̃0
∂q2

, . . . ,
∂S̃0
∂qf

)
= P1 , (8.12)
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where P1 is constant, since the left or right side of (8.10) does not depend on q2, . . . , qf

or q1, respectively. From (8.12), by solving the first equation, one finds the function
S1(q

1, P1).

The problem is completely separable if one can proceed in the same way with the
second equation, and so on. In this case, the result is a complete solution

S0(q
1, . . . , qf , P1, . . . , Pf−1, Pf ) = S1(q

1, P1) + S2(q
2, P1, P2) + . . .

+ Sf (q
f , P1 . . . Pf−1) (8.13)

of the Hamilton-Jacobi equation (8.2), since each term can still depend on Pf =
E. The (complete) separability of a problem always refers to special coordinates
q = (q1, . . . , qf ), whose existence is an exception rather than the rule. For a list of
problems that are completely separable, see Landau & Lifschitz.

Example 2: (Cyclic Coordinate) If the coordinate q1 is cyclic, it does not explicitly
enter into the Hamilton-Jacobi equation. Thus, one can trivially separate the
system with f(q1, dS1/dq1) = dS1/dq

1. We immediately obtain S1 = P1q
1 and

S0 = P1q
1 + S̃0.

The constant P1 is of course nothing other than the conjugate momentum
∂S0/∂q

1.

Example 3: (The Plane Central Force Problem) We consider the plane central force
problem in polar coordinates (see Example (ii) in Chapter 7.2), for which the
Hamiltonian is given by

H =
1

2m

(
p2r +

p2φ
r2

)
+ V (r)

The Hamilton-Jacobi equation is

1

2m

[(∂S0
∂r

)2
+ r−2

(∂S0
∂φ

)2]
+ V (r) = E ,

with E ≡ P2. This equation is separable, as it can be rewritten as(
∂S0
∂φ

)2

= 2mr2(E − V (r))− r2
(
∂S0
∂r

)2

. (8.14)

With the separation ansatz S0(r, φ) = Sr(r) + Sφ(φ), both sides of (8.14) must
equal a separation constant l2 ≡ P 2

1 . It follows that

Sφ(φ) = lφ , Sr(r) =

∫ r

dx
√

2m(E − V (x))− l2x−2 . (8.15)
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up to irrelevant additive constants. The trajectory φ(r) and the temporal
dependence t(r) now result from (8.7) and (8.8)

∂S0
∂l

= φ−
∫ r l

x2
dx√

2m(E − V (x))− l2x−2
= φ0 ,

∂S0
∂E

=

∫ r mdx√
2m(E − V (x))− l2x−2

= t0 + t ,

where the constants t0, φ0 are determined by the initial conditions. This result
is of course consistent with (2.14) and (2.12).

Remark: A complete solution of the Hamilton-Jacobi equation directly provides
the f conserved quantities Pβ . That Pβ are conserved quantities follows from

{H(x), Pβ(x)} = {Pf , Pβ} = 0, (8.16)

where we have used (7.22) and (8.2). Moreover, they are in involution, i.e.

{Pα(x), Pβ(x)} = {Pα, Pβ} = 0, (for all α, β). (8.17)

The conserved quantities are also independent3 of each other, since (from (8.4))

Det

(
∂Pα(q, p)

∂pβ

)
= Det

(
∂2S0
∂qβ∂Pα

)−1

̸= 0 . (8.18)

A mechanical system with f degrees of freedom is called completely integrable (in the
Liouville sense) if there are f independent conserved quantities in involution. Thus,
every system for which there is a complete solution of the Hamilton-Jacobi equation
is completely integrable.4

Note that in Lagrangian mechanics, 2f integrals of motion are needed to completely
integrate a problem. It turns out that with the Hamiltonian method, only f conserved
quantities are needed, which must, however, be in involution. Each additional
conserved quantity reduces the number of degrees of freedom by 2.

8.3 Angle-Action Variables

We would like to examine the structure of phase space for a completely separable
problem with

S0(q, P ) =

f∑
α=1

Sα(q
α, P ), (8.19)

3The quantities Pα are independent if the matrix ∂Pα/∂xk has full rank f .
4This result also holds in the reverse: a completely integrable system has a (global) solution of

the Hamilton-Jacobi equation.
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γα

γα

qα0 qα0

(a) rotation:

pα

qα0

(b) libration:

pα

Figure 8.1: The action variable Jα is the (oriented) area (divided by 2π) under the
curve pα(qα). There are two classes of trajectories. (a) Rotation (only possible
for periodic variables): The curve connects two equivalent points with qα = 0 and
qα = qα0 ; qα0 denotes the period. (b) Libration: The curve encloses an area in phase
space. The motion in q is bounded by two turning points (dashed lines) at fixed P .

which performs finite motion in all coordinates, in a bit more detail.5 One can then
make a special choice of canonical coordinates, the so-called angle-action variables, in
which the configuration space becomes a torus and the motion becomes conditionally
periodic. These variables are useful for perturbation theory, problems with slowly
(adiabatically) varying parameters, and for the semiclassical description of quantum
mechanical problems.

The canonical momentum pα(q
α, P ) = ∂Sα/∂q

α is (at fixed P ) only a function of the
coordinate qα. Since the motion is finite, the trajectory γα in the subspace (qα, pα)
is closed. We define the action variables Jα by the line integral along γα

Jα(P ) =
1

2π

∮
γα

pα(q
α) dqα =

1

2π

∮
γα

⟨p, dq⟩, (P fixed). (8.20)

There are two classes of trajectories, see Fig. 8.1:

(a) Rotation (e.g., angle φ in polar coordinates): qα is a periodic variable with period
qα0 and the curve γα connects qα = 0 with qα = qα0 ,

(b) Libration (e.g., position q in the harmonic oscillator): the curve γα is a closed
curve in phase space (qα, pα).

From the definition, it follows that Jα = Jα(P ) depends only on the conserved
quantities P and therefore Jα itself are conserved quantities. If

Det

(
∂Jα
∂Pβ

)
̸= 0

5Although technically more difficult, most results also hold for a general completely integrable
system with the necessary adjustments.
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the relation J(P ) is invertible with P = P (J) and one can define J as a new
momentum. The transition from (q, p) to (ϕ, J) is then accomplished by the generating
function S̃0(q, J) = S0(q, P (J)). The new coordinates

ϕα(q, J) =
∂S̃0
∂Jα

(q, J) (8.21)

are called angle variables. In general, ϕα is a function of (all) q1, . . . , qf , J1, . . . , Jf .

The new Hamiltonian is given by K(J) = Pf (J) and does not depend on the angle
variables. The angle variables thus satisfy the canonical equations of motion

ϕ̇α =
∂K(J)

∂Jα
= ωα(J). (8.22)

Since J are conserved quantities, all angle variables depend only linearly on time with

ϕα = ωα(J)t+ ϕα0 ; (8.23)

ϕα0 are integration constants determined by the initial conditions.

We will now show that ϕα are actually periodic variables, so that ϕα and ϕα + 2π
correspond to the same state (q, p). Thus, the configuration space T with ϕ ∈ T is
an f -dimensional torus (T = S1 × · · · × S1) and the motion (8.23) corresponds to
a conditionally periodic motion, where each angle variable ϕα performs a periodic
motion with the angular frequency ωα.

To show that ϕα is a periodic variable (with period 2π), we want to calculate the
change ∆ϕα when the system transitions along the path γβ to the same state.6 This
question concerns only the configuration space and thus the relation ϕ(q, P ) and
not whether the mechanical path is periodic. We therefore consider the (virtual)
displacement (at fixed P or J)

δϕα =

f∑
β=1

∂ϕα

∂qβ
δqβ =

f∑
β=1

∂2S̃0
∂Jα∂qβ

δqβ =
∂

∂Jα
⟨p(q, J), δq⟩. (8.24)

After integrating over the curve γβ , we obtain

∆ϕα =
∂

∂Jα

∮
γβ

⟨p, dq⟩︸ ︷︷ ︸
=2πJβ

= 2πδαβ, (8.25)

so that after traversing the curve γβ, only the angle variable ϕβ has changed by 2π.
Since the system transitions to the same state under all curves γβ (β = 1, . . . , f), we
obtain the desired result that all ϕα are periodic variables.

6Note that γβ is a closed curve.
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With this general result, we can make statements about the motion of an integrable
system without explicitly solving the equations of motion. For simplicity, we assume
that all motions are of the libration class.7 The angle-action variables uniquely define
the position q(ϕ, J), and it must hold that q(ϕ+2πm, J) = q(ϕ, J) with m ∈ Zf . We
can therefore write the (periodic) function q(ϕ) as a Fourier series. This gives us the
temporal dependence of qα(t) as

qα(t) =
∑
m∈Zf

Aαme
i⟨m,ϕ⟩ ≡

∑
m∈Zf

Aαm1,...,mf
exp

(
i

f∑
β=1

mβ(ω
βt+ ϕβ0 )

)
. (8.26)

A similar development can be found for p(t) and thus for any function F (q, p).

Since the frequencies are generally not commensurable, the motion q(t) of the system
is not periodic but only conditionally periodic. In some cases, two (or more) of the
angular frequencies ωα may be commensurable. For example, if ω1/ω2 ∈ Q holds, one
speaks of a degeneration of the motion of ϕ1 and ϕ2. In the extreme case, where all f
angular frequencies are commensurable, the motion of the system is called completely
degenerate. In this case, the motion is of course strictly periodic, and all trajectories
are closed.

Example 1 (Continuation): The trajectory of the harmonic oscillator (at fixed E)
is a libration (between the turning points ±q∗ with q∗ =

√
2E/f). We obtain

the action variable

J =
1

2π

∮
p(q) dq =

2

2π

∫ q∗

−q∗

√
m(2E − fq2) dq = E

ω
.

The action S̃0(J) is given by S0(E) from (8.9) with the relation E = ωJ . We
thus obtain the corresponding angle variable

ϕ =
∂S̃0
∂J

= ω
∂S0
∂E

= arcsin

(
q

q∗

)
.

The motion is completely degenerate (as always with only one degree of freedom)
with a period of 2π/ω.

Remark: We have seen that the configuration space of a completely integrable
system is an f -dimensional torus. The KAM theorem (Kolmogorov (1956), Arnold
(1965), Moser (1965)) describes the stability of this result against (small) perturbations
with

H = H0︸︷︷︸
integrable

+εH1.

7For rotations, the result (8.26) holds for q̃α = qα − qα0 ϕ
α/2π.
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The result is: If H0 has angular frequencies ωα that are ‘sufficiently incommensurable,’
then the perturbed system H for ε ≪ 1 predominantly has solutions that are
also conditionally periodic and differ only slightly from those of H0. Sufficiently
incommensurable means in this case that β > 0 and τ > f − 1 exist such that

|⟨k, ω⟩| =
∣∣∣ f∑
α=1

kαω
α
∣∣∣ ≥ β(∑f

α=1 |kα|
)τ , (for all k ∈ Zn, k ̸= 0).

Quas classical Quantization: With the angle-action variables, one can (quasically)
quantize integrable systems (Einstein-Keller quantization). It is required that the
action variables are not continuous quantities, but multiples of the Planck action
quantum

ℏ = 1.055 · 10−34 J s (8.27)

Specifically, it is required that

Jα = ℏ(nα + να), (nα ∈ Z), (8.28)

where να = 0 for rotation and να = 1
2 for libration.8 For a libration, the area in

Fig. 8.1 is always positive, and thus only nα = 0, 1, 2, . . . make sense.

Example 1 (Continuation): For the harmonic oscillator, we found J = E/ω. Since
the motion is of the libration type, the quas classical quantization requires that

En = ℏω
(
n+

1

2

)
, (n = 0, 1, . . . ),

which exactly corresponds to the spectrum of the harmonic oscillator in quantum
mechanics.

8.3.1 Adiabatic Invariants

We consider an (autonomous) integrable system determined by the Hamiltonian
H ≡ H(q, p;λ), which depends on an external parameter λ. The motion of the
system is characterized by the time scale

T =
2π

ωmin

with the smallest angular frequency ωmin = minα ω
α. We want to understand the

mechanical system when the parameter λ = λ(t) in the Hamiltonian is changed
adiabatically (i.e., slowly) with9

T

∣∣∣∣dλdt
∣∣∣∣≪ |λ| . (8.29)

8This rule is somewhat simplified; in general, 4να is given by the Keller-Maslov index.
9It is difficult to formulate an exact condition for the applicability of the adiabatic result. In the

derivation, we will implicitly take the limit T
∣∣λ̇∣∣ → 0.
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Since the (autonomous) system is integrable, there exists a generating function
S0(q, J ;λ) with E = K(J ;λ), so that J are the action variables (at constant λ). The
associated angle variables are denoted (as always) by ϕα.

We now transform the (full) time-dependent problem H(q, p;λ(t)) with the time-
dependent generating function S(q, J, t) = S0(q, J ;λ(t)). This gives us the new
(time-dependent) Hamiltonian

K̃ = K(J ;λ) +
∂S

∂t
= K(J ;λ) + Λ(ϕ, J ;λ)λ̇ (8.30)

with
Λ =

∂S0(q, J ;λ)

∂λ
. (8.31)

To interpret K̃ as a new Hamiltonian in the canonical variables (ϕ, J), q in S0 must
of course be expressed in terms of ϕ and J using (8.21).

The canonical equations for the angle-action variables are then

J̇α = − ∂K̃
∂ϕα

= − ∂Λ

∂ϕα
λ̇, (8.32)

ϕ̇α =
∂K̃

∂J
= ωα(J ;λ) +

∂Λ

∂Jα
λ̇ (8.33)

with the angular frequencies ωα = ∂K(J ;λ)/∂Jα. It is thus directly evident that
the variables J are no longer conserved quantities. The equations (8.32) and (8.33)
are still exact. We now want to average the first equation (8.32) over a time τ , with
τ
∣∣λ̇∣∣≪ |λ| and τ ≫ T .

Due to the first condition, we have λ̇ = λ̇ ≈ λ̇ and we can pull λ̇ as a constant from
the average on the right side of (8.32). Thus, we obtain

J̇α = − ∂Λ

∂ϕα
λ̇ ≈ − ∂Λ

∂ϕα
λ̇ (8.34)

with f(t) = τ−1
∫ t+τ
t dt′ f(t′).

The second condition yields

f(ϕ, J) =
1

τ

∫ t+τ

t
dt′ f(ωt′ + ϕ0, J) ≈

1

(2π)f

∫
[0,2π]f

dfϕ f(ϕ, J) (8.35)

for any function f(ϕ, J) in phase space, since the motion runs over many periods of
ϕα and thus covers the entire phase space (at fixed J); here we have assumed that
the motion is not degenerate.10 Thus, we immediately obtain that

∂Λ

∂ϕα
≈ 1

(2π)f

∫
[0,2π]f

dfϕ
∂Λ

∂ϕα
= 0 (8.36)

10The adiabatic theorem also holds for a degenerate motion. One simply replaces the average over
the torus in (8.35) with the corresponding subset of reachable coordinates.
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since Λ(ϕ, J ;λ) (like any physical quantity) is a 2π-periodic function in ϕα. The
equation (8.34) yields the central result

J̇α = J̇α
(8.35)
≈ J̇α ≈ 0, (8.37)

i.e., the action variables Jα remain constant during a slow change of an external
parameter λ and are thus adiabatic invariants.

Example 1 (Continuation): We now consider the situation where the angular fre-
quency of the oscillator is slowly changed. According to the considerations in
this chapter, the angle variable J = E/ω remains approximately constant. We
thus obtain the result that

E(t) = ω(t)J,

i.e., the energy of the oscillator changes proportionally to the angular frequency.

8.4 Time-Dependent Hamilton-Jacobi Equation

We want to consider a (non-autonomous) system whose HamiltonianH ≡ H(q1, . . . , qf , p1, . . . ,
pf , t) now also depends on time. We are looking for a time-dependent canonical trans-
formation such that in the new coordinates the HamiltonianK(Q1, . . . , Qf , P1, . . . , Pf , t) ≡
0 is. Then Q1, . . . , Pf are constant and the motion is transformed to rest. Accord-
ing to (7.61), the corresponding generating function S(q, P, t) is a solution of the
time-dependent Hamilton-Jacobi equation

∂S

∂t
+H

(
q,
∂S

∂q
, t
)
= 0 , (8.38)

with the condition

Det

(
∂2S

∂qα∂Pβ

)
̸= 0 . (8.39)

The motion in the original coordinates results from the f equations

∂S

∂Pα
(q, P, t) = Qα , thus qα = qα(Q,P, t) , (8.40)

where the constants (Q,P ) = (Q1, . . . , Qf , P1, . . . , Pf ) are determined by the initial
conditions. Substituting into pα = (∂S/∂qα)(q, P, t) then yields pα = pα(Q,P, t).

If the system is autonomous, then (8.38) is equivalent to (8.2). In this case, we can
choose the separation ansatz

S(q, t) = S0(q) + St(t) (8.41)

and obtain
H
(
q,
∂S0
∂q

)
= −Ṡt ≡ Pf , (8.42)
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where Pf ≡ E is the separation constant with St(t) = −Pf t. Since

∂S

∂Pβ
=
∂S0
∂Pβ

− δβf t , (8.43)

the equations (8.40) then just reduce to the time-independent Hamilton-Jacobi
equations (8.7) and (8.8).

Remark: The generating function S(q, P, t) of the Hamilton-Jacobi theory is related
to the action S[q(t)] from Hamilton’s principle. With (7.61), we obtain for the
derivative along the mechanical path

d

dt
S(q, P, t) =

f∑
α=1

(pαq̇
α +QαṖα) + (K −H) =

f∑
α=1

pαq̇
α −H = L, (8.44)

where we have used K = 0 and Ṗα = 0. Integrating over time leads to the result

S(q(1), P, t(1))− S(q(0), P, t(0)) =
∫ (1)

(0)
dtL(q, q̇, t) = S[q(t)]. (8.45)

The statement of the equation is that S(q, P, t) is given by the action S[q(t)] calculated
along the mechanical path q : t 7→ q(t): the difference of the generating function
S(q, P, t) is the action functional evaluated on the mechanical path connecting q(0)

with q(1). For this reason, the generating function of the canonical transformation
is also referred to as action. An analogous relationship exists between the reduced
action S0[q(t)] of the Euler-Maupertuis principle and the generating function S0(q, P )
in the time-independent case.

It is very clear from the above construction how, in the Hamilton-Jacobi method,
the difficulty of the problem has shifted from solving the equations of motion (in
the new coordinates trivially) to finding the coordinate transformation (non-trivial).
The generating function that mediates the coordinate transformation is given by
integration over the solution of the problem. Knowledge of the generating function is
thus equivalent to solving the problem.

8.5 Outlook on Wave Mechanics

The starting point is the analogy between the mechanics of a particle and ray optics,
particularly evident in the variational principles

δ

∫ (2)

(1)
ds
√
E − V (x) = 0 (Euler-Maupertuis), (8.46)

δ

∫ (2)

(1)
ds n(x) = 0 (Fermat). (8.47)
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Schrödinger (1926) built upon this to create a wave mechanics that relates to classical
mechanics as wave optics relates to ray optics; i.e., mechanics is based on a wave
mechanics according to the scheme

geometric optics ←→ mechanics
↑ ↑

wave optics ←→ wave mechanics .

As a wavelength, de Broglie (1923) postulated the quantity

λ =
2πℏ
p

,

(or also p = ℏk) depending on the momentum p of the particle.

Mechanics

We initially restrict ourselves to a particle in R3 with the Hamiltonian

H =
p2

2m
+ V (x). (8.48)

Then the Hamilton-Jacobi equation reads

(∇S0)2 = 2m
(
E − V (x)

)
. (8.49)

Every solution of this equation describes a bundle of mechan-
ical trajectories at energy E. The momentum is determined
by

p = mẋ =∇S0. (8.50)

The trajectories are thus orthogonal trajectories of the sur-
faces S0 = const. Along each of these trajectories, we have
dx/ds = ẋ/(ds/dt) =∇S0/|∇S0|, i.e.√

2m(E − V (x))
dx

ds
=∇S0, (s = arc length). (8.51)

They thus satisfy (8.46). The vector dx/ds is the unit vector
along the path.

∇S0

S0 = const.

Ray Optics

We write Fermat’s principle (8.47) in the form

δ

∫ (2)

(1)
ds k(x) = 0, k(x) =

ω

c
n(x) (8.52)
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with k the wave number and ω the angular frequency of light. This corresponds to
the principle of Euler-Maupertuis for the trajectories of energy E in the potential
V (x), provided that

2m(E − V (x)) = C2k2(x) (8.53)

with C an arbitrary constant. From the discussion in mechanics, we can directly
adopt the following result: Every solution S0(x) of the Hamilton-Jacobi equation (cf.
(8.49))

(∇S0)2 = C2k2(x) (8.54)

describes a bundle of light rays; the orthogonal trajectories of the surfaces S0(x) =
const.. This bundle is determined by (vgl. (8.51))

Ck(x)
dx

ds
= Ck(x) =∇S0 . (8.55)

The choice C = 1 is convenient in terms of wave optics, as we will see shortly. In
optics, S0(x) is then called the eikonal and (8.54) the eikonal equation.

Wave Optics → Ray Optics

In scalar wave optics, monochromatic light is described by a complex field ψ(x, t) =
u(x)e−iωt, which satisfies the wave equation (with C = 1)

(C2∆+ k2)u = 0 (8.56)

We decompose
u(x) = A(x)eiS̃0(x) (8.57)

into the amplitude A and the phase S̃0 = S0/C. With

∇(AeiS̃0) = (∇A+ iA∇S̃0)eiS̃0 ,

∆(AeiS̃0) = div∇(AeiS̃0) =
(
∆A+ iA∆S̃0 + 2i∇A ·∇S̃0 −A(∇S̃0)2

)
eiS̃0

from (8.56) follow the two equations

C2∆A−A(∇S0)2 +Ak2 = 0, A∆S0 + 2∇A ·∇S0 = 0. (8.58)

The ray optics, in the form of the eikonal equation (8.54) with C = 1, is thus a good
approximation in regions where ∣∣∣∣∆AA

∣∣∣∣≪ k2. (8.59)

Roughly speaking, this means that the eikonal approximation is good in regions
where the amplitude A(x) changes little over a wavelength ≈ k−1 = |∇S0|−1. The
eikonal S0(x) is then the phase of the light wave, and the light rays are orthogonal
trajectories of the surfaces of constant phase. The vector field ∇S0 describes (cf.
(8.55)) the local wave vector k(x) = k(x) dx/ds.
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Mechanics ← Wave Mechanics (Schrödinger)

Schrödinger’s starting point was that the Hamilton-Jacobi equations (8.49) for S0(x)
should be the ray-optical approximation of a (mechanical) wave equation of a scalar
field u(x). The comparison of (8.50) with (8.54) suggests that a particle with
momentum p should be associated with a wave with the (de Broglie) wave vector
(C = ℏ)

p = ℏk, (8.60)

The Hamilton-Jacobi equation (8.49)

(∇S0)2 = 2m(E − V (x))

is thus the ray-optical approximation to (8.56), i.e.

ℏ2∆u(x) + 2m(E − V (x))u(x) = 0 . (8.61)

The equation (8.61) is the time-independent Schrödinger equation: It describes states
u of energy E in wave mechanics.

Analogously, the time-dependent Hamilton-Jacobi equation for the system (8.48),

∂S

∂t
+

1

2m
(∇S)2 + V (x) = 0 (8.62)

is the ray-optical approximation of the phase S̃ = S/ℏ of a complex wave ψ(x, t) =
A(x, t)eiS(x,t)/ℏ, which satisfies the time-dependent Schrödinger equation

iℏ
∂ψ

∂t
= − ℏ2

2m
∆ψ + V ψ (8.63)

This is the equation of motion of wave mechanics for the system (8.48). It determines
ψ(x, t) from the initial state ψ(x, 0). Equation (8.61) arises from (8.63) through the
ansatz

ψ(x, t) = u(x)e−iωt with E = ℏω. (8.64)

For the phase S/ℏ, this corresponds exactly to the separation ansatz (8.41).

The statistical interpretation of the wave function ψ(x, t) comes from Born (1926):
One normalizes ψ(x, t) (at a time t0) so that∫

|ψ(x, t0)|2 d3x = 1.

Then
P (Ω, t) =

∫
Ω
|ψ(x, t)|2 d3x

is the probability that the particle is located in the region Ω ⊂ R3 at time t.
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Chapter 9

Relativistic Mechanics

9.1 Einstein’s Principle of Relativity

The Michelson-Morley experiment led Einstein (1905) to demand, in addition to the
Galilean principle of relativity, which states that the physical laws are the same in all
inertial systems, the additional Einstein postulate:

The speed of light has the same value c = 299 792 458m/s in all inertial
systems.

This principle is the foundation of the Special Theory of Relativity. Inertial systems
are defined such that free particles, as in classical mechanics, follow the law of inertia
ẍ = 0. It is immediately clear that the invariance of physical laws can no longer be
demanded under Galilean transformations, as these lead to the elementary velocity
addition formulas. In Chapter 9.2, we will investigate which transformation group
is compatible with the Einstein postulate. However, we will first learn a few simple
consequences of the Einstein postulate.

Since we saw in Chapter 1.3 that assuming an absolute time leads us directly to
the Galilean transformations as general transformations between inertial systems,
we must abandon the concept of absolute time and demand that, in general, t′ ̸= t.
The absolute value of the speed of light allows us to synchronize clocks 1 and 2 in
two reference systems S and S′ and thus to introduce at least partially a common
time. The protocol for synchronizing two clocks in two different inertial systems S
and S′, which measure time through the same periodic process, is as follows: We
imagine that in the reference system S, a light flash is emitted from clock 1 at time
t0. The beam is reflected by clock 2 (at rest in system S′) and detected by clock 1
at time t0 +∆t. Since the speed of light is absolute, we can identify the moment of
arrival of the light beam at clock 2 with the time t0 +∆t/2 in system S and thus
synchronize the clocks. Furthermore, the universality of the speed of light allows us
to relate length measurements to time measurements and to define the meter as the
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1/299792458-th part of the distance that a light beam travels in one second. The
problem of synchronizing the clocks is that the procedure is not transitive. If clocks 1
and 2 are synchronized and also 2 and 3 are synchronized, it does not follow that 1
and 3 are synchronized. This leads us to the concept of relativity of simultaneity.

Relativity of Simultaneity: From the absolute time in Galilean spacetime, it
follows that two events that occur simultaneously in reference system S′ also occur
simultaneously in S. This fact is incompatible with the Einstein postulate of the
universality of the speed of light. To see this, consider two reference systems that
move relative to each other with speed w = (w, 0, 0), w > 0. We consider three clocks
A,B,C on the 1-axis, which are at rest in S′. Clock B is located between clocks A
and C, such that the distance from A to B is equal to the distance from B to C. An
observer in system S′ will note that a light flash emitted at time t′B from B arrives
simultaneously (t′A = t′C) at A and C.

From the perspective of an observer in the (moving) system S, the light flash is
emitted at time tB from B and spreads out with speed c in all directions. Since A
moves towards the light flash and C moves away from it, the inequality tA < tC holds
from the perspective of S. Thus, clocks that are synchronized in system S′ are not
synchronized in system S, and therefore the concept of "simultaneity" depends on
the reference system. The absence of an absolute concept of simultaneity is the cause
of many of the initially paradoxical consequences of the principle of relativity.

9.2 Lorentz Transformation

In the last chapter, we saw that the Einstein postulate, supported by the Michelson-
Morley experiment, forces us to rethink our notions of time and space. In particular,
we must abandon the concept of absolute time. In this chapter, we want to develop
the Einstein postulate into a mathematical theory that allows us to establish new
laws of nature that are compatible with the Einstein postulate. To do this, we first
need to consider what the new transformations between inertial systems are.

Similar to how the Galilean transformations leave Newton’s equations invariant, the
Lorentz transformations are the group of transformations that switch between systems
that comply with the Einstein postulate. In this sense, the Lorentz transformations
in the Special Theory of Relativity allow us to switch from one inertial system to
any other inertial system. The task then remains to find a relativistic (i.e., Lorentz-
invariant) formulation of mechanics, which we will work through in the next chapter.

9.2.1 Transformation Between Inertial Systems

At first glance, it seems that the Einstein postulate contradicts the law of inertia.
This "feeling" is due to the fact that we are firmly rooted in our classical view of the
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world, and the Einstein postulate, as seen in the last chapter, comes with the loss of
the absolute concept of simultaneity and thus leads to the introduction of a time per
reference system. To obtain the group of Lorentz transformations, we consider two
inertial systems S and S′ that move relative to each other with speed w.

We consider a light flash that is emitted at (t1,x1) and later arrives at (t2,x2). Due
to the Einstein postulate, both

(∆x)2 − c2(∆t)2 = 0 and (∆x′)2 − c2(∆t′)2 = 0 (9.1)

hold, with ∆t = t2 − t1 and ∆x = x2 − x1. The motion of a free particle in an
inertial system is given by straight lines. From the requirement that a Lorentz
transformation should map inertial systems onto each other, it follows with the law
of inertia ẍ = ẍ′ = 0; thus, straight lines are mapped onto straight lines. Therefore,
a Lorentz transformation is a linear mapping from (∆t,∆x) to (∆t′,∆x′). Due to
the linearity of the transformation, (9.1) is equivalent to1

(∆x′)2 − c2(∆t′)2 = κ(w)[(∆x)2 − c2(∆t)2]. (9.2)

Now consider another reference system S′′, which moves with speed −w relative to
S′. Then we obtain

(∆x′′)2 − c2(∆t′′)2 = κ(−w)κ(w)[(∆x)2 − c2(∆t)2].

Since S′′ is at rest relative to S, we have ∆x = ∆x′′ and ∆t = ∆t′′, from which it
follows that κ(−w)κ(w) = 1. Due to the isotropy of space, κ(w) must also depend
only on the magnitude w and not on the direction of the relative motion. From this,
we can conclude that κ(−w)κ(w) = κ(w)2 = 1 and thus κ(w) = 1.2

The results can be best summarized by combining position and time into the 4-
coordinates

x ≡ (x0, x1, x2, x3) = (ct,x) (9.3)

of a particle. Thus, the Lorentz transformations are defined such that they leave the
square of the distance

∆s2 =
(
∆x′,∆x′

)
=
(
∆x,∆x

)
= ηµν(∆x)

µ(∆x)ν (9.4)

invariant, with the Minkowski metric

η =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (9.5)

1A linear mapping maps a homogeneous polynomial of degree 2 to a homogeneous polynomial
of degree 2. Since (∆x)2 − c2(∆t)2 = (∆x′)2 − c2(∆t′)2 = 0, it follows from the homogeneity that
(9.2) holds.

2The alternative solution κ(w) = −1 can be discarded since κ = 1 at w = 0.
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DetΛ = 1 DetΛ = −1

Λ0
0 ≥ 1

Λ0
0 ≤ −1 PT T

P1

L+

L↑

Figure 9.1: Structure of the Lorentz group: the Lorentz group L splits into four
disjoint components characterized by DetΛ = ±1 and sgn(Λ0

0).

We use the Einstein summation convention: repeated indices are summed over
{0, 1, 2, 3}.
A general affine transformation between the reference systems S and S′ can be written
as x′µ = Λµνx

ν + aµ with a ∈ R4 and Λ ∈ GL(4,R). The condition (9.4) leads to the
constraint

ηµνΛ
µ
αΛ

ν
β(∆x)

α(∆x)β = ηµν(∆x
′)µ(∆x′)ν = ηµν(∆x)

µ(∆x)ν

which is equivalent to
ηµνΛ

µ
αΛ

ν
β = ηαβ (9.6)

or in matrix notation ΛtηΛ = η.3 Transformations that satisfy the condition (9.6)
are called elements of the Lorentz group, denoted by L = O(1, 3). The group
of transformations that connect inertial systems with fixed scales is the group of
inhomogeneous Lorentz transformations with x′ = Λx+ a, also called the Poincaré
group. Vectors v, which transform according to the homogeneous part of the Poincaré
group, i.e., as v′ = Λv, are called contravariant four-vectors.

9.2.2 Lorentz Group

We consider an element Λ ∈ L. From the relation (9.6), a number of properties of Λ
can be derived. The determinant calculation immediately yields (DetΛ)2 = 1. Thus,
L splits into two components characterized by DetΛ = ±1. Furthermore, for the
(00)-components, we obtain the property (Λ0

0)
2 −∑3

k=1(Λ
k
0)

2 = 1, i.e., (Λ0
0)

2 ≥ 1.
The Lorentz group thus has two disjoint components characterized by the sign of Λ0

0.

3The inverse of Λ is obtained by multiplying from the left by η and from the right by Λ−1 as
Λ−1 = ηΛtη.
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(v, v) = 0

v0

v

Figure 9.2: Vectors on the light cone
with (v, v) = 0 are called null vectors.
Outside the light cone are the spacelike
vectors. The timelike vectors inside
the cone split into two components de-
pending on whether they point into
the future (above) or the past (below).

That all four cases occur is shown by the reflections

1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , P =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ,

(9.7)

T =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , PT =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (9.8)

with P being the reflection at the coordinate origin (parity) and T being the time
reversal. The reflections form a subgroup of L. Other subgroups include, for example,

L+ = {Λ ∈ L | DetΛ = 1}, the proper Lorentz transformations,

L↑ = {Λ ∈ L | Λ0
0 ≥ 1}, the orthochronous Lorentz transformations,

L↑
+ = L+ ∩ L↑. (9.9)

A Lorentz transformation, by definition, maps the light cone with ∆s2 = 0 onto itself.
Four-vectors on the light cone with (v, v) = 0 are also referred to as null vectors, see
Fig. 9.2. We also define vectors that point outside the light cone as spacelike vectors
v with (v, v) < 0 and those that point inside the light cone as timelike vectors with
(v, v) > 0. Timelike vectors can additionally be subdivided into vectors that point
into the timelike future (v0 > 0) and those that point into the timelike past (v0 < 0).

That L↑ is a group can be seen geometrically. A Lorentz transformation Λ ∈ L
maps the interior of the light cone onto itself. In doing so, the two sub-cones (future
and past) V ± = {x | (x, x) > 0,±x0 ≥ 0} either remain invariant or are swapped.
The crucial factor is the sign sgn(Λ0

0), since [Λ(1,0)]0 = Λ0
0. Thus, sgn(Λ0

0)
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and naturally also DetΛ behave multiplicatively4 under the group operation. The
orthochronous transformations L↑ map the future onto the future and the past onto
the past.

Due to the multiplicity of sgn(Λ0
0) and DetΛ, any Λ ∈ L can be written as the

product of an element of the proper orthochronous Lorentz group L↑
+ with a reflection

{1,P, T ,PT }. Therefore, we will restrict ourselves in the following to the proper
orthochronous subgroup.

Proper Orthohronous Lorentz Group The 4 × 4 matrix Λ has a total of 16
real entries. The equation (9.6) provides 10 independent equations.5 Thus, elements
Λ ∈ L↑

+ are determined by 6 real parameters.

Three of the parameters can be identified with the three-dimensional rotations. In
fact, it holds that

Λ(R) =

(
1 0

0 R

)
(9.10)

immediately satisfies ΛtηΛ = η where R ∈ SO(3) with RtR = 1. Thus, the rotations
Λ(R) form a subgroup of L↑

+.

Of greater interest are the remaining three-parameter transformations, which we
expect to connect mutually moving reference systems. To this end, we investigate
whether special solutions exist in block form

Λ =


a b 0 0
c d 0 0

0 0 1 0
0 0 0 1

 (9.11)

i.e., x2, x3 are not transformed. Substituting into (9.6) yields the conditions

a2 − c2 = 1, ab− cd = 0, b2 − d2 = −1.

Since we are only interested in solutions from L↑
+, we also require a > 0 and ad−bc = 1.

We can satisfy the first equation by introducing the parameter χ with a = coshχ
and c = − sinhχ. From the second equation, we obtain b = cd/a. Substituting into
ad − bc = 1 yields 1 = d/a, i.e., d = coshχ and b = − sinhχ. Thus, we obtain the

4The latter follows from the general relation Det(AB) = (DetA)(DetB) for arbitrary square
matrices A and B.

5Transposing (9.6) leads to the same system of equations. Therefore, only 10 of the 16 equations
are independent.
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S

x2, x3 x′2, x′3

x1

w

x′1
S ′

Figure 9.3: Relationship of the systems
S and S′ under a boost along the 1-
axis.

special Lorentz transformations (boosts)

Λ(χ) =


coshχ − sinhχ 0 0
− sinhχ coshχ 0 0

0 0 1 0
0 0 0 1

 = exp

 0 −χ
0−χ 0

0 0

 . (9.12)

From the last identity, it immediately follows that the boosts form a subgroup with
the multiplication law

Λ(χ1 + χ2) = Λ(χ1)Λ(χ2). (9.13)

From this, it can be directly inferred that Λ(χ)−1 = Λ(−χ).
Next, we want to explain the physical significance of Λ(χ). For this, we write the
transformation law x = Λ(χ)−1x′ of a boost in components

ct = (coshχ)ct′ + (sinhχ)x′1, x2 = x′2,

x1 = (sinhχ)ct′ + (coshχ)x′1, x3 = x′3. (9.14)

An object that is at rest in the S′ system at position x′ = x′(t′) will therefore move
in system S with speed6

w =
dx1

dt
=
dx1

dt′
dt′

dt
=
dx1

dt′

(
dt

dt′

)−1

= c tanhχ (9.15)

Thus, we obtain the interpretation that Λ(χ) transforms to a new inertial system that
moves with speed w along the 1-axis relative to S, see Fig. 9.3. Simple hyperbolic
relationships yield the expressions

coshχ =
1√

1− tanhχ2
=

1√
1− (w/c)2

≡ γ,

sinhχ = tanhχ coshχ =
w/c√

1− (w/c)2
= γw/c. (9.16)

From (9.14), we thus obtain

t = γ(t′ + wx′1/c2), x2 = x′2,

x1 = γ(x′1 + wt′), x3 = x′3. (9.17)
6In the literature, χ = artanh(w/c) is referred to as rapidity.
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For w/c→ 0, we obtain as limiting behavior the Galilean transformation

t = t′, x1 = x′1 + wt, x2 = x′2, x3 = x′3.

A transformation into a system S′ that moves with a velocity w in any spatial
direction relative to S can generally be obtained by a combination of a rotation (so
that w′ is along the 1-direction), a boost, and a reverse rotation. However, it is much
simpler to think that one can split the vector x into a component x∥ along w and a
component x⊥ orthogonal to it. Analogous to (9.17), one then obtains

t = γ(t′ + (w · x′
∥)/c

2), x∥ = γ(x′
∥ +wt′), x⊥ = x′

⊥. (9.18)

Thus, a boost x′ = Λ(w)x generally depends on the three real parameters w. The
Lorentz transformations become singular for w → c. The speed of light represents a
maximum speed. No object (and no information) can move faster than light.

9.2.3 Addition of Velocities

It is immediately clear that the Galilean velocity addition v = w + v′ leads to
contradictions with the absoluteness of the speed of light. This demands that with
|v| = c, |v′| = c must also hold, regardless of w. The relativistic formulas for velocity
addition can be derived directly from the equations (9.18) for a general boost. We
introduce two (axis-parallel) reference systems S and S′ whose coordinates are linked
by (9.18) (i.e., they move with w relative to each other). Now consider an object that
moves along the path x′(t′) = x′

0 + v′t′ in S′. The same object will move in system
S along the path x(t). In 4-vector notation, we have the coordinates x(t) = (ct,x(t))
and x′(t′) = (ct′,x′(t′)), which are linked by x′ = Λ(w)x. Using the general formula
(9.18) for a boost, we obtain

dt

dt′
= γ(1 + (w · v′

∥)/c
2) = γ(1 + (w · v′)/c2)

and

dx∥
dt′

= γ(v′
∥ +w),

dx⊥
dt′

= v′
⊥

The object thus moves in system S with the velocity (velocity addition)

v =
d(x∥ + x⊥)

dt
=

w + v′
∥ + v′

⊥
√
1− (w/c)2

1 + (w · v′)/c2
. (9.19)

The inverse relationship is obtained by replacing w with −w. In the limit that
|w|, |v′| ≪ c, one obtains, as desired, the non-relativistic formula v = w + v′.
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x0 x(λ)

(2)

(1)
x

Figure 9.4: World line of a particle
parametrized by λ. The motion occurs
between the events x(1) and x(2).

9.3 Relativistic Mechanics

As we have seen, Newtonian mechanics is not compatible with the relativity postulate.
In the special theory of relativity, we must therefore make the laws of mechanics
covariant (i.e., invariant under Lorentz transformations). As a side condition, the old
mechanics should be recovered in the limit |ẋ| ≪ c.

9.3.1 Four-Velocity

The motion of a particle is determined by the trajectory x(t) with velocity v(t) = ẋ(t).
In relativistic notation, the trajectory becomes a world line

xµ(λ) = (ct(λ),x(t(λ))) (9.20)

with λ being an arbitrary parameter that parametrizes the world line, see Fig. 9.4.
As explained in Chapter 9.2, transformations between different inertial systems are
performed by a Poincaré transformation Λ with x′ = Λx+ a.

One would now like to generalize the concept of velocity to a four-vector. To achieve
this, x(λ) must be parametrized by a Lorentz scalar τ , which in the limit |v| ≪ c
coincides with time. Due to the invariance of the distance (9.4), the proper time
(starting from an arbitrary time t(1))

τ(t(2)) =
1

c

∫ (2)

(1)
ds =

∫ (2)

(1)

√
ηµν dxµ dxν/c =

∫ t(2)

t(1)
dt
√
1− v2(t)/c2 (9.21)

between the events x(1) and x(2) is precisely a Lorentz scalar, i.e., τ is independent
of the reference system. To make the parametrization in (9.20) reference system
independent, it is therefore often sensible to set λ = τ by solving τ(t) from (9.21) for
t. The derivative of the world line with respect to proper time yields the contravariant
four-vector,

u(τ) ≡ dx(τ)

dτ
=
dt

dτ

d(ct,x(t))

dt
= γ(t)(c,v(t)) (9.22)
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with γ(t) = (1− v2/c2)−1/2, which we refer to as four-velocity. For the square of the
"length" of the four-vector, it holds that (u, u) = γ2(c2 − v2) = c2. Thus, u is always
normalized to c and only 3 parameters are independent.

9.3.2 Energy-Momentum Relation

With the four-velocity, we can immediately generalize the momentum p to a con-
travariant four-momentum

p ≡ (p0,p) = mu = γm(c,v) (9.23)

In the non-relativistic limit |v| ≪ c, γ → 1, the spatial components of pµ coincide
with the non-relativistic momentum. The spatial part thus remains conserved for
a free particle in an inertial system. Since pµ is a contravariant four-vector, the
complete four-momentum pµ remains conserved in every inertial system. Analogously,
one can conclude that the total momentum Pµ =

∑N
j=1(pj)

µ of N particles with
four-momenta pj is conserved in every inertial system.

The question now is, which conserved quantity corresponds to the time component
p0 in non-relativistic physics. Expanding p0 in powers of |v|/c yields

p0 =
mc√

1− v2/c2
= mc+

1

2
mv2/c+ · · · (9.24)

It is immediately clear that p0c agrees with the kinetic energy T of Newtonian
mechanics, up to the constant mc2. Thus, the (relativistic) kinetic energy E is given
by

E = p0c = E0 + T with E0 = mc2. (9.25)

The rest energy E0 = mc2 is precisely Einstein’s famous formula. The relativistic
energy contains, in contrast to non-relativistic physics, a rest energy contribution that
depends only on the mass of the object. Unlike in non-relativistic physics, mass can
be annihilated in relativity theory, and the corresponding energy can be converted
into other forms of energy.
As an example, consider the (symmetric)
decay of a particle into two parts. In
the rest frame of the particle, one has
initially the four-momentum P = (Mc,0)
withM being the total mass of the particle.

M

m
v−v

m

After the symmetric decay, the total momentum P is composed of the momentum of
two particles with mass m, which move with speed ±v. The particles have the four-
momenta γm(c,±v) with γ = (1− v2/c2)−1/2, which add up to the total momentum
P = 2γm(c, 0). From the conservation of four-momentum, we can now conclude that

2m =M
√
1− v2/c2 < M, (9.26)
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i.e., the total mass is not conserved. The rest energy of the mass defect is given by

(M − 2m)c2 = 2mc2(γ − 1) = 2
1

2
mv2 + · · · (9.27)

and thus for |v| ≪ c equals the non-relativistic energy of the decay products. During
the decay of the particle, rest energy is thus converted into kinetic energy of the
decay products.

From the fact that (u, u) = c2, one obtains the relativistic energy-momentum relation

(p, p) = ηµν p
ν pµ = (E/c)2 − p2 = m2c2, (9.28)

which holds by construction in all inertial systems.

9.3.3 Equation of Motion

With this groundwork, it is now possible to formulate mechanics in a Lorentz-invariant
manner. This is most easily done using the Lagrangian formalism. In this formalism,
one assigns an action to each world line x(λ)

S[x(λ)] =

∫ (2)

(1)
dλL(x, ∂λx, λ) (9.29)

with L being the Lagrangian. The Hamiltonian principle demands that the path of a
particle is characterized by an extremum of the action at fixed endpoints in R4. From
the invariant condition δS = 0 on the path, it is directly evident that the equation of
motion becomes covariant as long as the action S is a Lorentz scalar.7

Free Particle

In non-relativistic mechanics, a free particle is described by the Lagrangian L0 = 1
2mv2.

For a relativistic generalization of the equations of motion of a free particle, we need
an action that is a Lorentz scalar and reproduces the non-relativistic behavior in the
limit |v| ≪ c. As we have seen in (9.21), proper time assigns a Lorentz scalar to a
world line. A natural Ansatz is therefore S0 = −mc2τ , where the prefactor E0 is
chosen such that S0 has the unit of action. In fact, we obtain

S0 = −mc2τ = −mc2
∫ (2)

(1)
dt
√
1− v2/c2 =

∫ (2)

(1)
dt
(
−mc2 + 1

2
mv2 + · · ·

)
,

so that the relativistic Lagrangian

L0 = −mc2
√
1− v2/c2 (9.30)

7In principle, the actions in the various inertial systems can also differ by a factor.
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in the limit |v| ≪ c agrees with the non-relativistic Lagrangian of a free particle, up
to the constant mc2. The relativistic equations of motion

d

dt
(γmv) =

dp

dt
= 0 (9.31)

are obtained as Euler-Lagrange equations for L0. However, in this form, it is not
immediately evident that the equation (9.31) is covariant. To make the covariance
explicit, we note that due to the energy-momentum relation (9.28) with (9.31), ṗ0 is
also determined. In fact, by differentiating (9.28) with respect to t, we obtain

c
dp0

dt
= c

p

p0
· dp
dt

= v · dp
dt

= 0, (9.32)

so that we find the (manifestly) covariant equation dpµ/dτ = 0.

Particle in a Potential

In Galilean physics, one often considers a particle in a scalar potential V (x, t). The
corresponding problem is not really useful in relativistic mechanics. The problem is
that starting from a scalar potential V , the potential in another reference system
automatically becomes dependent on the velocity v. Therefore, it is better to start
directly from a vector potential that couples to the velocity. Another point is
that there is no physical force that can be described by a scalar potential, as the
gravitational force is not covariantly formulated and thus only the electromagnetic
force fits into the relativistic concept. Electrodynamics comes directly with a scalar
potential φ(x, t) and a vector potential A(x, t). The action of the electromagnetic
fields on a particle with charge e is described in classical mechanics by the Lagrangian,
see (4.39),

L = L0 +
e

c
v ·A− eφ = L0 −

e

c
ηµν u

µAν
√

1− v2/c2 . (9.33)

with A = (φ,A). If one now replaces the free Lagrangian L0 = mv2/2 with the
relativistic generalization (9.30), one sees that the action

S =

∫ (2)

(1)
dtL = −

∫ (2)

(1)
dτ
(
mc2 +

e

c
(u,A)

)
(9.34)

is already covariant if Aµ transforms like a four-vector.8

The equations of motion of a charged particle in the electromagnetic field are the
Euler-Lagrange equations

d

dt

mv√
1− v2/c2

= e
(
E +

v

c
×B

)
, (9.35)

8This fact will be proven in electrodynamics.
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for (9.34), since in the non-relativistic calculation from Chapter 4.4 one merely has
to replace

∂

∂v

mv2

2
= mv 7→ −mc2 ∂

∂v

√
1− v2

c2
=

mv√
1− v2/c2

(9.36)

i.e., mv 7→ p. From (9.35), dp0/dt is also determined. The differentiation of (9.28)
with respect to t yields

c
dp0

dt
= c

p

p0
· dp
dt

= v · dp
dt

= ev ·E . (9.37)

This is the energy equation, since the right side represents the power of the Lorentz
force and the left side represents the change in kinetic energy.
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Notation

xi Cartesian coordinates of the i-th particle in an inertial system
yi body-fixed coordinates of the i-th particle
□̇ time derivative
qα (generalized) position coordinates
pα (generalized) momenta
xi coordinates in phase space
{·, ·} Poisson bracket
X center of mass
P total momentum
F force
L angular momentum with magnitude l = |L|
M torque
ω angular velocity in body-fixed coordinates
Θ moment of inertia
S angular momentum in body-fixed coordinates
d3y infinitesimal volume element
E (total) energy
T kinetic energy
V potential, potential energy
L(q, q̇, t) Lagrangian function
H(q, p, t) Hamiltonian function
S action
S0 = S + Et reduced action
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