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Chapter 1

Path integrals in quantum
mechanics

1.1 Derivation of the path integral

In the following, we recapitulate the known results from the introductory lecture on
quantum mechanics.

Problems in quantum mechanics are described by the Schrödinger equation

iℏ∂tψ(x, t) = Ĥψ(x, t) . (1.1)

We restrict ourselves to problems in 1D with x ∈ R for simplicity. The generalization
of the results to higher dimensional problems is rather straightforward. We formally
introduce to position basis |x⟩ with the normalization

⟨x|x′⟩ = δ(x− x′), (1.2)

where δ is the Dirac delta function. With this, we write ψ(x, t) = ⟨x|ψ(t)⟩, where
|ψ(t)⟩ denotes the (abstract) wavefunction in Dirac notation. Using Eq. (1.2), we find

ψ(x, t) = ⟨x|ψ(t)⟩ =
∫
dx′ δ(x− x′)⟨x′|ψ(t)⟩ =

∫
dx′ ⟨x|x′⟩⟨x′|ψ(t)⟩

= ⟨x|
(∫

dx′|x′⟩⟨x′|
)
|ψ(t)⟩ (1.3)

From the above equation, we get ∫
dx |x⟩⟨x| = 1, (1.4)

which describes the completeness relation of the position basis. Note that 1 is the
identity operator.
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6 CHAPTER 1. PATH INTEGRALS IN QUANTUM MECHANICS

We can also define a momentum basis |p⟩ via the inner product

⟨x|p⟩ = ⟨p|x⟩ = eipx/ℏ (1.5)

with the position basis. Using Eq. (1.4), we can express the momentum basis in terms
of the position basis

|p⟩ =
∫
dx |x⟩⟨x|p⟩ =

∫
dx eipx/ℏ|x⟩ (1.6)

The momentum basis fulfills the orthogonality relation

⟨p′|p⟩ = ⟨p′|
(∫

dx |x⟩⟨x|
)
|p⟩ =

∫
dx ⟨p′|x⟩⟨x|p⟩ =

∫
dx e−ip′x/ℏeipx/ℏ

= 2πℏδ(p− p′).

(1.7)

Moreover, the momentum basis is also complete due to the fact that∫
dp ⟨x′|p⟩⟨p|x⟩ =

∫
dp eip(x−x′)/ℏ = 2πℏδ(x− x′) (1.8)

As the states |x⟩, |x′⟩ are arbitrary, the completeness relation∫
dp

2πℏ
|p⟩⟨p| = 1 (1.9)

follows.

The states |x⟩ and |p⟩ are eigenstates of the position and momentum operators x̂ and
p̂ with

x̂|x⟩ = x|x⟩ and p̂|p⟩ = p|p⟩. (1.10)

The operators have the spectral decomposition

x̂ =

∫
dxx|x⟩⟨x|, p̂ =

∫
dp

2πℏ
p|p⟩⟨p| (1.11)

which is equivalent to the defining relations (1.10).

We can use the completeness of the position basis (1.4) to write the momentum
operator in the position basis,

p̂ =

∫
dx

∫
dx′
∫

dp

2πℏ
p|x⟩⟨x|p⟩⟨p|x′⟩⟨x′| =

∫
dx

∫
dx′
(∫

dp

2πℏ
peip(x−x′)/ℏ

)
|x⟩⟨x′|

=

∫
dx

∫
dx′iℏ∂′xδ(x− x′)|x⟩⟨x′| =

∫
dx|x⟩(−iℏ∂x)⟨x| . (1.12)

Importantly, the operators x̂ and p̂ do not commute but fulfill the canonical commu-
tation relation

[x̂, p̂] = x̂p̂− p̂x̂ = iℏ . (1.13)
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This fact follows from Eqs. (1.10) and (1.12) can be seen as follows

[x̂, p̂] = x̂p̂− p̂x̂ =

∫
dx|x⟩

[
x(−iℏ∂x)− (−iℏ∂x)x

]
⟨x| = iℏ

∫
dx |x⟩⟨x| = iℏ 1 .

The dynamics is generated by the Hamiltonian Ĥ which generically can be written
as a function of position and momentum operators Ĥ = Ĥ(t) ≡ Ĥ(x̂, p̂; t). As the
Schrödinger equation is a linear equation, it is useful to define the fundamental
solution Û(t, t0) which is given as the solution of the initial value problems (t0 is
arbitrary)

iℏ∂tÛ(t, t0) = Ĥ(t)Û(t, t0), Û(t0, t0) = 1 . (1.14)

With this, the solution of the Schrödinger equation iℏ∂t|ψ(t)⟩ = Ĥ(t)|ψ(t)⟩ with the
initial condition |ψ(t0)⟩ = |ψ0⟩ is given by

|ψ(t)⟩ = Û(t, t0)|ψ0⟩ ; (1.15)

which can be checked by simply plugging into the Schrödinger equation. Importantly,
we have Û(t, t0) = Û(t, t′)Û(t′, t0) for an arbitrary t′ ∈ [t0, t] which simplify is the
mathematical statement that the time-evolution from t0 to t is given by the time-
evolution from t0 to t′ followed by the one from t′ to t. Note the ordering of the
operators Û though!

The fundamental solution can be formally written as

Û(t, t0) = T exp

(
− i

ℏ

∫ t

t0

Ĥ(t′) dt′
)

= T
[
1 +

(
− i

ℏ

)∫ t

t0

dt1 Ĥ(t1) +
1

2

(
− i

ℏ

)2 ∫ t

t0

dt1 Ĥ(t1)

∫ t

t0

dt2 Ĥ(t2)

+
1

6

(
− i

ℏ

)2 ∫ t

t0

dt1 Ĥ(t1)

∫ t

t0

dt2 Ĥ(t2)

∫ t

t0

dt3 Ĥ(t3) + · · ·
]

= 1− i

ℏ

∫ t

t0

dt1 Ĥ(t1) +

(
− i

ℏ

)2 ∫ t

t0

dt1 Ĥ(t1)

∫ t1

t0

dt2 Ĥ(t2)

+

(
− i

ℏ

)3 ∫ t

t0

dt1 Ĥ(t1)

∫ t1

t0

dt2 Ĥ(t2)

∫ t2

t0

dt3 Ĥ(t3) + · · · , (1.16)

where T denotes the time-ordering operator which is defined as

T
(
Ô(t1)Ô(t2)

)
= Ô(t1)Ô(t2)θ(t1 − t2) + Ô(t2)Ô(t1)θ(t2 − t1) (1.17)

where θ(·) denotes Heaviside’s step function. Note that U(t0, t0) = T exp(0) = 1 and1

−iℏ∂tÛ(t, t0) = T Ĥ(t) exp

(
− i

ℏ

∫ t

t0

Ĥ(t′) dt′
)

= Ĥ(t)Û(t, t0) (1.18)

1Note that the time-ordering is crucial to move Ĥ(t) in front of all the other operators in exp(·).
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as required.

In the position basis, the fundamental solution is given by the function

F (xb, xa; tb, ta) = ⟨xb|Û(tb, ta)|xa⟩ (1.19)

which is the central object evaluated in the path-integral description, see below. In
terms of F , the solution of the Schrödinger equation (1.1) is given as

ψ(x, t) = ⟨x|ψ(t)⟩ = ⟨x|Û(t, t0)|ψ0⟩ =
∫
dx′ ⟨x|Û(t, t0)|x′⟩⟨x′|ψ0⟩

=

∫
dx′ F (x, x′; t, t0)ψ0(x

′) . (1.20)

In the following, we will need the notion of normal-ordering. We define the normal-
ordered Hamiltonian as the function

H(p, x; t) =
⟨p|Ĥ(x̂, p̂; t)|x⟩

⟨p|x⟩
(1.21)

If in the Hamilton operator Ĥ all the momentum are to the left of the position
operators, we simply have H(p, x; t) = Ĥ(p, x; t). In general, the two expressions for
H and Ĥ are different though. For example, let us consider the two Hamiltonians

Ĥ1(p̂, x̂; t) = p̂x̂ and Ĥ2(p̂, x̂; t) = x̂p̂

We see that Ĥ1 is in the normal-ordered form while Ĥ2 is not. Using Eq. (1.13), we
can write Ĥ2 = Ĥ1 + iℏ. So we find the normal-ordered expressions

H1(p, x; t) = xp and H2(p, x; t) = xp+ iℏ . (1.22)

1.2 Path integral

Now we will introduce the concept of path integral.

Usually, in quantum mechanics, we are interested in finding the probability amplitude
that a particle will go from point xa at time ta to point xb at time xb. This is
expressed by the probability amplitude F (xb, xa; tb, ta). In general, it is very difficult
to obtain the full evolution Û(tb, ta) from ta to tb. The problem can be simplified by
splitting the evolution up into small time-steps of size ϵ with the time-steps given
by tj = ta + ϵj. In particular, we are interested in small ϵ and let ϵ→ 0 in the end.
This is akin to introducing the Riemann integral as a limit of sums.

For small ϵ, the Hamiltonian Ĥ(t) is essentially constant in the interval [tj , tj+1] such
that

Ûj = Û(tj+1, tj) = T exp

(
− i

ℏ

∫ tj+1

tj

dt Ĥ(t)

)
≈ T exp

(
− i

ℏ

∫ tj+1

tj

dt Ĥ(tj)

)
= e−iϵĤ(tj)/ℏ (1.23)
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Figure 1.1: The ‘path integral’ is obtained by slicing the time-evolution at times
tj = ta+ϵj separated by ϵ. At each time step, the particle has the position xj = x(tj).
At intermediate times with j ̸= 0, N any position is allowed which leads to the integral
over all possible path with the endpoints x0 = xa, xN = xb fixed.

up to terms of order ϵ2. In a similar spirit, the complete time evolution, after
subdivision (note the ordering of the operators Û from earlier to later times)

Û(tb, ta) =

N−1∏
j=0

Ûj = Û(tN , tN−1) · · · Û(t1, t0) (1.24)

can be simplified to

Û(tb, ta) ≈
N−1∏
j=0

e−iĤ(tj)ϵ/ℏ = e−iĤ(tN−1)ϵ/ℏ · · · e−iĤ(t0)ϵ/ℏ (1.25)

As a next step, we would like to introduce a complete basis after each time-step. In
particular, we need the matrix element

⟨pj |Ûj |xj⟩ ≡ ⟨pj |e−iĤ(tj)ϵ/ℏ|xj⟩ ≈ ⟨pj |1− iĤ(tj)ϵ/ℏ|xj⟩ = ⟨pj |xj⟩e−iH(pj ,xj ;tj)ϵ/ℏ

(1.26)
which is valid to fist order in ϵ and relates the propagator Ûj to the normal-ordered
Hamiltonian H(pj , xj ; tj) of Eq. (1.21).

With these preliminary results, it is possible to calculate the propagator F (xb, xa; tb, ta)
by introducing a completeness in momentum before and a completeness of the position
basis after each factor in Eq. (1.25). We obtain (with x0 = xa, xN = xb)

F (xb, xa; tb, ta) =

∫ (
dp0
2πℏ

)N−1∏
j=1

∫∫ (
dxj dpj
2πℏ

)
⟨xb|pN−1⟩⟨pN−1|ÛN−1|xN−1⟩

· · · ⟨p1|Û1|x1⟩⟨x1|p0⟩⟨p0|Û0|xa⟩ (1.27)
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≈
∫ (

dp0
2πℏ

)N−1∏
j=1

dxj dpj
2πℏ

N−1∏
j=0

⟨xj+1|pj⟩⟨pj |xj⟩e−iH(pj ,xj ;tj)ϵ/ℏ

=

∫ (
dp0
2πℏ

)N−1∏
j=1

dxj dpj
2πℏ

 e
i
ℏ [

∑N−1
j=0 (xj+1−xj)pj−H(pj ,xj ;tj)ϵ] .

This expression becomes exact in the limit ϵ→ 0 which corresponds to N → ∞. In
this limit, we have infinitely many time-slices. The position of the particle is then
described by a function x(t) which interpolates between the values x(tj) = xj and
similarly for p(t). The integrals in (1.27) can then be interpreted as a path-integral,
i.e., an integral over all functions x(t), p(t). To this end, we introduce the notation
(interpreted under the limit ϵ→ 0)

D[x(t)]D[p(t)] =

(
dp0
2πℏ

)N−1∏
j=1

dxj dpj
2πℏ

 (1.28)

for the measure and

S[p(t), x(t)] =

N−1∑
j=0

(xj+1 − xj)pj −H(pj , xj , tj)ϵ ≈
∫ tb

ta

dt [ẋp−H(p, x; t)] . (1.29)

for the exponent. With this, the propagator of the quantum particle can be written
as the path-integral

F (xb, xa; tb, ta) =

∫ x(tb)=xb

x(ta)=xa

D[x(t)]D[p(t)]eiS[p(t),x(t)]/ℏ (1.30)

with S =
∫
dtL the classical action that corresponds to each path x(t), p(t) over the

time [ta, tb]. Note that L = ẋp−H is the Lagrangian of the problem.

1.3 Intermezzo: Gaussian integral

In the following, it is very important to be able to perform Gaussian integrals. In
general, given a symmetric matrix A ∈ Rn×n, A = AT , we can find an orthogonal
transformation O, OOT = In, with |DetO| = 1, such that A = OTΛO, with the
diagonal matrix of eigenvalues Λ = diag(λ1, . . . , λn).

In the case that A is positive definite (all λj > 0), we define the Gaussian integral
over x = (x1, . . . , xn) ∈ Rn as∫

dx1 · · ·xn e−xTAx/2 =

∫
dnx e−xTAx/2 =

(2π)n/2√
DetA

(1.31)



1.4. HARMONIC OSCILLATOR 11

This relation can be shown by a change of variables from x to y = Ox which yields∫
dnx e−xTAx/2 =

1

|DetO|

∫
dny e−yTΛy/2 =

n∏
j=1

∫
dyje

−λjy
2
j /2

=
n∏

j=1

(
2π

λj

)1/2

=
(2π)n/2√
DetA

(1.32)

where we have used that DetA = λ1 · · ·λn.

In the exercises, we will show Wick’s theorem which is based on the important concept
of the generating function

Z(λ) =

∫
dnx e−xTAx/2+λ·x, λ ∈ Rn (1.33)

The generating function can be evaluated by completing the square

1

2
xTAx− λ · x =

1

2
(x−A−1λ)TA(x−A−1λ) +

1

2
λTA−1λ . (1.34)

With this and changing the variable to y = x−A−1λ, we can evaluate the generating
function as

Z(λ) = eλ
TA−1λ/2

∫
dny e−yAy/2 =

(2π)n/2√
DetA

eλ
TA−1λ/2 . (1.35)

1.4 Harmonic oscillator

In this section, we discuss the ‘simple’ problem of a harmonic oscillator with frequency
ω0 more explicitly. The (normal-ordered) Hamiltonian is given by

H(p, x) =
p2

2m
+

1

2
mω2

0x
2 . (1.36)

In the following, we introduce the dimensionless variables q =
√
mω0/ℏx and

p̃ = p/
√
ℏmω0 in terms of which the Hamiltonian assumes the form

H =
ℏω0

2
(p̃2 + q2) . (1.37)

In the following, we will set ℏ = 1 and write p instead of p̃ for simplicity.

As an example of the path integral formalism, we would like to evaluate F (qb, qa; τ =
tb−ta). Note that because the system is autonomous (the Hamiltonian does not depend
on time) the propagator only depends on the time difference τ . The Hamiltonian
action corresponding to the path q(t), p(t) is given by

S[p, q] =

∫ τ

0

[
pq̇ − ω0

2
(p2 + q2)

]
dt . (1.38)
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The classical path qcl, pcl corresponds to the saddle point δS[pcl, qcl] = 0. In the
exercises, we will show that they correspond to solutions of Hamilton’s equations

q̇cl = ω0pcl

(
=
∂H

∂p

)
,

ṗcl = −ω0qcl

(
= −∂H

∂q

)
. (1.39)

The solution corresponding to the boundary conditions qcl(0) = qa, qcl(τ) = qb is
given by

qcl = qa cos(ω0t) +
qb − qa cos(ω0τ)

sin(ω0τ)
sin(ω0t), pcl =

q̇cl
ω0

. (1.40)

This solution corresponds to the energy

E = H =
ω0

[
q2a + q2b − 2qaqb cos(ω0τ)

]
2 sin2(ω0τ)

, (1.41)

which is a conserved quantity.

The action along the classical path is defined as

Scl = S[pcl, qcl] =

∫ τ

0
(pclq̇cl −H) dt =

ω0

2

∫ τ

0
p2cl dt− Eτ

=
1

2 sin(ω0τ)

[
(q2a + q2b ) cos(ω0τ)− 2qaqb

]
. (1.42)

Because δScl = 0, we find writing q = qcl + s, p = pcl + r

S[p, q] = Scl + S[s, r] . (1.43)

The propagator is thus given by the path integral expression

F (qb, qa; τ) = eiScl

∫ s(τ)=0

s(0)=0
D[r]D[s] exp

[
i

∫ τ

0
dt

(
rṡ− 1

2
(r2 + s2)

)]
. (1.44)

Note in particular that the second factor is independent of qa, qb. It can be evaluated
using the time-sliced expression from which we obtain (ω0/2πi sinω0τ)

1/2, see exer-
cises. In summary, the propagator for the harmonic oscillator in the position basis is
given by

F (qb, qa; τ) = eiScl

√
ω0

2πi sin(ω0τ)
. (1.45)
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1.5 Expectation values

In this section we can answer the question, how can we evaluate quantity like

⟨Â(t)B̂(t′)⟩

that is the expectation value of two operators acting at different times. Here, we
consider the operators in the Heisenberg picture with

Â(t) = Û(t0, t)ÂÛ(t, t0) = Û(t, t0)
†ÂÛ(t, t0) (1.46)

with t0 some (arbitrary) reference time; note that Û(t0, t1)† = Û(t1, t0) for t0, t1
arbitrary. In particular, we are interested in matrix elements

⟨xb, tb|Â(t)B̂(t′)|xa, ta⟩ = ⟨xb|Û(t0, tb)
†Â(t)B̂(t′)Û(t0, ta)|xa⟩

= ⟨xb|Û(tb, t)ÂÛ(t, t′)B̂Û(t′, ta)|xa⟩ , (1.47)

where |xa, ta⟩ = U(t0, ta)|xa⟩ corresponds to the particle at position xa at time ta.

The path integral approach, via the time-slices, corresponds very naturally to time-
ordered correlations. An observable at time tj is most naturally included in the
overlaps ⟨xj |pj−1⟩ of Eq. (1.27). Because of this, and observable Â is replaced by the
anti-normal-ordered expression

A(x, p) =
⟨x|Â|p⟩
⟨x|p⟩

.

Splitting the evolution into small time-slices, similar to the last section, we can
straightforwardly show that

⟨xb, tb|T Â(t)B̂(t′)|xa, ta⟩ =
∫ x(tb)=xb

x(ta)=xa

D[x]D[p]A(x(t), p(t))B(x(t′), p(t′)) eiS/ℏ

Example

As an example, we will calculate the expectation value of q2 in the case of the
harmonic oscillator which starts and ends at q = 0. Assuming that 0 < t1 < τ , we
arrive at (using F (q, 0; t) from (1.45))

G(t1; τ) = ⟨q = 0, τ |q2(t1)|q = 0, t = 0⟩

=

∫ q(τ)=0

q(0)=0
D[q]D[p] q(t1)

2eiS[p,q] =

=

∫
dq1 q

2
1

(∫ q(t1)=q1

q(0)=0
D[q]D[p]ei

∫ t1
0 (pq̇−H(p,q))dt

)

×

(∫ q(t)=0

q(t1)=q1

D[q]D[p]e
i
∫ τ
t1
(pq̇−H(p,q))dt

)
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= ω0

∫
dq1 q

2
1

exp
(
i
2 cot(ω0t1)q

2
1

)√
2πi sin(ω0t1)

exp
(
i
2 cot[ω0(τ − t1)]q

2
1

)√
2πi sin[ω0(τ − t1)]

= − ω0

2π sin(ω0t1) sin[ω0(τ − t1)]

∫
dq1 q

2
1 exp

[
i

2

(
cot(ω0t1) + cot[ω0(τ − t1)]

)
q21

]
=

= − ω0

2π sin(ω0t1) sin[ω0(τ − t1)]

√
2π(

i cot(ω0t1) + i cot[ω0(τ − t1)]
)3/2 ;

here, we have introduced q1 ≡ q(t1) over which we have integrated last. The final
result of our calculation is

G(t1, τ) = ω0

(
sin(ω0t) sin[ω0(τ − t1)]

2πi sin3(ω0τ)

)1/2

; (1.48)

We can check the results in the limits t1 → 0 and t1 → τ . In both cases, we obtain
G = 0 which makes sense as q̂|q = 0⟩ = 0.

1.6 Canonical commutation relations

We know that in quantum mechanics, the position and momentum operators satisfy
the canonical commutation relation

[x̂, p̂] = i .

In the path integral description, the commutator seems absent. In fact, all the
observables are replaced by the anti-normal-ordered expressions which are simply
functions. Moreover, the ordering of the observables is given by the time-ordering.

In this section, we discuss where the commutation relations such as the canonical
commutation relation between position and momentum is ‘hidden’ in the path-integral
description. To this end, we introduce the time-ordered correlator

Ĉ(t, t′) ≡ T x̂(t)p̂(t′) = x̂(t)p̂(t′)θ(t− t′) + p̂(t′)x̂(t)θ(t′ − t) (1.49)

where, for the second equation we used Eq. (1.17).

If we derive the equation of motion which C(t, t′) fulfills, we find

∂Ĉ(t, t′)

∂t
= ˙̂x(t)p̂(t′)θ(t− t′) + p̂(t′) ˙̂x(t)θ(t′ − t)

+ x̂(t)p̂(t′)δ(t− t′)− p̂(t′)x̂(t)δ(t′ − t) . (1.50)

The terms in the last line are called contact-terms as they are local in time and arise
due to the time-ordering procedure. Using Heisenberg’s equation ˙̂x(t) = −i[x̂, Ĥ](t)
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and the canonical-commutation relation, we obtain the Schwinger-Dyson equation

∂tT x̂(t)p̂(t′) =
∂Ĉ(t, t′)

∂t
= T ˙̂x(t)p̂(t′) + δ(t− t′) (x̂(t)p̂(t)− p̂(t)x̂(t))

= −iT [x̂, Ĥ](t)p̂(t′) + iδ(t− t′) ; (1.51)

note that the contact-term encodes the canonical commutation relation. Note that
the Schwinger-Dyson equation states that the time-ordered correlator of x̂ with
the conjugate variable p̂ does not simply fulfill the ‘classical’ equation of motion
˙̂x = −i[Ĥ, x̂] as additional contact-terms encoding the commutation relation appear.
These contact terms are the difference between the classical and the quantum-field
theory.

It is thus crucial to understand at which point the commutation relation is encoded
in the path integral description. This is rather subtle but important in order to
produce reliable results. To this end, we derive the Schwinger-Dyson equation from
the path-integral description. It arises from the statement, that the path-integral is
unchanged under the substitution p(t) 7→ p(t) + λ(t). In particular, the expression∫

D[x]D[p] (p(t′) + λ(t′))eiS[p+λ,x] =

∫
D[x]D[p] (p(t′) + λ(t′))ei

∫
dt[(p+λ)ẋ−H(p+λ,x)]

(1.52)
does not depend on λ(t); here, we have used that D[p+ λ] = D[p]. This implies that
the change of the expression to first order in λ(t), i.e., the variation,

0 =

∫
D[x]D[p]

∫
dt

[
δ(t− t′) + ip(t′)ẋ(t)− ip(t′)

∂H

∂p
(t)

]
λ(t)eiS[p,q] +O(λ2) (1.53)

has to vanish.

As λ(t) is arbitrary, the expression in the rectangular bracket is zero. This yields

∂tx(t)p(t
′) =

∂H

∂p
(t)p(t′) + iδ(t− t′) . (1.54)

In order to compare this result to Eq. (1.51), we have to remind ourselves that the
time-ordering is implicit in the path integral description and thus the left-hand side is
the same. For the right hand side, we write x̂ ≡ i∂p in the momentum representation.
Thus, −i[x̂, Ĥ] = ∂pĤ and Eq. (1.54) reproduces (1.51).2

We give a second derivation how the path-integral description encodes the nontrivial
commutator using the discrete time-sliced description. This derivation might be
initially easier to understand.

2More accurately, we should calculate the normal-ordered representation of [x̂, Ĥ]. We have
H(p, x) = ⟨p|Ĥ|x⟩/⟨p|x⟩ by definition. With x̂|x⟩ = x|x⟩, x̂|p⟩ = i∂p|p⟩ and ⟨p|x⟩ = e−ipx, we find
⟨p|x⟩i∂pH(p, x) = i∂p⟨p|Ĥ|x⟩ − ⟨p|Ĥ|x⟩(i∂p⟨p|x⟩/⟨p|x⟩) = ⟨p|x̂Ĥ|x⟩ − ⟨p|Ĥ|x⟩x = ⟨p|[x̂, Ĥ]|x⟩; thus,
i∂pH(p, x) is the normal-ordered representation of [x̂, Ĥ].
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In the discrete version (1.27), we calculate the expectation value of pn, where n is an
arbitrary time-slice; pn corresponds to p(t′) in the proof above. We have

⟨pn⟩ =
∫ (

dp0
2πℏ

)N−1∏
j=1

dxj dpj
2πℏ

 pn e
i
∑N−1

j=0 [(xj+1−xj)pj−H(pj ,xj ;tj)ϵ] (1.55)

This expression remains invariant under the shift pn 7→ pn + λ which simply cor-
responds to a variable substitution of the integral dpn. Writing down only the
contribution that depends on λ, this implies

0 =
∂

∂λ

∫
dpn (pn + λ)ei[(xn+1−xn)(pn+λ)−H(pn+λ,xn;tn)ϵ] ×

 stuff
which is
indep. of

λ

 (1.56)

Taking the derivative, we have

0 =

∫
dpn

[
1 + i(xn+1 − xn)pn − iϵpn

∂H(pn + λ, xn; tn)

∂pn

]
×

( non-
vanishing

stuff

)
(1.57)

Note that the term in the rectangular bracket has to vanish as before as λ is arbitrary.
As ϵ→ 0, the first two terms remain which implies

xn+1pn − pnxn = i . (1.58)

This corresponds to the commutator x̂p̂ − p̂x̂ = [x̂, p̂] = i due to the fact that the
time-ordering is implicit and for equal times the expressions are normal-ordered and
thus p̂ is to the left of x̂.

1.7 Coherent states

The problem of the harmonic oscillator is essential in the field of quantum optics.
This is because, as we have learned in optics and electromagnetic courses, light is
an electromagnetic wave that oscillates. When light passes through the material,
the electric field affects the electrons by a force eE where E is the electric field. The
oscillation of each mode of the electromagnetic field corresponds then to a harmonic
oscillator.

In the previous section, we used rescaled the variables of the harmonic oscillator such
that the Hamiltonian could be written in the form

Ĥ =
ω0

2
(p̂2 + q̂2);

where the operators q̂, p̂ fulfilled the canonical commutation relation [q̂, p̂] = i. The
path-integral was then derived using the position and momentum basis together with
a normal-ordering procedure that placed the momentum left of the position operators.
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For quantum optics applications, the position and momentum correspond to different
quadratures of the light-field. In this case, it is often most convenient to treat q̂, and
p̂ on equal footings. To this end, we introduce the creation operator

â† =
q̂ − ip̂√

2
(1.59)

and the associated annihilation operator

â =
q̂ + ip̂√

2
. (1.60)

It can be checked that they fulfill the algebra [â, â†] = 1 of ladder operators. Moreover,
the Hamiltonian assumes the form

H = ω0(â
†â+ 1

2) = ω0(n̂+ 1
2) (1.61)

where we have introduced the number operator n̂ = â†â. The number operator is
Hermitian and has the eigenvalues 0, 1, 2, . . . which we will call the number of photons
in the oscillator. The corresponding eigenvectors |n⟩ are called the Fock basis. From
the quantum mechanics course, we know that

â|n⟩ =
√
n|n− 1⟩, â†|n⟩ =

√
n+ 1|n+ 1⟩, n̂|n⟩ = n|n⟩. (1.62)

In particular, |0⟩ is the vacuum state with â|0⟩ = 0. From Eq. (1.60) we see that the
annihilation operator â combines both the position q̂ as well as the momentum p̂ in a
‘complex’ quantity; in a sense, we have ‘q =

√
2Re a’ and ‘p =

√
2 Im a’.

It is thus useful to find eigenstates of the operator â which will serve as simultaneous
eigenstates of q̂ and p̂, of course without violating Heisenberg’s uncertainty principle,
treating them on equal footing. We call the eigenstates |α⟩ of the annihilation operator
â with

â|α⟩ = α|α⟩, α ∈ C (1.63)

a coherent state. For concreteness, we define

|α⟩ = eαa
† |0⟩ =

∞∑
n=0

(αâ†)n

n!
|0⟩ =

∞∑
n=0

αn

√
n!
|n⟩ . (1.64)

This implies that ⟨n|α = αn/
√
n!. We can directly show that |α⟩ is an eigenstate of

â. In particular, we have (with m = n− 1)

â|α⟩ =
∞∑
n=0

αn

√
n!
â|n⟩ =

∞∑
n=1

αn√
(n− 1)!

|n− 1⟩ = α

∞∑
m=0

αm

√
m!

|m⟩ = α|α⟩ . (1.65)

Note that the coherent states that we have defined are not normalized. This is
different from the definition of coherent states in other sources. In particular, we find
the overlap

⟨α1|α2⟩ = ⟨0|eᾱ1aeα2a† |0⟩ = eᾱ1α2[â,â†]⟨0|eα2â†eα1â|0⟩ = eᾱ2α1 , (1.66)
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where we have used the Baker–Campbell–Hausdorff relation. Because of this, the
normalized coherent states are given by

|α) = e−|α|2/2|α⟩ . (1.67)

However, in the following, it will be more convenient to work with the unnormalized
states |α⟩.
The coherent states are an (over-)complete basis set. The completeness relation is
given by ∫

d2α

π
|α)(α| =

∫
d2α

π
e−|α|2 |α⟩⟨α| = 1 ; (1.68)

here and in the following, we use the notation d2α = dReαd Imα for the measure
on the complex plane of coherent states. To show that (1.68) is indeed true, we can
evaluate the matrix elements in the (complete) Fock basis. We find (with α = |α|eiθ)∫
d2α

π
e−|α|2⟨n|α⟩⟨α|m⟩=

∫
d2α

π
e−|α|2 α

n

√
n!

ᾱm

√
m!

=

∫
d|α|2 |α|

n+me−|α|2

√
n!m!

∫ 2π

0

dθ

2π
eiθ(n−m)

=
δn,m
n!

∫
d|α|2e−|α|2 |α|2n = δn,m = ⟨n|1|m⟩ . (1.69)

From the completeness relation (1.68), we can also find a convenient expression to
calculate the trace of an operator Â. It is given by

Tr(Â) =
∑
n

⟨n|Â|n⟩ =
∫
d2α

π

∑
n

⟨n|Â|α)(α|n⟩ =
∫
d2α

π

∑
n

(α|n⟩⟨n|Â|α)

=

∫
d2α

π
(α|Â|α) =

∫
d2α

π
e−|α|2⟨α|Â|α⟩ . (1.70)

As we treat q̂ and p̂ on equal footing, we cannot use the former definition of normal-
ordering. For coherent states, we thus introduce a different definition of normal-
ordering. In particular, the normal-ordered Hamiltonian, from now on, is given
by

H(ᾱ1, α2; t) =
⟨α1|Ĥ(t)|α2⟩

⟨α1|α2⟩
= ⟨α1|Ĥ(t)|α2⟩e−ᾱ1α2 (1.71)

This way of normal-ordering corresponds to moving all creation operators â† to the
left of the annihilation operators â and then substituting â 7→ α2 and â† 7→ ᾱ1.
Note that H(ᾱ1, α2) is only a function of ᾱ1 and α2 and not of α1, ᾱ2. Because
of this, we can get the normal-ordered Hamiltonian from the ‘diagonal’ element
H(α; t) = H(ᾱ, α; t) = ⟨α|Ĥ(t)|α⟩e−|α|2 by simply replacing ᾱ 7→ ᾱ1 and α 7→ α2.
The normal-ordering with respect to â, â† is (slightly) different from the normal-
ordering in q̂, p̂, with the differences being of the order of ℏ due to the commutator.

The harmonic oscillator has the normal-ordered Hamiltonian

H(α; t) = ω0(|α|2 + 1
2) . (1.72)

Often, we forget about the zero-point motion and simply write H = ω0|α|2.
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1.8 Coherent state path integral

In this section, we follow the same steps as in chapter 1. As previously, we will split
the time into small time-slices. The difference is that now instead of position and
momentum, we put the coherent states we studied in this chapter. Because of that
the element that we should study now is

⟨αj+1|Û(tj+1, tj)|αj⟩ ≈ e−iH(ᾱj+1,αj ;tj)ϵ+ᾱj+1αj . (1.73)

The total time-evolution is then given by

F (ᾱb, αa; tb, ta) = ⟨αb|U(tb, ta)|αa⟩

=

∫ N−1∏
j=1

d2αj

π
e
ᾱbαN+iϵ

∑N−1
j=0

[
iᾱj+1(

αj+1−αj
ϵ

)−H(ᾱj+1,αj ;tj)
]

=

∫ ᾱ(tb)=ᾱb

α(ta)=αa

D[ᾱ(t)]D[α(t)]eiS+ᾱbα(tb), (1.74)

where we defined

D[ᾱ]D[α] ≡
N−1∏
j=1

d2αj

π
and S =

∫ tb

ta

dt [iᾱ(t)α̇(t)−H(ᾱ(t), α(t); t)] . (1.75)

Note that in all these expressions mapping from the operator language to the path
integral normal- and time-ordering is implied.

Examples

As a first example, we treat our favorite system, the harmonic oscillator. We want to
evaluate the propagator F (ᾱb, αa; τ) = ⟨αb|Û(τ)|αa⟩ for a harmonic oscillator with
Hamiltonian H = ω0|α|2. Note that in the Hamiltonian we have neglected the zero
point energy. We need to evaluate

F (ᾱb, αa; τ) =

∫ ᾱ(τ)=ᾱb

α(0)=αa

D[ᾱ]D[α]eiS+ᾱbα(τ), with S =

∫ τ

0
dt
[
iᾱ(t)α̇(t)− ω0|α(t)|2

]
.

(1.76)

As before, we calculate the classical solution (the saddle-point) and split an arbitrary
path as the sum over the classical path αcl and a deviation δ. The classical equation
of motion is given by δS/δᾱ = 0 (and its complex conjugate) which leads to

iα̇cl = ω0αcl and − i ˙̄αcl = ω0ᾱcl .

The equations for αcl and ᾱcl are decoupled. The solution with the boundary
conditions αcl(0) = αa and ᾱcl(τ) = ᾱb is given by

αcl(t) = e−iω0tαa, ᾱcl(t) = eiω0(t−τ)ᾱb . (1.77)
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Note that the initial condition is propagated forward in time by the solution αcl(t)
while the final condition is propagated backward in time by the solution ᾱcl(t). In
general, ᾱcl is not the complex conjugate of αcl. This is due to the fact that by
setting αa = (qa+ ipa)/

√
2 and ᾱb = (qb− ipb)/

√
2, we have overspecified the problem

as we have specified position and momentum both at the initial and the final time.
However, for consistent intial and final conditions (fulfilling αcl(τ) = αb), we do have
that ᾱcl(t) is the complex conjugate of αcl(t). In terms of the operator description,
the fact that α(tb) is not the complex conjugate of ᾱb, corresponds to the final overlap
⟨αb|α(tb)⟩ = eᾱbα(tb) which for coherent state is not a delta distribution. In general, for
the coherent state path integral, it is most useful to treat ᾱ and α as two independent
variables corresponding to the bra and the ket of an arbitrary matrix element. In the
case that they are complex conjugates of each other, this then corresponds to the
diagonal element, i.e., the expectation value in the coherent state |α⟩.
For the harmonic oscillator, we calculate the path integral by parametrizing a general
path as

α(t) = αcl(t) + δ(t) and ᾱ(t) = ᾱcl(t) + δ̄(t) . (1.78)

The action is described by

S = Scl +

∫ τ

0
dt
(
iδ̄δ̇ − ω0δ̄δ

)
(1.79)

with the classical action

Scl =

∫ τ

0
dt
(
ω0ᾱbαae

−iω0τ − ω0ᾱbαae
−iω0τ

)
= 0 . (1.80)

The propagator is then given by

F (ᾱb, αa; τ) = eᾱbαqe−iω0τ ×
∫ δ̄(0)=0

δ(0)=0
D[δ̄]D[δ]ei

∫ τ
0 (iδ̄δ̇−ω0|δ|2)dt (1.81)

Note that the remaining path integral, the second factor, is independent of ᾱb and αa.
Performing the path-integral, e.g. via the time-sliced description, it can be shown
that ∫ δ̄(τ)=0

δ(0)=0
D[δ̄]D[δ]ei

∫ τ
0 (iδ̄δ̇−ω0|δ|2)dt = 1. (1.82)

Thus, the propagator of the harmonic oscillator is given by

F (ᾱb, αa; τ) = eᾱbαae−iω0τ (1.83)

As a second example, we will calculate the expectation value

G(t1; τ) = ⟨0, τ |q̂(t1)2|0, t = 0⟩, where τ > t1 > 0 . (1.84)
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Note that in this case αa = ᾱb = 0 denotes to the vacuum state |0⟩. In this sense, G is
different from G(t1; τ) evaluated in chapter 1 where we evaluated q(t1)2 in the position
eigenstate |q = 0⟩. For the path integral formulation, we need to anti-normal-order
the observable

q̂2 = 1
2(â

2 + â†2 + 2âa† − 1) , (1.85)

where we have used the definition q̂ = (â+ â†)/
√
2. Thus, the anti-normal-ordered

represenation of q̂2 is given by

q2(α, ᾱ) = 1
2(α

2 + ᾱ2 + 2αᾱ− 1) = 1
2 [(α+ ᾱ)2 − 1] . (1.86)

The path integral description of (1.84) is given by

G(t1; τ) =
∫ ᾱ(τ)=0

α(0)=0
D[ᾱ]D[α]eiS[p,q]

1

2

[
(α(t1) + ᾱ(t1))

2 − 1
]
. (1.87)

As before, we can restrict the paths by introducing

α1 = α(t1), ᾱ1 = ᾱ(t1). (1.88)

over which we integrate at the very end. With this, the path integral takes the form

G(t1, τ) =
∫
d2α1

2π
[(α1+ᾱ1)

2−1]e−ᾱ1α1

[∫ ᾱ(t1)=ᾱ1

α(0)=0
D[ᾱ]D[α]ei

∫ t1
0 dt(iᾱα̇−H)+ᾱ1α(t1)

]

×

[∫ ᾱ(τ)=0

α(t1)=α1

D[ᾱ]D[α]e
i
∫ τ
t1

dt(iᾱα̇−H)

]
; (1.89)

the factor exp(−ᾱ1α1) is introduced such that the factor cancel the factor exp[ᾱ1α(t1)]
that is part of the definition of F (ᾱ1, 0; t1). So, in the end, we need to calculate

G(t1, τ) =
∫
d2α1

2π
[(α1 + ᾱ1)

2 − 1]e−|α1|2 =
1

2
. (1.90)

Comparing G to G from Eq. (1.48), we see that G does not depend on t1 (nor τ).
This is due to the fact that the vacuum state is a stationary state that does not
evolve in time. Our result thus simply corresponds to

⟨0|q̂2|0⟩ = 1

2
, (1.91)

which is the zero-point motion of the vacuum state.



Chapter 2

Path integral for open systems

2.1 Density matrix and environment

For many quantum mechanical problems, it is not sufficient to consider an isolated
system. Instead, we have to examine the dynamics of a system coupled to an
environment. The environment generally consists of many degrees of freedom, resulting
in a complicated, multi-dimensional problem. However, in most cases the only
information of interest is the systems dynamics under the influence of the environment
described by a reduced density matrix.

In this section, we consider an arbitrary one-dimensional system with Hamiltonian
ĤS(p̂, x̂) coupled to an environment modeled by N harmonic oscillators with the
creation and annihilation operators â†j and âj . The dynamics of the total system can
be described by the Hamiltonian (ℏ = 1 from now on)

Ĥ = ĤS(p̂, x̂) +
N∑
j=1

ωj â
†
j âj , (2.1)

with the constraint x̂ =

N∑
j=1

(
cj âj + cj â

†
j

)
. (2.2)

Below, we use a Lagrange multiplier λ(t) to encode the constraint, coupling the
dynamics of the one-dimensional system with the environmental degrees of freedom.
Here, the complex constants cj correspond to the coupling strength of each oscillator.

The time-evolution of the density matrix of the total system is given by

ρ̂(tb) = e−iĤ(tb−ta)ρ̂(ta)e
iĤ(tb−ta), (2.3)

with the conventional time-evolution operator Û = e−iĤ(tb−ta). To obtain the re-
duced density matrix, we have to trace out the degrees of freedom of the har-
monic oscillators. Using the over-complete coherent state basis of the N oscillators
|α⟩ = |α1, α2, · · · , αN ⟩, we obtain ρ̂S(tb) =

∫
d2Nα
πN ⟨αb|ρ̂(tb)|αb⟩e−|αb|2

22
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For the following calculation, we assume that the global system at the initial time ta
is in a product state. Furthermore, we assume that the environment and the system
are decoupled and that the environment is in thermal equilibrium. We write

ρ̂(ta) = ρ̂S(ta)⊗ ρ̂E (2.4)

with ρ̂E =
∏

j ρ̂j and ρ̂j = (1−e−βωj )e−βωj â
†
j âj , where we introduced the abbreviation

β = 1/kBT . In the coherent state basis, we can write

ρ̂j =

∫
d2αj

π
ρj(αj , αj)|αj⟩⟨αj | with ρj(αj , αj) = (eβωj − 1)e−eβωj |αj |2 . (2.5)

To obtain the matrix elements ρS(x+b , x
−
b , tb) = ⟨x+b |ρ̂S(tb)|x

−
b ⟩, we insert identities to

the left and right of the initial density matrix in Eq. (2.3) in coordinate representation.
Under the assumption of a product state at initial time ta, we can write

ρS(x
+
b , x

−
b , tb) =

∫
dx+a dx

−
a JS(x

+
b , x

−
b , tb;x

+
a , x

−
a , ta)ρS(x

+
a , x

−
a , ta). (2.6)

The propagating function JS(x+b , x
−
b , tb;x

+
a , x

−
a , ta) can be expressed as a path integral

JS(x
+
b , x

−
b , tb;x

+
a , x

−
a , ta) =

∫ x+(tb)=x+
b

x+(ta)=x+
a

D[x+]D[p+]

∫ x−(tb)=x−
b

x−(ta)=x−
a

D[x−]D[p−]

× ei(SS [p
+,x+]−SS [p

−,x−])G[x+, x−], (2.7)

where SS [p, x] corresponds to the arbitrary Hamilton action of the system. Since we are
evaluating the time-evolution of a density matrix ρ̂S(ta) =

∫
dx+a dx

−
a ρS(x

+
a , x

−
a , ta)

|x+a ⟩⟨x−a | and not of a single quantum state, we have to perform the time evo-
lution twice: once forward for the ‘ket’ (x+) and once backward for the ‘bra’
(x−), corresponding to the time evolution operators Û and Û †. This doubles
the number of path integrals necessary to calculate the total time evolution. In
the absence of an environment (G = 1), the path integrals for both time evolu-
tions separate and the propagating function turns into the product of propagators
JS(x

+
b , x

−
b , tb;x

+
a , x

−
a , ta) = FS(x

+
b , tb;x

+
a , ta)FS(x

−
b , tb;x

−
a , ta), which correspond to

the independent propagation of the ‘ket’ and ‘bra’.

The influence functional G[x+, x−] contains the information on the influence of the
environment on the system and couples the forward and backward time evolution. As
a result, the propagating function does not separate anymore and a density matrix
is necessary to describe the time evolution of the reduced system. The influence
functional only depends on the environment not on the dynamics of the system
embedded in the environment. The goal of the remainder of this section is the
evaluation of the influence functional of a general environment—modeled by an
arbitrary number of harmonic oscillators with individual coupling strength cj—that
is of general interest for a variety of quantum mechanical problems.
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To couple the environment and the system, we introduce the Lagrange multiplier λ(t)
which is multiplied to the constraint function x̂−

∑N
j=1(cj âj + cj â

†
j). By performing

the path integral over this auxiliary, dynamic-less function for the forward and
backward path integral, we ensure that the intended constraint function is zero at all
times. We obtain

G[x+, x−] =

∫
d2Nαb

πN
e−|αb|2

∫
d2Nαa

πN

∫
D[λ+]D[λ−]e−i

∫ tb
ta

dt(λ+x+−λ−x−)

× JE([λ
+], [λ−];αb,αb, tb;αa,αa, ta)ρE(αa,αa), (2.8)

with ρE(αa,αa) =
∏

j ρj(αj,a, αj,a) as defined in Eq. (2.5). The propagating function
JE of the environment under the influence of the external force λ(t) has a product form
JE =

∏
j Jj . Since the individual oscillators are themselves not connected to an addi-

tional environment, their propagating function turns into the product of two propaga-
tors Jj([λ+], [λ−];αb, αb, tb;αa, αa, ta) = Fj([λ

+];αb, tb;αa, ta)Fj([λ−];αb, tb;αa, ta).
The propagators correspond to the matrix elements ⟨αb|e−iĤj(tb−ta)|αa⟩ with Ĥj =

ωj â
†
j âj−λ±(t)(cj âj+cj â

†
j), where the Lagrange multiplier is equivalent to an external

force. The propagator can be calculated either directly in the operator formalism or
via the path integral

Fj([λ];αb, tb;αa, ta) =

∫ α(tb)=αb

α(ta)=αa

D[α]D[α]eαbα(tb)+iSj [α,α;λ], (2.9)

with the Hamilton action Sj [α, α;λ] =
∫ tb
ta
dt (iαα̇−Hj). The path integral can be

calculated by solving the corresponding classical Hamilton’s equations of motion. We
obtain

Fj([λ];αb, tb;αa, ta) = exp

[
αbα(tb) + icj

∫ tb

ta

dt λ(t)α(t)

]
, (2.10)

with α(t) = icj

∫ t

ta

dt′ e−iωj(t−t′)λ(t′) + αae
−iωj(t−ta). (2.11)

After performing the Gaussian integrals over the initial and final coherent state, we
obtain the influence functional

G[x+, x−] =

∫
D[λ+]D[λ−]eiSE [λc,λq ]−i

∫ tb
ta

dt (λcxq+λqxc), (2.12)

with SE [λ
c, λq] =

i

2

N∑
j=1

|cj |2
(
2nωj + 1

) ∫ tb

ta

dt

∫ tb

ta

dt′ cos[ωj(t− t′)]λq(t)λq(t′)

+ 2
N∑
j=1

|cj |2
∫ tb

ta

dt

∫ t

ta

dt′ sin[ωj(t− t′)]λq(t)λc(t′), (2.13)

where we introduced the center of mass variables xc = 1
2(x

+ + x−) and xq = x+ − x−

and the corresponding Lagrange multipliers. In the context of path integration this
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is known as the Keldysh rotation with the classical variable xc and the quantum
variable xq. The rationale for this notation will become clear shortly. The function
nωj = (eβωj −1)−1 is the Bose-Einstein occupation of the jth oscillator. The final step
that remains is the calculation of the path integrals over the Lagrange multipliers.
However, for the current form of the action in Eq. (2.13) this requires a complicated
inversion of integrals. To simplify the calculation, we want to neglect the switching
on and off of the coupling for a moment. To this end, we take the limit ta → −∞
and tb → ∞ and multiply with a small convergence factor e−0+|t| when necessary. In
frequency space, with xω =

∫
dt x(t)eiωt, we obtain

SE [λ
c, λq] =

∫
dω

2π

[
iZω

ω
λcωλ

q
−ω +

iReZω

2ω
(2nω + 1)λqωλ

q
−ω

]
. (2.14)

Here, we defined the impedance Zω = i
∑N

j=1 2ωj |cj |2ω/[(ω + i0+)2 − ω2
j ]. For this

action, calculating the path integral is straight forward and we obtain G[xc, xq] =
eiSG[xc,xq ] where

SG[x
c, xq] =

∫
dω

2π

[
iωYωx

c
ωx

q
−ω +

i

2
ωReYω (2nω + 1)xqωx

q
−ω

]
(2.15)

with the admittance Yω = Z−1
ω . To learn more about the causality structure of a

density matrix path integral, it is instructive to rewrite this action in matrix form
with x = (xc, xq)T . We obtain

SG[x
c, xq] =

1

2

∫
dω

2π
xT
−ωAωxω, with Aω = iω

[
0 −Y−ω

Yω ReYω(2nω + 1)

]
. (2.16)

The structure of Aω is generic: In particular, the c-c component is always zero,
independent of the system connected to the environment. It reflects the fact that
for a purely classical dynamics (xq = 0) the action is zero. Indeed, in the classical
case, we have x+ = x− and the action on the + and − part of the evolution cancel
each other. In order to understand the structure of the c-q and q-c components, it
is important to note that Yω is causal (retarded) and only has poles on the lower
half of the complex plain, while Y−ω is anti-causal (advanced) and only has poles
on the upper half of the complex plain. In general, the c-q and q-c components are
mutually Hermitian conjugated (advanced and retarded) matrices. This property
is responsible for the causality of the response functions. The q-q component is an
anti-Hermitian matrix with a positive-definite imaginary spectrum. It is responsible
for the convergence of the path integral. It retains the information about the thermal
distribution of the bath and is otherwise completely determined by the dissipative
dynamics (given by ReYω) of the c-q and q-c components. This correspondence
ensures that the fluctuation-dissipation theorem is fulfilled at all times.

Note that the time-dependent correlations of the environmental degrees of freedom
⟨xk(τ)xl(0)⟩ = i

∫
(dω/2π)e−iωτ (A−1

ω )kl follow directly from the matrix representation
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in Eq. (2.16), where k, l = (c, q). The inverse of the matrix is given by

A−1
ω = − i

ω

[
ReZω(2nω + 1) Zω

−Z−ω 0

]
≡
[
GK

ω GR
ω

GA
ω 0

]
. (2.17)

In accordance with the general properties above, the entry GR
ω is causal with GR(τ) =

−i⟨xc(τ)xq(0)⟩ ∝ Θ(τ). It is commonly referred to as the retarded Green’s function.
Analogously, the advanced Green’s function GA(τ) ∝ Θ(−τ) is anti-causal while the
Keldysh Green’s function GK

ω = 1
2(G

R
ω − GA

ω )(2nω + 1) determines the fluctuation
strength of the environment.

Furthermore, we can transform the action back to the time frame where we obtain

SG[x
c, xq] =

∫
dt

∫
dt′
[
−xq(t)Y (t−t′)ẋc(t′) + i

2x
q(t)K(t− t′)xq(t′)

]
. (2.18)

with the time-dependent admittance Y (t) =
∫
(dω/2π)Yω e

−iωt ∝ Θ(t). Additionally,
we defined the correlator K(t) =

∫
(dω/2π)ωReYω (2nω + 1) e−iωt = K(−t). Note

that while we have neglected the switching on and off of the coupling between the
environment and the system in Eq. (2.13), this does not prevent us from including
the switching on and off of the system variable in our final action by holding x±(t)
at a fixed value until an initial time ta. In particular, the choice x±(t) = 0 ensures
that both systems remain decoupled in the time interval (−∞, ta).

2.2 Langevin equation

In this section, we want to discuss the (quasi-)classical equations of motion that follow
from the interaction of a system with its environment. This resulting equation is often
useful as it allows to efficiently simulate dissipative quantum mechanical systems
with a classical stochastic equation. For concreteness, we investigate a ‘particle’ of
mass m in a general potential described by the Hamiltonian ĤS [p̂, x̂] =

1
2m p̂

2 + V (x̂).
We corresponding action S is given by the sum of two terms S = SK + SG with

SK [pc, pq, xc, xq] = SS [p
c + 1

2p
q, xc + 1

2x
q]− SS [p

c − 1
2p

q, xc − 1
2x

q]

=

∫
dt
[
pcẋq + pqẋc − 1

mp
cpq − V (xc + 1

2x
q) + V (xc − 1

2x
q)
]
.

(2.19)

and SG from Eq. (2.18).

As discussed in the previous section, the quantum variables xq and pq encode the
quantum character of the dynamics with xq = pq = 0 on a purely classical path. It is
therefore useful to expand the total action S in powers of the quantum variables. To
linear order, we obtain

S =

∫
dt

{
pq
[
ẋc − 1

mp
c
]
− xq

[
ṗc + V ′(xc) +

∫
dt′ Y (t−t′)ẋc(t′)

]}
. (2.20)
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If we perform the path integrals over the quantum variables, we obtain Dirac delta
functionals of both square brackets in Eq. (2.20). They ensure that the classical
equations of motion [we drop the superscript c for the classical variables in the
following] ẋ− p/m = 0 and ṗ+ V ′(x) +

∫
dt′ Y (t− t′)ẋ(t′) = 0 are fulfilled at each

discrete time step. These two equation can be combined into the single equation
mẍ+ V ′(x) +

∫
dt′ Y (t− t′)ẋ(t′) = 0. The influence of the environment is modeled

by the admittance which generally includes a dissipative term. In the absence of an
additional driving force, any initial condition will therefore eventually decay to a
minimum of the potential V (x). This dynamic is independent of the temperature of
the environment and thus violates the fluctuation-dissipation theorem.

The fluctuations are encoded in the q-q component of the action in Eq. (2.18). As
this term is quadratic in xq, it has been neglected in the derivation of the equations
of motion above. However, as we will see in the following, this term is essential
to obtain a correct description of the system. The flucutations can be included by
employing a Hubbard-Stratonovich transformation and interpreting K(t− t′) as the
correlation function ⟨ξ(t)ξ(t′)⟩ξ of a classical random force ξ(t) with vanishing average
⟨ξ(t)⟩ξ = 0. In particular, note that the quadratic term of the action in Eq. (2.18)
can be rewritten as

exp

[
−1

2

∫
dt

∫
dt′xq(t)K(t− t′)xq(t′)

]
=

∫
D[ξ] exp

[
i

∫
dt ξ(t)xq(t)− 1

2

∫
dt

∫
dt′ ξ(t)K−1(t− t′)ξ(t′)

]
(2.21)

≡
〈
exp

[
i

∫
dt ξ(t)xq(t)

]〉
ξ

; (2.22)

here and below, ⟨·⟩ξ denote the (classical) ensemble average over paths ξ(t) with a
Gaussian probability distribution with ⟨ξ(t)⟩ξ = 0 and ⟨ξ(t)ξ(t′)⟩ξ = K(t− t′). The
correlator K(t) is in general a complicated function of time (not necessarily positive).
In the following, it is useful to introduce two characteristic scales: the noise intensity

D =

∫ ∞

0
dt |K(t)| (2.23)

and the correlation time

τc =

∫∞
0 dt t|K(t)|

D
. (2.24)

As a rough approximation, we can thus assume

|K(t)| ≈ D

τc
e−|t|/τc ≈ D

τc
Θ(|t| < τc) ; (2.25)

such that K(0) ≃ D/τc and, similarly, we find K−1(0) ≃ 1/Dτc.
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Using the extended description with ξ(t), the terms in SG of Eq. (2.18) are linear in
xq and assume the form

SG[x
c, xq, ξ] = −

∫
dt

∫
dt′xq(t)Y (t−t′)ẋc(t′) +

∫
dt ξ(t)xq(t). (2.26)

The remaining path integral over xq can be performed and leads to the (quasi-classical)
Langevin equation [we denote x(t) = xc(t) for simplicity]

mẍ(t) + V ′(x(t)) +

∫ t

−∞
dt′ Y (t− t′)ẋ(t′) = ξ(t); (2.27)

note that in order to obtain physical observables, we have to take the ensemble
average ⟨·⟩ξ after solving for x(t).

In the classical description of (2.27), we are still able to calculate the advanced and
retarded Green’s functions introduced in Eq. (2.17) even though we can no longer
access the quantum variable xq(t). We can, however, express the quantum variable as
a function of the newly introduced random force ξ(t) with the saddle-point solution
of Eq. (2.21). We obtain xq(t) = −i

∫
dsK−1(t − s)ξ(s). Thus, we can obtain the

advanced and retarded Green’s functions from the correlation between the random
force ξ and the classical observable x. In particular, we find

GR(τ = t2 − t1) = −i⟨xc(t2)xq(t1)⟩ ≡ −
∫
dsK−1(t1 − s)⟨x(t2)ξ(s)⟩ξ . (2.28)

The causality is established after the average over the noise and thus only holds in a
statistical sense.

The Langevin equation is valid as long as the linear approximation of the potential
in Eq. (2.20) is a good approximation for the dynamics of the system. In particular,
this equation is exact for the case of a quantum harmonic oscillator. For a nonlinear
potential, the higher order contributions can be neglected if ℏ2|V ′′′(x)|⟨|xq|2⟩ξ ≃
ℏ2|V ′′′(x)|K−1(0) is much smaller than either |V ′(x)| or the typical scale of the
random force ⟨|ξ|⟩ ≃ K(0)1/2; both terms which we have retained in the quasi-
classical Langevin equation.1 As a result, the Langevin equation describes the
quantum properties of the dynamics well for systems with ℏ2|V ′′′| ≪ |V ′|Dτc (small
nonlinearities) or for ℏ2|V ′′′| ≪ D3/2τ

1/2
c (strong fluctuations due to dissipation).

In the classical limit, where the relevant frequencies of the dynamics are much smaller
than the temperature energy scale ω ≪ kBT , we can approximately set ReYω = mγ
and ω(2nω + 1) = 2kBT for the relevant frequencies. As a result, we obtain a
classical white noise source with a correlation function ⟨ξ(t)ξ(t′)⟩ = 2mγkBTδ(t− t′)
yielding D = mγkBT . In this limit, the Langevin equation describes the classical
dynamics of the system valid for times greater than τc ≃ 1/kBT . It is valid either for
a system with small nonlinearities ℏ2|V ′′′| ≪ |V ′|mγ or at large temperatures with
(mγ)3/2kBT ≫ ℏ2|V ′′′|.

1The estimate ⟨|xq|2⟩ξ ≃ K(0)−1 can be obtained using the correspondence between xq and
ξ mentioned above. Also, we have reinstated the dependence on ℏ in order to stress that the
approximation is valid in the quasi-classical limit of ℏ small.
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Example: In the following, we want to consider the example of a harmonic oscillator
with V ′(x) = mω2

0x coupled to a purely dissipative environment with admittance
Y (t) = γδ(t) both in the quantum limit (kBT ≪ ω0) and the classical limit (kBT ≫
ω0). The corresponding Langevin equation is of the form

m(ẍ+ γẋ+ ω2
0x) = ξ(t),

with the solution mxω = ξω/(−ω2 − iγω + ω2
0) which corresponds to

x(t) =
1

m
√
ω2
0 − (γ2 )

2

∫ t

−∞
dt′ e−

γ
2
(t−t′) sin

[√
ω2
0 − (γ2 )

2 (t− t′)
]
ξ(t′). (2.29)

in the time domain. For completeness, we also give the expression for the velocity

ẋ(t) =
1

m

∫ t

−∞
dt′ e−

γ
2
(t−t′) cos

[√
ω2
0 − (γ2 )

2 (t− t′)
]
ξ(t′)− γ

2x(t). (2.30)

The equal-time correlator is given by

⟨x(t)2⟩ξ =
∫
dω1dω2

(2π)2
e−i(ω2+ω1)t⟨xω1xω2⟩ξ

=
1

m2

∫
dω1dω2

(2π)2
e−i(ω2+ω1)t⟨ξω1ξω2⟩ξ

(ω2
0 − ω2

1 − iγω1)(ω2
0 − ω2

2 − iγω2)
. (2.31)

In the quantum limit kBT ≪ ω0, the noise correlator is of the form ⟨ξω1ξω2⟩ξ =
2πKω1δ(ω1+ω2) with Kω = mγ|ω|. This immediately yields the average fluctuations

⟨x(t)2⟩ξ =
1

m

∫
dω

2π

γ|ω|
(ω2

0 − ω2)2 + γ2ω2
=

1

2mω0

(
1− γ

πω0

)
(2.32)

to leading order in γ.

The zeroth order term corresponds to the quantum fluctuations in the ground state
of the harmonic oscillator with a potential energy 1

2mω
2
0⟨x(t)2⟩ξ = 1

4ω0 which is
half of the ground state energy (with the other half in the kinetic energy). The
dissipation can be interpreted as a constant ‘measurement’ of the system as energy
is constantly leaking out of system allowing a small insight into its current state.
Therefore, dissipation reduces the fluctuation strength of x(t) and ẋ(t).

We can use the classical limit kBT ≫ ω0 to check the validity of the fluctuation-
dissipation theorem that we briefly mentioned in the previous section. In this limit
the noise correlator is given by Kω = 2mγkBT . The average kinetic and potential
energy in the system is given by 1

2mω
2
0⟨x(t)2⟩ξ = 1

2 ,m⟨ẋ(t)2⟩ξ = 1
2kBT , which is

exactly what we would predict using the equipartition theorem.



30 CHAPTER 2. PATH INTEGRAL FOR OPEN SYSTEMS

2.3 Lindblad master equation

The difficulty in the general expression of the path-integral of an open system is not
so much the doubling of the degrees of freedom, which corresponds to going from
Ψ(x; t) to ρ(x, x′; t), but rather the fact that the action SG is in general not local in
time. In particular, this is due to the fact that Kω is frequency dependent which
translates to a nonlocal noise source. However, in many physical-situations one is only
interested to the evolution of the system with frequencies close to a bare frequency
ω0. In this case, it is possible to approximate Kω by the constant Kω0 .

In particular, we investigate the periodically driven harmonic oscillator with the
Hamiltonian

ĤS [p̂, x̂] =
p̂2

2m
+
mω2

0

2
x̂2 +

√
2mω0 f sin[(ω0 −∆)t] (2.33)

coupled to a bath with admittance Y (t). Here, we introduced the driving strength f
and the detuning ∆ between the resonance frequency ω0 and the driving frequency.
We are interested in the limit of small dissipation γ ≪ ω0 where the quality factor of
the resonator is high such that the relevant frequencies of the system dynamics are
centered very closely around the resonance frequency. For small detuning |∆| ≪ ω0,
we can therefore perform a rotating-wave approximation by introducing the coherent
state basis in the rotating frame via, compare to equations following (1.36),

x(t) =

√
2

mω0
Re
[
α(t)e−i(ω0−∆)t

]
, p(t) =

√
2mω0 Im

[
α(t)e−i(ω0−∆)t

]
. (2.34)

and assuming α(t) ∈ C to be a slow variable with frequency components αω which
are only nonzero for |ω| ≪ ω0. This corresponds to neglecting all fast-oscillating
terms in time.

We first perform the rotating-approximation on the system action yielding

SS =

∫
dt [pẋ−HS(p, x)] ≈

∫
dt
[
i
2(αα̇− αα̇)−∆|α|2 + i

2f(α− α)
]

=

∫
dt
[
iαα̇−∆|α|2 + i

2f(α− α)
]
. (2.35)

In this expression, the first term indicate that α ≡ â and α ≡ â† are canonically
conjugated variables albeit with a commutator [â, â†] = 1 (which differs by the factor
i when compared to [x̂, p̂] = i). The second term is the Hamiltonian in the rotating
frame which corresponds to

Ĥrw = ∆â†â− i
2f(â− â†) (2.36)

in the operator language. For the evolution of the density matrix, we equivalently
obtain SK = SS [p

+, x+]− SS [p
−, x−].
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Most importantly, in this approximation the action SG that describes the interaction
of the system becomes local in time in this approximation. In particular, we may
set Yω ≈ Yω0 . We split Yω0 = m(γ + i∆Y ) in its real and imaginary part. It can
be shown that the imaginary-part can be incorporated in an (unimportant) shift
∆ 7→ ∆+∆Y of the detuning; this is also called the Lamb shift in the literature. Thus,
we will only consider Yω0 = mγ in the following. We obtain Y (t) = mγδ(t− 0+) and
K(t) = 1

2mγ(2nω0 +1)[δ(t− 0+) + δ(t+0+)] which we can insert into Eq. (2.18) and
obtain the time-local action

SG ≈ iγ

∫
dt
[
1
2(α

qαc − αcαq) + (n0 +
1
2)|α

q|2
]

= iγ

∫
dt
[
−n0α+α− − (n0 + 1)α−α+ + (n0 +

1
2)(|α

+|2 + |α−|2)
]
; (2.37)

here, we introduced the (short) notation n0 = nω0 .

As a result, the propagator assumes the form

JS(αb, αb, tb;αa, αa, ta) =

∫ α+(tb)=αb

α+(ta)=αa

D[α+]D[α+]

∫ α−(tb)=αb

α−(ta)=αa

D[α−]D[α−]

× eαbα
+(tb)+αaα−(ta)+iS[α+,α+,α−,α−], (2.38)

with the total action S = SK + SG given by

S =

∫ tb

ta

dt
[
i(α+α̇+ − α−α̇−)−∆(|α+|2 − |α−|2) + i

2f(α
+ − α+− α− + α−)

− iγ(n0 + 1)α−α+ − iγn0α+α− + iγ(n0 +
1
2)(|α

+|2 + |α−|2)
]
.

(2.39)

It is evident that the dissipation is responsible for coupling the forward and backward
branch of the path integral as terms proportional to γ depend both on the backward
and forward value of the integration variable. The time-evolution thus involves the
density matrix ρ̂ and cannot be understood on the level of the wave-function Ψ.

As the action S is local in time, it corresponds to a simple differential equation in the
operator formulation; this equation goes under the name Lindblad master equation.
We can derive this equation by investigating how ρ̂ evolves in time. However, here we
shortcut this calculation by recalling the correspondence of the Schrodinger equation
and its path integral description. In the equation

i∂tΨ = Ĥ(p̂, x̂)Ψ (2.40)

the Hamiltonian Ĥ plays the role of the generator of time-translation with the
evolution given by T exp(−i

∫ t
dt′Ĥ). The corresponding path integral assumes the

form

Ψ =

∫
D[p]D[x] exp

[
i

∫ t

(pẋ−H)︸ ︷︷ ︸
=S

]
(2.41)
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the first term in the exponent encodes the fact that [x̂, p̂] = i. The second term is
the generator of time-translations as indicated above.

Given this insight, we extract the time-evolution of the density operator ρ̂ from
the time-local action S of (2.39). For this, we have to recall the crucial fact that
± correspond to applying the operators to the left/right of the density matrix; we
introduce the notation â± for these (super-)operators in the operator description.
The first two terms, just encode the fact that [â, â†] = 1 both for the operators to
the left and to the right of ρ̂. Thereby, the relative minus sign is simply due to the
fact that applying the operators to the right of ρ̂ effectively inverts their order. In
particular,

[â+, â
†
+](ρ̂) = â+â

†
+(ρ̂)− â†+â+(ρ̂) = ââ†ρ̂− â†âρ̂ = [â, â†]ρ = ρ̂ (2.42)

while

[â−, â
†
−](ρ̂) = â−â

†
−(ρ̂)− â†−â−(ρ̂) = ρ̂â†â− ρ̂ââ† = ρ[â†, â] = −ρ̂ . (2.43)

The remaining terms in (2.39) then correspond to the generator L (Lindbladian
superoperator). In the density matrix setting it is customary to denote the time
evolution as T exp(

∫ t
dt′L) which differs by a factor −i from the Hamiltonian evolution.

In particular, we have 2

L = −i(Ĥrw)+ + i(Ĥrw)−

+ γ(n0 + 1)â†−â+ + γn0â
†
+â− − 1

2γ(n0 +
1
2)({â

†
+, â+}+ {â†−, â−}) . (2.44)

The time-evolution of the density matrix is then given by the Lindblad equation

˙̂ρ = L(ρ̂) = −i[Ĥrw, ρ̂] + γ(n0 + 1)
(
âρ̂â† − 1

2{â
†â, ρ̂}

)
+ γn0

(
â†ρ̂â− 1

2{ââ
†, ρ̂}

)
,

(2.45)
where n0 = (eω0/kBT − 1)−1 corresponds to the Bose-Einstein occupation of the
harmonic oscillator. The first term of the Lindblad master equation describes the
reversible part of the dynamics. The remaining terms describe the irreversible
dynamics due to the coupling to the environment. By introducing the jump operator
J [Ô] with J [Ô]ρ̂ = Ôρ̂Ô† − 1

2{Ô
†Ô, ρ̂}, we can rewrite the master equation in the

form

˙̂ρ = −i[Ĥ, ρ̂] + γ(n0 + 1)J [â]ρ̂+ γn0J [â†]ρ̂ (2.46)

that is most conventional in the quantum optics literature. For a general, normal-
ordered rotating-wave Hamiltonian Ĥ(â†, â) the equivalent rotating-wave action is

2Note that the anti-commutator in the last term arises due to the fact that K(t) ∝ δ(t− 0+) +
δ(t+ 0+). The expression (2.44) is missing the term +γ/2. That this term has to be present can be
seen by checking that the trace has to be preserved under L. Alternatively, one can directly go from
(2.37) to the operator formalism by setting αq 7→ â+ − â−, αc 7→ 1

2
(â+ + â−) and remembering that

the quantum variables are to the left of the classical ones.
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given by

S =

∫ tb

ta

dt
[
i(α+α̇+ − α−α̇−)−H(α+, α+) +H(α−, α−)− iγ(n0 + 1)α−α+

− iγn0α+α− + iγ(n0 +
1
2)(|α

+|2 + |α−|2)
]
. (2.47)

2.3.1 Correlators

As the action S in Eq. (2.39) is quadratic in the fields α±, α±, we can explicitly
evaluate all correlators of interest. To this end, we rewrite the action as

S =

∫
dt
[
α+(t) α−(t)

]
M(t)

[
α+(t)
α−(t)

]
− f

∫
dt Re[α+(t)− α−(t)] (2.48)

with the local kernel

M(t) =

[
i∂t −∆+ iγ(n0 +

1
2) −iγn0

−iγ(n0 + 1) −i∂t +∆+ iγ(n0 +
1
2)

]
. (2.49)

In order to obtain correlation function, we have to invert M(t) which can be easily
achieve in frequency space with ∂t 7→ −iω. In the following, we investigate for simplic-
ity the situation without driving with f = ∆ = 0; the results can be straightforwardly
extended to the general case.

In particular, we obtain

⟨â†â⟩ = Tr(âρ̂â†) ≡ ⟨a+(0)a−(0)⟩ = i(M−1(t = 0))12 =

∫
dω

2π

n0γ

ω2 + (γ2 )
2
= n0

(2.50)
for the average number of photons. The result given by the Bose-Einstein distribution
is to be expected as we are investigating a harmonic oscillator in thermal equilibrium.

In a next step, we evaluate the first-order correlation function

g(1)(t) =
⟨â†(t)â(0)⟩

n0
≡ ⟨a+(0)a−(t)⟩

n0
=
i(M−1(−t))12

n0
=

∫
dω

2π

eiωtγ

ω2 + (γ2 )
2
= e−γ|t|/2

(2.51)
which decays with the rate 1

2γ. Note that g(1)(0) = 1 irrespective of temperature
(i.e., the thermal occupation n0).

Additionally, we can evaluate the second-order coherence of n̂(t) = â†(t)â(t)

g(2)(t) =
⟨: n̂(t)n̂(0) :⟩

n20
≡ ⟨a−(t)a+(t)a−(0)a+(0)⟩

n20
(2.52)

where the normal ordering : · : is traded for the Keldysh ordering (creation operators
get a − and annihilation operators a + label). Wick’s theorem yields two terms.
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Pairing the terms at the same time argument yields the occupation n20 which cancels
with the denominator. The other pairing gives a product of first order coherences
with the final result

g(2)(t) = 1 + |g(1)(t)|2 = 1 + e−γ|t| . (2.53)

This is always greater than 1 which is a result of the bosonic statistics and yields
the Hanbury and Brown Twiss effect. In fact, the second-order coherence starts at
g(2)(0) = 2 for vanishing time delay and then decays to 1 (for t→ ∞).

2.4 Martin-Siggia-Rose action

In a previous section, we investigated the classical limit of the Langevin equation.
Here, we want to discuss how we can take the classical limit of a quantum action
directly. Analogously to Sec. 2, we investigate a ‘particle’ in a general potential
described by the Hamiltonian ĤS [p̂, x̂] =

1
2m p̂

2 + V (x̂) coupled to an environment
described by the admittance Y (t). The corresponding total action S is given by
the sum of two terms S = SK + SG with SK given by Eq. (2.19) and SG given by
Eq. (2.18). For the classical limit, it is necessary to keep track of Planck’s constant ℏ.
We have the total action

S =
1

ℏ

∫
dt
[
pcẋq + pqẋc − 1

mp
cpq − V (xc + 1

2x
q) + V (xc − 1

2x
q)
]

+
1

ℏ

∫
dt

∫
dt′
[
−xq(t)Y (t−t′)ẋc(t′) + i

2x
q(t)K(t− t′)xq(t′)

]
, (2.54)

where in addition to the prefactor of the action, Planck’s constant also appears in
the Bose-Einstein occupation of the correlator K(t). The quantum variables xq and
pq are a measure of the quantum fluctuations. We have previously discussed the
classical limit of the Langevin equation, where we performed the path integral over
the quantum variables and showed that the resulting equation of motion is exact
in the high-temperature limit of strong fluctuations. Here, we want to take the
classical limit of the action directly by rescaling the quantum variables such that they
become a measure of the thermal fluctuations in the classical limit. We introduce the
rescaled quantum variables x̃ = ipq/ℏ and p̃ = −ixq/ℏ, such that we obtain conjugate
variables with [x̃, x] = [p̃, p] = 1 which implies x̃ ≡ ∂x and p̃ ≡ ∂p.

Analogously to the derivation of the Langevin equation, any non-linear terms in x̃
and p̃ vanish in the classical limit ℏ → 0. The only exception is the fluctuation term
where, in the classical limit, we find ℏω(2nω + 1) → 2kBT . In the end, we obtain

iS =

∫
dt

{
x̃ [ẋ− p/m] + p̃

[
ṗ+ V ′(x) +

∫
dt′
[
Y (t−t′)ẋ(t′) + 1

2K(t−t′)p̃(t′)
]]}

,

(2.55)

with the classical correlator K(t) = 2kBT
∫
(dω/2π) ReYωe

−iωt and the shorthand
xc = x and pc = p. In literature, this classical action is known as a Martin-Siggia-Rose
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action and the rescaled quantum variables x̃, p̃ — which are now a measure of the
thermal fluctuation strength — are referred to as response fields. Following the
same steps as in the derivation of the Langevin equation, we find that the action
corresponds to the coupled stochastic equations

mẋ(t) = p(t) (2.56)

ṗ(t) + V ′(x(t)) +

∫ t

−∞
dt′ Y (t−t′)ẋ(t′) = ξ(t), (2.57)

with the colored noise source ξ(t) and the correlator ⟨ξ(t)ξ(t′)⟩ξ = K(t− t′).

In order to obtain an action that is local in time, we consider a constant, purely-
dissipative admittance Y (t) = mγδ(t). In this case, the action in Eq. (2.55) is given
by

iS =

∫ tb

ta

dt
{
x̃ [ẋ− p/m] + p̃

[
ṗ+ V ′(x) + γp+mkBTγp̃

]}
, (2.58)

where we have used the equation of motion p = mẋ in the dissipative term for
convenience.

2.5 Fokker-Planck equation

In the classical limit, the density matrix becomes diagonal and corresponds to a
probability distribution P (x, p, t) of finding the ‘particle’ at position x and momentum
p = mẋ at a certain time t. Note that we can specify both coordinates in phase space
simultaneously as we consider the high temperature limit where quantum mechanics
is irrelevant (which can be seen by the fact that ℏ does not appear in the action any
more).

Analogous to the Lindblad master equation, the local action can be interpreted as
a differential equation for P (x, p, t). As before, the terms x̃ẋ and p̃ṗ encode the
commutator relation such that the response fields correspond to differential operators
with x̃ ≡ ∂x and p̃ ≡ ∂q. Due to the causality of the admittance, the differential
operators always stand to the left of the classical variables x and p. The remaining
terms lead to the Fokker-Planck equation

Ṗ (x, p, t) +∇ · J = 0, with ∇ =

[
∂x
∂p

]
and J =

[
p/m

−V ′(x)− γp− kBTmγ∂p

]
P (x, p, t), (2.59)

which is sometimes referred to as the Kramers’ equation.

Another common Fokker-Planck equation is the Smoluchowski equation which is valid
in the overdamped regime, where the relaxation time 1/γ is much smaller than any
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other timescale of the system. In this limit, we can neglect the interial term ẍ = ṗ
in the local action of Eq. (2.58). As a result, the dynamic of the variable p becomes
trivial and we can integrate over x̃ to obtain the overdamped action

iS =

∫ tb

ta

dt p̃
[
mγẋ+ V ′(x) + kBTmγp̃

]
. (2.60)

As a result of the overdamped approximation, the remaining variables x ad p̃ are now
conjugate with [p̃, x] = 1/mγ and the response field corresponds to the differential
operator p̃ = (1/mγ)∂x. We obtain the corresponding Fokker-Planck-Smoluchowski
equation

Ṗ (x, t) +
1

mγ
∂x

[
−V ′(x)− kBT∂x

]
P (x, t) = 0. (2.61)

While it is possible to use second order perturbation theory to perform the same
overdamped approximation directly from the Kramers’ equation in Eq. (2.59), the
derivation is quite involved. Here, we therefore limit ourselves to demonstrating how
both equations lead to the same equilibrium distribution.

In equilibrium with Ṗ = 0, Eq. (2.61) is a second order differential equation for P (x).
For a confining potential with V (x→ ±∞) = ∞, we can solve the differential equation
to obtain the normalizable solution P (x) = c exp[−V (x)/kBT ] with a normalization
constant c such that

∫
dxP (x) = 1. The probability distribution is commonly known

as the Boltzmann distribution.

In order to derive the equilibrium solution to Kramers’ equation in Eq. (2.59),
we employ the detailed balance conditions. They state that under time reversal
T , the (stationary) probability current and the probability distribution have to
fulfill the conditions J(Tx, Tp) = TJ and P (Tx, Tp) = P (x, p). Here, the time-
reversal operator T maps x 7→ x, p 7→ −p, Jx 7→ −Jx, and Jp 7→ Jp. Most of
them are trivially fulfilled. However, the relation Jp(x,−p) = Jp(x, p) leads to the
condition (γp + kBTmγ∂p)P (x, p) = 0; this equation has the solution P (x, p) =
f(x) exp(−p2/2mkBT ) with arbitrary f(x).

Inserting the solution fulfilling detailed balance into Eq. (2.59) leads to a first order
differential equation for f(x) that can be solved to obtain

P (x, p) = c c̃ e−V (x)/kBT−p2/2mkBT (2.62)

with an additional normalization constant c̃ such that
∫
dp c̃ exp(−p2/2kBT ) = 1.

This solution corresponds to the Maxwell-Boltzmann distribution in phase-space.
Note that the equilibrium distribution of the Smoluchowski equation is obtained
when integrating over p with P (x) =

∫
dpP (x, p).
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Figure 2.1: (a) Potential with a meta-stable minimum at x = 0. The height of the
potential barrier is given by V (x0) = V0. (b) Phase portrait of the Hamilton function
H(p, x). The thick lines correspond to the solutions at H = 0. An escape from the
meta-stable minimum is only possible via the thermally activated solution at p ≠ 0
(highlighted in red).

2.6 Thermal activation over a potential barrier

One instructive application of the Martin-Siggia-Rose formulation is the thermal
activation over a potential barrier. We consider a ‘particle’ in a meta-stable minimum
of a potential at x = 0 as sketched in Fig. 2.1(a). Additionally, we assume that
the particle’s motion is over-damped with γ ≫

√
V ′′(0). Then, the system can be

described by the action in Eq. (2.60). By substitution p = mγp̃, we obtain the action

iS =

∫ tb

ta

dt

[
pẋ+ p

V ′(x)

mγ
+
kBT

mγ
p2
]
=

∫ tb

ta

dt [pẋ−H(p, x)] , (2.63)

such that the saddle-point equations corresponds to Hamilton’s equations of motion
ẋ = ∂pH and ṗ = −∂xH with the ‘Hamilton function’ mγH(p, x) = −pV ′(x)−kBTp2.
Note that that H is not an energy and p does not correspond to the physical moment.
It is rather an auxiliary variable that encodes the noise. Nevertheless, the saddle-
point solutions conserve the value of the Hamilton function analogous to the energy
conservation in the conventional Hamilton formalism.

For the activation over the barrier, a special role is played by the trajectories for H = 0.
As indicated in the phase portrait in Fig. 2.1(b), the stationary solutions V ′(x) = 0
without noise (p = 0) lie on this value of H. These solutions are connected by first
the line p = 0, which corresponds to the relaxational dynamics mγẋ = −V ′(x), that
predicts the viscous relaxation towards the meta-stable minimum at x = 0. As such,
this solution does not offer the possibility to escape from the meta-stable state over
the barrier at x0. The second solution of H = 0 is p = −V ′(x)/kBT , mγẋ = V ′(x)
that allows for an escape from the meta-stable minimum. In order to obtain the
relative weight of finding the particle at a position x∗ ≫ x0 relative to the metastable
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position x = 0, we need to find the optimal trajectory that brings the system to the
position x∗. If no time restrictions are imposed, the optimal path is given by the zero
energy solution, which, in fact, requires an infinite amount of time to depart from
the minimum at x = 0. It is obvious from the phase portrait in Fig. 2.1(b) that in
order to escape the meta-stable state the system must follow the fluctuation curve
p = −V ′(x)/kBT to the maximum at x = x0 and then follow the noiseless solution
p = 0 to x→ ∞. The action is only accumulated along the fluctuating part of the
trajectory. To exponential accuracy, the escape rate is thus given by eiS0 , where S0
is the action of the optimal trajectory from x = 0 to x = x0 given by the shaded area
in Fig. 2.1(b). We obtain

iS0 =

∫
dt pẋ =

∫ x0

0
dx p(x) = − V0

kBT
. (2.64)

To exponential accuracy, we thus obtain the classical Boltzmann distribution which
is independent of the individual form of the potential.



Chapter 3

Photon counting statistics

3.1 Binomial process

We consider the following model for photon emission. At each discrete time step δ,
the system can emit a single photon with probability K (which is independent on
previous steps). In turn, the probability to emit no photon at each discrete time step
δ is given by 1−K. The process is repeated N times such that the total measurement
time is given by τ = Nδ. The probability to measure n photons during the total
measurement time τ is binomially distributed with P (n) =

(
N
n

)
Kn(1−K)N−n.

As a different approach to the problem, we can introduce a counting factor eiχ. The
idea is that in each step we have the two outcomes, 0-photons with probability
p0 = 1−K and 1-photon emitted with probability p1 = K. In each step, we decorate
the photon emission with the label eiχ which yields the factor p0+eiχp1 = 1−K+Keiχ.
The different steps are independent. For N steps we obtain the characteristic function

Z(χ) = (Keiχ + 1−K)N . (3.1)

In this expression eiχ counts the number of emitted photons. The terms corresponding
to no photon emission in any of the steps, do not depend on χ. The terms that
correspond to a single photon emission in any of the steps, are multiplied with the
factor eiχ. Two photons, obtain a factor eiχeiχ = e2iχ. Overall, the characteristic
function is given by Z(χ) =

∑N
n=0 P (n)e

inχ = ⟨einχ⟩ with P (n) the probability to
emit n-photons in N -steps during the measurement time τ in total. This relation
can be inverted with the result

P (n) =

∫ 2π

0

dχ

2π
Z(χ)e−inχ. (3.2)

As another useful property, characteristic functions provide us with the ability to
calculate the moment ⟨nj⟩ of the photon counting statistics by taking the jth derivative
of the characteristic functions with regards to iχ and setting χ = 0 in the end of the

39
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calculation. We obtain

⟨nj⟩ =
N∑

n=0

njP (n) =

[
dj

d(iχ)j

N∑
n=0

P (n)einχ

]
χ=0

=
djZ(χ)

d(iχ)j

∣∣∣∣∣
χ=0

. (3.3)

In different words, the moment ⟨nj⟩ corresponds to the jth coefficient in a Taylor
expansion of the characteristic function Z(χ) around χ = 0 with

Z(χ) =
∞∑
j=0

⟨nj⟩(iχ)
j

j!
. (3.4)

For the binomial process of photon emission described above, we obtain the average
number of photons ⟨n⟩ = KN . Analogously, we obtain ⟨n2⟩ = KN [1 +K(N − 1)]
and ⟨n3⟩ = KN [1+3K(N − 1)+K2(N − 1)(N − 2)]. In general, we can immediately
obtain from Eq. (3.1) that the jth moment ⟨nj⟩ is proportional to N j in the limit of
large N . Due to this, we have ⟨nj⟩ = ⟨n⟩j(1 +O(N−1)) such that all the moments
are dominated by ⟨n⟩ and thus all give the same information about the distribution.
On the other hand, it is well-known that the variance

Var(n) = ⟨n2⟩ − ⟨n⟩2 (3.5)

gives us additional information about the width of the distribution. This is due to
the fact, that the dominating term ∝ N2 is canceled between the two terms on the
right hand side such that only the subleading term ∝ N remains. The question is to
generalize this procedure and to define ‘better’ higher order moments that give us
new information about the distribution and are not simply swamped by the average
(and the variance) for N → ∞.

This tasked is solved by the cumulants ⟨⟨nj⟩⟩ which are defined as the Taylor expansion
coefficients of the logarithm of the characteristic function — also known as the
cumulant generating function λ(χ) = lnZ(χ). We define the cumulants ⟨⟨nj⟩⟩ =
djλ(χ)/d(iχ)j |χ=0. The first four cumulants are given by

⟨⟨n⟩⟩ = ⟨n⟩ = n̄, (3.6)

⟨⟨n2⟩⟩ = Var(n) = ⟨(n− n̄)2⟩ (3.7)

⟨⟨n3⟩⟩ = ⟨n3⟩ − 3⟨n2⟩⟨n⟩+ 2⟨n⟩3 = ⟨(n− n̄)3⟩, (3.8)

⟨⟨n4⟩⟩ = ⟨n4⟩ − 4⟨n3⟩⟨n⟩ − 3⟨n2⟩2 + 12⟨n2⟩⟨n⟩2 − 6⟨n⟩4 ̸= ⟨(n− n̄)4⟩. (3.9)

The first cumulant corresponds to the mean, the second cumulant is the variance,
and the third cumulant is identical to the third central moment. However, the higher
cumulants are neither moments nor central moments, but rather more complicated
polynomial functions of the moments. In general, the moments and cumulants are
connected via the recursion relation

⟨⟨nj⟩⟩ = ⟨nj⟩ −
j−1∑
k=1

(
j − 1

k

)
⟨⟨nk⟩⟩⟨nj−k⟩. (3.10)
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For the binomial process of photon emission, we obtain

λ(χ) = N ln(Keiχ + 1−K) (3.11)

and the first three cumulants are given by ⟨n⟩ = NK, ⟨⟨n2⟩⟩ = NK(1 − K), and
⟨⟨n3⟩⟩ = NK(1−3K+2K2). In contrast to the moments, each cumulant is proportional
to N independent of its order.

In general, cumulants have several advantages over moments. For example, only a
few cumulants are necessary to sufficiently describe most probability distributions.
In particular, the well-known Gaussian distribution can be entirely described by
the first two cumulants. Furthermore, the cumulants of the sum of two statistically
independent variables separate with λn+m(χ) = ln⟨ei(n+m)χ⟩ = ln⟨einχ⟩+ ln⟨eimχ⟩ =
λn(χ) + λm(χ).

Another commonly used property used to characterized photon statistics is the Fano
factor F = ⟨⟨n2⟩⟩/⟨n⟩. It is a measure for the average number of correlated photons. In
particular, a Fano factor F > 1 describes bunched photons while a Fano factor F < 1
corresponds to an anti-bunched counting statistics. A Fano factor of 1 describes a
Poissonian statistics where each photon is emitted independent of previous emissions.
For the binomial process, we obtain an anti-bunched statistics with F = 1−K.

For completeness, we also mention the factorial moments and cumulants. The factorial
moment generating function corresponds to F (s) = ⟨sn⟩ with the factorial moments
given by ⟨nj⟩f = djF (s)/dsj |s=1. The factorial moments are connected to the regular
moments via ⟨nj⟩f = ⟨n(n− 1) . . . (n− j +1)⟩. The corresponding factorial cumulant
generating function is given by µ(s) = lnF (s) with ⟨⟨nj⟩⟩f = djµ(s)/dsj |s=1. The
factorial moment generating function can be obtained from the regular moment
generating function via the substitution eiχ 7→ s. The Poissonian distribution can
be described entirely by the first factorial cumulant. As such, factorial cumulants
are particularly useful to describe probability distributions that closely resemble a
Poissonian statistics. For the binomial distribution, the second and third factorial
cumulants are given by ⟨⟨n2⟩⟩f = −NK2 and ⟨⟨n3⟩⟩f = 2NK3.

3.2 Continuum limit and rate equations

In this section, we want to consider the continuum limit of the binomial photon-
emission process. It corresponds to taking the two limits δ → 0 and K → 0 while
leaving the emission rate K/δ = Γ constant. In this limit, we can expand the
cumulant-generating function of the binomial process of Eq. (3.11) in K to obtain

λ(χ) = τΓ(eiχ − 1). (3.12)

This cumulant-generating function of photon emission during a measurement time
τ describes a Poissonian process where the cumulants are given by ⟨⟨nj⟩⟩ = τΓ. In
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Figure 3.1: Diagram of a Poissonian process that emits photons
at a rate Γ. The counting term eiχ provides access to the
counting statistics of emitted photons. The probability P1 to
remain in the single available state remains one throughout the
time evolution.

terms of the factorial cumulants, this means that only the first factorial cumulant is
nonzero. We can write down the rate equation

Ṗ1(t) = eiχ(t)ΓP1(t)− ΓP1(t) (3.13)

involving only a single state that corresponds to this process. An equivalent dia-
grammatic description can be found in Fig. 3.1. As the system consists of a single
state, the probability P1 to be in this state remains unchanged throughout the time
evolution. This can be obtained directly by setting the counting field χ(t) = 0 in the
differential equation above such that we find Ṗ1 = 0. However, the system is still able
to emit photons at a rate Γ without changing its overall state as is characteristic for
a Poissonian process. In the rate eqaution, the first term corresponds to the emission
of the photon and has thus been decorated with the counting factor eiχ(t). A common
choice is a piecewise-constant counting field, with χ(t) = χ during the measurement
time τ and χ(t) = 0 at all other times. Then, the characteristic function can be
obtained by solving the rate equation in Eq. (3.13) for finite χ over the measurement
time τ . The characteristic function for counting in the interval τ is then given
by Z(χ) = P1(τ). The result coincides with the previously obtained characterisitc
function in Eq. (3.12).

More generally, the rate equation can be straightforwardly generalized to multi-state
dynamics with Pn the probability to be in state N . The evolution is then given
by a general Markov master equation Ṗ = MP with M the transition matrix. It
is also possible to have processes that involve more than a single photon. In this
case, each term in M corresponding to a process where k photons can be detected
is multiplied by the counting factor eikχ(t) analogous to Eq. (3.13). In this way,
the transition matrix M depends on χ. It is even possible to set k < 0 which
corresponds to ‘negative’ counting, i.e., removing photons from the detector. In the
general case, the characteristic function is given by the sum over all probabilities
Z(χ) =

∑
n Pn(τ) =

∑
n[e

M(χ)τP (0)]n.

3.3 Lindblad master equation

Analogous to counting fields in rate equations, we can also introduce counting fields
to the Lindblad master equation. As an important example, we consider a system
with a characteristic frequency ω0 and the corresponding rotating-wave Hamiltonian
Ĥrw that is coupled to a bath at temperature T by the dissipation rate γ. We couple
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this system to a detector with a coupling rate γd. A diagram of the model is displayed
in Fig. 3.2. Since we want to model an ideal detector that only absorbs photons, we
set the temperature of the detector to zero. The system is described by the Lindblad
master equation

˙̂ρ = −i[Ĥrw, ρ̂] + γ(n0 + 1)J [â]ρ̂+ γn0J [â†]ρ̂+ γd

(
eiχ(t)âρ̂â† − 1

2{â
†â, ρ̂}

)
, (3.14)

with n0 the Bose-Einstein occupation at frequency ω0 and temperature T . The
first three terms are equivalent to the evolution of the system without a detector,
while the the last term encodes the coupling of the system to the detector. The
counting factor eiχ(t) is coupled to the term γdâρ̂â

† which corresponds to the emission
of a single photon into the detector. For a piecewise-constant counting field, the
characteristic function can consequently be obtained by solving the master equation
for finite χ over the time τ and taking the trace of the final density matrix such that
Z(χ) = Tr ρ̂(τ). In the long time limit, the leading contribution to the characteristic
function is independent of the initial condition ρ̂(0). We can rewrite Eq. (3.14) in
the form

˙̂ρ=−i[Ĥrw, ρ̂]+Γ(n̄+1)J [â]ρ̂+ Γn̄J [â†]ρ̂+ ηΓ(eiχ(t)−1)âρ̂â†, (3.15)

with the total dissipation rate Γ = γ + γd, the detection efficiency η = γd/Γ, and the
effective Bose-Einstein occupation n̄ = γn0/Γ = (1−η)n0. The effective Bose-Einstein
occupation is reduced due to the additional coupling of the system to the detector at
T = 0, as photons emitted to the detector reduce the effective temperature of the
system. Dependent on the coupling rates, the effective Bose-Einstein occupation of
the system takes a value between 0 and n0. For γ = 0, photons can only leave the
system via the detector and we obtain a detection efficiency η = 1. Furthermore, since
the system is only connected to the detector at T = 0, the effective Bose-Einstein
occupation is given by n̄ = 0. For γ > 0, photons can also leave the system undetected
via the thermal bath. This leads to a finite detection efficiency η < 1.

As previously discussed, the Lindblad master equation can be straightforwardly
mapped to the path integral formalism with a local-in-time action. Using the path
integral formalism, we obtain the characteristic function

Z(χ) =

∫
D[α+]D[α+]D[α−]D[α−]eiS[α

+,α−,α+,α−,χ], (3.16)

Figure 3.2: Diagram of an open-system detector model.
The system is coupled to a bath at temperature T by the
coupling rate γ. Additionally, the system is coupled to an
ideal detector at T = 0 with the dissipation rate γd.
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with a local-in-time action S that depends on the counting field χ(t) via the relation

S =

∫
dt
[
i(α+α̇+ − α−α̇−)−Hrw(α+, α+) +Hrw(α−, α−)

− iΓ(n̄+ 1)α−α+ − iΓn̄α+α− + iΓ(n̄+ 1
2)(|α

+|2 + |α−|2)

− iηΓ(eiχ(t)−)α−α+
]
. (3.17)

3.4 Harmonic oscillator in thermal equilibrium

In this section, we want to calculate the counting statistics of a harmonic oscillator
with resonance frequency ω0 in thermal equilibrium. In experiments, a harmonic
oscillator corresponds to a cavity in which the photons are trapped. Such cavities
make sure that only a single mode of the light-field at frequency ω0 is relevant to
describe the system. Such cavities can be made experimentally with quality factors
of the order of 1010. This means that each photon bounces 1010 times between the
mirrors before it is essentially lost. Due to the very weak coupling to the environment,
a rotating-wave approximation is very accurate. For a harmonic oscillator is not
connected to any external drive, we obtain the rotating-wave Hamiltonian Ĥrw = 0.

We count the photons emitted at the detector in the measurement interval (0, τ).
Analogously to the previous section, we set χ(t) = χ during the measurement interval
and χ(t) = 0 at all other times. We are interested in the limit of long measurement
times τ ≫ 1/Γ, such that the measurement time is much longer than the typical
waiting time of the photon emission. In this limit, we can disregard the contribution
associated with the boundary conditions at the ends of the interval. In other words,
we are only interested in the contribution to the cumulants that increases linearly
with the measurement time. So instead of evaluating the situation counting field χ is
finite in the interval [0, τ ] and zero outside, we consider the system to be periodic
in time (with period τ). Because of this, we remove boundary effect due to the
turning-on and -off of the counting field.

Due to this, we introduce discrete frequencies spaced equally apart with 2π/τ such
that α(t) =

∑∞
k=−∞ αωk

e−iωkt with ωk = 2πk/τ . In frequency space, we obtain the
quadratic action

S(χ) = iτ

∞∑
k=−∞

αωk

TAωk
(χ)αωk

, with (3.18)

Aωk
(χ) =

[
−iωk + Γ(n̄+ 1

2) −Γn̄
−Γ(n̄+ 1)− ηΓ(eiχ − 1) iωk + Γ(n̄+ 1

2)

]
, (3.19)

where we introduced αωk
= (α+

ωk
, α−

ωk
)T . Since the action separates for each discrete

frequency, evaluating the path integrals amounts to calculating the determinant of
the matrix Aωk

at each frequency. Instead of keeping track of the normalization



3.4. HARMONIC OSCILLATOR IN THERMAL EQUILIBRIUM 45

constants, we simply demand that a multiplicative constant is fixed by the relation
Z(0) = 1. This is equivalent to dividing the result for finite χ by the result for χ = 0
(which would be 1 if all the constants would be taken into account). We obtain the
characteristic function Z(χ) =

∏∞
k=−∞DetAωk

(χ = 0)/DetAωk
(χ).

In the limit of long measurement times τ ≫ 1/Γ, we turn the product of determinants
into the exponent of a sum and transform the sum to a frequency integral such that

Z(χ) = eλ(χ), with λ(χ) = −τ
∫
dω

2π
ln

[
1− 4ηn̄(eiχ − 1)Γ2

Γ2 + 4ω2

]
. (3.20)

with the cumulant-generating function λ(χ). Using partial integration, we can perform
the integral to obtain

λ(χ) =
τΓ

2

[
1−

√
1− 4ηn̄(eiχ − 1)

]
. (3.21)

For the average number of photons, we obtain ⟨n⟩ = ηn̄Γτ with the variance given by
⟨⟨n2⟩⟩ = ηn̄(1+2ηn̄)Γτ . For the Fano factor of the radiation, we find F = ⟨⟨n2⟩⟩/⟨n⟩ =
1+ 2ηn̄. Therefore, the emitted photons are bunched. The Fano factor is also related
to the second-order coherence g(2)(t) of the radiation by the integral

F = 1 +
⟨n⟩
τ

∫
dt
[
g(2)(t)− 1

]
. (3.22)

As we derived in Eq. (2.53), the second-order coherence of the thermal radiation is
given by g(2)(t) = 1 + e−Γ|t| which leads to the Fano factor calculated above.

Furthermore, the jth factorial cumulant is given by

⟨⟨nj⟩⟩f =
(2j − 2)!

(j − 1)!
ηjn̄jΓτ. (3.23)

It is evident that for ηn̄≪ 1 higher order factorial cumulants become very small. In
this limit, we can expand the cumulant-generating function in Eq. (3.21) to obtain a
Poissonian distribution with λ(χ) = τΓηn̄(eiχ − 1). In the limit of small detection
efficiency or small temperatures, the thermal radiation from a single oscillatory mode
thus exhibits a Poissonian statistics.

Comment on the quantization of photons:

In the high temperature limit with n̄≫ 1, the average number of photons emitted
during the time interval (0, τ) is large. In this limit, we can neglect the discreetness
of the photon flow and replace eiχ − 1 7→ iχ, valid for small χ, in the cumulant-
generating function such that λ(χ) ≈ τΓ(1 −

√
1− 4iχηn̄)/2. The probability to

detect n-‘photons’ is then given by, see Eq. (3.2),

P (n) =

∫
dχ

2π
e−inχ+λ(χ). (3.24)
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Note that n is now a real number as the photons are not quantized any more.

In this limit, we want to calculate the probability of large deviations of the photon
current I = n/τ from its average value ⟨I⟩ = ⟨n⟩/τ . To this end, we evaluate the
probability in Eq. (3.24) at n = Iτ . Using the saddle-point approximation, we obtain
P (I) ∝ eL(I) with L(I) = minx[−xIτ + λ(−ix)] to exponential accuracy. The final
result is given by

P (I) ∝ exp

[
−τΓ(I − ⟨I⟩)2

4I⟨I⟩

]
. (3.25)

A Gaussian approximation around I = ⟨I⟩ yields the expected result P (I) ∝ exp[−(I−
⟨I⟩)2/2σ2I ] with σ2I = ⟨⟨n2⟩⟩/τ2.

3.5 Homodyne detection

In Sec. 3.3, we have introduced a photon detector that counts the number of photons
emitted at the detector but does not retain any information on the phase of the
radiation. In Sec. 5.1, we are going to see that a laser breaks the symmetry in phase
and is characterized by a fast relaxation to a state with a finite number of photons,
followed by a slow dephasing. In order to detect this physics experimentally, it is
important to obtain information on the phase of the light field.

Homodyne detection is a method to extract additional information about the phase
properties of the radiation. To achieve this, the original signal — characterized
by a complex amplitude α — is send through a beam splitter, where it interferes
with an external, coherent reference signal at the same frequency as the source
signal — characterized by the complex amplitude Aeiφa producing the amplitude
(α± +Aeiφa)/

√
2 at its output.

The method is illustrated in Fig. 3.3. The phase φa of the reference signal can be
controlled externally by a phase shifter. The mixed signal is measured by a photon
detector. As the properties of the mixed signal depend on the adjustable phase-
difference between the source and the reference signal, the detected photon statistics
retains information on the phase of the radiation. As introduced in Eq. (3.17), the
term

Sχ = −iηΓ
∫
dt (eiχ(t) − 1)α−α+ (3.26)

in the action corresponds to a zero temperature photon detector that is coupled
to a system with a coupling rate γd such that Γ = γ + γd corresponds to the total
dissipation of the system and η = γd/Γ corresponds to the detection efficiency of the
detector. For homodyne detection with a 50:50 beam splitter, we need to couple the
counting field to the mixed signal (α+Aeiφa)/

√
2, instead of the pure source signal

characterized by α. If the remaining parameters remain unchanged and A is scaled in
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accordance with the system parameters, this change can be incorporated in the action
by the mapping α± 7→ (α± +Aeiφa)/

√
2. Furthermore, we are interested in a large

reference signal with |α| ≪ A such that the counting terms that are independent of
A can be neglected. We obtain the homodyne counting action

Sh = − iηΓ
2

∫
dt (eiχ(t) − 1)(A2 + α−Aeiφa + α+Ae−iφa). (3.27)

One particular advantage of homodyne detection is the opportunity to obtain infor-
mation on the first-order correlation function

g(1)(t) ∝ ⟨â†(t)â(0)⟩ ≡ ⟨α−(t)α+(0)⟩ (3.28)

of the source signal. A pure photon detector can only ever measure the previously
introduced second-order coherence of n̂(t) = â†(t)â(t) with

g(2)(t) ∝ ⟨: n̂(t)n̂(0) :⟩ ≡ ⟨α−(t)α+(t)α−(0)α+(0)⟩. (3.29)

However, such a g(2)(t) measurement of the mixed signal where α−α+ 7→ 1
2(A

2 +

α−Aeiφa + α+Ae−iφa) can be used to obtain information about the first-order corre-
lation g(1)(t) of the source signal.

In particular, the constant amplitude 1
2A

2 of the reference signal can be subtracted
from the measured signal obtaining δn̂ = n̂− 1

2A
2. The second-order correlation of

the remaining signal is then given by

⟨:δn̂(t)δn̂(0) :⟩ ≡ 1
4A

2
[
e2iφa⟨α−(t)α−(0)⟩+ e−2iφa⟨α+(t)α+(0)⟩ (3.30)

+ ⟨α−(t)α+(0)⟩+ ⟨α−(0)α+(t)⟩
]
.

Without squeezing, the term ⟨â(t)â(0)⟩ ≡ ⟨α+(t)α+(0)⟩ vanishes such that only the
two last terms remain. More generally, we can average the measured correlation with
regards to the phase of the reference signal yielding

⟨:δn̂(t)δn̂(0) :⟩ ∝
[
g(1)(t) + g(1)(−t)

]
. (3.31)

The second-order coherence ⟨:δn̂(t)δn̂(0) :⟩ of the mixed signal is thus directly related
to the first-order coherence of the system under test.

Figure 3.3: (a) Schematic illustrating the
pure photon detection of a source signal
characterized by a complex amplitude α.
(b) Schematic illustrating homodyne detec-
tion. Before detection, the original signal is
send through a 50:50 beam splitter, where
it interferes with an external, coherent ref-
erence signal at the same frequency as the
source signal — characterized by the com-
plex amplitude Aeiφa , where the phase φa

of the reference signal can be controlled.
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Example: As an example, we apply the formalism to the example of a coherently
driven harmonic oscillator with the total dissipation rate Γ. The classical dynamics
of the system is described by (cf. Eqs. (2.33) and following)

mẍ+mΓẋ+mω2
0x+

√
2mω0 f sin[(ω0 −∆)t = 0, (3.32)

with a finite detuning ∆ ≪ ω0. In the rotating frame, we parameterize x(t) =√
2/mω0Re[α(t)e

−i(ω0−∆)t] via the slow degrees α(t). The corresponding quasi-
classical action of the system coupled to a homodyne detector is given by

S = Sh +

∫
dt
[
i
(
αqα̇c − αqα̇c

)
−∆(αqαc + αqαc) (3.33)

+ i
2f
(
αq − αq

)
+ i

2Γ
(
αqαc − αqαc

)
+ i

2Γ|α
q|2
]
,

valid for Γ, kBT ≪ ω0. Note that for homodyne detection with |α| ≪ A, only the
saddle-point of the counting action contributes to the steady-state counting statistics
independent of the particular system dynamics. In order to calculate the counting
statistics, we, thus, have to solve the linear steady-state equations ∂S/∂α± = 0 and
∂S/∂α± = 0 at a finite counting field for α̇± = 0. By inserting the obtained steady-
state solutions α±

0 and α±
0 back into the action in Eq. (3.33), we obtain the cumulant

generating function λh = iS0 which is extensive S0 ∝ τ due to the integration over
time. It is useful to write the final result in the form λh = λA + λφa with

λA = 1
2A

2ηΓτ(eiχ − 1) and λφa = A
f [Γ cos(φa)− 2∆ sin(φa)]

Γ2 + 4∆2
ηΓτ(eiχ − 1) ;

(3.34)

Both counting statistics describe Poissonian photon statistics. The first term λA
corresponds to the counting statistics of the reference signal and does not contain any
information about the source signal. The second term λφa is of much more interest
as it carries information about both the phase and the amplitude of the source signal.

For reference, the pure photon counting statistics, obtained by directly measuring
the photon current of the system, is given by

λ =
f2

Γ2 + 4∆2
ηΓτ(eiχ − 1) = NηΓτ(eiχ − 1). (3.35)

This result was obtained by replacing Sh 7→ Sχ in Eq. (3.33) and solving the corre-
sponding steady-state equations. Note that the ratio N = ⟨n⟩/ηΓτ corresponds to
the photon number in the oscillator N , see below Eq. (3.21) where n̄ plays the role
of the average occupation of the oscillator in equilibrium.

For the homodyne detection, the signal ⟨nh⟩ depends on the reference phase φa. In
an experiment, the phase of the reference signal is often adjusted to the value

φ∗
a = − arctan(2∆/Γ) (3.36)
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which leads to the largest signal. The phase can be understood from the fact that the
classical steady-state solution is given by x(t) = A0 cos[(ω0 −∆)t−φ∗

a] with A2
0 ∝ N .

In particular, on resonance with ∆ = 0, the oscillator lags π/2 behind the drive
∝ sin(ω0t), see Sec. 4.1 below. Mixing the source x(t) with a reference oscillator,
we get the maximal signal when the phases coincide. For the optimal phase, the
homodyne detection is given by the expression

λφ∗
a
=

f√
Γ2 + 4∆2

ηΓτ(eiχ − 1) =
√
NηΓτ(eiχ − 1) . (3.37)

For the homodyne detection, the measured signal ⟨δnn⟩ = ⟨nh⟩ − 1
2A

2 = ⟨nφ∗
a
⟩ =√

NηΓτ is related to the square-root of the photon number in the resonator with√
N = ⟨nφ∗

a
⟩/ηΓτ .

The measurement of every photon detector is impeded by shot noise. Shot noise
is caused by the discrete nature of the photons and dominates when the detected
number of photons is sufficiently small so that uncertainties due to the Poisson
distribution, which describes the occurrence of independent, random detection events,
are of significance. In particular, we obtain for the pure photon counting statistics in
Eq. (3.35) that the (signal-to-noise ratio)

SNR =
|⟨n⟩|2

⟨⟨n2⟩⟩
= NηΓτ ∝ τ, (3.38)

with SNR = ⟨n⟩ that is typical for a purely Poissonian process. For longer measure-
ment times and thus a larger number of detected photons, the signal-to-noise ratio
increases. In order to obtain a signal-to-noise ratio of 100, the detector needs to
detect 100 photons.

In the homodyne detection method, the photon detector measures the signal ⟨δnh⟩ =
⟨nφa⟩, where the trivial contribution due to the reference signal has been subtracted.
At the optimal phase of the reference oscillator, the signal corresponds to ⟨nφ∗

a
⟩, while

the noise is dominated by the reference signal λA with ⟨⟨n2A⟩⟩ = ⟨nA⟩ = 1
2A

2ηΓτ . The
signal to noise ratio is given by

SNRh =
|⟨nφ∗

a
⟩|2

⟨⟨n2A⟩⟩
= 2NηΓτ = 2 SNR . (3.39)

The homodyne detection allows to determine the individual quadratures of the
oscillator and results in a larger lower signal-to-noise ratio. The discussion in this
section might indicate that the homodyne detection method yields nothing but
benefits. Note, however, that in a more experimental context, the reference signal
and the beam splitter can constitute additional noise sources that further impede the
signal-to-noise ratio.



Chapter 4

Degenerate parametric oscillator

4.1 Parametrically driven harmonic oscillator

The externally driven harmonic oscillator is one of the most well known examples for
a driven system. On resonance, the classical, noiseless dynamics is described by an
equation of motion of the form

ẍ+ γẋ+ ω2
0x+ 2fω0γ sin(ω0t) = 0. (4.1)

Here, γ corresponds to the dissipation rate, ω0 is the resonance frequency of the
oscillator, and 2fω0γ is the amplitude of the resonant drive. For convenience, we
have set the mass of the particle m = 1. In this chapter, we will be interested in the
regime of weak damping with γ ≪ ω0.

This equation has the steady state solution x0(t) = A0 sin(ω0t+φ0) with the amplitude
A0 = 2f and the phase-shift φ0 = π/2 such that the resonant response lags behind
the driving signal. Moreover, if the system is at rest at t = 0 with x(0) = ẋ(0) = 0,
the amplitude initially increases linearly until it starts to saturate to its steady state
value. In total, we obtain A(t) = A0(1− e−γt/2) as displayed in Fig. 4.1(a).

In contrast, a resonant parametric drive is described by the equation of motion

ẍ+ γẋ+ ω2
0x+ 2fω0γ sin(2ω0t)x = 0. (4.2)

The parametric drive corresponds to a periodic variation of the resonance frequency
at twice the resonance frequency with ω2(t) = ω2

0[1 + (2fγ/ω0) sin(2ω0t)]. This
resonance condition can be easily understood by the following handwaving argument.
We assume that the system oscillates at its resonance frequency ω0. Then, we can apply
a trigonometric identity to show that the product of the drive f(t) = 2fω0γ sin(2ω0t)
and the system variable x(t) = A sin(ω0t+ φ) produces two driving signals, one at
frequency ω0 and the other at 3ω0

f(t)x(t) = Afω0γ[cos(ω0t− φ)− cos(3ω0t+ φ)]. (4.3)

50
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Figure 4.1: (a) Exemplary time-evolution of an externally driven harmonic oscillator
with a quality factor ω0/γ = 10 and initial condition x(0) = ẋ(0) = 0 (black, solid).
The amplitude of the oscillation initially increases linearly until it starts to saturate
to its steady state value A0 as indicated by the dashed, red line. For reference,
the resonant driving force −2fω0γ sin(ω0t) is indicated by the thin, dotted line.
(b) Exemplary time-evolution of a parametrically driven harmonic oscillator with a
quality factor ω0/γ = 10, a driving strength f = 2 > f∗, and an initial amplitude
Ai (black, solid). As the driving strength exceed the bifurcation threshold f∗ = 1,
the amplitude of the oscillation increases exponentially as indicated by the dashed,
red line. For reference, the periodic variation of the squared resonance frequency
2fγω0 sin(2ω0t) is indicated by the thin, dotted line.

Being off-resonance, the signal at frequency 3ω0 can be neglected for this discussion.
In contrast, the remaining term can be interpreted as a resonant external driving
force. This argument leads to two important observations: First, the amplitude of
the resonant driving signal is proportional to the amplitude A of the oscillation itself.
Therefore, it is expected that the amplitude grows exponentially in time unless the
initial amplitude is zero. The second observation is more subtle. As we discussed
above, the resonant response of an externally driven harmonic oscillator lags behind
the driving signal by a phase of π

2 . In our handwaving argument, this condition is
only fulfilled for the two phase-shifts φ = ±π

2 . This property is often referred to as
phase-sensitive amplification since only certain oscillations of the system are amplified
by the parametric drive. This property is further discussed below.

A more detailed calculation, see below, for γ ≪ ω0 with an initial amplitude Ai

arrives at the phase-locked solutions x(t) = A(t) sin(ω0t+ φ0) with the amplitude
A(t) = Ai exp[

1
2γ(f − 1)t] and the two possible phase-shifts φ0 = ±π

2 . As for an
externally driven oscillator, a finite dissipation leads to an exponential decrease of
the amplitude over time. However, in contrast to the externally driven oscillator,
the parametric drive adds an additional exponential contribution to the dynamics.
As a result, the system dynamics can be divided into two regimes: For f < 1, the
dissipation outweighs the parametric drive and the initial amplitude of the oscillation
decreases exponentially. At the bifurcation threshold f∗ = 1, the system undergoes
qualitative change in dynamics (second-order nonequilibrium phase transition) such
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that for f > 1 the amplitude of the oscillation increases exponentially as displayed in
Fig. 4.1(b). Thus, in this regime, the dissipation is no longer sufficient to stabilize
the oscillations. As a result, non-linearities are needed to stabilize the system in the
regime f > 1. This behavior is quite different from the externally driven system,
where a finite steady-state amplitude A0 exists for every non-zero value of f and γ.

4.2 Classical above-threshold dynamics

To stabilize the system above threshold (f > 1), we have to include nonlinearities.
Here, we assume that the driver that causes the parametric resonance also provides
the nonlinearity. The system can be then described by

ẍ+ γẋ+ ω2
0x+ 2fω0γ sin(2ω0t)x

(
1− 4ω0ϵx

2
)
= 0, (4.4)

where ϵ≪ 1 measures the strength of the nonlinearity. For weak nonlinearities, we
can discard any higher order nonlinear terms and also ensure that the anharmonicity
does not influence the system below threshold. As above, we are interested in the
limit of weak dissipation γ ≪ ω0 such that the quality factor of the oscillator is high,
thus, the relevant frequencies of the dynamics are centered around the resonance
frequency. This allows to perform a rotating wave approximation. We introduce

x(t) = A1(t) cos(ω0t) +A2(t) sin(ω0t) (4.5)

and assume that the amplitudes A1(t), A2(t) are slow variables where only frequencies
much smaller than ω0 contribute. Plugging this ansatz in the Eq. (4.4), neglecting
Äi (which is smaller than ω0Ȧi), and collecting the coefficients in front of sin(ω0t)
and cos(ω0t) which have to vanish, we obtain the coupled equations

Ȧ1 = −γ
2
(1− f)A1 − fγω0ϵA1

(
A2

1 + 3A2
2

)
, (4.6)

Ȧ2 = −γ
2
(1 + f)A2 + fγω0ϵA2

(
A2

2 + 3A2
1

)
(4.7)

for the slow amplitudes Ai. Here, the first term corresponds to the parametric drive
while the second term encodes the nonlinear stabilization.

Looking only at the contribution of the parametric drive, we observe that the
amplitudes A1 and A2 corresponding to the two quadratures decay with different
time constants. The mode A2 decays with a rate γ(1 + f)/2 while the mode A1

decays with γ(1− f)/2. Above the threshold with f = f∗ = 1, the amplitude A1 even
gets amplified, while A2 is strongly surpressed. This represents the phase-sensitive
amplification discussed above.

For f > 1, we obtain the steady-state solution A2 = 0 and A1 = ±A0, where

A0 = ±
√

1

2ω0ϵ

√
f − 1

f
(4.8)
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This is again an indication of the phase-sensitive amplification where only the waves
with the phases φ0 = ±π

2 corresponding to cos(ω0t) and − cos(ω0t) get amplified.
Unsurprisingly, the steady state amplitude grows with larger driving strengths f
and weaker nonlinearities. Also, the behavior that a stable solution, here at A = 0,
becomes unstable at f = f∗ and two new stable solutions emerge that grow with
an inverse power-law A ∼ (f − f∗)

1/m, here with m = 2, is the benchmark of a so
called pitchfork bifurcation. Since the phase φ0 results such that A2 = 0, we say that
the bifurcation happens in the A1 quadrature. Note that the steady state amplitude
reaches a finite value for large f since the stabilizing potential is also provided by
the driver, thus the nonlinearity grows stronger for increasing f . Also, it is possible
to show that another bifurcation happens at f = 2 splitting the two steady state
solutions in a total of four solutions with a phase difference of π/4. However, we will
be interested in the dynamics close to the instability at f ≈ 1 such that we do not
have to concern ourselves with large driving strengths.

4.3 Photon radiation below the instability threshold

While classical, coherent radiation is no longer possible below the threshold, quantum
fluctuations enable the emission of photons. In this section, we investigate the
resulting counting statistics of photon radiation. We focus on the limit ϵω0x

2 ≪ 1
where the anharmonic stabilization of the system can be neglected. Employing the
action of a general environment in Eq. (2.18), we can write down a quadratic quantum
action that corresponds to the classical equation of motion in Eq. (4.2). We obtain

S =

∫
dt

{
pq [ẋc − pc]− xq

[
ṗc + ω2

0x
c + 2fω0γ sin(2ω0t)x

c

+ γẋc +
i

2

∫
dt′K(t− t′)xq(t′)

]}
.

(4.9)

with K(t) =
∫
(dω/2π)ωγ(1 + 2nω)e

−iωt. Analogously to the previous sections, we
are interested in the limit of small dissipation γ ≪ ω0 such that we can perform a
rotating-wave approximation. As in Sec. 2.3, we introduce the coherent state basis in
the rotating frame via

x(t) =
√
2/ω0Re

[
α(t)e−iω0t

]
, p(t) =

√
2ω0 Im

[
α(t)e−iω0t

]
. (4.10)

The real and imaginary part of α correspond to the two quadratures A1 and A2. In
particular, we have that α =

√
ω0
2 (A1 + iA2). Moreover, α has been normalized such

that |α|2 counts the number of photons in the oscillator.

After neglecting the fast-oscillating terms, we obtain the local-in-time Lindblad-type
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action

S=

∫
dt
[
i
(
αqα̇c−αqα̇c

)
+ i

2fγ
(
αqαc−αqαc

)
+ i

2γ
(
αqαc−αqαc

)
+ i

2γ(1+2n0)|αq|2
]
.

(4.11)

In frequency space, we introduce the vector αω = (αk)
T = (αc

ω, α
c
−ω, α

q
ω, α

q
−ω)

T and
express the action by a 4× 4 matrix via

S =
1

2

∫
dω

2π
αT

−ωAωαω with Aω =

[
0 MT

−ω

Mω Qω

]
. (4.12)

Here, we introduced the two 2× 2 matrices

Mω =

[
i
2fγ −ω − i

2γ
ω + i

2γ − i
2fγ

]
and Qω = i

2γ(2n0 + 1)

[
0 1
1 0

]
. (4.13)

As previously discussed, the matrix above can be used to obtain the time-dependent
correlators ⟨αk(τ)αl(0)⟩ = i

∫
(dω/2π)e−iωτ (A−1

ω )kl.

In particular, it is interesting to note the fluctuation strength of the dimensionless
quadratures xc =

√
ω0A1 and yc =

√
ω0A2 such that αc = (xc + iyc)/

√
2. Here, we

obtain ⟨(xc)2⟩ = (12 + n0)/(1 − f) and ⟨(yc)2⟩ = (12 + n0)/(1 + f). Note that from
here on x corresponds to the renormalized amplitude A1 and note to the full solutions
x(t) any more. The probability distribution P (xc, yc) in phase space is displayed in
Fig. 4.2. For n0 = f = 0, these results coincide with the expected vacuum fluctuation
strength ⟨(xc)2⟩ = ⟨(yc)2⟩ = 1

2 . However, for f > 2n0 the fluctuation strength of the
second quadrature is suppressed below the scale of the vacuum fluctuations and we
obtain a squeezed state. At zero temperature where n0 = 0, this condition is achieved
for any driving strength f > 0 below the instability threshold. As the temperature
increases, a stronger and stronger driving strength is necessary to suppress the
additional thermal fluctuations until finally, at an average thermal occupation of
n0 =

1
2 , a squeezed state can no longer be achieved below the bifurcation threshold.

In contrast, the fluctuation strength of the first quadrature is increased by a stronger
parametric drive such that the total fluctuation strength ⟨|αc|2⟩ = (12 + n0)/(1− f2)
also increases with increasing f .

In this context, it is important to note that, as mentioned above, these results are only
valid for small amplitudes with ϵω0q

2 ≪ 1 such that the anharmonic stabilization of
the system can be neglected. We have q2 ≃ A2

1+A
2
2 ≃ |αc|2/ω0 ≃ (12+n0)/[ω0(1−f2)].

Thus, self-consistently, we require ϵ(12 + n0) ≪ (1 − f2). Given a fixed but small
nonlinearity ϵ, this relation puts a restriction on the driving strength f for which
the results are applicable as the inequality is violated for f → 1. In particular, the
distance δf = 1− f from the instability threshold has to be larger than ϵ(12 + n0).

In order to obtain the photon counting statistics below the bifurcation threshold, we
follow the steps laid out in Sec. 3.3 and couple the system to a zero-temperature
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Figure 4.2: Probability distribution
P (xc, yc) in phase space at driving
strength f = 1

2 for a thermal occupation
n0 = 0 (black, solid line) and n0 = 1

2
(red, dashed line). The vacuum fluctu-
ation strength is indicated by the thin,
dotted line. For n0 = 0, the fluctua-
tion strength of the second quadrature
is suppressed below the scale of the vac-
uum fluctuations such that we obtain
a squeezed state. At n0 = 1

2 , the driv-
ing strength is no longer sufficient to
suppress the additional thermal fluctu-
ations below the scale of the vacuum
fluctuations.

detector at a detection rate γd such that the total dissipation rate of the system is
given by Γ = γ + γd. Since the additional dissipation raises the bifurcation threshold,
we rescale the driving strength f 7→ f̄ = Γf/γ such that the threshold is at f̄ = f∗ = 1.
The counting field can be introduced via the mapping (see Eq. (3.19) in the ± basis)

Aω 7→ Aω(χ) = Aω + iηΓ(eiχ(t) − 1)


0 −1 0 −1

2
−1 0 −1

2 0
0 −1

2 0 1
4

1
2 0 1

4 0

 . (4.14)

As before, we set χ(t) = χ during the measurement time τ and χ(t) = 0 at all other
times. In the limit of long measurement time, we follow the derivation outlined in
Sec. 3.4 to obtain the cumulant generating function (for simplicity, at zero temperature
with n0 = 0)

λ(χ) = −τ
2

∫
dω

2π
ln

[
DetAω(χ)

DetAω(χ = 0)

]
= −τ

2

∫
dω

2π
ln

[
1− 4f2Γ4s(χ)

ρ(ω)

]
, (4.15)

where we defined the auxiliary functions s(χ) = η2(e2iχ − 1) + 2η(1− η)(eiχ − 1) and
ρ(ω) = [4ω2 + Γ2(1− f̄)2][4ω2 + Γ2(1 + f̄)2]. For η = 1, we obtain s(χ) = e2iχ − 1,
suggesting that photons are always emitted in pairs. By performing the integral, we
obtain

λ(χ) =
Γτ

2

[
1−

√
1− 1

2(1− f̄2) +
√

1
4(1− f̄2)2 − f̄2s(χ)

]
. (4.16)
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For the first two cumulants, we obtain

⟨n⟩ = ηΓτ f̄2

2(1− f̄2)
, (4.17)

⟨⟨n2⟩⟩ = ηΓτ f̄2[(1− f̄2)2 + η(1 + 3f̄2)]

2(1− f̄2)3
(4.18)

For η = 1, the Fano factor F = ⟨⟨n2⟩⟩/⟨n⟩ is of the form F = 2+ f̄2(5− f̄2)/(1− f̄2)2.
The first term underlines the previous observation that photons are always emitted in
pairs. The second term dominates the Fano factor close to the instability threshold.
In particular, we find that close to the threshold F ∝ N2, where N = ⟨n⟩/ηΓτ
corresponds to the average photon occupation of the oscillator. As such, the number
of photons correlated exceeds by far the number of photons present in the oscillator
at any given time. This is a special property of the parametrically driven system as a
naive picture of photon bunching would assume that the N photons in the oscillator
stimulate the emission of one another such that F ∝ N and the photons are correlated
over the timescale 1/Γ. In contrast, the photons emitted by a parametrically driven
system are correlated over the long, divergent time scale τ∗ = F/Ī ≈ 4/Γ(1− f̄), with
Ī = ⟨n⟩/τ ≈ Γ/4(1− f̄) the average photon current.

4.4 ‘Integrating-out’ modes

In the following section, we want to derive an effective model for the parametric
oscillator at threshold where f ≈ 1. We will identify two modes, a fast and slow
decaying mode. In the long time limit, the slow mode dominates the dynamics of the
system. Thus, we want to eliminate the fast mode to obtain an effective descirption
of the relevant slow mode. Having the possibility of removing unwanted modes and
having an effective description of one or a few modes is one of the main powers of
the path-integral approach. Removing the modes is called ‘integrating-out’ as it
corresponds to performing a subset of the integrals and reinterprating the remaining
integrand as an action on the remaining modes.

4.4.1 Without dynamics

As a simple example, let us understand the process of integrating-out modes for
simple Gaussian integrals. In the next section, we continue on to explain how this
process can be utilized in a physical system with dynamics to separate one or a few
modes.

We study the Gaussian integral (for simplicity we treat the ‘real’ case, the generaliza-
tion to complex-integrals is straightforward)∫

dnz exp(−1
2z

TAz) =
(2π)n/2

(DetA)1/2
(4.19)
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with z ∈ Rn and A ∈ Rn×n with AT = A. The matrix A has to be positive definite
in order that the integral converges. The matrix A also determines the correlation
function with (i, j ∈ {1, . . . , n})

⟨zizj⟩ =
∫
dnz zizj exp(−1

2z
TAz)∫

dnz exp(−1
2z

TAz)
= (A−1)ij . (4.20)

In the next step, we separate z into two subspaces with z = (x,y) where x ∈ Rk and
y ∈ Rm with n = k +m. The aim is to integrate over y while keeping x fixed. In
this spirit, we partition the matrix A into submatrices with

A =

[
B CT

C D

]
, 1

2z
TAz = 1

2x
TBx+ yTCx+ 1

2y
TDy (4.21)

with B = BT ∈ Rk×k, C ∈ Rm×k, and D = DT ∈ Rm×m. The remaining task is to
integrate over y to derive an effective description in terms of x alone.

As we already have seen, integrating over y can be simplest achieved by completing
the square. We find

yTCx+ 1
2y

TDy = 1
2(y +D−1Cx)TD(y +D−1Cx)− 1

2x
TCTD−1Cx . (4.22)

After integrating over y, we obtain

(2π)n/2

(DetA)1/2
=

∫
dnz exp(−1

2z
TAz) =

(2π)m/2

(DetD)1/2

∫
dkx exp(−1

2x
T Ãx) (4.23)

with the ‘effective matrix’ (called the Schur complement)

Ã = B − CTD−1C . (4.24)

If we integrate over the remaining degrees of freedom, we obtain (2π)k/2(Det Ã)−1.
Thus, we obtain from Eq. (4.23) directly the relation (the Schur determinant identity)

DetA = DetD Det Ã = DetD Det(B − CTD−1C) (4.25)

for the determinant of a block-matrix. Of course, we could have as well integrated
over x first from which the non-trivial matrix identity

DetD Det(B − CTD−1C) = DetB Det(D − CB−1CT ) . (4.26)

The effective matrix Ã is even more useful in order to obtain the correlation between
the x degrees of freedom. In particular, we find (i, j ∈ {1, . . . , k})

⟨xixj⟩ = ⟨zizj⟩ =
∫
dnz zizj exp(−1

2z
TAz)∫

dnz exp(−1
2z

TAz)
=

∫
dkxxixj exp(−1

2x
T Ãx)∫

dkx exp(−1
2x

T Ãx)
= (Ã−1)ij .

(4.27)
In particular, we have proven the result

(A−1)ij = (Ã−1)ij (4.28)

valid for i, j ∈ {1, . . . , k}.
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4.4.2 With dynamics

Integrating out the degrees of freedom as we have explained so far is in many ways
rather simple. In physical applications, we are faced with the fact that the system
shows dynamics that is related to the fact that time derivatives in the form of ż
appear (or equivalently that the matrix A depends on ω in frequency space). In
particular, we often want to separate modes into fast and slow modes depending on
the time-scale of their dynamics. We have already seen in Eqs. (4.6) and (4.7) that
close to the threshold with f ≈ 1, there is a separation between the fast timescales of
the mode A2 and the slow timescales corresponding to the relaxation of A1. Here,
we want to describe the general procedure and explain how to obtain an effective
description of the problem for f ≈ 1.

In general, the Keldysh description is given in a doubled space where the classical
variables zc are coupled to their quantum partners zq that serve as their canonical
conjugate variables. Because of this, modes correspond to a certain classical variable
xc together with its canonical conjugate partner xq. These degrees of freedom have
to be integrated out together. In particular, a Keldysh action has the form

S =
1

2

∫
dω

2π

[
(zc

−ω)
T (zq

−ω)
T
]
Aω

[
zc
ω

zq
ω

]
(4.29)

with

Aω =

[
0 MT

−ω

Mω Qω

]
(4.30)

see (5.17). As we have explained before, M (coupling the classical to the quantum
component) encodes the dynamics while Q (coupling the quantum to the quantum
component) describes the classical and quantum noise.

As the matrix M encodes the dynamics, we will explain in the following, how the
modes of M can be identified and then integrated out. Note that the matrix M in
general has the form

Mω =M0 − iωJ (4.31)

with M0, J matrices that do not depend on ω. This corresponds to a path integral
in phase space where the equation of motion are Hamilton’s equation which are
first order in time. In particular, J encodes the information about which modes are
initially conjugate to each other. This is due to the fact that the action∫

dt qq q̇c =

∫
dω

2π
qq−ω(−iω)qcω (4.32)

that encodes the commutator will give a contribution to J . If we choose the variable
zq and zc that the individual elements are conjugate to each other J is given by the
identity matrix I. However, for general variables J can be arbitrary, see Eq. (4.13)
for an example.
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The modes correspond to the (generalized) eigenvectors of Mω to the eigenvalues iωj .
In general, this problem is not symmetric. In the following, we will describe how the
modes can be obtained. In a first step, we determine the eigenfrequencies by solving
the polynomial equation

Det(M0 − iωJ) = 0 (4.33)

for iωj . The solution (for a stable system) will have in general the form

iωj = iνj + γj (4.34)

where νj ∈ R corresponds to the frequency and γj ≥ 0 to the damping rate of the
eigenmode. Given the eigenvalues iωj , we can obtain the corresponding (classical)
eigenmodes by finding vc

j ̸= 0 with

(M0 − iωjJ)v
c
j = 0 . (4.35)

Having found all the eigenmodes, we obtain the transformation matrix

T c =
[
vc
1 vc

2 · · · vc
n

]
. (4.36)

Connecting the old modes zc to the eigenmodes z̃c via

zc = T c z̃c . (4.37)

Importantly, the transformation matrix does not depend on ω such that the relation
holds both in time as well as in frequency.

What remains to be determined is the correct modes z̃q that are conjugate to the
eigenmodes z̃c. One way to determine these modes is to determine the left eigenvalues
which are given by

(vq
j )

T (M0 − iωjJ) = 0 ⇔ (MT
0 − iωjJ

T )vq
j = 0 . (4.38)

We ‘normalize’ the modes such that (vq
j )

TJvc
j = 1.

As a result, we obtain the diagonalized propagator D = diag{iω1, · · · , iωn}

(zq
−ω)

TMωz
c
ω = (z̃q

−ω)
T (D − iωI)z̃c

ω, (4.39)

e.g.,
M̃ω = (T q)T (M0 − iωJ)T c = D − iωI . (4.40)

Having found all the right eigenmodes and thus Tc, we can obtain Tq directly as the
conjugate modes with

T q = (JT c)−T . (4.41)

Having obtained the eigenmodes, we can proceed by integrating over some mode
(together with their canonical conjugate modes). In particular, a separation z̃ = (x,y)
in fast modes yj (with γj large) and slow modes xj (with γj small) is useful, as we
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are often only interested at long times when the fast decaying modes have already
been damped. Integrating over the fast modes y then leads to an effective action of
the slow modes x.

After the diagonalization, the action takes the form

S =
1

2

∫
dω

2π

[
(z̃c

−ω)
T (z̃q

−ω)
T
]
Ãω

[
z̃c
ω

z̃q
ω

]
(4.42)

with z̃ = (x,y),

Ãω =

[
0 M̃T

−ω

M̃ω Q̃ω

]
, (4.43)

and

M̃ω =

[
Ds − iωI 0

0 Df − iωI

]
, Q̃ω =

[
Qs,ω QT

sf,−ω

Qsf,ω Qf,ω

]
, (4.44)

where Qsf determines the remaining coupling between the slow and fast mode.

Now, we want to write the action in the slow-fast basis (x,y) = (xc,xq,yc,yq) such
that we are able to integrate out the fast modes according to Eq. (4.23). Then, the
action reads

S =
1

2

∫
dω

2π

[
(x−ω)

T (y−ω)
T
]
Asf

ω

[
xω

yω

]
(4.45)

with

Asf
ω =

[
Bs,ω CT

−ω

Cω Bf,ω

]
. (4.46)

where the blocks are given by

Bx,ω =

[
0 Dx + iωI

Dx − iωI Qx,ω

]
, Cω =

[
0 0
0 Qsf,ω

]
. (4.47)

Note that (with ∗ arbitrary matrices)

B−1
x,ω =

[
∗ ∗
∗ 0

]
, (4.48)

due to the fact that B has the structure

Bx,ω =

[
0 ∗
∗ ∗

]
. (4.49)

As a result, we find CT
−ωB

−1
f,ωCω = 0. Thus, the coupling between the modes do

not contribute to the dynamics of the relevant slow mode which is given by the
Schur-complement Bs,ω −CT

−ωB
−1
f,ωCω = Bs,ω. This means that, even tough the noise

Q̃ is not block-diagonalized by the transformation onto (x,y), only the block Qs in
the slow subspace contributes to the effective action

Ss =
1

2

∫
dω

2π
xT
−ωBs,ωxω =

1

2

∫
dω

2π

[
(xq)T−ωQs,ωx

q
ω +2(xq)T−ω(Ds− iωI)xc

ω

]
(4.50)
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The determination of the eigenmodes of the system is particularly useful if the problem
at hand is almost quadratic such that the non-linearity is small. An example for
this will be given in the next chapter. In this case, the action can be written as
S = S0 + ϵSnl with ϵ≪ 1. As before, we split S0 = Ss + Sf into the contribution Ss
of the slow modes x and Sf of the fast modes y.1

Including the nonlinearity, we can integrate over the fast modes to obtain an effective
action Seff by expanding in Snl. In particular, we have

eiSeff = eiSs

∫
D[yc]D[yq]eiSf+iϵSnl = eiSs

∞∑
n=0

inϵn

n!
⟨Sn

nl⟩f (4.51)

where ⟨·⟩f =
∫
D[yc]D[yq]eiSf · denotes the averaging over the fast modes with the

action Sf . Using the notion of the cumulants, we can find the effective action as

Seff = Ss +
∞∑
n=0

in−1ϵn

n!
⟨⟨Sn

nl⟩⟩f ≈ Ss + ϵ⟨Snl⟩f . (4.52)

Note though that after the averaging the effective action Seff in general has the
frequency denominators 1/(ω − ωj) with j ranging over the fast modes. Because of
this, the subblock Mω is not simply of the form (4.31). Because, we are interested at
large times τ such that τγj ≫ 1, we can simply set ω ≃ 1/τ ≈ 0 in the denominators
arising from the fast modes. This is the mathematical statement corresponding to
the fact that the modes are fast damped and simply follow the slow motion of the
fast variables x while staying in their equilibrium position.

An example of this procedure is demonstrated in the next section.

4.5 Photon counting at threshold

In Sec. 4.3, we have investigated the photon counting statistics of the parametric
oscillator far below the threshold, where nonlinearities are not important yet. There,
we have seen that photon emissions are already possible below threshold, which is
classically not possible. This is because quantum fluctuations wash out the transition.
Far above threshold, the system reaches a classical (coherent) state. Then, all
cumulants of the photon current are equal and given by A2

0 in Eq. (4.8). Close to
threshold however, both contributions have to be taken into account. In general it is
not easy to obtain the counting statistics in this regime, but we are able to derive
an effective model of the system. As we have seen above, the amplitudes A1 and A2

reach the steady state at different rates. Without the nonlinearity, the relaxation
times are given by τ1 ∼ 1/(1− f)γ and τ2 ∼ 1/(1 + f)γ respectively, see Eq. (4.6)
and (4.7). We see that τ2 becomes smaller and smaller as we approach the threshold
f∗ = 1 while τ1 increases significantly. This means that A2 equilibrates much faster

1In general, as Qsf is nonzero, we have terms of the form Qsfx
qyq which we incorporate into Sf .
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than A1 and that we have two timescales in the system corresponding to a fast and a
slow decaying mode. Close to threshold, we are thus able to reduce the dynamics to
the relevant slow mode of the system and obtain an effective description. To obtain
the eigenmodes of the system, we employ the method described in Sec. 4.4.2. We
start from the action given in Eq. (4.11) where we identify (in the basis αω, α−ω)

M0 =
i
2γ

[
f −1
1 −f

]
and J =

[
0 −i
i 0

]
. (4.53)

From this we obtain the transformation matrix T c by solving the generalized eigenvalue
problem

M0v
c
j = iωjJv

c
j (4.54)

and T q = (JT c)−T . In this case, we have that

T c =
1√
2

[
1 i
1 −i

]
(4.55)

with iω1 = 1
2γ(1−f) and iω2 = 1

2γ(1+f) which correspond to the slow and fast mode
respectively. The transformation matrix then tells us that xc belongs to the slow
and yc to the fast mode, where we write α = (x+ iy)/

√
2 as before. The conjugate

variables are obtained by evaluating

T q = (JT c)−T =
1√
2

[
i −1
−i −1

]
. (4.56)

We see that xc is conjugate to yq = −i(αq − αq)/
√
2 and yc is conjugate to −xq =

−(αq + αq)/
√
2.

This insight can be also obtain directly from the action (4.11) by by transforming it
to the variables x, y giving

S0 =

∫
dt
[
yqẋc − xqẏc + iω1y

qxc − iω2x
qyc + i

2γ(n0 +
1
2)
(
|xq|2 + |yq|2

)]
. (4.57)

From the action in this form, we see that xc and yq as well as yc and −xq form
conjugate variables pairs. Also the prefactors of the yqxc and xqyc terms, tell us
about the timescales of the system. This is due to the fact that the action corresponds
to the equations of motion given in Eqs. (4.6) and (4.7) (without the nonlinearity) as
we have discussed above. Thus, we obtain as before from the diagonalization that yq

and xc belong to the slow mode and xq and yc correspond to the fast mode. This
means that we can obtain an effective description of the relevant slow dynamics by
setting yc = 0 = xq or alternatively integrating over the fast variables yc and xq.

Ss =

∫
dt
[
yqẋc + iω1y

qxc + i
2γ(n0 +

1
2)|y

q|2
]
. (4.58)
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We continue by adding the nonlinearity to the action2

Snl = fω2
0γϵ

∫
dt
[
Aq

2A
c
1

(
|Ac

1|2 + 3|Ac
2|2
)
+Aq

1A
c
2

(
|Ac

2|2 + 3|Ac
1|2
)]

(4.59)

which we can read off from the classical equations (4.6) and (4.7). The amplitudes
A1, A2 are connected to the dimensionless quadratures x, y via x =

√
ω0A1 and

y =
√
ω0A2, as noted before. The nonlinear part of the action then reads

Snl = ϵγ

∫
dt
[
yqxc

(
|xc|2 + 3|yc|2

)
− xqyc

(
|yc|2 + 3|xc|2

)]
. (4.60)

where we have set f = 1 since we are interested in the dynamics close to threshold.
To find the effective action of the slow mode, we follow the procedure explained in the
previous section. Thus, we have to evaluate ⟨Snl⟩f . In particular we have to consider
the second and fourth term in more detail as they couple the slow and fast mode.
The first term is already a nonlinearity of the slow mode and the third term is only
a constant after averaging with Sf . This means that we have to evaluate ⟨(yc)2⟩f
and ⟨xqyc⟩f . We obtain ⟨(yc)2⟩f = (n0 +

1
2)/(1 + f) ≈ 1

2(n0 +
1
2) (see above) and

⟨xqyc⟩f = 0. This means that the nonlinear part becomes

⟨Snl⟩f = ϵγ

∫
dt
[
yq(xc)3 + 3⟨|yc|2⟩fyqxc

]
. (4.61)

The second term contributes to the quadratic action part of the effective action
Seff = Ss + ⟨Snl⟩f such that the total prefactor of yqxc in the effective action Seff
equals iω1 +

1
2ϵγ(n0 +

1
2) =

1
2γ[1 + ϵ(n0 +

1
2)− f ]. This term leads to a small shift of

threshold from f∗ = 1 7→ f̄∗ = 1 + ϵ(n0 +
1
2). Thus, we find the total effective action

Seff = Ss + ⟨Snl⟩f for the slow mode with the result

iSeff =

∫
dt
[
iyqẋc + iγ yq

[
1
2(f̄∗ − f)xc + i

2(n0 +
1
2)y

q + ϵ(xc)3
]]

(4.62)

By comparing this with Eq. (2.61), we identify that this action is equivalent to the
Fokker-Planck equation

∂

∂t
P = γ

∂

∂x

[
1

2
(f̄∗ − f)x+ ϵx3 +

1

2
(n0 +

1
2)
∂

∂x

]
P (4.63)

where we have set xc ≡ x and yq ≡ −i∂/∂x. This model describes the dynamics
of the parametric oscillator at threshold and can be compactly described by the
Liouvillian L with Ṗ = LP . At this point, we do not yet have access to the photon
counting statistics as we have not included the detector in the description. To do so,
we repeat the procedure from above: The detector introduces a second decay rate
γd which results in the total decay rate Γ = γ + γd. This raises the threshold from

2The additional factor ω0 arises due to the fact that A1 and A2 are not canonically conjugate
but have a ‘commutator’ ω0.
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f̄∗ = 1 to f̄∗ = Γ/γ. As before, the effect of the detector can be incorporated via
the substitutions γ 7→ Γ, f 7→ f̄ = Γf/γ, ϵ 7→ ϵ̄ = Γϵ/γ, and n0 → n̄ = γn0/Γ in the
equation (4.63) describing the slow dynamics. In addition, the detector introduces a
counting term Lc = (eiχ− 1)ηΓα+α− where we still have to reduce α+α− to the slow
mode. Here, the fast and slow mode do not couple. Thus we can set xq = 0 = yc and
obtain α+α− ≈ 1

2(x
c + i

2y
q)2. The largest contribution of the photon current will be

given by x2c which will become clear in the following.

To continue, we rescale x = x∗q with x∗ =
[
(n̄+ 1

2)/ϵ̄
]1/4. With this we are able to

bring the Fokker-Planck equation (4.63) into the form

∂

∂t
P =

1

τ∗

∂

∂q

[
−βq + q3 +

1

2

∂

∂q

]
P (4.64)

with the characteristic timescale τ∗ = x2∗/(n̄ + 1
2)Γ that represents the correlation

time and the dimensionless distance to threshold β = Γτ∗(f̄ − f̄∗)/2.

In terms of the rescaled variables, the counting term reads Lc = (eiχ − 1)ηΓ1
2(x∗q +

i
2p/x∗)

2 where we have written yq = p/x∗ such that p and q are conjugate variables
with [q, p] = [xc, yq] = i. For small nonlinearities ϵ̄, the characteristic amplitude x∗
becomes large as it scales with ϵ̄−1/4. Thus, the largest contribution of the counting
term is given by Lc = (eiχ − 1)ηΓx2∗q

2/2 = (eiχ − 1)(N0/τ∗)q
2 = (eiχ − 1)I. Here, we

have introduced the number of correlated photons N0 = ηΓτ∗x
2
∗/2 and the photon

current I = (N0/τ∗)q
2.

As above, we are interested in the photon counting statistics of the system. Before,
we have solved the path integral to obtain the cumulant generating function. This has
been possible because we looked at quadratic problems that can be solved by Gaussian
integrals. Due to the nonlinearity, this is not possible anymore. However, we are able
to approach the problem a bit differently. By solving the stationary Fokker-Planck
equation where Ṗ = 0, we are able to obtain the probability distribution Ps(q). This
enables us to obtain stationary expressions as the average photon current ⟨I⟩ and the
second-order coherence for zero time delay g(2)(0) by evaluating

⟨I⟩ =
∫
dq I Ps(q) =

N0

τ∗

∫
dq q2Ps(q) (4.65)

g(2)(0) =
⟨I2⟩
⟨I⟩2

=

∫
dq q4Ps(q)[∫
dq q2Ps(q)

]2 . (4.66)

As shown in Sec. 2.5, the stationary probability distribution is given by Ps(q) ∼
exp

[
βq2 − q4/2

]
(with proper normalization). We see that below threshold, with

f̄ < f̄∗ (β < 0), the maximum of the distribution is at q = 0. For f̄ > f̄∗ (β > 0)
the single maximum splits into two with q = ±

√
β, which describes the (classical)

pitchfork bifurcation.
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Figure 4.3: Comparison of the average photon current from the effective slow model
derived in this section (black) to the expectation below threshold without the nonlin-
earity (red) and the expectation above threshold (blue). We see that the effective
slow model correctly reflect the results from below and above threshold and connects
the regimes.

For the average photon current, we obtain

⟨I⟩ = N0

τ∗

(
β +

D1/2(−β)
D−1/2(−β)

)
(4.67)

where Dν(x) =
√
2/πex

2/4
∫∞
0 dt e−t2/2tν cos(xt − νπ/2) is the parabolic cylinder

function.

At this point, we want to derive the approximations valid below and above the
threshold (with |β| ≫ 1 in both cases). Below threshold, we have obtained that
⟨I⟩ = N0/2τ∗|β| = ηΓ(1 + 2n̄)/[4(f̄∗ − f̄)]. Above threshold, we have the classical
expectation ⟨I⟩ = (N0/τ∗)β = ηΓ(f̄ − f̄∗)/ϵ̄ corresponding to a coherent state in the
symmetry broken state q = ±

√
β. The comparison of all three results can be seen in

Fig. 4.3. We see that the result form the effective slow model connects the results
from below and above threshold.

Right at threshold (β = 0), we obtain ⟨I⟩ = 2πN0/[Γ(1/4)
2τ∗] ≈ 0.478N0/τ∗. The

second-order coherence at threshold reads g(2)(0) = 32Γ(5/4)4/π2 ≈ 2.19, meaning
that the radiation is bunched and also stronger correlated than the radiation of a
thermal oscillator (see above).



Chapter 5

Non-degenerate parametric
oscillator

In the previous sections, we discussed a single oscillator that is parametrically driven
at twice the resonance frequency. In literature, this system is sometimes referred to as
a degenerate parametric oscillator. As previously discussed, a degenerate drive is only
capable of phase-sensitive amplification. In contrast, a non-degenerate parametric
drive can realize phase-insensitive amplification. A simple model for such a system
consists of two oscillators — characterized by the resonance frequencies ωa and ωb as
well as the dissipation rates γa and γb — that are coupled by a parametric drive at the
sum of their two resonance frequencies. Here, the phase-insensitive amplification is
realized for oscillator a, while oscillator b plays an auxiliary role and has a much higher
dissipation rate γb ≫ γa. A non-degenerate system with a bifurcation threshold
f∗ = 1 and an analogous anharmonic stabilization as in the previous sections is
described by the classical equations of motion

ẍa + γaẋa + ω2
axa + 2f

√
ωaγaωbγb sin [(ωa + ωb)t]xb

(
1− 4ϵωb

√
γb/γa x

2
b

)
= 0,

(5.1)

ẍb + γbẋb + ω2
bxb + 2f

√
ωaγaωbγb sin [(ωa + ωb)t]xa

(
1− 4ϵωa

√
γa/γb x

2
a

)
= 0 ,

(5.2)

where we have assumed that the stabilizing potential is provided by the parametric
drive. As above, we are interested in the limit of small dissipation with γa ≪ ωa and
γb ≪ ωb such that we can perform a rotating-wave approximation. Analogously to
the previous section, we introduce

xa(t) =
√

2/ωaRe
[
α(t)e−iωat

]
, xb(t) =

√
2/ωbRe

[
β(t)e−iωbt

]
. (5.3)
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After neglecting all fast-oscillating terms, we obtain

α̇ = −1
2γaα+ 1

2f
√
γaγb β − 3fϵγb|β|2β, (5.4)

β̇ = −1
2γbβ + 1

2f
√
γaγb α− 3fϵγa |α|2α. (5.5)

The (classical) steady-state solutions are given by α0 = |α0|eiφa0 and β0 = |β0|eiφb0

with

Na = |α0|2 =
√
γb
γa

f − 1

6fϵ
, Nb = |β0|2 =

γa
γb

|α0|2, and φa0 + φb0 = 0; (5.6)

where Na, Nb corresponds to the number of photons in the respective oscillator. In
the regime γb ≫ γa, we have Nb ≪ Na. Note that the steady-state solution for
the relative phase ϕ = φa0 − φb0 is arbitrary, demonstrating that the phase-locking
between the drive and the oscillators only locks the total phase. This property is
qualitatively different to the degenerate parametric oscillator discussed above, where
the degeneracy of the phase is only two-fold and the phase can take two values
differing by π.

This qualitative difference is also the reason why a non-degenerate parametric drive
can implement phase-insensitive amplification. To illustrate this point, we focus on
the dynamics below the instability threshold f < 1 where the anharmonic terms in
Eqs. (5.4) and (5.5) can be neglected. In the limit γb ≫ γa, oscillator b with the
complex amplitude β equilibrates much faster than oscillator a with the complex
amplitude α. By comparison, we can thus set β̇ = 0 in Eq. (5.5) to obtain the
β = f

√
γa/γb α. Inserting this relation into Eq. (5.4), we obtain

α̇ = −1
2γa(1− f2)α . (5.7)

As f → f∗ = 1, the time-scale diverges indicating the threshold of parametric
amplification. Note that different from the degenerate result in Eqs. (4.6) and (4.7),
the state α = 0 becomes instable independent of phase. Thus, the non-degenerate
parametric drive amplifies the signal of the first oscillator independent of the phase
of the signal.

5.1 Phase coherence above the instability threshold: sta-
bility of a laser

In this section, we investigate the phase coherence of a non-degenerate parametrically
driven system above the instability threshold. This system is a model system for a
laser. In particular, we concentrate on the mode a with the signal xa = A cos(ωat−φa).
Below the threshold of instability, all the different phases φa of the signal are equivalent.
Above the threshold and depending on the initial condition, the system ‘chooses’
one of the phases φ∗

a. This is different from the degenerate system, where there are
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only two possible solutions that are allowed as stationary solutions. The response
xa = A cos(ωat−φ∗

a) is a lasing response where the system ‘spontaneously’ breaks the
U(1) symmetry corresponding to the phase φa. In real systems, the phase information
is lost over some time scale, called the dephasing time. In this section, we would like
to study what limits the phase coherence of a laser above the threshold of instability.

For our calculations, we focus on the quantum regime with kBT ≪ ωa, ωb. As before,
we are interested in the regime γb ≫ γa where oscillator b plays the role of a fast
equilibrating auxiliary mode. In the previous section, we demonstrated that the
non-degenerate drive locks only the total phase of both oscillators which results in
a phase-insensitive amplification of oscillator a. However, if the system is driven
across the bifurcation threshold non-adiabatically, a classical symmetry breaking
occurs as the relative phase of both oscillators is spontaneously fixed by the prevalent
fluctuations at the bifurcation point when the system relaxes to an essentially classical
state on the timescale of 1/γa. As the system evolves, quantum fluctuations wash
out this initial phase coherence and ensure that the system eventually equilibrates
back to a symmetry-conserving state. The aim of this section is to investigate the
time-scale on which this process occurs.

The starting point is the quasi-classical action

S =

∫
dt

[
i
(
αqα̇c − 1

2f
√
γaγbαqβc + 1

2γaα
qαc + 3fϵγb|βc|2αqβc − H.c.

)
+i
(
βqβ̇c − 1

2f
√
γaγbβqαc + 1

2γbβ
qβc + 3fϵγa|αc|2βqαc − H.c.

)
+ i

2γa(1 + 2na)|αq|2 + i
2γb(1 + 2nb)|αq|2

]
. (5.8)

that corresponds to the classical equations of motion in Eqs. (5.4) and (5.5), see
Eq. (4.11).

As we are interested in the dynamics after the classical symmetry-breaking occurred,
we expand the action around a classical above-threshold solution with f > 1 for a
small nonlinearity ϵ ≪ 1 such that Na ≫ Nb ≫ 1. We want to expand the action
around the steady-state solution α = α0, β = β0. Since in the steady-state solution
the relative phase is arbitrary, we have made the convenient choice φa0 = 0 and
φb0 = 0.

We parameterize the (small) deviations from classical solutions conveniently via

αc =
√
Na + δca e

iϕc/2 ≈ α0

(
1 +

δca
2Na

+ i
2ϕ

c

)
, (5.9)

βc =
√
Na + δcb e

i(ϕ̃c−ϕc/2) ≈ β0

(
1 +

δcb
2Nb

+ i(ϕ̃c − 1
2ϕ

c)

)
, (5.10)
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αq = α0

(
δ̃q + 2δq

2Na
+ iϕqa

)
, (5.11)

βq = β0

(
δ̃q

2Nb
+ iϕqb

)
. (5.12)

The deviations are parameterized by the deviation of the photons numbers δca, δcb , δ
q, δ̃a

and the phases ϕqa, ϕqb , ϕ
c, ϕ̃c. We have chosen the factors such that the amplitudes and

the phases are canonically conjugate, see below. The phases ϕc, ϕ̃c can be imagined
as ‘center of mass’ phase ϕ̃c and the relative phase ϕc that is not affected by the
parametric amplification, see the discussion above. In the limit γa ≪ γb, ϕb absorbs
the value of ϕ̃c such that αc only depends on ϕc.

Up to second order in the amplitudes and phases, the action is given by

S0 =

∫
dt

{
(ϕqaδ̇

c
a + ϕqb δ̇

c
b − δqϕ̇c − δ̃q

˙̃
ϕc) + f(γaϕ

q
bδ

c
a + γbϕ

q
aδ

c
b) (5.13)

− γa
2

[
(3ϕqb − ϕqa)δ

c
a + (2δq + δ̃q)ϕ̃c

]
− γb

2

[
(3ϕqa − ϕqb)δ

c
b + δ̃qϕ̃c

]
+
iγa(1 + 2na)

2

[
Na(ϕ

q
a)

2 +
(2δq + δ̃q)2

4Na

]
+
iγb(1 + 2nb)

2

[
Nb(ϕ

q
b)

2 +
(δ̃q)2

4Nb

]}
.

Note that ϕc does not enter the action S0 which corresponds to the fact that the
phase-difference is arbitrary and not affected by the parametric driving.

In general, the correlation times of these variables are of the order of 1/γa or below.
However, as one might expect from the previous degeneracy of the system, this is not
the case for the phase difference ϕc. In fact, the only term of the action that depends
on the phase difference is the dynamical term −

∫
dt δqϕ̇c = i

∫
(dω/2π)ω(δq)−ω(ϕ

c)ω
with the conjugate variable δq. As such, the action S0 does not contain any stabilizing
terms for the dynamics of the phase difference. This results in a zero mode of the
action in the limit of long times t → ∞ or small frequencies ω → 0. Which would
correspond to an infinite coherence-time of the laser.

This zero mode is only present in the expanded action S0. In order to figure out
how terms beyond second-order give this mode a finite coherence time (which will
correspond to the dephasing time of the laser), we consider the non-linear terms in a
mean-field approximation. In particular, the most important contribution is a term
of the form

SΓ = −Γ

∫
dt δqϕc (5.14)

that will lead to a shift of the zero mode with the combined action −
∫
dt δq(Γ+ ∂t)ϕ

c

that corresponds to a dissipative dynamics with the phase information of ϕc decaying
exponentially with the rate Γ, see below.

In the framework of Sec. 4.4.2, the mode δq, ϕc corresponds to a slow mode while the
remaining modes are fast. To obtain a finite dephasing rate, the nonlinear terms have
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to involve a term of the form −
∫
dt δqϕcO that couples δqϕc to another operator O

with a finite expectation value ⟨O⟩f . In particular, the dephasing rate Γ is then given
by ⟨O⟩f .
Expanding the action S to fourth order, we find such a term with

O =
3fϵ

√
γaγb

4Nb

[
(δcb)

2 + 12N2
b (ϕ̃

c)2
]
. (5.15)

In the limit γb ≫ γa, ϵ ≪ 1, we are interested, we have Nb ≫ 1. In this case, the
second term proportional to (ϕ̃c)2 dominates and we have

Γ = 9fϵ
√
γaγbNb ⟨(ϕ̃c)2⟩f . (5.16)

In order to evaluate ⟨(ϕ̃c)2⟩f in the limit γa ≪ γb, we can set γa = 0 and only consider
the relevant part of the action in ϕ̃c and the conjugate variable δ̃q,

Sf ≈
∫
dt
[
−δ̃q ˙̃ϕc − γb

2 δ̃
qϕ̃c + i

8γb(1 + 2nb)(δ̃
q)2/Nb

]
. (5.17)

Going to frequency space and performing the Gaussian integral, we obtain the result

⟨(ϕ̃c)2⟩f =
γb(1 + 2nb)

4Nb

∫
dω

2π

1
1
4γ

2
b + ω2

=
1 + 2nb
4Nb

. (5.18)

With this, we obtain the dephasing rate

Γ =
9fϵ(1 + 2nb)

√
γaγb

4
=

3(f − 1)(1 + 2nb)

8Nb
γa (5.19)

valid for low temperatures and weak nonlinearities ϵ≪ 1 such that Nb is large enough
to guarantee that Γ ≪ γa. Thus, the above the threshold, the long-time dynamics is
dominated by the new effective timescale 1/Γ.

We can include the finite decay rate Γ by adding SΓ to the effective action S0. We
obtain the long-time correlator

⟨ϕc(t)ϕc(0)⟩0+Γ ≈ (1 + na + nb)γa
NaΓ

e−Γ|t|, (5.20)

valid for times |t| ≫ 1/γa with Γ ≪ γa ≪ γb. The phase then evolves as

⟨(δϕc)2⟩ = ⟨[ϕc(t)− ϕc(0)]2⟩ = 2(1 + na + nb)γa
NaΓ

(1− e−Γ|t|) ≈ 2(1 + na + nb)

Na
γa|t|

= Γϕ|t| (5.21)

with the diffusion rate
Γϕ =

2(1 + na + nb)

Na
γa ≪ γa (5.22)
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relevant for intermediate times 1/Γ ≫ |t| ≫ 1/γa, similar to the limit of applicability
of Fermi’s golden rule.

The dephasing rate Γϕ is connected to the decay of the correlation function of the
mode α. If we calculate the first-order correlation function of αc ≈ α0e

iϕc/2 in the
long time limit, we obtain (by averaging over S0 + SΓ)

g(1)(t) ≈ ⟨αc(t)αc(0)⟩
⟨|αc(0)|2⟩

= ⟨e−iδϕc/2⟩ = e−⟨(δϕc)2⟩/8 = e−Γϕ|t|/8 , (5.23)

where we used in the third equality the fact that for Gaussian averages, only the first
and second cumulants contribute. Analogously, the second-order coherence can be
approximated as

g(2)(t) ≈ ⟨|αc(t)αc(0)|2⟩
⟨|αc(0)|2⟩2

= 1 + |g(1)(t)|2 = 1 + e−Γϕ|t|/4. (5.24)

Note that the decay of g(1) corresponds to the finite phase-coherence of a realistic laser
as an ideal laser has the coherence function g(1)(t) = 1 for all times. In particular,
the Fourier transform of g(1)(t) corresponds to the spectrum of the emitted radiation.
It is give by the Lorentzian form

nω ∝ 1

ω2 + (Γl/2)2
(5.25)

with the line-width
Γl =

Γϕ

4
=

1 + na + nb
2Na

γa (5.26)

of the laser.

It is instructive to compare this result with the classic Schawlow-Townes limit

Γl ≥ ΓST =
ℏωaγ

2
a

2Pemit
(5.27)

for a laser, derived using semiclassical arguments. Here, ωa is the frequency, γa
the natural linewidth, Pemit the emission power of the laser. For us the emitted
photon current (from the a cavity) is given by Iemit = Naγa. As each photon carries
the energy ℏωa, the emitted power assumes the form Pemit = Naγaℏωa. Thus, our
linewidth (5.26) assumes the form

Γl =
(1 + na + nb)ℏωaγ

2
a

2Pemit
= (1 + na + nb)ΓST ≥ ΓST . (5.28)

Note that the Schawlow-Townes limit corresponds to low temperatures when only
shot noise due to zero-point fluctuations remains.
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