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Chapter 1

Scattering Theory

In this chapter, we will address 3D scattering problems. Specifically, we will examine
the scattering of particles by time-independent and radially symmetric scattering
potentials. The results can be generalized mutatis mutandis to non-radially symmetric
potentials. However, the formulas will become much more complicated due to the lack
of symmetry without yielding conceptually new results. This is different when the
potential becomes time-dependent or when the involved particles have internal degrees
of freedom, as then the possibility of inelastic scattering or complete absorption exists.
These possibilities will not be addressed here.

We investigate the unbounded motion of a particle in a scattering potential V() that
is centered at the origin and is short-range, i.e., with the property that » V(r) — 0
as r — oo. The important example of the long-range Coulomb potential with
V(r) o< 1/r will be considered later in the exercises. In general, it is possible for
V(r) to have attractive regions. Then bound states with E < 0 can occur. Here, we
consider scattering states with F > 0, and since V(r — oo) — 0, these states are
asymptotically free.

1.1 Wave Packets

The incoming particle is described by a wave packet. It will be important in the
following that the extent of the wave packet £ is larger than the range of the
potential a. Of course, the extent & should be smaller than the distance between the
source/detector and the scattering center so that the different stages of the scattering
problem are temporally separated. Furthermore, we want to assume that the width
in momentum space is sufficiently small so that we can neglect the broadening of the
wave packet due to dispersion.
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Figure 1.1: Scattering of a wave packet: The incoming packet is scattered in the
direction €2, = 7 with a probability o |fx(2)|?>. Note that the amplitude of the
scattered part of the wave function decays as r—!, see (1.23).

We consider an incoming wave packet

3 .
U(r;ty) = to(r) = / (;lﬁq)s age?” (1.1)

which is centered far to the left of the scatterer at time ¢ = ¢g, see Figure 1.1. The
amplitude a4 is concentrated around k, so that the packet approaches the scatterer
with velocity v = hk/m.! The time evolution of the wave function ¥(r;t) determines
the signal measured at the detector at a later time ¢t > t3. Our task is thus to
determine W(r;t > ty), especially after it has passed through the scattering center.

Let Wy be the exact scattering states, i.e., solutions of the eigenvalue equation
HUy(r) = ExWk(r), (1.2)
with H = p?/2m + V(r) and the definition Ej, = h%k%/2m > 0%. The scattering

states Wy, are complete in the space of extended wave functions, and we can write
the time evolution of ¥ as

d3q B (f—
W(rit) = / s Aqg(r)e E O (1.3)

We will determine the expansion coefficients A4 later in Chapter 1.3 and show
that Ag = aq. In the expansion (1.3), only scattering states contribute, as we are
only interested in the asymptotic expression for » — oo, and bound states decay
exponentially in this region.

!Specifically, one could choose the amplitude aq = (52/271)3/267"‘12 z0—(a=k2)%/26% ey zo > a.
*We denote v for the norm |v| = V42 of the vector v.



1.2. LIPPMANN-SCHWINGER EQUATION 3

scattered beam
=

\ / outgoing wave
— >
- >
_ > _ >
_ >
_ >
/ dQ)

incident

s

wave T

Figure 1.2: Scattering Geometry: The incoming wave exp(ik - r) is scattered by the
potential V(7). The scattered wave asymptotically has the form of a spherical wave
modulated in solid angle Q,., fi(Qy) exp(ikr)/r.

1.2 Lippmann-Schwinger Equation

Next, we want to find at least a formal solution of the time-independent Schrodinger
equation (1.2) for the scattering states. The boundary conditions are given by the
scattering geometry, see Figure 1.2. Accordingly, the wave function ¥, should behave
asymptotically for large distances r as

eiksr

Ug(r) ~ e®" + fir(Qr)

(1.4)

The second term proportional to ¢s = €™ /r is an outgoing spherical wave, as can
be read from the expression for the current density

) h . . hks . .
Js = % Im('¢s r¢s)r = mr2r = JsrT (1~5)

For elastic scattering processes, ks = k. The scattering amplitude fg(€2,.) depends
on the wave number k (or the energy Ej and the direction of incidence k) and the
scattering angle §2,.. Note that k is not a conserved quantity, and the wave function

U, contains momentum components k' with k' # k.

In a first step, we solve the eigenvalue problem (1.2) with the boundary condition
(1.4),

|:2hQV2 + Ek:| \Ijk(r) = V(’r‘)\lfk(’l"), (1'6>
m —
Source

free Propagation

where we have made a sensible grouping of the terms that is adapted to the scattering
geometry. The equation (1.6) is not an eigenvalue problem in the usual sense (where



4 CHAPTER 1. SCATTERING THEORY

E}, is unknown), but for each energy Ej, solutions can be found. The equation (1.6) is
an inhomogeneous partial differential equation, where the source V(r)Wy(r) depends
on the solution Wg(r). Such driven differential equations are usually solved using
Green’s functions. We solve the free propagation problem for a point source §() (1),

(E — Hy) G(r; E) = 6®)(r) and boundary conditions for G, (1.7)

where we have introduced the free Hamiltonian operator Hy = p?/2m. If we know
the solution to (1.7), we can write the solution to (1.6) as

wir) =+ [EGr - BVEnE). (1)

Solution of the hom. Eq.

Solution of the inhomogeneous equation
generated by the ‘source’ (=scattering potential).

Here, the solution of the homogeneous equation is just the incoming wave, and the
solution of the inhomogeneous equation is the scattered wave. To prove that the
integral equation (1.8) is equivalent to the problem (1.6) plus boundary conditions,
we apply the operator (Ey, — Hp) to (1.8) with the result

(By, — Ho)Uy, = /d3r’ (Ey — Hy)G(r —r'; ER)|V (¥ ) ¥ ()

= [ B9 = )
V(r) g (r). (1.9)

The plane wave in (1.8) gives the first term of the asymptotic behavior (1.4). The
second term in (1.8) must therefore correspond to the term oc exp(ikr)/r, r — oo in
(1.4). To show this, however, we need the asymptotic behavior of the Green’s function
G(r; E). We determine the Green’s function G(r; ) by the Fourier transformation

of (1.7),

/ d3re T (E — Hy)G(r; E) = / d3r 6B (r)ear, (1.10)
2 2
<E - h2m> G(q; E) =1,
G(q:F) = —— S (1.11)

E — h2¢?/2m E—E,

By inverse transformation, we obtain

d3q 62’q-7‘ 2m 00 2dq 'qur
Fy= [ —+ = -
G(r; B) /(27r)3E—Eq / / P 2mE/R2

__2m Oodqq22s1nq7“

4m2h2 ), qr c]2—27nE/h2

m oo getar
=——F dq ——"—F—. 1.12
2n2h2ir /_oo 1 q> —2mE/h? (1.12)
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Figure 1.3: Integration path in the com-
plex g-plane. By enclosing the pole at
q = +Vv2mE/h, we ensure the asymptotic
behavior of an outgoing wave o< expli(gr —
@ Et/h)]. The pole at ¢ = —v2mE/h gen-

erates an incoming wave x exp|—i(qr +
. /»ﬂﬁ p Et/h)]. The choice of contour in the com-

plex g-plane thus sets the boundary condi-
2mE/h tion.

1q;

Yr

iq;
Figure 1.4: By shifting the energy into

the complex plane, F +— E + i0", the
poles shift into the complex g-plane, g =

+V2mE/h — +/2m(E +1i0%)/h. The

> i integration along R then automatically
0 /M ar takes into account the correct pole in the
2m(E 4 i0%)/h upper half-plane.

The last integral can be solved using the residue theorem. It is important to obtain
an outgoing wave as a boundary condition. The integrand of (1.12) has poles at
g = =vV2mE/h. Since r > 0, we must close the integration path in the upper
half-plane with ¢; > 0, as (g, + ig;)r = iq,r — ¢; appears in the exponent. To obtain
an outgoing wave for r — oo, we must include the pole at +v2mFE /h. Therefore, we
choose the integration path -, according to Figure 1.3 and obtain the result

ivV2mEr/h
m e

Alternatively to the path ~., we can integrate along the real axis and assign a
small imaginary part to the energy, E ++ E + i07. The denominator ¢? — 2m(E +
i07)/h? then has poles at ++/2m(E + i0T)/h, see Figure 1.4, and the integration
over ¢ € R automatically picks up only the pole at +v2mFE /h. The Green’s function
G(r; E +i07) is called the retarded Green’s function due to the property that
it produces an outgoing wave. The alternative choice G%(r,E) = G(r; E — i0")
= —(m/27h?) exp[—iv2mEr/h]/r generates an incoming wave (advanced Green’s
function). The choice E = F + i0" thus sets the boundary conditions. With (1.13),
we have found a formal solution of (1.6),

Uy (r) = b 4 / B’ Glr — vy BV (') Ug(r'), (1.14)

m ezkr

with G(r;Ex) = o
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Of course, we have not really solved (1.6); we have merely rewritten the differential
equation considering the boundary conditions into an integral equation.

Equation (1.14) is the Lippmann-Schwinger equation; it is physically transparent,
automatically takes into account the boundary conditions, and is well-suited for
implementing approximations. Furthermore, it has the nice property that the
orthogonality and completeness relations® of ¢’ are transferred to Wi (r), i.e.,
in particular, the wave functions for different k are orthogonal and it holds that
[ @3 U (r)Tg(r) = (2m)35C) (k — k).

Next, we look at the far region r — oo in (1.14) to verify the asymptotic behavior
(1.4) and to find an expression for fx(€2) [of course depending on V' (r)|. For r — oo,
klr —v'| = kry/(7 — v/ /r)2 = kr[L — 27 -+ /r + (' /r)?]V/2 = kr — k¢ - /. Thus, we
can rewrite (1.14) as

ikr

/d3r'e_ik’g"JV(r')\I/k(r') er , (1.15)

ik-
Wg(r) ~ ™" + [_27rﬁ2

and by comparing with (1.4), we obtain the scattering amplitude in the form

() = —277:;2 /dgr'e_ik’q""/V(r')\Ilk(r’). (1.16)

The scattering amplitude has the unit of length and depends only on the direction #,
i.e., Q,, but not on the distance from the scattering center.

1.3 Differential Cross Section

Next, we want to establish the connection between the formal solution, in particular the
scattering amplitude f(£2,), and the differential cross section do/d€, (a measurable
quantity). To do this, we recall the discussion of the scattering of a wave packet in
Chapter 1.1. For the concrete determination of the time evolution of the wave packet
in (1.3), we still need the connection between ag (the initial condition) and Ag (the
scattering solution). However, this is no longer difficult after the detailed discussion
of the Lippmann-Schwinger equation.

At time ¢ (before scattering), (1.1) and (1.3) must match. To obtain a condition on
Ay, we rewrite (1.1) using (1.14) as

43 iglr—7r'|
W(r;to) = ho(r) = / 2y [wq<r>+2jj;2 & VW) | (1)

3The wave functions W (r) are only asymptotic, i.e., complete for r — oco. To obtain a complete-
ness relation 6 (r — ') = [ d®k/(27)3Wp (r) e (') + 32, Ui (r) ¥, (r') for the entire R®, one must
also consider possible bound states ¥, (7).
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We will use this relationship evaluated near the source rg = —rQl%, rg > &, to
determine Ag. In the second term, we have the following expression to calculate,
d3q i ’
qlr—r'| /
/ n) aqe Uq(r). (1.18)

We assume that ¥, is smooth over the support of ag, i.e., for |g — k| < 71 with £
being the extent of the wave packet, so it has no resonances (see also later). Thus,
U, =~ ¥y, and we can factor the scattering state out of the integral in (1.18). If we
also use the approximation g =q- 4~ q - l;:, we obtain

d3q i / d3q ;o (ke ’
age ™ (7)) ~ \Ifk(r')/ age'® Flr="l)
/ (2m)3 7 ! (2m)3 4 (1.19)
1.1 -
= (ol = ).
Here, o (k|r — 7'[) is the amplitude (of the incoming wave packet) at the initial time

at the location k|r — 7/|. In the expression (1.17), only positions with || < a are
needed. Since the particle is at the source r¢g (far from the scatterer) at the initial

time ¢y, we have 1o (k|r — 7/|) ~ o (k rQ) = Yo(—rq) ~ 0, and the second term in
(1.17) vanishes. The remainder takes the form

d3q
W(rsto) = vo(r) = / s taVa(r). (1.20)
from which a coefficient comparison with (1.3) gives Aq = aq.

An evaluation of W(r;t) for large ¢ yields the probability distribution at the detection
time. According to (1.3), for r — oo

aqlllq(,r)e—iEq (t—to)/ﬁ

15) d3q el B (o
S wofrst) + [ g a0 @) BN 1)

here, (we use E, ~ —h*k?/2m + v - q)

=o(r) according to (1.1)

a3 i —iE, (t—to)/h i - m
vorst) = s Ga €T €T N iy — (1~ )

(1.22)

(up to an unimportant phase factor) describes the evolution of the incoming packet
without scatterer and dispersion. With f; smooth for ¢ ~ k (which allows us to
factor fq &~ fi out of the integral) and g ~ q - k (as before), we obtain

U(r;t) 280 o(r;t)  + M%(i& rit). (1.23)
N—_—— r

unscattered wave packet

scattered packet
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The scattering process is sketched in Figure 1.1. According to (1.23), it involves the
superposition of the unscattered wave packet and a packet scattered in the direction
Q,.. The latter involves the amplitude \I/o(ic r;t) of a packet propagating forward,
which must be evaluated at the correct time and distance. This packet is then
multiplied by the angle-dependent scattering amplitude fg(£2.)/r. Note that the
above formula (1.23) is not applicable in two cases:

e if V(r) is long-range, e.g., V(r) = r— 1,

e if the incoming energy FE}, is resonant.
The scattering amplitude fg(£2,) contains the necessary information to calculate the
differential cross section

do  dN (QT) Number of particles scattered in dS2
dQ  Nip dQ, incoming particles per cm? x d€,,

(1.24)

This has the unit of area with [do/d,] = cm?, barn; 1 barn = 10~2* cm?.

The density of incoming particles V;, and the number of particles scattered into the
solid angle dQ dN(2,.) are given by

Ny = / dt jin(ro;t), dN(Q,) = / dt js . (r;t) 72 dSYy .

— 00 —o0
Area of the detector

Substituting the expressions for the incoming and scattered current densities,*

. h . hk
Jin(r;t) = —1Im (Vi) = —]\Ilg(r;t)|2, (1.25)
Jsor (73 t) EIm [f W (kr; )0, f\Ifg(k:r t)]
m T
- @\fk(ﬁr)\
~ T W (R 1), (1.26)

yield the differential cross section in the form

do | fi(Q0)* [dt|Wo(kr;t)|>
aQ, fdt’\l’() (rg;t)|?

= | (@), (1.27)

with [dt [Uo( (kr;t)]2 = [dt|¥o(rg;t)|> = [dt|ibo(vt)]? according to (1.22). Finally,
we also define the total cross section as

o= /dsz,, | fre ()% (1.28)

4We use arqfo(l;:r; t) = f % iq - I;:aq ik o —iBq(t=to)/hi o ik\Po(I%r; t).
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1.4 Partial Wave Expansion

For rotationally symmetric scattering potentials V (r), the Hamiltonian operator
H = p?/2m+V (r) commutes with the angular momentum operators L. Consequently,
the angular problem can be separated, and we can decompose the scattering problem
according to the irreducible representations of the rotation group. This partial wave
decomposition reduces the problem to solving the subproblems in the various angular
momentum sectors’ : We decompose the total Hilbert space L?(R3) according to
L*(R3) = L*(R") ® [@&H,] and solve the partial problems in L?(R*) ® H;, where the
angular problem is trivial (i.e., already diagonalized). We fully exploit the rotational
symmetry by choosing a coordinate system with the z-axis parallel to the incoming
beam, z || k. The entire problem is then rotationally symmetric with respect to
rotations around the z-axis. Only quantum numbers with m = 0 appear, as the
incoming particle cannot have angular momentum along the direction of motion.
The spherical harmonics Y},,(0, ¢) reduce in this case to the Legendre polynomials
Yi0(0, ¢) ox Pi(cosf) with the normalization

1 2
/ Az P(:)PU() = (1.29)

so that P;(1) = 1. Furthermore, we must expand the incoming wave in eigenfunctions
of the angular momentum operator,
oo
ekreos? =N " il(21 + 1) Py(cos 0) iy (kr)

=0
00

1 .
= 5> (21 + 1) Pi(cos 0)[h{V (kr) + h (kr)], (1.30)
1=0
where we have introduced the spherical Bessel functions j; and Hankel functions
hl(l’Q). A small excursion about spherical Bessel functions and a proof of (1.30) can
be found in Appendix A.

We can also develop the sought stationary solution Wg(r) in partial waves,

Ug(r) =Y (204 1) P(cos8) Ry(r), (1.31)
=0 oYy

where the factor i'(2] + 1) is a convention that is explained by comparison with
(1.30). If we substitute the ansatz (1.31) into the stationary Schréodinger equation
HVY,; = FE;Vg, we obtain the radial problem

P RA+1) R
om 2mr? 2m

} Ri(r) = V(r)Ri(r): (1.32)

®The 2! + 1 dimensional Hilbert space H; = {Y},, }™=", is spanned by the spherical functions for
l.
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with p2/h? = —r~192r, this leads to the differential equation

[8,2, B l(l:; 1) n k‘Q} r Ry(r) = %T‘V(T)RZ(T), (1.33)

where Uy, must satisfy the boundary condition (1.4). For r — oo, 7V (r) — 0 and the
right-hand side of the equation becomes negligibly small, so that (1.33) reduces to a
Bessel equation, see Appendix A. In the far field (r — o0), R;(r) must therefore have
the asymptotic form

Ri(r) ~ aq [ (kr) + S0bD ()| (1.34)
with
(1,2) 1 :
fu ) ~ 2 explilp — U+ 1)m/2)], - p =k (1.35)

the two fundamental solutions for V = 0, the incoming and outgoing spherical waves
in the form of Hankel functions.

Next, we need to determine the coefficients «; and .S;, which are functions of k or Ey;
for V =0, it is obvious that

Rir) = jilkr) = o [ (kr) + B (kr)] (1.36)

1
2
and thus oy = 1/2 and S; = 1. For V # 0, the incoming wave hl@) does not change,

but the outgoing component hl(l) does, which is why the latter acquires a nontrivial

weight S; #£ 1. It is easy to see that for elastic scattering, the conservation of particle
number requires that |S;(E))| = 1. This follows because, in the stationary solution,
the total radial current density [here we use that [dz P?(z) = 2/(2l + 1)

h
s (r) = —Im (R} 0, R,
o () = - T (R} 0, )

I 2R~ [e_i(kr_¢l)/kr+51 ei(kr_‘z’l)/kr], ¢ = (l+1)m)2
h

~ el -1 137

must vanish so that the same number of particles fall in as flow out per unit time.
We can then express the complex amplitude S5;

S)(Ey) = e¥0(Ex) (1.38)

in terms of the real scattering phase &;(E}).°

In general scattering theory, S;(Ey) is an eigenvalue of the S-matrix. The S-matrix is then
unitary due to particle number conservation. Here, we could reduce the problem to a one-dimensional
subspace due to the spherical symmetry of the scattering problem and the assumption that we only
have elastic scattering.



1.4. PARTIAL WAVE EXPANSION 11

The scattering phases §; completely describe the scattering problem by determining
the scattering amplitude fg(92,). To establish this connection, we bring the solution
(1.31) in the asymptotic region where the expression

Tp(r) ~ % S (21 + 1) Pcos ) [ (kr) + 2% (k)| (1.39)
l

is valid, into the form using (1.30)

ik-r 1 . " 1
Up(r) ~ 7 4 2 Zl:mz + 1) Py(cos 0) [0 — 1]h{) (kr) . (1.40)

~ fr(0)e* /1
Comparing with (1.4) [hl(l) ~ (—i)!* 1T [kr] yields the scattering amplitude
1 26,
fe(0) = 2k Zl:(2l + 1)Pi(cos ) [e* — 1]
1 :
= - + 1(cos B)e™t sin 0;. .
22 21+ 1)P 0)e™ sin § 1.41
!

The expression

exp(2id;) —1  exp(idy) sin(d;)
2ik B k

= f (1.42)

is called the partial wave amplitude. The total cross section ¢ is obtained by an
angular integration,

7= [d2 )P (1.43)
4 ) 2
=5 > 2+ 1)sin®y =4m ) (20 + 1) £
! !
The quantities
47 .9 9
o= ﬁ(% + 1)sin®0; = 4n(20+ 1)|f1] (1.44)

are called partial cross sections. Obviously, o; < 47(2] +1)/k%. Note that in the total
cross section, the various contributions from the angular momentum sectors simply
add up, and there is no interference between the different partial waves. However, it
is not the case that all quantities simply result from the addition of the expressions
of the partial waves; for example, one obtains interference terms for do/dS), from the
various sectors.
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o] o] 50
6>0 V(r)
s 5T
\ s
0 \\ -
___________ 7 V#0
V=0

Figure 1.5: Phase shifts §;(Ex): An attractive potential (left) increases the kinetic
energy and the wave function oscillates faster, leading to a positive phase shift.
Conversely, a repulsive potential (right) slows down the oscillation of the wave
function and produces a negative §;(Ey).

The phase shift exp(2id;) can be interpreted physically in a simple way. The wave
function R;(r) has the asymptotic form

(7i)lez‘(kr+61) (Jri)le—i(kr-i-él)
+
kr kr

1 ) 10;
Ri(r) ~ 5 [ (kr) + €0 (kr)| ~ - [

k>0, ei(sl —1 lei(k""'f'(sl) +1q le—i(k’r‘-i-(sl) s
- 2 ( k):r—i—(il ( )krr+5l ~ i (kr + 6). (1.45)

Now, comparing the case

V=0: Ry(r) = ji(kr) (1.46)
with

V£0: Ri(r) ~ ®j;(kr + 6;), (1.47)

we see that a positive phase shift §; > 0 pulls the wave function ‘into the potential,’
while a negative phase shift §; < 0 pushes the wave out, see Figure 1.5.

1.5 Optical Theorem

Let us consider the imaginary part of the forward scattering amplitude fx(f = 0) in
(1.41),

1
I (0 = 0) = >~ (21 + 1) Pi(cos 0) sin® 55‘9_0 (1.48)
l -
1 . k 4w .
= %2(21—1—1)51112 0 = Yl (21 + 1) sin? §; .
l

~\~
ag
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Thus, we directly obtain the optical theorem

o= 4?TFIInfkw:O). (1.49)
The physical reason for the optical theorem can be found in the conservation of particle
number. The scattered particle current oc o must be taken from the incoming current
and thus is missing in the forward amplitude (x fg(6 = 0) ). It is the interference of
the scattered wave with the incoming wave that reduces the unscattered wave and
thus creates a shadow of the scatterer in the forward direction. The particles missing
in the shadow are precisely those that have been scattered. The relation (1.49) is
generally valid as long as the particle number is conserved, which is the case when no
trapping or transformation of the particles occurs.

To show the optical theorem for a general potential (which is not necessarily radially
symmetric), we consider the radial current density j, = (h/m)Im(¥*0,¥) of a wave
packet after the scattering process in the form (1.23). The radial current density

jr(r; t) = jin,r(r; t) + js,r(r; t) + jr,int(r; t) (150>

is composed of the incoming current density, jin,(7;t) = Ji(r;t) -7 = (hk -
7/m)|Wo(r;t)|? (1.25), the scattered current density js, (1.26), and the interfer-
ence current density between the scattered and the transmitted wave function’

hk . .
Jintar (i) = T [i (@) 3 )W s ) (1 + K- 7)] (1.51)
Next, we use the fact that \Ilg(l%r; t) only does not vanish at times when the particle
has already arrived at the scattering center. In this case, Wo(r;t) (and thus the
interference current) is only non-zero in the forward direction. Thus, we can use the
relations k- 7 =1 and fi(Qy) = fr(0 = 0) in the expression for jint .

Essentially, the interference term produces the shadow of the scatterer by making
the current in the forward direction smaller than the incoming current density jin »
and thus lowering the current in the forward direction by the scattered current. For
the total particle number to be conserved, the total number of scattered particles
must correspond exactly to the particles that are taken from the incoming particle
beam. Or in other words: The integral of (1.51) over all solid angles and times must
be exactly minus the integral of (1.26) over all solid angles and times. Now we have

[0 atrit) = 2 [z’fk(e —0)Wo(frst) [0, ir, t)] S

For the angular integration of the wave packet Wy, (1.22), we need [q =~ q - k see
(1.19)]
(eiq-ﬁ:r _ ef'iq-lzzr)

ikr

1 ~
/dQT e = 27T/ d(cos 0" <os? wr 2n
-1

"We use 0, Wo(kr;t) ~ ikWo(kr;t), 8,Vo(r;t) ~ (ik - #)Wo(r; t), see Chapter 1.3.
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Thus, we obtain
2 - -
/dQ,. Wo(r; 1) = - [Wo(hr: 1) — Wo(—kr; 1),

and (1.52) becomes

. 4mh .
/dsz,, i (1) =~ T fu(0 = 0) gl 1), (1.53)

since Wo(kr;t)Wo(—kr;t) = 0 in the far field. If we now compare (1.53) with the
integral of (1.26) over all angles, we find the optical theorem ¢ = (47 /k) Im f (0 = 0).
Note that this proof is independent of any possible radial symmetry of the scattering
problem.

1.6 Born Approximation

Except in special cases, one can only determine the scattering amplitude or the phase
shifts numerically by solving (1.14) or (1.33). For weak potentials (what exactly a
‘weak’ potential is will be defined more precisely later), one can attempt to solve the
Lippmann-Schwinger equation (1.14) iteratively, .
18 d
211
nth

Up(r) = e*7 + /d?’r' G(r—r'; Ek)V(r”)\I)k(r') (1.54)
*

} I |

oth approximation

A

swy) (r) = T,
sU ()

/

1 o
(S\IIEc )(r) = /d3r’ G(r—r'; Ex)V(r') etk

5\115:)(7") = /d37” G(r—r'; Ek)V(r’)(S\Ilgcn_l)(r'),

N
() =Y sw (). (1.55)
n=0

For N < oo, (1.55) is the N*® Born approximation, the limit N — oo gives the Born
series.
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In the following, we will only use the first Born approximation,
v () = Ty / &' G(r — v, BV () e, (1.56)

For the scattering amplitude f,il)(QT), we find from (1.16)

m i(k—k')-r'
@, = — /d3T/V(r/)e(k k') (1.57)

with k' = kg = k7; i.e., f,il)(ﬂr) is proportional to the Fourier transform Vjs_j of
the scattering potential.

Next, we would like to obtain an explicit expression for the scattering phases 0;
of a spherically symmetric potential. For this, we use the fact that the scattering
amplitude in this case depends only on g = |k — k'| = 2k|sin(6/2)|, see Figure 1.6.
The angular integration in (1.57) can therefore be performed directly and we obtain
(€Y is the angle between ' and q)

o (etar’ — e=iam") Jigr!

2T ., ,
flgl)(e) - _ m / dr' r'? V(T,) /dQ/ elar cos
0

21 h?
2m [ sin(qr’)
=% ) dr' vV (r') e (1.58)

Now, using the addition theorem of Legendre polynomials®

sin[2xsin(9/2)} 00 |
20 5in(0/2) ZIZ;(Q” 1)Fi(cos 0)j7 (x) (1.59)

with x = k7’ and (1.41), we obtain the expression for the scattering phase shift

- 2mk [
sV (Ey) ~ €9 sin(5)) = —% /0 dr 2V (r) j2(kr). (1.60)
in the Born approximation.
The validity of the approximation must be checked on a case-by-case basis. It is

certainly necessary that [§0(1)(r)| < |6 (r)| = 1; thus

ik|r—r|

m e . ’
d3 /V / ik-r
277?12/ " (T)\r—r’\e

< 1. (1.61)

For large particle energies and weak scattering potentials, such that Vyka < Eg,
(where Vy > 0 denotes the strength and a the extent of V(r)), the Born approximation

8See Abramowitz and Stegun 10.1.45.
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Figure 1.6: Sketch of the scatter-
ing angle 0, where ¢ = k — k'
Since the triangle is isosceles, the
height line (dashed line) bisects
the triangle and it holds that ¢ =
2k|sin(6/2)|.

is permissible. To show this, we examine 7 = 0 (where §¥()(r) is largest). The
correction to the wave function |§¥()(r = 0)| can be written as

% /000 dr' vV (r') (62“‘”/ - 1)‘ .

For ka > 1 and V sufficiently smooth, the factor o< exp(2ikr’) averages out and we
obtain with V' (r) =~ V; (for r < a)

m o
ﬂ /O d'f' V(T)

For small energies with ka < 1, the above condition is not satisfied. However, in this
limit, one can use exp(2ikr’) — 1 ~ 2ikr’, so that we obtain the condition

m o0
7 /0 drrV(r)

i.e., Vo < Ep = h?/ma?, which corresponds to a flat potential (a corresponding
attractive flat potential has no bound states). The Born approximation is therefore
applicable if either

m 3 /V(T/) tkr’(14-cos0")
27rh2/d T

< 1= Voka < Ey. (1.62)

2
< 1=V’ < % (1.63)

Voka < E, or Vo< Ep (1.64)

is satisfied.

1.7 Eikonal Approximation

The eikonal approximation of scattering corresponds to geometric optics as an ap-
proximation for light propagation. It is valid as long as V() changes little on the
order of a wavelength X = k~!'. Thus, X is our ‘small’ parameter. Note that we
do not have to assume that V itself is weak as long as Ej > Vj, and therefore the
range of applicability of the eikonal approximation is different from that of the Born
approximation. As already discussed in the WKB approximation, one can replace
the exact wave function Wg(r) by the semiclassical wave function

U (r) ~ eSm/h (1.65)
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Figure 1.7: Scattering path with the impact parameter b in the xy-plane. The
particle approaches (quasi-)classically the scattering center in the direction k L b. It
is deflected by the center in the direction k' with the scattering angle 6 < 1.

If one also assumes that h|V2S| < |VS|?, which formally corresponds to the limit
h — 0, then the Schrodinger equation becomes the Hamilton-Jacobi equation

(VS)?
2m

+V(r)=E (1.66)

for the action S(r). The solution of the equation (1.66) consists of the solution of the
classical scattering problem and is generally not explicitly determinable. Therefore,
we make the additional assumption that we are only interested in small scattering
angles and replace the classical trajectory with a straight line with S(r) = S(z). This
reduces the partial differential equation (1.66) to an ordinary differential equation.
For a particle incident with impact parameter b 1 2 along the z-axis, see Figure 1.7,
we obtain

) z 2m 1/2
° - / d {k@ -V (\/b2 + 2'2)] : (1.67)
—0o0
the additive constant was determined by the property S/h = kz for V = 0 so that
the scattering solution ¥, without potential reduces to a plane wave. For Ej > Vj,
we can expand the square root and obtain

She- [ v <\/b2 n 2’2) , (1.68)

h h2k

which leads to
Up(r) = Up(b+ 22) ~ ™ exp [—,?;Z/ 42V (\/62 n 2/2)} . (1.69)

Note that the expression (1.68) does not have the correct asymptotic form e** +
f1(Q7)e™*™ /7 since it is only valid for the forward direction (with 6 = 0). Nevertheless,
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we can use (1.16) to determine the scattering amplitude

27-‘—h2 /d3 / z(k K')- /V( )

xexp[

fr (€2

m/ a="V (Vo2 + 27)

1.
o (1.70)

The reason is that the potential restricts the integration to the region |r'| < a, in
which the relation (1.69) is valid. Note that the expression without the last factor
corresponds exactly to the Born approximation.

As a final step, we perform the integration over d®r’ = d?bdz’ in d*b = bdbd¢y. For
this, we use the approximation [we use k L b and (k — k') - 2 = O(6?)]

kE—EK) r~—K b~ —kblcosq, 1.71
(

for small angles and obtain

27.Jo (kbh)
00 2
cik(() y m —ikb6 cos ¢
= —— dbb d b
i5(00) =~z | vb [ aone
></ dz V exp {—;LZ;/ dz/V]
”\tik ddz [ r2k f, dz/V]
= —ik / db b.Jo (kbO) [em@ - 1] (1.72)
0

with the scattering phase

A) = -1 sz (ViR t22) ~ Voka (1.73)

 2kh2 Ey,

In the derivation of the eikonal approximation, we have assumed that
Vo < Ex = Eg (ka)*> and ka>1 (1.74)

holds; i.e., the eikonal approximation is also applicable for Voka 2 E), where one
cannot use the Born approximation. In this sense, the eikonal approximation is
complementary to the Born approximation. In the limit Vpka < Ej, we can use
exp[2iA(b)] — 1 ~ 2¢A(b) so that we obtain with (1.71)

W) = 75 dz / Wb Jo(k0)V (VB + 2)

- _2:;2 / &' V(e kR (1.75)




1.7. EIKONAL APPROXIMATION 19

obtained, in agreement with (1.57).

We now want to show that the eikonal approximation, in contrast to the Born
approximation, satisfies the optical theorem (1.49). Thus, the eikonal approximation
leads to self-consistent results that satisfy the conservation of particle number. To do
this, we calculate the total scattering cross-section

o =27 /000 d(cos 9)|fk(Q7,)|2

— ok? /0 b [eQm(b) — 1} /0 Sy [e*M“’) - 1}

« / 40 sin 0.J (kb) Jo (k') . (1.76)
0

=1

Due to the finite range of the potential, it holds that A(b 2 a) ~ 0, so that only the
region b < a contributes significantly to the integral in (1.76). In the angular integral
I, we therefore substitute = kaf and obtain’

kam
I= % dz sin(z/ka) Jo(bx/a)Jo(V'z/a)
~z/ka
~ (k;i)2 /Ooodxl‘z]o(bl’/a)Jo(b z/a) = k;bé(b v), (1.77)

where we have used that the Bessel functions cut off the integral at  ~ b/a < 1,
so that we can set the upper integration limit to infinity and can expand the sine.
Substituting (1.77) into (1.76) yields the optical theorem

o) . 2 00 4
a:27r/ dbb)em(“—l’ :87r/ dbbsinQA(b):%Imfk(Hzo)
0 0

as the final result. Note that the optical theorem allows for a simple calculation of
the total scattering cross-section by determining Im fg (6 = 0).

9Here we use the orthogonality relation
/ da xJo(ka) Jo(K z) = %5(1« — k)
0

of the Bessel functions, which can be derived from the well-known relation § (r —7') = [ d?k/(2r)?

x etk (r="") by integrating over the angle ¢ as follows

2w Jo (kr)

—_————
75 T_T / d¢5(2> 7._,,, / dkk/%—dtp/ d¢ ikr cos(p—) 71kr cos(¢’ —)

= 27?/ dk kJo(kr)Jo(kr').
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There is a nice connection between the eikonal approximation and the partial wave
expansion for [ > 1. In this case, one can consider [ as a continuous variable.
Equating the quantum mechanical angular momentum Al with the semiclassical
angular momentum bp = hbk gives [ = bk. The following relations

S k:/db, Picost) =" Jo(10) = Jo(kb), & — A =1/k), (L.78)
l

allow us to directly ‘derive’ the equation (1.72) from (1.41).

1.8 Analytical Properties of the Scattering Matrix

We consider a short-range potential that vanishes outside of r = a (with more effort,
one can show that the results remain valid as long as 2V (r) — 0 for » — o). The
radial solution for r > «a is then given by

Rl(T) = 1

5 W (kr) + S (kr) | (1.79)

while R; for 7 < a must be found by integrating (1.33). The scattering phase S; is
to be arranged such that both R; and 0, R; are continuous at 7 = a. Since the wave
function is uniquely determined only up to a (normalization) factor, we only need to
require the continuity of the logarithmic derivative, 9, log Ry = (0, R;)/R;. Thus, we
obtain the boundary condition

0.0* + 5,0,h{"
) + 5 hy

20,51+ (S — 1),V
o 2j, + (5, — 1AV

_ LOR)
SR Or |

ay

at

Solving for the scattering phase yields the result

S —1= LO% (1.80)
(al - ar)hl a+
J with sl—lzﬁiﬂ
cot &) = (%‘_a’)m (1.81)
O —a)ji| .

thus we have determined §; from «;. The partial scattering cross-section as a function
of cot d; is given by

47

4o 20+1
:ﬁ(

20 +1)sin?d) = ——— . 1.82
ol ) s = T oz, (1.82)
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The analysis of the expressions for Sj(cot ;) and o;(cot §;) shows that the following
statements hold: For!"

cotd; =¢ has S; a pole and oy is oo, (1.83)
cotdy =0 is Sy = —1 and o; = 47 (2] 4 1)/k* is maximal.

As in one dimension (see exercises), the poles of S; correspond to bound states. To

understand this, we examine .5; for a bound state with £ = —FEp < 0. The radial
wave function has in this case the asymptotic form R;(r) ~ hl(l)(im*) o e~ " with the
binding energy Ep = h%x?/2m. The term o< hl(z) is not allowed, as it corresponds to
an exponentially growing wave function, which is not normalizable. The continuity

condition is therefore given by
_ 1), M _ (1)
a; = 0-hy [y s O logh, " (1.84)

Substituting this relation into the general relation (1.81) yields the expected result

hl(l)é?rnl —ny arhl(l) h;U:i-lﬂ-m .

cot Oy =
hVo,.j, — g 0.n"

(1.85)

Similarly, we want to show that the zeros of cotd; correspond to the scattering
resonances. To do this, we expand cos §; around the resonance with £ = E, > 0,

=0
cot 8(E) ~ cot () ——5— 2L (BE - E,)
sin®; dE |,
- _% Er(E _B) (1.86)
J with r;ﬁ
= (B~ E). (1.87)

r

By substituting into (1.82), we see that the partial scattering cross-section o; exhibits
a resonance around FE, with width I';.,

_Am (I',/2)?
= eV E e @

g

(1.88)

cf. Figure 1.8. Analogously, we find that the scattering amplitude S;(E) has a pole

ONote, that cotd; = i is not possible for §;(E) with E € RT. We consider here the analytical
continuation of §; to the entire complex plane. On the real axis, we have o; < 47(2] 4 1)/k* and the
maximum is reached for cot §; = 0.
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(n+ D)7

nm -

Figure 1.8: Resonance of width I';: On the left the scattering cross-section o;(FE) and
on the right the scattering phase §;(E); in the middle, the position of the pole in the
complex E-plane is sketched.

in the second Riemann surface of the complex E-plane with

—il,
E— (B, —il,/2)"

S —1= (1.89)
Across a resonance, the scattering phase §;(E) increases by m, the narrower the
resonance, the steeper the increase. The value §;(E = 0) is proportional to the number
of bound states v in the angular momentum sector {. It holds that §;(0) = vym, with
an additional phase shift +7/2 occurring in the sector [ = 0 if a ‘virtual’ state'!
exists at £ = 0. This is the statement of Levinson’s theorem.

In the following, we will examine the low-energy ka < 1 behavior for a scatterer of
extent a in more detail.

1.9 Low-energy Scattering, ka < 1

Low-energy scattering is a very relevant topic nowadays, as it represents the main
scattering process of cold atoms in quantum atom optics. We use the expansions'?
g1~ b /(20 + 1)1 and ny ~ (21 — 1)!1/2"+1 in (1.81) and obtain for ka < 1

20+ D)2 — D)L+ 1+ aoy(E)

t 0 ~ 1.90
cor (ka)2+1 | —aa(E) (1.90)

For ka — 0, cot §; — oo, since ay(E) ~ «;(0), with the result
0; ~ sin 6; ~ tan d; ~ (ak)Ql'H; (1.91)

"1n the | = 0 sector, a bound state at £ < 0 becomes a virtual state (instead of a resonance)
when the binding energy vanishes, i.e., as Ep — 0.

2The double factorial (21 — 1)!! of an odd number 21 — 1 is defined by (21 — 1)!! = (21)!/(2'!!) =
1-3-5---(2l—1).
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i.e., the scattering phases d; and the partial scattering cross-sections o; become rapidly
smaller in the low-energy region with increasing angular momentum. The s-wave
sector is therefore dominant, and we focus on this case. It is instructive to express
the scattering phase §g in terms of the scattering length as,

Q

o(E£)~ao(0) _1 + aap(0) 1 )

k cot &g 20 (0) = _CTS’

%

(1.92)

thus, the scattering length as becomes the only relevant parameter in the problem. For
the important case that acg > 1, we have a; ~ a.'> The total scattering cross-section
o is

4 1 4ma?

— ~ 5 . 1.93
k21+cot?8y 1+ (kas)? (1.93)

ox 0og=

In particular, we have
o(E = 0) = 4ra?; (1.94)

for the hard sphere with a; = a, we find a fourfold larger scattering cross-section

than classically expected, o = ma?.

1.9.1 Bound States and Resonances

We want to examine the analytical properties of the scattering matrix (with bound
states and scattering resonances) discussed in Chapter 1.8 in more detail using the
example of low-energy s-wave scattering. The scattering phase can be expressed in
terms of the scattering length as as

21 N 2kag
cotdg —i i — kas

So—1= (for ka < 1). (1.95)

The scattering matrix So(E) has a pole at k = i/as or k = —ik = a;' > 0 as long
as as > 0 and a < as.'* Thus, one obtains a (weakly) bound state at the energy
E = —Ep = —h?/2ma?. One can also reverse the argument and say that a weakly
bound state in the potential generates a large positive scattering length as > a > 0,
i.e., a weakly bound state repels a low-energy scattering particle. Calculating the
total scattering cross-section, cf. (1.93),

2mh? /m

—_— Egp > 0. 1.96
B+ B, UBR (1.96)

oOR o)~

13For the hard sphere, R;(a) = 0, thus oy = 00, as = a > 0 and cot 6y = —1/ka. For small ka, we
have dp & —ka < 0. The negative phase shift was to be expected, as it is a repulsive potential.

That the condition a < as must be satisfied is evident from the example of the hard sphere. It
holds a = as but of course the potential has no bound state and thus Sy = €2 has no pole.



24 CHAPTER 1. SCATTERING THEORY

one obtains the remarkable result that the energy of the weakly bound state completely
determines the low-energy scattering cross-section.

Analogously, one obtains a resonance in the s-channel, see (1.90), when
cotdp=0=1+ aao(ET) = 0. (197)

For a resonance, the condition I', < E, must also hold, which guarantees a (albeit
broad) resonance maximum. With

=0
1 1+ (E)) +acy(E,)(E — E;)
aco(Er) +aag(Ey —E,
tog(E) =
cot do(E) kra —aag(Ey)
=1
~-2(E-E) (1.98)
i . .
we obtain the condition
2k,.a 2k, h2k?
FT‘ = — = — r = E’f‘) 199
ach(Ey) | ah(E) " 2m (1.99)
80[0 2
— — 1.1
81@2‘ - (1.100)

for the formation of a resonance in the s-channel.

Since the resonances in the s-channel are usually not very pronounced due to the
strict condition (1.100), we next examine the case [ > 0. We have already seen (1.91),
that scattering for [ > 0 is generally small,

4w (20+1) 4m —0)

.o (K 20 14l
g] = ?m = ﬁ(2l + 1) Sin (Sl X a (CI/]{) . (1101)
However, near a resonance, cot d; =~ 0 and o; goes through a maximum with

47

=5 2+1). (1.102)

a1

According to (1.90), we find resonances at
I+ 1+ aay(E,) = 0. (1.103)
For the width of the resonance, we obtain'®

2k, (aky)” 21
I, =— LS oc k2L (1.104)
(21 = D)IPai(E,)

15We use that the expression | — aq; in the denominator of

@@ - DN+ 1t alw(E) + of(B)E - E)] 2
cot &y ~ (kya)2i1 I — acu(Ey) = *E(E - E)

can be replaced by 2! + 1 due to (1.103).
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Vi () Vi A (b)
r /-\ >
Enk----
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V \ (C) ‘/;}ff A (d)
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T

Figure 1.9: Bound states (a,b) and resonances (c,d): (a) Bound state for [ = 0. (b)
Bound state for [ > 0, with the potential V (r) replaced by the effective potential
with centrifugal barrier A21(I + 1)/2mr?. (c) In the s-wave sector, the resonances are
broad, mostly undefined with I'. > E,.. A defined resonance with I, < E, requires
that |og(E,)| is large. (d) For [ > 0, sharp resonances arise, as the decay of the state
is suppressed by the presence of the centrifugal barrier. The resonances are sharper
the smaller k,, the larger I, and the larger o)(E;) are.

i.e., the smaller k;, the larger [ > 1 and the larger o)(E),), the sharper the resonance.
Note that for I > 0, I', < E, x k‘z as k. — 0. For [ = 0, on the other hand, FE,
vanishes faster than I'; and thus o (E,) must become large in the denominator to
preserve the visibility of the resonance, cf. (1.100).
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SCATTERING THEORY



Chapter 2

Identical Particles

When we want to describe multiple identical particles in quantum mechanics, we
must introduce the principle of ‘indistinguishability’ of similar particles, which has no
counterpart in classical mechanics. In classical mechanics, similar particles, despite
having identical physical properties, do not lose their individuality; in principle,
we can mark each particle and thus identify them. In fact, the markings are even
superfluous since we can follow the trajectories of the particles and therefore identify
them——classically, the physics of distinguishable and identical particles is the same.

In quantum mechanics, we can neither mark the particles nor follow their trajectories,
a consequence of the Heisenberg uncertainty principle. Thus, in quantum mechanics,
there is fundamentally no way to track a single particle among identical particles
separately and thereby distinguish the particles. A consistent consideration of the
indistinguishability of particles produces astonishing physical effects, which we will
describe below.

2.1 Description of N Particles

We start with the problem of describing N (distinguishable) particles. The concepts
of wave functions and operators are generalized in the obvious way from single to
many-particle systems:

e The wave functions depend on the IV particle coordinates, for example, on posi-
tion and spin coordinates 71, s1;...;7N, Sy, Or in compact notation x1,...,zN
with €T; = (’I‘Z', Si),

U(a,...,an) = (o1, an|0); (2.1)

correspondingly, we define a Hilbert space H over the complex-valued functions

27
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U(zy,...,xy) of N arguments xx with the inner product

<\IJ|CI)> = /d:L’l e 'de \IJ*(.Tl, N ,JJN)(I)(:El, I ,xN). (2.2)

The canonical basis in H is the product basis generated from a single-particle

basis {¢k(x)},
Uk ooy (T15 -+ BN) = Py (21) -+ Py (@) (2.3)
Of course, other bases are also possible.

The operators act on the N-particle wave functions. The single-particle opera-
tors A are given by

N
A=Y, (2.4)
=1

where a; acts only on the i-th particle. In the product basis, this looks as
follows:

(x1,...,oN|AV) = A¥(z1,...,2N) (2.5)
= [apr, (21)] o, (22) - - Pry (2N)
+ ¢ (1) [apn, (22)] - - Py (an) + -

Mathematically, this means that the operator a; acts as -+ - @I ®aRX I ®--- in
the Hilbert space Hy = HOH ® --- = HON.

Operators can, of course, also act on two (or more) particles simultaneously,
thereby creating interactions between the particles, for example, pair interac-
tions,

1
V= 3 Z vij,  v;; acts only on particle pairs i, j. (2.6)
i)

As an example, we consider N particles in R? without spin.

e The product basis is constructed from the single-particle basis {|pg,) },

in the position representation, we have

<Ti‘90ki> = (pki(ri)a
<’I’1, ceuy ’I"N‘kl, N ,kN> = (pk,l (Tl) e (pk.N(’I’N). (28)
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e The plane wave basis, (€2 is the quantization volume)

or(r) =e*7/VQ,
(r1,..ornlky, . k) =[] eV, (2.9)

spans the product Hilbert space
HON = [2RY) @ --- ® L*(R?) = L*(R?)™" (2.10)

e Examples of operators are (except for the interaction, all are single-particle
operators)

the (total) momentum
P=>p, =y, (2.11)
- : plu pl - 1/ (2] .
7

— the (total) energy

p?
Hy = Z ﬁ, for free particles,

(2

1
H = Hy+ 5 Z V(ri —rj), for interacting particles, (2.12)
i#]

the density

p(r) = Z O —ry), (2.13)

— the current density

i =3 [21;5(3)(7" )+ 6O — 1) me . (2.14)

(]

— Thus, we form the expectation values

h
P)= dBry - Pry U (rq, ... —V,U(ry,...
(P) ZL:/ 1 rn U (r, 77“N)Z.V (r1,...,TN),

N
= Z /d37"i apkl(m)zvzapkl(m) = Z hk;, (2.15)
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(Ho)=>_ Ll (2.16)

— 2m

1
(H) = (Ho) + QZ/dgrl'-'d?’?“N
i#]
XU (ry, ..., rN)V(rs —r)¥(ry, ..., TN)
1
= <H0> + B} Z/dgn' d37“j
i#]
X Ok, (1) @k, (15)V (ri = 75)0r, (1) Pre, (75)

1
= (Ho) +5 Z/dgm & low; (ra) PV (i = 7) [ n; (ry) 2. (2.17)
i#]

2.2 Description of N Identical Particles

When we write the wave function ¥(z1,...,xy) of a many-particle system, we use
the term ‘first particle’ for the particle that is designated by the first argument,
‘second particle’ for the particle designated by the second argument, and so on. The
question arises whether this does not mark the particles and violate the fundamental
indistinguishability. The answer is that we need the markings/names to be able to
describe the system mathematically at all. However, this does not necessarily lead
to a physical distinguishability. We must simply ensure that we treat all particles
as absolutely equivalent. In particular, no (physical) operator may exist that allows
for the identification of the particles. This means that all allowed operators are
symmetric. In the coordinate representation, the allowed operators are, for example,
symmetric in the coordinates,

A1, 2N) = A(Tr1), -+ Ta(v)), (2.18)

with m € Sy being any permutation,

1 2 3 N
(w(l) w(2) w(3) - w<N>)’ (2.19)

which maps the upper row to the lower one.

Next, we consider the expectation values of A,
(A) = /dwl cedry U (xy, .. 2n) AT, - 2n)P(Z, L, 2N) (2.20)
= /dml coeden U (@1, 2N)A@ ) - Ta) Y (@1 TN)

= /dl‘l ce d.%'N \I/*(wﬂfl(l), ce ,flfﬁ—l(N))A(.fl, v 7$N)‘I’($7r*1(1)a ey .’L'W—l(N));
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here, 77! is the inverse permutation of . Clearly, we can interchange the arguments
in ¥ arbitrarily, since A is symmetric, (A) remains invariant. The invariance of (A)
thus does not give us any condition on the behavior of the wave functions ¥ under
the interchange of arguments.

We can formalize the above discussion somewhat: Analogous to the translation and
rotation representations in Hilbert space,

Translations: Uy U(r) = e P/ (r) = U(r — a),
Rotations: Uy U(r) = e @ L/Mg(r) = U(R_, ), (2.21)

we introduce the following (unitary) representation of the permutation group Sy '
Uﬂ- \I/($1,...,CL‘N) :\Il(a:ﬂ(l),...,xw(N)). (222)

With the definition of U, we can define symmetric operators as follows: An operator
A is symmetric if for all 7 € Sy it holds that

U AU =4 & [A,U;] = 0. (2.23)

The central question we will address next is how the permuted wave function U, ¥
relates to W. Clearly, U, defines a representation of Sy in ‘H. Furthermore, for all
(allowed, i.e., symmetric) operators A, in particular also for the Hamiltonian H, it
holds that [H, U] = 0. This means that we can diagonalize every operator A and Uy
simultaneously.

Let now AV, = a¥,, then also AU,¥, = aU¥, and {U,¥,|m € Sy} spans the
eigenspace Eig, for A. 2 In the eigenspace Eig, with dimEig, = D,, a D,-
dimensional representation of Sy can be generated. This representation can then be
decomposed into irreducible representations of Sy . In general, any irreducible repre-
sentation of dimension d < D, can occur. However, if d > 1, all energy eigenstates of
H (and also the eigenstates of any operator A) are d-fold degenerate. This degeneracy
is called exchange degeneracy, as it arises solely due to the indistinguishability of the
particles. This degeneracy has measurable consequences, as it increases, for example,
the specific heat or provides a mixing entropy of two identical gases®. It is now an
experimental fact that no exchange degeneracy exists for any particle. Therefore, we
do not need to apply the entire machinery of group theory to this problem and only
need to consider the one-dimensional representations. There are two of these in Sy,
namely the symmetric representation S and the antisymmetric representation A. We
denote the corresponding invariant Hilbert spaces by Hs/ ..

1Since Sy is not a continuous group, there is no infinitesimal generator.

2In the case A = H, we consider U with HUp = E¥g and note that U, ¥ g also lies in Eigp.

3The absence of exchange degeneracy in mixtures is referred to in statistical mechanics as the
Gibbs paradox.
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2.3 Fermions and Bosons

Let H be the Hilbert space of N-particle functions. Only the sectors of H are relevant:

Ha = {A\I]|\Ij € H}v

Hs = {STU|U e H}, (2.24)
where
1 ™
A=+ > (=1)"Un, (2.25)
TESN
1
S=15 > U, (2.26)
TESN

the (anti-)symmetrization operators with (—1)™ being the signature of 7, see B.1. The
normalization has been chosen such that the operators are projectors with S? = S
and A? = A. For the functions in H_4, it holds that

\I/(xﬂ(l),...,mw(]v)) = (—1)77\1/(;(}1,...,.%']\[), Vr € Sn, (227)
for those in Hg it holds
V(Zr(1)s - Trvy) = ¥(21,. .., TN). (2.28)

In nature, only a small part of H is realized, namely the symmetric and antisym-
metric parts. We call particles whose wave functions lie in H 4 (Hs) and are thus
antisymmetric (symmetric) under the interchange of arguments fermions (bosons).

Ha Hs
antisymmetric -~ symmetric
Fermions Bosons

This leads to the problem of which Hilbert space, H 4 or Hs, one should choose for a
particular type of particle, or in other words, whether the particles are fermions or
bosons. The answer is given by the spin-statistics theorem.

2.4 Spin and Statistics

The following relationship between particle spin and the symmetry properties of the
wave functions under Sn can be proven in relativistic quantum field theory:

Half-integer spin Integer spin

Fermions “ Bosons (2.29)
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Examples of particles with the corresponding properties are:

Fermions Bosons
e Leptonse™, u, 7 e Higgs (spin-0)
e Lepton neutrinos ve, vy, v, e Mesons m, K with spin-0, or p,w

) with spin-1, each with two quarks.
e Baryons p,n,A, X, Z,--- with 3

quarks each

Gauge bosons (Yang-Mills) of the

e 3He — electroweak interactions:
v, W*, Z0 with spin-1.

All fermions listed here have spin-1/2. . .
— strong interactions: gluons

(spin-1).

“He (spin-0).

2.5 Applications

2.5.1 Wave Functions of Two (Spin-1/2) Fermions

We consider two spin-1/2 fermions, e.g., two electrons. Let W(ry, s1;72,82) € H be
an element of the product basis

U, u(x1, 22) = pu(x1)eu(x2). (2.30)
The physical states are

1
A } : ™
\I’“’V(:El,ibg) = \/5./4\1’#,1, == \/? (—1) Uw\I’p,u(zlaxZ)

* wEeSy

1
= ﬁ [\Iju,u(:ply $2) - \I’p,u(l:% :L‘l)]
1

= — [pu(@1)@u(22) — oul2)pu (1)) (2.31)

S

If 4 = v, it follows that AV, , = 0, thus no two fermions can be in the same state:
This is the famous Pauli exclusion principle. The Pauli exclusion principle for fermions
also holds generally for N fermions.

2.5.2 Spin and Orbital Wave Functions

Next, we separate the spin and orbital components for the wave function ¥ of two
spin-1/2 fermions,

W(ry, s1;72,52) = ©(r1,72)X (51, 52). (2.32)
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The total wave function ¥ is antisymmetric if

o) symmetric }or {(p antisymmetric (2.33)

X antisymmetric X symmetric

is. The spin part x(s1,s2) can be reduced according to S = 81 + Sa, Hi/o ® Hio =
Ho @ Hi. In the spin Hilbert space Ho, the singlet state xo,0(s1, s2) is antisymmetric
: 4

n s, s2,

X0,0(51,82) = (51, 52/0,0)

1
= 5 (sl (sald) = (sl ) (sal )]
- \}5 [t (s1)x1(s2) — xu(s1)xr(s2)]. (2.34)

The spin Hilbert space H is spanned by the three states x1,1, x1,0, and x1,—1. These
are the symmetric triplet states,

X1,1(81732) = <81752‘1’ 1> = XT(Sl)Xi(SQ)a

X1,0(51,82) = (s1,52/1,0)

_ \2 [ (510 (s2) + x (s1)xt (s2)]

X1,-1(51,52) = (s1, 82|1, =1) = x(51)x (52)- (2.35)

The above symmetric and antisymmetric spin functions y are combined with appropri-
ately symmetrized orbital functions ¢. We thus define the symmetrized combinations

(o symmetric: ps = [@1(7’1)902(7“2) + 902(7’1)801(7’2)] /\/i,
© antisymmetric: oA = [gol(rl)cpz(m) — 4,02(7’1)801(7’2)] /\/i

Thus, we can simultaneously diagonalize S?, S, and Sy and obtain wave functions
¥ with defined spin and defined symmetry. Here, the spin determines the symmetry
of x and of ¢:

S = 1= x = symmetric, ¢ = antisymmetric;

S = 0= x = antisymmetric, ¢ = symmetric. (2.36)

A similar principle generally applies for N spin-1/2 fermions, see Appendix B: from
Weyl’s theorem and the Pauli principle, it follows that the total spin S determines the
type (the representation under the permutation group) of the orbital wave function.
However, the type essentially determines the value of the ‘exchange integrals’, i.e.,
the energy of the state. Thus, the total spin indirectly influences the energy of a
state. Magnetic properties such as ferromagnetism are therefore consequences of the
relationship between spin and orbital type.

Tt holds that x+(s =1) = 1 and x4(s =) = 0.
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Clearly, fermions interfere with each other due to the Pauli principle, and the
question arises whether we always need to antisymmetrize all the electrons in the
world. Fortunately, this is not the case. Consider two non-interacting electrons in
Aachen and Cologne, described by single-particle states p4(71,s1) and ¢ (71, 51)
with [dz ¢*¢r ~ 0, which (correctly) are described by the antisymmetric wave
function

T~ ;5 [pa(a1)prc (2) — 9 (1) 0 (22)] (2.37)

Let A(x) be a local single-particle operator. Then its expectation value is given by

() = 5 [dadzs [ g Aen) palo)on(ea)
T e (a1) s (v2) A1) orc (01)pa(2)
—ph (1)@ (22) A(w1) 0xc(w1)pa(22)
)93 (@2) Aln) () prc(22)] } =
~ (A)a+ (A k. (2.38)

It is the interference terms that carry the symmetrization properties.” For non-
overlapping wave functions, these terms vanish, and we can do without (anti-
)symmetrization: the results in Aachen depend only on the wave function in Aachen
and analogously for Cologne.

2.5.3 Wave Function of Two (Spin-0) Bosons

For two bosons, the product wave function ¥, , must be symmetrized. The allowed
wave functions are therefore given by

Ve (21, 22) = V28V, = ;5 [ou(@1)pw(@2) + pu(w2) ey (1)) (2.39)

For bosons, p = v is now allowed, and the wave function of two bosons in the same
state is given by (note the new normalization, cf. (2.53) later)

T1=To=T

WS (w1, 22) = pu(a1)pu(ra) "= (@) £0, (2.40)

and both bosons are allowed to sit in the same place.

®Note that for bosons, the last two terms in (2.38) are added.
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Figure 2.1: On the symmetry of
2 9 the wave function of two hydrogen
atoms: Xi, X5 denote the coor-
dinates of the protons, x1, xo the
coordinates of the electrons.

Note: Fermions avoid each other, bosons like each other

Wi nm2) = = [ern)ea(e) F ealen)or (@)

Jri=x2=2x

Fermions,

0,
{ \/ﬁ‘Pl(x)S@(ﬂU), Bosons.

(2.41)

2.5.4 Composite Particles

Consider two H atoms as sketched in Figure 2.1. The total wave function W(x1, X1, 2, X3)
must be antisymmetric in the electron coordinates x;, x2 and also antisymmetric in
the coordinates X7, X9 of the protons. Interchanges of x1, X1; 1, Xo; z2, X1; T2, Xo
are not subject to any regulations. Since the exchanged particles are not identical,
such exchanges are also not physically meaningful. The interchange of the atoms
yields (first the electrons, then interchange the protons)

\Ij(x27 X27 X, Xl) = —\I/(l'l, X27 x2, Xl)
= (—1)?W(z1, X1, 22, X). (2.42)
From this, we find that the H atoms, which consist of 2 fermions each, behave like

bosons. Note the compatibility with the theorem of spin and statistics from Chapter
2.4,

H-atom = Hy/5 ® Hyjp = Ho ® Ha; (2.43)

thus, the H atoms have an integer spin and are therefore bosons. A similar treatment
applies to other composite particles, for example

SHe = 2p+ 1n + 2e = Fermion — pairing transition,
‘He = 2p+ 2n + 2e = Bosons — \ — transition;
(2.44)

Y

both He liquids become superfluid at low temperatures. While He ‘Bose-condenses
(at low temperatures T < 2.17K all *He atoms occupy the same single-particle
state), the fermionic *He atoms must first pair (— bosons) to then transition into the
superfluid state at the lowest temperatures T' ~ 10 mK via a so-called BCS (Bardeen
Cooper Schrieffer) transition.
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2.5.5 Symmetry under Time Evolution

Time evolution preserves symmetry, since let

Bosons (+),

U,V = (£)"0, Fermions () (2.45)
then we have
Ur¥(t+dt) = UpU(t) + Ur [0 ¥ (t)]dt
= (£)"V — iU, (H/h)¥dt
J[H,UL]=0
= ()" —i(H/h) U, ¥dt (2.46)
= (£)"[V + (0, ¥)dt] = (£)" ¥ (t + dt). (2.47)

2.5.6 Many-particle states of non-interacting identical particles

For non-interacting particles, we can write the Hamiltonian operator as

N
H = ZH@(xi), €T, = (TZ‘, Si), (2.48)
i=1

where Hj denotes the single-particle Hamiltonian. With the single-particle solutions
Hopj =¢€jp5,  {¢;} a complete orthonormal system (COS), (2.49)

we can define N-particle product eigenstates
U(z1,. ., TN) = Par (£1)Pay (42) - - Pan (TN) (2.50)

for H. The total energy is then £ =) . e,,. Equation (2.50) describes an N-particle
system in the states ©qo,, Pas, - - - Pay, for example for N = 4 and V' a potential well

V1356 = 1(r1)w3(1m2)¢5(73) 06 (Ta), (2.51)

as illustrated in Figure 2.2.

Fermions: For fermions, we must antisymmetrize ¥,
1
R T D D SR RN
TESN
90041(1'1) (10041(1'1\7)
1 |®ax(x1) o Pay(TN) 1
= — . . = det ¢q,; (7); 2.52

(@) Py ()
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A Figure 2.2: Occupation of a
fermionic system in the state
Wis56. The Pauli principle (the
symmetry of the wave function)
allows at most one particle per
state.

Here, the factor (N!)~'/2 ensures the normalization of the many-particle wave function.
The determinant in expression (2.52) is called the Slater determinant. If there is a
pair ¢ # j with a; = o, then ¥ 4 = 0. Thus, the Pauli exclusion principle demands
that no two fermions occupy the same state in spin and orbital.

Bosons: For bosons, we must symmetrize the wave function W,

Ui Ug = AU NTTT ol NI H nj g; Spal 7r(1) QOC!N( m(N ))7 (253)
TEON

it is a simple exercise to show that the prefactor guarantees the normalization of the
wave function. The degeneracy n; indicates how many of the indices «; have the
same value j (where } ;n; = N).

2.5.7 Fermi Sea

The electrons in solids are described in the simplest case by

e Core or valence electrons; these are electrons firmly bound to the atoms (or in
atomic aggregates) and define full electron bands.

e Conduction electrons. These are quasi-free mobile electrons in partially filled
bands, see Figure 2.3.

The bands are filled up to the Fermi level. If the Fermi level lies within a band, it
is a metal; if the Fermi level lies within an energy gap, it is a semiconductor or an
insulator.

The conduction electrons can be most simply described as a gas of free spin-1/2
fermions with the Hamiltonian operator Hy = p?/2m. The ground state |®g) (‘Fermi
sea’) takes the form of a Slater determinant, where the low-energy states with & < kg
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E a

A Figure 2.3: Electron states in
1 - Fermi-level solids form into bands. Well-
~— conduction separated atoms with a —
electrons 00, a being the lattice spac-

ing, show a discrete spectrum.
_‘< /\’aﬁggfmnq At finite (small) distances, the
S electrons can hop between the

>

0 \ 1/a g lattice sites, forming energy
atomic T bands that are filled up to the
levels bands Fermi level.

are occupied, with the Fermi sphere having radius kr. The eigenstates of the
single-particle Hamiltonian operator are plane waves ¢y, o< €*7. For the specific case
that the particles are in the volume 2 = L? with periodic boundary conditions, one
obtains the quantization condition k = (27r/L)Z3. The number of states in the Fermi
sphere is

_ Volume of the sphere  (47/3)k?%, (2.50)
~ Volume per lattice point Js (27w /L)3 '

where the factor g; = 2 accounts for spin degeneracy.’ From (2.54), one obtains the
relationship between the electron density n = N/Q and the parameters ep = p%./2m
(Fermi energy), pp = hkp (Fermi momentum), kr = v/2mep/h (Fermi wave vector)
of the Fermi gas given by

6 2
B="n (2.55)
Js
The corresponding ground state energy is
h2k? L3 5 h2k? 3
Eo— _ Bk — NZgpm. 2.56
=05 ) G =0 (2m)3 /,Kkp om 5 (2.56)

k<kp

Thus, one finds for the ground state energy density eg = 3¢pn/5, which corresponds
to the Fermi pressure p = 0Ey/0Q = eq of the quantum gas at 0 K. The ground state
energy < Nep of N fermions is always high, as the particles avoid each other and
thus will occupy high-energy states. We find the following energy scale in typical

STf one assumes infinitely high potential walls instead of periodic boundary conditions, such that
¢;(7) vanishes at the boundary, one obtains the single-particle wave functions ¢/ () = Hle sin kir;
with k; = 7n;/L and n; € N. The number of states in the Fermi sphere is then given by N =
9sVie, /(7/L)* where V)~ is the volume of the Fermi sphere in the first octant with V> = (47 /3)k3 /8.
The result (2.54) (and thus also the following results) therefore remain unchanged.
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metals: With

h2 k2 _

EF = 2mF =3.81eV-k%[A 2] and
™ .

kp~ —, a = lattice constant ~ 3A, (2.57)
a

we obtain kp ~ 1 A=! and ep ~ several eV typically, which corresponds to several
102 K. Thus, the kinetic energy of electrons in metals at room temperature is not
300K but ~ 30000 K. The Fermi pressure corresponds to ~ e /a ~ 108 atm.

2.5.8 Bose Condensate

The ground state of the bosonic many-particle system (with spin-0) looks very different
from the Fermi sea. The product state

N
Uy = H@o(?‘z‘) (2.58)
i=1

with ¢ being the single-particle ground state is already symmetric and Eg = Neg:
The bosons condense in the lowest energy state. This condensation phenomenon
ultimately leads to the superfluidity of a bosonic system at low temperatures. Fermions
can only condense if they first pair, for example, in the form of Cooper pairs during
superconductivity in metals.”

2.5.9 Scattering of Identical Particles

Consider the collision/scattering of two identical particles. We separate into center-
of-mass and relative coordinates R = r1 + 79 and r = r; — ro. Thus, R is symmetric
and 7 is antisymmetric in 71 and ro. We decompose the total wave function into spin
and orbital components,

U(xy,z0) = e P Ray(r)x(s1, 52). (2.59)

For distinguishable particles, the scattering solution has the asymptotic form

) ikr
V() ~ €4 ()

(2.60)

Spin-0 Bosons: For bosons with spin-0 we have y = 1 and due to the symmetry
of ¥, it holds that ¥ (r) = ¥ (—r); accordingly, we must symmetrize the scattering
solution and obtain
. ) eikr
¥ (T e ) L [£() + ()]

(2.61)

"This pairing phenomenon is somewhat more complex in nature, and we refer to Chapter 5.2 and
the corresponding standard literature on BCS (Bardeen-Cooper-Schrieffer) theory.
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Figure 2.4: The symmetriza-

’\ tion of the scattering wave

/ function generates two trajec-
T =0 - tories with scattering angles 6
' L and m — @ that can be coher-

/ : ently added.

For the differential cross section, we obtain

= | fe( ) + fr(Q0)]
= |fe(@)* + |f6(Qr) [ + 2Re [fi(20) f(Q-r)] (2:62)
classical terms interference terms

The classical term is the addition of the cross sections for detecting one of the two
particles (the detector cannot distinguish which particle arrives). The interference
terms arise as a consequence of the symmetrization due to particle statistics.

For a central symmetric potential V' (r), the scattering amplitude fz depends only
on the scattering angle #. The inversion r — —r in polar coordinates is given by
0 — m — 0,7 — r. Thus, equation (2.62) simplifies to

dcgr = [ 11(0) + fu(m — 0))* = | fe(0)|* + | fu(m — )7 + 2Re [f(8) fu(m — 6)].

The angles that arise are illustrated in Figure 2.4. Due to the interference terms, for
bosons in the case § = /2, the cross section doubles compared to the classical result,

> T = 4| fr(m/2)]%. (2.63)

In the partial wave representation

Zzl (20 + 1) fiP/(cos )
!

L Py(cos 0) = (— ) Py(cos(m — 6))
Ful0) + fulm—0) =2 Y 21+ 1) fiPi(cos ), (2.64)

[ even

we find that only even angular momenta [ occur (for odd [, the Legendre polynomial
changes sign and the contributions cancel each other out).
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Spin-1/2 Fermions: In the case of spin-1/2 fermions, two scenarios are possible:

1. The spin-singlet state ys = [(| ) —| ¢T>} /+/2 is antisymmetric, and consequently,
the spatial part

¥(r) =v(-r) (2.65)
must be symmetric. The scattering cross-section is equal to that of spin-0
bosons,

do 9
0| = | f1(0) + fr(m = 0)]". (2.66)

2. The symmetric spin-triplet states

1)
xe =9 [0+ 14D)]/vV2 (2.67)
|4
enforce an antisymmetric spatial wave function ¥ (r) = —¢(—r), and we obtain

a scattering amplitude fx(0) — fr(0)— fx(m—0) that contains only odd angular
momenta [. Thus, the scattering cross-section results in

;gr‘t: ‘fk(e)_fk(ﬁ—g)‘z (=0 for 6 =m/2). (2.68)

Note that polarized fermions scatter only in odd angular momentum channels:
cold bosonic atoms exhibit a contact potential and scatter mainly in the s-wave
channel, cf. (2.64). Cold polarized fermionic atoms, on the other hand, interact
much more weakly, as the p-wave channel is the first to appear (the scattering
cross-section o; behaves like ~ a?(ak)* at low energies).

In the case of a statistical ensemble for an unpolarized beam, the weighted

average (from 3 triplet states and 1 singlet state) results in

da_gdo’ +1d0
dQT_4dQTt 4dQy |,

= |fe(0)]° + | fro(m — 0)]* — Re [£(8) fio(m — 0)]. (2.69)




Chapter 3

Atoms

3.1 Atom with Two Electrons

To begin, we consider the 2-electron atom, helium He (Z = 2) or the ions H™ (Z = 1),
Lit (Z = 3), and Be™™ (Z = 4) described by the Hamiltonian operator

2 2 2 2 2
Ze Ze e
H=Hy+Hyw— L4220

. 3.1
2m 2m 1 T2 + ‘7'1 — ’l"2| ( )

Here, 7 and 7o describe the positions of the electrons with respect to the atomic
nucleus, and e > 0 denotes the elementary charge. We have assumed that the nucleus
does not move, which is a reasonable approximation due to the mass difference
between the electrons and the nucleus. The Hamiltonian operator (3.1) is not exactly
solvable because of the interaction term Hyw = €2/712, r1a = |71 — 73|, between the
two electrons. The simplest approximate solution treats this term perturbatively,
meaning we first solve the non-interacting problem HoWy = Eg¥( and then determine
the correction By = (Wgle?/r12|¥g). The solutions of HyWo = EgW¥q are the product
wave functions o (71, 72) = ©a, (71)Pas (12), Where @, (7) is a hydrogen wave function
for nuclear charge Z with o = nlm. The corresponding energies are

EO == 50{1 + 6@2 (3'2)
with

72 e2 K2
€a=——5Er, Er=-—=1Ry~13.6eV, ap=-——~0529A  (3.3)
n 2ap me

Additionally, we must consider the Pauli principle for fermions. The total wave
function ¥(x1,x2) is antisymmetric in x; = (4, s;),

\I/($1,£L’Q) = —\I/(xg,xl). (3.4)

43
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The separation of spin and orbital parts yields

U (21,29) = Wo(r1,m2)X0(51, 52), (3.5)

where the antisymmetry of the total wave function can be constructed in two ways,
either with

U symmetrical, (3.6)

Xo antisymmetrical, (S =0, singlet) ’
thus an antisymmetrical spin function (spin-singlet state), or via

Py antisymmetrical, (3.7)

X0 symmetrical, (S =1, triplet) '

with a symmetrical spin function (spin-triplet state). With ¥( antisymmetrical,
a1 # ao must hold, which costs us at least the additional energy

AE =Z?(1-1/2°)Er ~ Z? x 10V (3.8)
We therefore choose the spin-singlet state as a candidate for the ground state with

Wo(z1,22) = ©100(T1) P100(T2) X00(51, 52),
e100(r) = (23 /ma})'? exp(—Zr fap),
X00(81, 52) = [X¢(81)X¢(82) - Xi(sl)XT(SQ)]/\/i
Ey= —27°FEp = —Z%¢*/ap. (3.9)

The correction E; follows through integration

Ey = /d3r1 dry 206 expl =221 + 13) /o]

CLGB7T2 ’1‘1 — 7’2|
5 Ze?
= ——. 3.10
3 ap (3.10)
We obtain the ground state energy

5\ Ze?
Eg = Eo+ Ey :—(Z—f>—. (3.11)

8/ ap

in first-order perturbation theory. This energy represents an upper bound for the
actual value of the ground state energy because first-order perturbation theory is
equivalent to the Rayleigh-Ritz variational principle with the unperturbed ground
state wave function as a test function.

For the He atom (Z = 2), we obtain Eg ~ —5.5 Ry. The experimentally measured
value is Ege ~ —5.8 Ry, about 4 eV lower than our calculated value. With a variational
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approach Z + a (« variational parameter)' we find the estimate

2 2 .2
Eg¢ = min <a - 27+ §> el —(Z — i) c (a=Z—5/16)
« 8 ap 16 ap

~ —5.7 Ry, (3.12)

an improvement of &~ 2.7eV; about 1.4eV are still missing from a total of 79eV,
a respectable result. The improvement provided by Z — « is a consequence of
considering screening effects: each electron ‘sees’ only a charge of 2 — 5/16 = 27/16
instead of Z = 2.

For the hydrogen ion H~ (Z = 1) we obtain

112 €2
Eg = —(7> © ~—12.86¢V. 3.13
¢ 16/ ap ¢ (3:13)
The configuration H + e~ corresponds to the energy —13.6 eV, which would make
H™ unstable; however, experimentally H™ is stable, which means our result must be
at least (3/4)eV wrong.

3.2 Hartree and Hartree-Fock Approximation

When we move to larger atoms, we are confronted with a complicated electronic
many-body problem. The general form of this many-body problem can be described
by the Hamiltonian operator

Vi
N 2 2
|2 +U(r)}+1§ c (3.14)
H= — , — - )
,Z 2m ! 2 &~ |r; — 1y
i=1 i#]
Vvint

(we neglect here interactions that involve spin). The potential U(r) is a given
(external) potential; for atoms of charge Z, U(r) = —Ze?/r. Naively, we could again
first solve the one-particle problem

2
h=o—+U(r), hipj(r) = <jip;(r), (3.15)
assume the many-body function as an antisymmetrized product wave function |i.e.,
as a Slater determinant (2.52)| and treat the interaction term in the Hamiltonian as
a perturbation. The expected results are mediocre, as we have seen in the example
of the He atom. The problem is that the electrons are not only subjected to the
potential U(r), but also move in the (mean) field of the other electrons, leading to

!One replaces Z — « only in the wave function, not in the Hamiltonian!
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a screening of U. This screening, in turn, depends on the orbits of the electrons,
so we must determine the orbits and the screening effects self-consistently. This is
precisely the strength of the Hartree and Hartree-Fock approximations: The Hartree
approximation considers (only) the screening effects and not the exchange effects due
to the fermionic nature of the electrons. The complete Hartree-Fock theory also takes
into account the antisymmetry of the wave function.

3.2.1 Hartree Approximation
In the Hartree approximation, the task is to find the optimal product wave function

Ui = @1(r1) pa(r2) - N (TN (3.16)

We can at least partially consider the Pauli principle by orthogonalizing the ¢; and
allowing each state to be occupied at most twice (due to gs = 2). Mathematically,
we seek single-particle functions ¢; such that the expectation value of the energy
(H)u = (Vy|H|Vy) is minimal; the wave functions should be normalized, ||¢;|| = 1.
With these constraints, which we consider through Lagrange multipliers, we have the
following functional to minimize:”

N

Fler(@), .. on(an)] = (Hyu = Y Nilpiles) (3.17)
i=1

N
/Hd ri ( onHepr - N)—Z/\i/drf’@f%
—Z/dr %[ +U(r;) Z /d?’?"J(p]‘ ’ )\i]cpi.

At the minimum of F, the variation dF = 0 vanishes, and we find the condition
(0F/dp; =0)

h? 1€ ! / = Ao
|~ U [ S e ) = i),

(3.18)

The sum n;(r") = Z loj(r")]? describes the average charge distribution —en;(r’)
of the other electrons j #i. The system (3.18) defines the Hartree equations; the
optimization of the single-particle wave functions ¢; takes into account the presence
of the other electrons through the interaction term

Va(r) = /d3  Emilr) (3.19)

r—7|

2The symbol Z; describes the sum over j without the term j = i.
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Note that the ¢; are generally not orthogonal, as n;(r) depends on i. Therefore,
one usually writes n;(r) = n(r) for the particle density, as one electron represents
only a small disturbance of the N > 1 electron cloud. The density —en(r) then
describes the charge distribution that an external test charge perceives, and the g;
become orthogonal. The (Hartree) expectation value of the ground state energy
Ey = (H)u =Y ; \i — (Vint)u represents an upper bound for the exact ground state
energy.

The Lagrange multipliers A\; appear in the Hartree equation like single-particle energies
gi. To determine their physical significance, we multiply (3.18) by ¢} and integrate
over r. We obtain

Ai —/d3 [+U( ]|% ‘24_2 /d3 d3’ e2|i(r)|? |5 (7 )[? ‘ (3.20)

=

Since \; takes into account precisely those terms of (H)y (see (3.17)) that contain
i, —A; corresponds to the ionization energy under the assumption that the other
wave functions do not change (Koopmans Theorem). In reality, the other wave
functions relax, i.e., the relaxed state \I'( - (with N — 1 particles) contains modified
single-particle waves. However, the ‘knockmg out’ of the i-th electron, for example
in a photoemission experiment, leaves an exchange hole that is only filled after a
finite relaxation time. A rapid ionization process (e.g., via photoemission) therefore
involves the unrelaxed ionization energy —\; and not the relaxed quantity )\ion =
<H>H - <\PH,Z|H|‘PH,’L>

3.2.2 Hartree-Fock Approximation

The Hartree-Fock theory goes a step further and minimizes

(e | H|Wir) — Z Ai{ilei) (3:21)
i
in the variational space spanned by the Slater determinant?
e1(r1)xe(51) -+ @1(rN)Xo1 (sN)
Uyp = ﬁ : : (3.22)
ON(T1)Xon(s1) -+ @N(TN)Xow(SN)

The single-particle expectation values of p? and U(r;) remain unchanged, while the
interaction term now produces two terms,

1 3 3 62 * *
Wihr = 5 [ dra'e' Y[ e

~ Goi0, 2t (1)} ()i (Mpi(1)] . (3.23)

3Note that the Slater determinant W¥yp actually depends only on the variational space
span{p1,...,¢n} and not on the choice of basis functions ¢ that span this space.
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The spin-dependent term o< d,,,; is called the Fock or exchange term.

Its derivation involves the following steps: Starting from the product state ¥y =
[ L ¢i(7ri) X0, (si), we define the antisymmetrized state Vyr = VNI AV, = 1/v/ N ZwESN (1)U ¥y
and calculate the matrix element”

<Vint>HF = N!<\I]HA‘/intA\I]H>

b (AVing A=Vine A2=Vie A, since [A, Vige] = 0)

- 72 Z lgiU v > [only # =1 and ®@ = (i <> j) do not vanish]
J#i mESN

= A G ). (3.20)
i#]

Now, (xu|xa) =1 and

(Xul(@ < 3)|xu) = dsis;- (3.25)
with xu = [, xo, in spin space. The two terms in (3.24) then describe the Hartree
and exchange contributions in equation (3.23).

Analogous to (3.18), we vary 0F/dp; = 0 and thus generate the Hartree-Fock
integro-differential equations

{ i SV U() + / i ein_(:)] oi(r) (3.26)

62

In the second line, integration is performed over the sought eigenfunction ;; accord-
ingly, the electron is subjected to a non-local potential. The formulas (3.18) and
(3.26) must be solved numerically through iteration.

Note that the Hartree-Fock approximation does not yet take correlation effects® into
account, and therefore neither (3.18) nor (3.26) are exact. The ground state energy
Eur = (H)yp of the system includes the terms

EHF = EO + EWVV + EExchange. (327)
~—

Single-particle

-~

Hartree

Hartree-Fock

“See (2.26) for the definition of the antisymmetrization operator.

SCorrelation energy: An electron at position = reduces the probability of finding another electron
there. In particular, an electron with spin-|1) creates an exchange and correlation hole for other
spin-|1) electrons. The HF theory accounts for the exchange part; any contributions to the exchange
hole that go beyond the molecular field HF theory are referred to as correlation effects.
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A single-particle locale Fermi gas
( states / n(r)

EF

Figure 3.1: Thomas-Fermi screening: The inhomogeneous Fermi gas is approximated
by a local Fermi gas of density n(r) = k3.(r)/37%. The position-dependent Fermi
wave number kp(r) results from the local potential V(r) taking screening effects into
account, see (3.30).

Additionally, there is a correlation energy Fgoieation that can be found within the
framework of many-body physics/quantum field theory via systematic development
in a perturbation theory. For atoms, the Hartree-Fock approximation provides results
that are accurate up to typical correlation energies of the order of ~ 0.5eV per
electron.

3.3 Thomas-Fermi Screening

We consider electrons in a slowly varying potential U (r), which we can treat as locally
constant, see also Figure 3.1. The electrons then locally form a Fermi gas of density
[cf. (2.55) with gs = 2]

n(r) = . (3.28)

A test charge at position r feels a local potential composed of the ‘bare’ potential
U(r) and the potential generated by the inhomogeneous electron gas,

e2n(r')

Vr) = Ulr) + / & (3.29)

v
The second term corresponds exactly to the Hartree potential that we learned about
in the last chapter.

The electrons in the Fermi gas distribute themselves in equilibrium such that the
addition of a test electron at any position 7 costs the identical energy g, thus we
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have

Ep = th;i(r) +V(r); (3.30)

the first term describes the kinetic energy of the added electron while the second term

describes its potential energy V(7). The combination of (3.28) and (3.30) provides
the relationship between the local density n(r) and the effective potential V' (7),

n(r) = 1 [2m

3/2
| er V)] (331)

note that this represents an integral equation for the density n(r). The equation
(3.31) for n(r) can be transformed into a differential equatlon for V(r): applying the
Laplace operator V? to (3.29) using V21/|r — 7/| = —4x6®) (r — #/) yields

V2V (r) = V2U(r) — 4re’n(r)
= —4me? [_pext(r)/e + n(lr‘)] ) (332)

where pext(7) denotes the charge density generating the external potential U(r) and
n(r) denotes the screening electron density. With the usual definition of the dielectric
constant

Ula)
£(q) = Viq) (3.33)
we obtain [with ¢?[V(q) — U(q)] = 4me’n(q) from (3.32)]
7q2(V_V+U)7 (V—U)q27 4rre? n.
e(q) = v 1- A 1- 7z v (3.34)

for small V(q), g # 0, the screening (induced) charge density is given by n =
(On/OV)V = (=0n/0ep)y=oV. Substituting into (3.33) yields the Thomas-Fermi
result for the dielectric constant of a metal,

4re? On qTF
— =1+2F

e . (3.35)

e(g) =1+

To see that the result (3.35) describes screening, we calculate the inverse transforma-
tion of (3.33)

3 IG—QTF|"‘—7"\

V(r) = /d r'—————U(r"). (3.36)

Ar|r — 7|

Indeed, the external potential U is screened over the length ¢r. The Thomas-Fermi
wave number is determined by the electron density via kp,
5 On 4e’mkp 4 kp

2
e = TE Oep wh? Tag (3.37)

In a typical metal, kp ~ 1 A7! , and thus ¢rp ~ 1 A a charge in a metal is screened
by other electrons within ~ 1 A =10"1m
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E

Figure 3.2: Potential with bound
states in the Thomas-Fermi atom.
The states are filled up to the
Fermi level ep; their charge con-
tributes, via screening, to the ef-
fective potential.

EF 1

3.4 Thomas-Fermi Atom

We want to investigate atoms with nuclear charge Z > 1. The solution of the
hydrogen problem (with only one electron) yields the radius rx = ap/Z. This result
is applicable for describing the innermost 1s shell. The reason is that the nuclear
potential there is still ‘bare’ and not yet screened by the presence of other electrons.
For the last electron (in the outermost shell), however, only an effective nuclear
charge Z.g ~ 1 remains. Thus, the last shell has the radius R = ap (independent of
the nuclear charge). For the treatment of the electron cloud of the ‘middle’ shells
with typical radius 7, we need to consider the screening effects more accurately. The
simplest model for this is the Thomas-Fermi atom.

We apply the principle of Thomas-Fermi screening to the treatment of atoms and start
from (3.32) with pext(r)/e = Z63)(r) (due to the nuclear charge). We approximate
V(r) as spherically symmetric and obtain for r > 0

4e?

3/2
- 37h3 '

) - 40,0710 -~ ot V0]

(3.38)
For r — 0, the screening must disappear, and the electrons should be exposed
to the ‘bare’ nuclear potential with V(r) ~ —Ze?/r; this provides a boundary
condition for (3.38). The atomic radius R is determined by the condition n(R) = 0.
From this, with (3.31), follows the second boundary condition V(R) = ep. For
a neutral atom, V(r > R) = const. = 0, and thus er = 0; for a charged ion,
V(r > R) = —(Z — N)e?/r, with N being the number of electrons, cf. Figure 3.2.

In the following, we consider the neutral case with N = Z and define the dimensionless
scales x and @ for length and for energy (the potential),

([ 3n 2/3an_5“3$ Vi = -Z%0()  (with 8= 0.8853). (3.3
= A 2 Tz r)= r . " o o

The universal atom® is then characterized by a dimensionless potential ®(z), which

5The potential ®(z) is independent of Z.
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solves the Thomas-Fermi equation

Jz dzig@ = &(2)3/2, o(0) = 1, (3.40)

The potential satisfies the asymptotics

1—159z, z—0,
( :{ Lo (3.41)

144/23, = — oo,

and is otherwise found through numerical integration of the differential equation
(3.40). Note that the potential of the universal Thomas-Fermi atom extends to infinity
since ®(z) only decays algebraically.

In fact, the Thomas-Fermi approximation is only applicable for intermediate radii
(with rpin < 7 << Tmax)- The local density approximation assumes that the potential
does not change significantly over the (local) Fermi wavelength. The typical scale
d of the potential change is given by the distance r, since d ~ V/9,V ~r. On the
other hand, the Fermi wave number is approximately given by k% ~ 2mV (r)/h? ~
Z®(x)/apr. Thus, we obtain the condition

1 < (kpd)? & 1< Zd(x)r/ap (3.42)

for the applicability of the Thomas-Fermi approximation. For small distances, ®(x) ~
1, and thus rpy, ~ 7 = ap/Z. For large distances, we use ®(z) ~ 273 ~ (ap/r)®/Z
and find that rpax ~ R = ap (independent of Z). Thus, the Thomas-Fermi approxi-
mation holds from the innermost shell rx = ap/Z to the outermost shell R = ap. In
this range, we have

1 R 2 R TK
/ drn(r) = - drr’ V2V (r) = roVir) ‘2/(7")
rg<r<R € TK € r—R
~ K VZ(TK) ~ 70(1) x Z
e

electrons. Thus, the majority of electrons (except those in the outer and inner shells)
contribute to the formation of the Thomas-Fermi atom.

We find the following scaling laws as a function of Z for the Thomas-Fermi atom:
e Radius: 7~ Z/3ap, heavier atoms are smaller,”
e Potential: V ~ Ze2®(x)/r ~ Z*3ERr®(x)/x o< Z4/3 at fixed x oc ZY3r,

e ¢~ density: n ~ V2V/e2 ~ V/e?r? ~ Z&(z) /13 ~ (Z%/a%)®(x) /23 x Z? at
fixed x,

"Numerically, it is found that 50% of the atoms are found within a radius 1.33 Z~3ap.
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‘/eff A

Figure 3.3: Effective potential of
the Thomas-Fermi atom includ-
ing the centrifugal barrier. The
TF atom binds a state with an-
gular momentum [ if Vg has a
minimum with negative energy.

e Kinetic energy: p?/2m = h2k2/2m ~ h?n?/3 /m ~ Z*/3Fp,
o Velocity:® v~ p/m ~ Z?/3¢2/h o« Z%/3.
The electrons arrange themselves in shells in the Thomas-Fermi atom. The Thomas-

Fermi atom binds a state with angular momentum [ if the effective potential [including
the centrifugal potential 22I(l + 1)/2mr?]

2 2/3 2
RI041) _ 22PET L a®) | 10+ 1)

Verr(r) = V(r) + 2mr2  PBagp x 23 22

(3.43)

has a local minimum with Veg < 0, see Figure 3.3.

With the TF potential ®(x) according to (3.40), one finds for the Thomas-Fermi
atom shells for the following [ and Z ranges:

=0 <1 <2 1<3
TF-Atom Z<4 5<7Z<19 20<7Z <53 54 < Z

only s s&p s, p&d s, p,d& f
Experimentally p-electrons d-e~ f-e”

for Z >5 for Z>20 for Z > 58

Shells in the Thomas-Fermi atom

Note that due to Veg(r) # Ze?/r, the single-particle energies ¢; in the Thomas-
Fermi approximation depend on n and [ (but, due to radial symmetry, not on m).
In particular, there are the shells nl in an atom with energy ¢,; with degeneracy
(20 +1)(2s+ 1) = 4l + 2, that is

s-shell (deg. 2), p- (deg. 6), d- (deg. 10) and f- (deg. 14).  (3.44)

The determination of the shell sequence (increase of [ or of n) requires a numerical
analysis. One finds the sequence

1s < 25 < 2p < 35 < 3p < 45 < 3d < 4p < bs < 4d < bp
< 6s < 4f <bd < 6p < 7s < 5f. (3.45)

This arrangement can be memorized using the scheme 3.4. Accordingly, one finds the
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1s Figure 3.4: Sequence of the shells nl for the en-
ergy of the last added electron in the Thomas-
2s  2p Fermi atom. n = principal quantum num-
3 2 ad ber, [ = angular momentum quantum number.
° P Note that the energetically lower/inner elec-
45 4p 4d 4f trons have a different sequence (namely the
trivial one): The sequence of the so-called
5s 5p 5d 5f X-ray shells is 1s (the 1K shell), 2s, 2p (2L
shell), 3s, 3p, 3d (3M shell), 4s, 4p, 4d, 4f
6s _6p (4N shell), etc.
75
S p
1s [u ] d He |
2s |Li [Be B|[C|[N|O|F |Ne| 2p
3s [Na|Mg Al|Si|P |S [Cl|Ar| 3p

4s3d K [Ca|Sc |Ti|V |Cr[Mn|Fe |Co |Ni [Cu|Zn|Ga|Ge|As|Se |Br |Kr| 4p
5s4d Rb|Sr |y |Zr|Nb|MgTc|Ru/Rh|Pd|Ag|Cd|In |Sn|Sb|Te|I |Xe| bp
6s 5d Cs|Ba|La [Hf | Ta| W|Re|Os| Ir |Pt |Au|Hg|Tl |Pb| Bi| Po|At|Rn| 6p
7s6d Fr |[Ra|Ac R‘f Db|Sg | Bh|Hs|Mt|Ds|Rg|Cn|Nh|F1 |Mq Lv|Ts |Og| 7p

Ce|Pr |Nd [Pm|Sm|Eu|Gd| Tb|Dy|Ho|Er [TmYb|Lu | 4f
Th|Pa| U |Np|Pu|AmCm|Bk|Cf |Es [Fm|Md|No|Lr | 5f

f

Figure 3.5: Periodic table of elements.

periodic table of elements in the form 3.5.

We go through the periodic table with some comments:

e H, He: the 1s shell is filled

e Li, Be: the 2s shell, Be-Ne: the 2p shell is filled. 2s and 2p have different
energies; the orbitals with small [ are closer to the nucleus and therefore have
lower energies, 25 < £2;.

e Na—A: as before, the 3s is filled first, then the 3p shell.

o K—Kr: the energies of 4s are almost equal to those of 3d. This results in the
complicated filling (we only indicate the number of electrons in the 4s shell):

8Tt holds that e?/h = ac with a =~ 1/137 being the fine-structure constant.
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K 4s', Ca 4s%, ---, V 452, Cr 4s', Mn 4s?,--- , Ni 452, Cu 4s', Zn 45>

With Ga—Kr, the p-shell is filled. The 3d shells are compact, thus less chemically
important; however, they provide the magnetic moments that generate the
ferro- or antiferromagnetism of the elements Cr—Ni.

e Rb—Xe: essentially a repetition of the sequence K—Kr. Again, the s-orbitals
have about the same energy as the d-orbitals of the previous shell, leading to
the unusual filling

Rb 5s', Sr 552, ---, Zr 552, Nb 5s',---, Rh 5s!, Pd 4d'0 559,
Ag 4d'0 55, Cd 4d'0 552

With In—Xe, the p-shell is filled.

e Cs-Rn: Cs and Ba fill the 6s orbital. La fills the first 5d' orbital, then the
lanthanides (rare earths) La—Lu follow with the filling of the 4f shell, which is
energetically close to 5d. Again, there are shifts in the occupations,

Ce 5d°4f%, ..., Eub5d’4f7, Gd 5d*4f7, Tb 5d°4f°,---, Yb 5d° 414

The compact f-orbitals are passive in chemical bonding, but yield large magnetic
moments, especially in the case of Ce, Pr, Nd, Sm—Yb. Following the filling of
the f-shell, the 5d and 6p shells are filled; Pt and Au again show a reoccupation
with 5st.

e FrRg: Fr and Ra fill the 7s orbital, Ac has the configuration 6d', then the
actinides follow with the filling of the f-orbital. The energies of 6d and 5f are

close together, leading to corresponding reoccupations with 64%! up to Lr and
6d*3 for Rf and Db. There are no stable elements with filled 6d, 7p orbitals.

For the chemical properties of the elements, the respective outer electrons are rele-
vant. Accordingly, elements in a column of the periodic table have similar chemical
properties. For example,

e the noble gases He—Rn with their full orbitals are very inert,
e the alkali metals (H), Li-Fr with one electron, and

e the halogens F—At with a ‘hole’ are very reactive.



56 CHAPTER 3. ATOMS

3.5 Hund’s Rules

For electrons in partially filled p-, d- or f-shells, the question arises as to how the
electrons of these shells arrange themselves in the ground state. This question can be
illustrated using the example of the carbon atom (1s%2s22p?) with two 2p electrons.
The electrons in the p shell have the 6 states {¢p, , ¢p,, Pp. } ® {x1, Xy} available. The
two electrons can ‘choose’ among (g) = 15 different configurations. The energy of the
states is determined by the Hamiltonian H = Hy + Hww + Hso, where

Ze?

Hy=)Y_ [21’; + Via(ry) — (3.46)

s
i=1 v

with Vi (r) being the effective potential in the Hartree approximation, see equation
(3.19). Due to rotational symmetry, the 2p states of Hy are degenerate.

The additional terms partially lift this degeneracy: The (residual) interaction energy

is given by
N
Va(ry) (3.47)
Z ]r, - TJ| ; !

and the (relativistic) spin-orbit (Russell—Saunders or LS coupling) takes the form

1 14V
Hso = 55— Zl 8 (3.48)

with I; and s; being the orbital angular momentum and spin of the i-th electron.
Counting these energies, the 15 states split. This raises the question of which resulting
ground state occurs and how large its remaining degeneracy is.

To solve this question, we treat the terms Hyww and Hgo in perturbation theory.
Ho+ Hyw is still SO(3)-symmetric and spin-independent. Thus, we define L =), [;
and § =) . s; as good quantum numbers.” The spin-orbit coupling destroys this
symmetry, and L, S are no longer individually conserved. Therefore, we switch to
the total angular momentum J with

J = j Ji =l + si, (3.49)

which is still conserved.

The symmetry in the problem is SO(3). We combine the degenerate configuration
states into states with sharp angular momenta and spins L2, L,, §2, S, and find the
state with the lowest energy. This state is still (2L + 1)(2S + 1)-fold degenerate. In

9Note that the total wave function ¥ must be antisymmetric, meaning that the mixing of the
spin wave functions causes the individual spins s; to not be good quantum numbers. For example,
for n = 2 the singlet spin function xs = [|[14) 4+ [{1)] /v/2 has S.xs = 0 but s1.xs % Xs-
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degeneracy
configuration LS multiplets (2L j{g%l(e;gcir 1)
C . L=0,5=0 5, ]
L [ L=25=0 5
1222 92 . [ 1G—1 . .
P L=LS=1 sp 3psp, 14345=9

15

Figure 3.6: Configuration of the carbon atom C with splitting into LS multiplets and
their degeneracy. The splitting of the highly degenerate configuration level involves
that part of the Coulomb energy that has not already been accounted for in the
one-particle energies.

our specific example of carbon C with the configuration 1s?2s%2p? the 2p orbitals
can be combined into

Liax = 2 t0 Lyin =0 (Hl QH1=HoDH1D HQ), (350)
Smax = 1 to Smin =0 (Hl/g ® Hl/g =Ho D Hl) (351)

The Pauli principle then allows the combinations

L =2 symmetric — S=0 antisymm. +— J =2,
L =0 symmetric — S=0 antisymm. — J =0,
L=1 antisymm. +— S=1 symmetric — J=0,1,2;

the so-called LS multiplets. To characterize them, one uses the so-called term symbol

5L (3.52)

Here, S is the spin, L is the orbital angular momentum, and J is the total angular
momentum of the atom; the latter can take different values for a fixed LS multiplet.

Under Hww, the configuration states split. In Figure 3.6, this splitting is illustrated
using the example of carbon C. The sequence of this splitting is nontrivial — the
L, S, (J) quantum numbers for the atomic ground state are given by the Hund’s
rules, see Section 3.5.2.

In the next step, we consider the spin-orbit coupling Hso. Hso couples L and S and
only the total angular momentum J remains as a good quantum number. Therefore,
we transition from the (2L +1)(25 4 1) dimensional LS multiplet to the J basis (the
‘quantum number’ K symbolizes the not further described electron configuration)
with

\K LS My Mg)— |KLSJM) (3.53)
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configuration LS multiplets fine structure degeneracy
2J+1
C L=0,5=0 " ( )
i So 1
15 . g
— < - - - - L=25=0_____ 1D, 5
2 9.2 9,2 N
1s% 2s% 2p s~ L=1.S=1 . 3P23 5
~SZzz: 5 P 3
R 1

Figure 3.7: Configuration of the carbon atom C with splitting into LS multiplets
and their fine structure (splitting in the range of 10 meV). The latter is induced
by the (relativistic) spin-orbit coupling which mixes the orbital and spin angular
momentum and thus only respects the total angular momentum J as a symmetry
quantum number.

When we express Hso in the LS multiplet basis, we obtain'®

N
aZli-siHAL-Szg(J2—L2—S2) (3.54)
=1

[J(J+1) —~L(L+1) = S(S+1)] (3.55)

Constant in the LS multiplet

vol i

where A depends on L and S. One finds that A is positive in our case and therefore
J = 0 corresponds to the lowest energy state. Thus, we obtain the splitting of the LS
multiplet into levels separated by typical energies ~ (Ry?/mc?)Z? - J in the sub-eV
range. The term scheme for carbon with the LS splitting and the fine structure of
the spin-orbit coupling is sketched in Figure 3.7.

The remaining (2.J + 1)-fold degeneracy can be lifted by a (weak) magnetic field, see
the discussion in Section 3.6. The resulting Zeeman splitting for the carbon atom is
sketched in Figure 3.8.

3.5.1 Atoms heavier than Pb

For heavy atoms, we first treat Hy + Hgo and consider Hyyw as a perturbation. We
combine the one-particle orbitals |nims) = @umXs = RuYimXs to fixed [ and s
into those with fixed 7, j =+ 1/2, and obtain the new orbitals |nljm;). The new
orbitals already take into account the spin-orbit interaction at the one-particle level.
Finally, we consider Hy.w by combining states with fixed total angular momentum
J'' and diagonalize Hyyy in each of these (2J + 1)-dimensional spaces, yielding a
ground state with fixed j2, J2, J,.

OWe will later argue that a > li-si=AL-S. A proof follows from the Wigner-Eckart theorem,
see G. Baym.
1 Accordingly, we construct Slater determinants with fixed J instead of fixed L & S.
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configuration LS multiplets finestructure Zeeman

-

Figure 3.8: Configuration of the carbon atom C with splitting into LS multiplets,
their fine structure, and the Zeeman splitting in a magnetic field. The corresponding
Hamiltonian operator with the various splitting terms is given by Ho + Hww + Hso +
ps Y ; H - (l; +2s;)/h. In addition to the splitting in the external magnetic field
(Zeeman), the nuclear spin also generates an effective magnetic field for the electrons,
leading to hyperfine structure.

The exact calculation of the term schemes and the ground state 211 ; involves a
complicated calculation. On the other hand, the task of finding the ground state
configurations (resp. the corresponding term symbol 251 L ;) for light atoms can be
easily found using the empirical Hund’s rules.

3.5.2 Hund’s Rules

1. Full shells do not contribute to the orbital/spin angular momenta L and S.
2. The LS multiplet with the largest S has the lowest energy.
3. For multiple L with the same S, the largest L has the lowest energy.

4. If the shell is less than half full or half full, then
J =|L — 5], i.e., minimal,
if the shell is more than half filled, then

J =L+ 5, ie., maximal.

These empirical rules are supported by experimental observations and the following
arguments:

1. In full shells, the angular momenta compensate to zero and the ground state
configuration corresponds to the term symbol Sj.

2. If the total spin S is maximal, then the spin function xgpi, is symmetric, the
orbital function ppga.n, must be antisymmetric due to the Pauli principle, and
the electrons avoid each other. Accordingly, this configuration yields the lowest
Coulomb energy.
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3. If the orbital angular momentum L is maximal, then the radii of the electron
orbits are large and the electron density is correspondingly low, which again
minimizes the Coulomb energy.

4. For the spin-orbit coupling, we first consider the case where the shell is half or
less than half filled. Then all spins are parallel, i.e., for this Hilbert subspace,
we have

N

ay ;- slwaZl % % -8 (3.56)

=1

so that A ~ a/N > 0 and J = |L — S| minimizes the energy (25 = N =
Number of electrons in the shell). For more than half-filled shells, we can apply
the following consideration: We add the contribution of the missing (unoccupied)
spins, so that formally a completely filled shell results, and then subtract this
contribution again. Since the filled shell has a vanishing spin-orbit coupling
(spin singlet), only the subtracted term —a ), l; - s; remains. Now the spins
and angular momenta can be viewed as ‘hole’-spin and -angular momentum
with § = — ). s; and L = — ). 1;. Since these are again aligned, we obtain
A~ —a/N < 0 with (2S = N = number of missing electrons in the shell). Thus,
J =L+ § is the total angular momentum of minimal energy.

These arguments are based on the perspective for light atoms. The Hund’s rules,
however, apply to all atoms. We apply them here for two examples:

Nitrogen (N) with the electron configuration 1s?2s%2p® (Z = 7): This is a half-
filled p shell. (2) the maximum spin is S = 3/2 and (3) the maximum possible
angular momentum is L = 0 (= 1+0—1). From this, we find with the spin-orbit
coupling (4) J = |L — S| = 3/2. The resulting configuration is 4S3/2.

Promethium (Pm) with the electron configuration [Xe|6s?4f° (Z = 61): This is
a less than half-filled shell. (2) the maximum spin is S =5 x 1/2 =5/2 and (3)
the maximum possible angular momentum is L =5 (=3+2+1+0—1). (4)
the spin-orbit coupling yields J = |L — S| = 5/2. The configuration is therefore
OHsy/s.

3.6 Zeeman Splitting in a Magnetic Field

We consider atoms in a weak (< 10° Gauss) magnetic field H = (0,0, H.); the term
generated by the magnetic field (with the elementary charge e > 0; it is Hy = —p- H,

pr = —(e/2me)L, pg = —ge(e/2me) S, ge = 2)

e
H; = L+2 -H )
7= 2mC( +28) H =2 —(J+85) (3.57)
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we treat in perturbation theory. The (2J 4 1)-fold degeneracy remaining in the fine
structure is lifted by the magnetic field. The term proportional to J in (3.57) gives the
contribution eh M H,/2mc with M the magnetic quantum number for J,. It remains
to calculate (S,) = (K LS JM|S,|K LSJM). It turns out that (S,) o (J,) = M.
The result follows directly from the Wigner-Eckart theorem (which we do not want
to introduce here). For an alternative proof, we use that L - .S commutes with J, so
that the states |K L .S J M) are eigenstates of L - S [the result follows immediately
from L - S = (J*> — L? — §%)]. Note also the following relation

12

[S,L-S]=S(L-S)—(L-8)S=Lx(SxS8)=4hL x S, (3.58)

where we have used that S x S = ihS (angular momentum algebra) and [L, S] = 0.
By taking the vector product with J (from the right), we obtain

» +8(8-J) +8(S-J)
(SxJ)L-8)—(L-8S)(SxJ)=ih(Lx8)xJ=ih[S(L-J)—L(S - J)]
= ih[SJ? - J(S - J)]. (3.59)

Since |K LS J M) is an eigenstate of L - S, the expectation value of (3.58) (and
thus also of (3.59)) must vanish. It follows that

(SJ2) = (J(S-J)). (3.60)
——"
=h2J(J+1)(S)

With J-S§=8?+L-S = %(J2 + 8? — L?) we obtain the desired relation

J(J+1)+8(S+1)— L(L+1)

S.) = (J, . 3.61
(52) = (. S (3.61)
For the Zeeman splitting, we find
(Hy) = g - MH, = gupMH (3.62)
z) =49 Ime z = gUB z .
with the gyromagnetic factor g |also Landé-g-factor|
JJ+1)—LIL+1)+S(S+1)
=1 . 3.63
g=1% 2J(J + 1) (363)
The elementary moment of the atom is
eh
= g—. .64
IKB =95 - (3.64)

12For operators, the Grassmann identity @ x (b x ¢) = b(a - ¢) — (a - b)c, if [a;, br] = 0.
3Here we use the Grassmann identity in the form (a x b) x ¢ = b(a - ¢) — a(b- ¢), if [a;,bx] = 0.
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M
Na Dy M Cd - ?
‘ 1/2 ) 0
“Pij2 -1/2 ’ _
ARP I -2

1/2
2819 1
~1/2 1p 0
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Figure 3.9: Anomalous and normal Zeeman effect for the Na Dy transition [2S; /2
(9=2)  %Pij5 (g =2/3)] and for the Cd ['P (g = 1) - "Dy (g = 1)] transition. The
m and o transitions belong to the selection rules Am = 0 and Am = +1.

For S =0, L = J and g = 1; conversely, for L = 0, the total momentum is given by
the spin, J = 5 and g = 2, which corresponds to the g-factor of the electron spin.
Note that g < 1 is also possible; for example, promethium has g = 2/7.'* The LS.J
multiplet splits into 2J + 1 sublevels with

AEy = upg H., (3.65)

Since the g-factor depends on the quantum numbers LSJ, complicated line splittings
can arise in the spectrum. One distinguishes between normal and anomalous Zeeman
effect, with the anomalous Zeeman effect being the normal case. In the normal Zeeman
effect, the special case occurs where for both involved levels S = 0 and therefore
g = 1, thus an optical line splits into three and one finds a ‘Zeeman triplet’. In the
anomalous Zeeman effect, the g-factors of the two levels are different. Accordingly,
more complicated line splittings result. In Figure 3.9, the two cases for the Na Dy
transition [*S) 2 (9 = 2) — 2Py/2 (g9 = 2/3)], anomalous Zeeman effect, and for the
Cd transition ' Py (g = 1) — 'Ds (g = 1), normal Zeeman effect, are shown.

For strong magnetic fields (> 10° Gauss), we start directly from the LS multiplet
since Hy > Hgo. The spin-orbit coupling Hgo is then included as a perturbation at
the end. With the basis |[K LSMpMg) in the LS multiplet, we immediately obtain
the Zeeman splitting

eh

M Negative ¢ factors are also possible (e.g., in the term scheme 6F1/2). However, this does not
correspond to a ground state of a neutral atom according to Hund’s rules.
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The perturbation term Hgo generates the correction
(Hso) = AM Mg, (3.67)
and the resulting splitting
(Hyz + Hso) =~ up(Mp +2Mg)H, £+ |A|M Mg, (3.68)

where the upper (lower) sign applies for < (>) half-filled shells. This is the Paschen-
Back effect for the splitting of the levels in a strong magnetic field; the mixing of
the angular momenta L and S by the spin-orbit coupling Hgo is suppressed by the
strong magnetic field, and both angular momenta behave classically'® (except for the
g = 2 factor of the spin). Both, normal and anomalous Zeeman effect transition into
the Paschen-Back effect at high magnetic fields. Conversely, the nontrivial anomalous
Zeeman effect at weak fields arises from the mixing of S and L into J by Hgo.

5The angular momenta L and S precess independently in the field.
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Chapter 4

Second Quantization

Second quantization is a new formalism that provides us with an elegant and compact
formulation of many-body problems. Second quantization has nothing to do with
‘quantizing a second time’;" all of quantum mechanics is already contained in the theory
we know, which consists of wave functions, Schrodinger equations (for dynamics), and
symmetrization conditions for bosons and fermions. In second quantization, however,
one transitions from the product wave function basis to a occupation basis: It is no
longer specified which particle is in which state, but only how many particles are in a
certain single-particle state. This way, a large part of the indistinguishability of the
particles is already taken into account by the choice of basis. The rest, particularly
the statistics, is expressed through the commutation relations of the creation and
annihilation operators.

As the name suggests, the creation and annihilation operators effect the creation
and annihilation of particles. The theory cannot therefore be formulated in Hilbert
space with a fixed number of particles, but one must go to the so-called Fock space,
which is already known from the grand canonical description of statistical physics.
Formally, processes that do not conserve the number of particles become possible. The
formalism of second quantization leads to a significant simplification, but ultimately
only represents a reformulation of the many-body problem and does not yet provide
a complete solution concept. We already know an example of second quantization:
We have found the spectrum of the harmonic oscillator in two alternative ways,

!The name is therefore somewhat misleading.

65
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a) Conventional Way b) Elegant Way — Operator
— First Quant. Technique — Second Quant.
H=p%/2m+ f /2, H = hw(ala +1/2)

[p,q] = —ih; [a,al] = 1;
Hi(q) = E(q), Vacuum |0), a|0) =0,
Ey = hw(n+ 3), (ah)"
States, |n) = 0),
_ 1
\I/n(q) =N, Hn(Q)e_quQ/Qh. En = hw(n + 5)’
Wn(q) = (gln)-

Instead of the wave function W,,, we have introduced the creation and annihilation
operators a' and a and expressed the entire theory through the latter. The ‘quanta’
that are created and annihilated by a and a play the same role as ‘particles’.?

In the following, we will first introduce the occupation number representation and
then the formalism of second quantization for both bosons and fermions.

4.1 Representation of the Problem in First Quantization

In this section, we want to briefly summarize the results from Chapter ??. The
Hamiltonian operator is given by

N 1 N
H:Zhi+§zvij. (4.1)
i=1 1#]

Here, h; is a single-particle operator (QM) and v;; describes the interaction between
particles ¢ and j. Due to the indistinguishability of the particles, the Hamiltonian
operator must be symmetric under the exchange of particles, see (2.18).

Let {|p;)} be a vVONS. Then the product states |¢;,,...,¢jx) = @) @ - @ [@jn)
span the Hilbert space H®N of distinguishable particles. The Hilbert space for
indistinguishable particles Hs 4 is obtained by projecting onto the respective subspace.
We write the projectors compactly as (vgl. (2.26))

P=2n 3 (' (4.2)

’ TeESN

2In general, the number of particles in non-relativistic quantum mechanics is conserved. However,
here the number of particles n can be changed by a' and a; thus, the ‘particles’ corresponding to
the excitations are not conserved in the case of the harmonic oscillator.
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with 7‘r]g0j1, PN = |cpjﬂ<1), - gojw(N)>, i.e., m acts by permuting the wave func-
tions.? For bosons, ( = +1, so that the states are symmetrized, and for fermions,
¢ = —1, leading to anti-symmetrized states.

We then define basis states in Hs 4 by

‘Sojlﬂ"'vcij}: VN! ,P:t‘@jlﬂ"'v(ij> (4-3)

Due to the (anti-)symmetrization, we have

|730,]1@790]1’}:C|7(;0]13’90]19?} (44)

for arbitrary k and [. These states are not normalized for bosons. We will determine
the normalization factor in the next section. However, for the proofs and derivations
in this chapter, it is advantageous to occasionally work with the unnormalized states

-}

4.2 Occupation Number Representation and Fock Space

Analogous to the example of the harmonic oscillator, we want to introduce the occu-
pation number basis. To do this, we first establish an order of the (orthonormalized)
single-particle states with @1, @9,.... * A state in Hs, 4 is completely described by
specifying how many particles are in the states ¢;. As an example, consider the
N = 10 particle state®

|9017801,801790179017801a @25@279027902}' (45)

6-times 4-times

This state is determined by the specification n;, how many particles are in the states
@;. In this example, ny = 6 and ny = 4.

In general, we define the occupation number representation by

n1-times no-times

[n1,mg, - o) = N1, 01 o,y ) (4.6)

with Zj n; = N. Note the order of the states on the right side: the states ¢; are
ordered by the index j. The Pauli principle for fermions requires n; = 0,1 while
for bosons all occupation numbers n; = 0,1,... are allowed. To determine the

3This corresponds to a permutation of the positions z with the inverse permutation 7~ *.

“We need a discrete and ordered basis, i.e., the basis functions ¢; of the vONS can be numbered
by natural numbers. A typical example is the plane waves e*** with k € (27r/L)Z. In the end, one
lets the length L of the system go to infinity, with the ‘usual’ continuum limit Y, + (L/2n) [ dk.

"We use the (anti-)symmetry to order the particles according to the states ;.
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correct normalization factor N, we calculate the overlap between two states using
the projector property Pi =Py

{()011’" '7(PZ'N|90J'17"' 7‘:03'1\]} = N! <90i1>"'790i1\r|7):|:|§0j17" . 790]'N>
= Z Cﬂ<90i1’§0jﬂ(1)> T (‘PiN‘(pjw(N)>' (4.7)

TESN

Due to the orthonormality of |¢;), the only non-vanishing terms in the sum are those
for which (i1, ...,4n) is a permutation of (ji,...,jn). There are [, n;! of these (one
can permute the n; states ¢; with fixed j arbitrarily), and thus it follows

Nt (4.8)

/11 n!

Note that for fermions, N' = 1 regardless of the state.

Thus, every state in Hs 4 can be written as

‘\Ij> = Z Cny,no,... nl,ng,...>. (49)

ni,na,...
with
<n&,n'2, v |n1,n2, N > = 5”'1,”15”/27712 tec (410)

In order to work with creation and annihilation operators, analogous to the harmonic
oscillator, we need to abandon the requirement of a fixed particle number N and
introduce the Fock space

F = Hev; (4.11)
N=0

The corresponding (anti-)symmetric subspace Fs 4 is then the correct Hilbert space
for the description of bosons (fermions) in a grand canonical description without
a fixed particle number. States with different particle numbers are orthogonal to
each other by construction. The above direct sum includes the 1-dimensional space
H®0 (for N = 0), which consists only of the vacuum state |0) without particles. The
occupation number states span the Fock space Fs 4 with the completeness relation

> qning, ) (nyng, | = IE (4.12)

n1,M2,...

4.3 Creation and Annihilation Operators

All states in the Fock space can be traced back to the vacuum state through the
introduction of creation and annihilation operators. For each single-particle state ¢,
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N+1)

we define the creation operator a;r-: HEN 5 & by its action

alloin @iy .-} =105 irpir .- }- (4.13)

on the (anti-)symmetric basis. The operator adds a particle ‘in the first entry’, while
the state remains (anti-)symmetric. The action of a;r- in the occupation number
representation is then given by

j—1
a}\nl,...,nj,...>zgsj \/’I’Lj—|-1|’l’L1,...,’I’Lj—|—1,...>, Sj:an (414)
=1

The factor /n; +1 = \/(n; + 1)!/n;! follows from the normalization of the occupa-
tion number states.

The sign factor (%% arises because the added state @; is at the beginning of |---}
and must be brought to the correct position in the occupation number representation.
For this, it must be exchanged with the n; wave functions 1, the ny wave functions
©2, ... and the ng_; wave functions ¢y_1, see (4.4).

From equation (4.14), it follows that every state in the Fock space can be generated
by repeated application of creation operators on the vacuum state |0)°

(a))™ (ab)
nl! TLQ!

=
N

]nl,ng,...> = . ‘0> (415)
Equation (4.15) is a strong statement: One can generate the complicated (anti-
)symmetric many-body state (on the left) by successive application of the linear
creation operators (on the right) to a single reference state (see exercise).

It may now turn out that constraints (in particular, that n; = 0,1 for fermions) lead

to complicated relations between the various a}. We will now show that this is not

the case. Consider the action of two creation operators a;f and a;f. with ¢ # j on an
arbitrary basis state

alall@ji, i+ } = 10is i insPias
= Clejs 0is Pj1s P>} (4.16)
= Calallej,, -+ }-
Thus, it follows that (i # 7)
f

[ai,a;]Jr = [az, a}] = aja} — a}aj» =0, (Bosons),

[aj,a;], = {a;', a;} = alaj. + a;aj- =0, (Fermions).

(4.17)

5The order of the operators is important for fermions! In the form given here, no signs arise, as
we first ‘fill’ the backmost state with a particle.
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Thus, only the question of i = j remains. For bosons (( = 1), we have naturally
[a}, a}] = 0 (the same operators commute). For fermions, the Pauli principle comes
into play, which prohibits occupying a state more than once. This is expressed by the
operator identity (a})2 = 0 (nilpotency), from which {a}, a}} = 0 follows. Overall,
the creation operators thus satisfy the algebra

[az, a}k =0. (4.18)

NI

Next, we turn to the adjoint operator a; = (aj) . The general matrix elements of
(4.14) have the form

(n1, . omg, . adind, ) = Ul 18, Oy (419)

A complex conjugation of the above equation leads to the relation

(Nl aglng, .y, ) = (% /n; Oty " Ot mym1 - (4.20)

j

Thus, for the adjoint operator a;, we have

aj\nl,...,nj,...> :CSf\/nj |n1,...,nj —1,...). (421)

Since a; decreases the number of particles, it is called an annihilation operator.

Adjointing (4.18) immediately yields [a;, aj]¢ = 0. From (4.21), we obtain the

relation”

a;|0) =0, (4.22)
which uniquely determines the vacuum state.

To complete the algebra, we still need the (anti-)commutation relations between a,

and a;. For this, we consider the action of a; and a} on an arbitrary state in the

occupation number representation. For i < j, we have

aia}]...,ni,...,nj,...> :aigsﬂ'\/nj—i—l ..o iy, +1,..0)
:CSJ—’_Si (nj—I—l)ni\...,ni—l,...,nj+1,...>
and analogously

;ai\...,ni,...,nj,...):a;gsi\/ﬁi]...,ni—l,...,nj,...>

:C(ijl)%si (n]—i—l)nz |...,ni—1,...,nj—|—1,...>.

a

Combining these two equations gives (aia} —Ca}ai)\nl, na,---) = 0 and thus [a, aT]C =

"
0 for ¢ < j. The proof of this relation for ¢ > j follows analogously.

"It is important not to confuse the basis state |0) in the Hilbert space without particles (vacuum)
with the number 0.
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Finally, we consider the case ¢ = j: For bosons, we have

azal|...onj,.) = (nj+ )] n,)
while
a;[-aj]...,nj,...>:nj|...,nj,...>.
From the difference of the two equations, we obtain (aja; - a;aj)\nl,nz, ) =
|ny,ng,---) and thus [aj,a;r-] = 1. For fermions, one must note that n; = 0,1. Thus,
wehaveaja;[-\...,nj,...>:(1—nj)\...,nj,...>,a;r.aj]...,nj,...):nj\...,nj,...>,

from which {a;-r, a;} =1 follows.

In summary, the creation and annihilation operators satisfy the canonical commutation
relations

Bosons: Fermions:
[ai, a;r] = 6ija {ai, a;} = 6@‘,
[ai, aj] = 0, {ai, aj} = 0, (4.23)
[a;f, a;f.] =0, {a;r, a}} =0,

which each form a closed algebra. Considering that the full complexity of the Fock
space is generated by repeatedly applying a}, the simplicity of the commutation
relations is astonishing.

4.4 Basis Transformation

The creation and annihilation operators directly refer to a basis. Therefore, it is
important to understand how the formalism behaves under a basis transformation.
Let the single-particle states {|p;)} and {|1;)} be two vONS. A change between the
two basis systems is described in QM by the unitary basis transformation

i) = Z(i/fj\%? ;)

J

3) =D (il i) (4.24)

1
In the language of second quantization, this basis change corresponds to a trans-
formation of the annihilation operators a; (to ¢;) to b, (to ;). From the relation

lpi) = aI\O), we obtain

allo) = oa) “ZV S wslen) 105) = S (Wslen) b1 J0). (4.25)

J J
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A comparison of coefficients then leads to the transformation rules

= " (Wjleidl, bt =S (eilvy)al,

J i
ai =D {ilts)b), bj =Y (¥jleias. (4.26)
J i

The commutation relations of the new operators b;, b; follow directly from those of

a,, aT In particular, we have

(4.26)
b, b,]c > (Wilor) (Wslen) [y, ale =0
kK’ =0

Furthermore, with the completeness of {|px)}

=0pp
i, (42 . ‘ i
[bpb]] Z<¢z‘¢k><9@k/|¢j> lag: aplc
ke k!
= (Wiler) (erliy) = (Wilth;) = bij (4.27)
k

Thus, b], bl also satisfy the canonical commutation relations.

As an application example of the basis transformations, we consider fermions on a
lattice. The operators c;-r, ¢; create or annihilate a fermion at position i. On the other
hand, the operators CL, and ¢ create/annihilate plane waves with wave vector k.
Then we have

ik-r;

c;rc = Z<z|k> CT = Z e\/ﬁ C;-r,
=Y
k

Next, we are interested in the two-particle state |kq), in particular its representation
in the position basis on the lattice, which is given by the matrix elements (ij|kq).
To do this, we use the definitions

7zk “r;

(4.28)

[ij) = clel10), |kq) = cj,chl0), (4.29)
= (ijlkq) = <0!C]Czck chl0)

=3 Z 0lc;e; eZk'”czre"q'TmcMm

= Z ekl Tm (Ofeje; c ¢l 10). (4.30)
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The calculation of the matrix elements <0|cjcicchIn|O> shows how calculations are
performed in the second quantized formalism: One uses the commutation relations
(4.23) and the definition of the vacuum (4.22),

(Ole;esefeh|0) = (Ole;({c;, ]} = cfe;)el, 0)
= (O], (0t — ¢ c;)ch,|0)
= 031 (Ole;ch,|0) —(0le;cf ech, 10)
%/—’ ~~

(0] {cj,c;fn}fcjw ¢;10) {e:s ch} _CInCi
~N—

N—_——
Sim 0 Sim
= 840jm — (Olejc] (0m — cf, ¢)]0)
0

= 0udjm — 6im (0] {c;, ClT} _clT ¢;]0)
~— S~~~

i1 0

= 6i10jm — OimJji- (4.31)
We substitute the result into (4.30) and obtain the two-particle matrix element,

(tjlkq) = Q Z (8it0jm — Gimj0)e™ 7€M Tm

_ !
0

ezk r; ezk T;

(4.32)

eiq-m eiq-'rj :

Thus, (ij|kq) is precisely the Slater determinant of the plane wave product function
K (13) pq(r;j). Accordingly, (ij|kq) is already correctly antisymmetrized.

4.5 Operators in Second Quantization

In quantum mechanics, one needs operators in addition to states. The operators
can also be compactly represented in the formalism of second quantization. As an
introduction, we introduce an alternative representation of the annihilation operator
a; (to ;). Let |¥) = |[¢1,19,- -+ ,9N) be a general N-particle product state. We
define the annihilation operator without considering symmetry as

aj| V) = a;|tr, o, YY) = VN ()2, ¥nN). (4.33)

Now we show that the defined a; agrees with (4.21) in the relevant subspace Hs 4.
Due to linearity, we only need to show this for the states |nq,...,n;...). It holds
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(with (¢i|¢;) = 6;; and with the definition (4.33))

nj-times (nj—1)-times
——— S ———
a; Z 790]7"'780%"') :njC ]aj Z<_1)W7T|(Pj,g01,"', @jv"'a‘ﬂja"')
TESN meSN_1CSN
7(1)=1
S /N
_nJC Z 71"801, '7()0j7"'790j7"'>7
~—_——
ﬂ'ESN 1

(nj—1)-times

where we have utilized in the first line that only the permutations that place a ¢; in
the first position contribute (where there are n; possibilities), while the permutation
over the remaining N — 1 particles remains free. Since a; only acts on the first entry,
it commutes in a second step with the permutations restricted to 7(1) = 1. Thus, we
obtain from (4.33) the action on the occupation number states

n;-times
—N—
aj|n1,...,nj,...) N'Hn' E 7(Pja"'790j,"‘>
TESN
(nj—1)-times
; / § : —N—
:CSJ n] '..7¢]7"'7¢j7'.'>

zgsjm\nl,...,nj—l,...>, (4.34)

which agrees with (4.21). In particular, (4.33) remains valid in the subspace with the
corresponding symmetry.

4.5.1 Single-Particle Operators

Let b be a general operator on H with the matrix elements b,z = (@a|bleg). The
corresponding single-particle operator B in the Fock space F is defined as

B=@Byv=00B @B & (4.35)
N=0
with
N
Bi=b,  By=bi+by=bxI+I1®b, By=) b (4.36)

see (2.4). This operator is expressed in second quantization by

B = Zbaﬁ LLLCLB = Z(gpa|b|gp5> agaﬁ (4.37)
a?/B a7ﬂ

8In this section, we use Greek indices «, 8 for the sums over the basis states to distinguish them
from i, the sum over the particles.
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To prove this, we calculate in the N-particle subspace (|1} = |¢1,--- })

N B
() S il = N b} = NS s | (ea) (e} 27 S bap{aa/lagep}
i=1 o8 o,B

= {¢'| ) bapalaglep}; (4.38)
a,B

In the first step, we have used the symmetry of |1}, [)'}. Thus, it holds By =

> a3 bap (IL% for all N and B is represented in the (anti-)symmetric Fock space by
(4.37).

An important single-particle operator is the particle number. This corresponds to
the operator b =1 with N=B =) alaa. The operator N acts in the Fock space
by simply returning NV, i.e.

N=001®203® . (4.39)

If a Hamiltonian operator is a single-particle operator, i.e. H = )", h;, it is called
quadratic. All single-particle problems that have been treated in QM fall into this
category. In many-body theory, quadratic Hamiltonians are called solvable, as one
can immediately determine all many-body eigenstates with the (complete) solution
of the single-particle problem

h|’¢a> = 5a|d)a> (4'40)

By defining the creation and annihilation operators b, with respect to the energy
eigenbasis (see section 4.4), one obtains

H=> eablb,. (4.41)

The many-body eigenstates with H|n) = Ey|n) are simply occupation number states
|n) = |n1,ne,...) corresponding to the single-particle solutions |a). The energy of
the many-body states is given by

En =) nNaca. (4.42)
(0%

The statistics of the particles only appears through the occupation numbers n, =
0,1,... for bosons and n, = 0,1 for fermions.

However, many-body Hamiltonians are mostly given by a sum of a single-particle
and a two-particle part. Then the solution of the single-particle problem is not
sufficient to solve the complete many-body problem. Rather, one usually uses the
single-particle solution as a basis to treat the many-body problem perturbatively with
the two-particle operator as the perturbation. An exact solution of the many-body
problem is then usually not possible, and the computational effort, e.g., on a computer
grows exponentially with the number of particles V.
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4.5.2 Two-Particle Operators

For a general two-particle operator B = %ZZ oy bij, the derivation of the second
quantized representation works analogously to the case for single-particle operators.
The matrix elements are given by

baras,B18: = <§Oa190042|b|90,31(p,32>' (4.43)
We calculate
(N 1)
{'(p/’% Zl#ﬂ zg”lp} {¢ ’b12‘¢}
N(N
= M2 S b (| (20 001 22D
e
3) 1
= 9 Z ba1a275152{aa2aa1 Qpl‘a&aﬁlw}
a7/8

= {"»b/% Za,ﬂ ba1a2751,32aj11a242a62aﬂ1 [P}
Note that the annihilation operator forms a matrix element with the first entry
according to (4.33). This defines the order in the third line. Thus, we obtain the
representation

1
Z bOthQ B1B2G a1 a2a52aﬁ1 - 2 Z <90041 90042‘()’90,319052> CLLI ggaﬂga&
al,ag aq,02

B1,B2 B1,82
of any two-particle operator in the Fock space. Note particularly the reversed order
of the creation and annihilation operators. The particles are first ‘removed’ and then
reinserted in reverse order.

The derivation presented here can be easily extended to the case of a v-particle
operator. This generally has the form

1
B= o ) Za (Pars- - Pa |bl@sss - 08,) aLl : --aLVaBV eag. (4.44)
1,00
Bl)""ﬂu

4.6 Field Operators

By performing a basis transformation to the position basis {|rs)}, we obtain the field
operators, W¢(r) (where s denotes the spin quantum number). The field operators
are practical because they are independent of the system and thus allow for a
unified description. Let {¢,} be any vONS in the single-particle Hilbert space. The
completeness provides the expansion

Irs) = Za: |0a) (palrs) . (4.45)

h,s(T)



4.6. FIELD OPERATORS 7

It holds that @) = a:&|0> and we define analogously |rs) = \Ill(r)|0>, i.e., the field
operator \I/l(r) creates a particle with spin s at position . The relation (4.45) can
then be written as

Zsaas al,|0) (4.46)

and we obtain the transformation to the field operators (cf. (4.26))
= ¢hs(r)al, V(r) =) Pas(r) da (4.47)
« «

The notation for the so-called field operators W} (1), Ws(r) is historically conditioned
and is meant to remind one of the wave function (7).

The commutation relations of the field operators follow from completeness and from
the canonical relations of the a, and aL operators. The only non-trivial case is

5a,o/
t
[\I,s(’r ZSOO!S Spa s /) [aa’aa’]g = Z<T75’8001><(1004‘r/33/>
= 5<3>(7« — 7"\ (4.48)
For bosons, this yields For fermions, we obtain
[Ws(r), Uy (r')] =0, {Ws(r), To ()} =0, (4.49)
[wi(r), wl,(r")] =0, {wi(r), vl ()} =0,
[0y (r), Ol ()] = 6@ (r — 1')5,. (T (), Ul (r')} = 63 (r = r)bu

4.6.1 The Many-Body Position Basis

In the following, we suppress the spin index s to keep the notation simple. We define
the states of the many-body position basis by

71,70, .. rn = Ul ()BT () - BT (ry)]0) (4.50)

By construction, the states are (anti-)symmetric upon exchanging two particles. ¥ (r)
adds a particle at r while W (r) annihilates a particle at 7. The action of the field
operators on an (anti-)symmetric position state is therefore

Ui(r)ry,...,rn} = |r7r, .. TN} (4.51)
U(r)|r,...,ry} = V()T (r) - Tl (ry)|0) (4.52)

N
= Z Qi_lé(r — ri)’Th ey P15 541, - - - ,’I‘N}.
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The equivalence in the last line follows by permuting W (r) through all ¥T(r;). The
physical interpretation is that the particle at r can only be removed if one of the N
coordinates 71, ..., ry is equal to r.

The overlap of two states in the many-body position basis is determined analogously
to equation (4.7) by

{rl, ..., hlr, ..., rn = Onne Z ¢"o(ry — T;r(l))
TESK

X (5(7’2 —T;_(2))6(T'N _T;T(N)) (453)

The identity in the Fock space can also be written in the many-body position basis.
To do this, one starts with the identity in the Hilbert space of distinguishable particles
and applies the (anti-)symmetrizer as an operator transformation

Ir = Z/d37’1...d3TNP:|:|’I‘1,...,TN><7‘1,...,1°NPi
N
1
:ZN'/d3r1..,d3rN|r1,...,rN}{r1,...,rN| (4.54)
N

With this representation of the identity, arbitrary states in the many-body position
basis can be developed as usual:

1
)= /d% P (e, ) N) (4.55)
N

|®) has the correct symmetry for arbitrary wave functions ¢(r1,...,7ry), including
those that are not (anti-)symmetrized. This is easiest to see by considering equation
(4.55) for ¢ with fixed N

(4.53) 1

{r],...,Py|®) = N'/d3r1...d?’rNgo(rl,...,TN){rll,...,rf\,]rl,...,rN}

1 s
= ﬁ Z< ‘P(T;(1)7 oo 77‘;-(]\7)) = (,0(7’/1, e 7TA/7V>7

Here, the last equation holds if ¢ is already (anti-)symmetrized. If ¢ is also normalized,
ie, [d - drylo(ri,...,rn)[* =1, then |®) is also normalized, (®|®) = 1.

4.6.2 Operators Expressed Through Field Operators

As already mentioned, the field operators are particularly well-suited for deriving the
representation of various operators in second quantization. We want to demonstrate
this in this section with a series of important examples. We start with the single-
particle operators.
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The representation of a single-particle operator B in the field operators is obtained
from equation (4.26) by expressing the operators a,, using (4.47) in terms of the field
operators. Starting from a single-particle operator b = [[d®r'd3r B(v',r)|r'){r| in
the position basis, we obtain the general expression of the single-particle operator

B = (palblos)aba, = / / dr'dr o () B(r, m)ps(r)alay
a,fB a,B

= //d3r’d3r U (r")B(r', r)¥(r). (4.56)

It is interesting to compare this second-quantized form with the first-quantized form
of the expectation value in the state ¢(7),

), = / / &' dPr ot (K'Y B(r', ) (r). (4.57)

If one replaces the wave function ¢(r) in the expression for (b),, with the field operator
U (), one obtains the operator in second-quantized form! This formal similarity is the
reason why the formalism with creation and annihilation operators is called "second
quantization"; single-particle wave functions have seemingly become operators that
create and annihilate particles. However, this is only a formal relationship. We have
derived the second-quantized formalism from the first-quantized many-body quantum
mechanics without additional assumptions. The formal relationship is therefore more
an expression of the ‘naturalness’ of second quantization.

Example Density Operator: The expectation value of the single-particle density
operator

(p(r))y = / & o ()60 (1 — #/) (')

= ¢ (r)e(r), (4.58)

when rewritten in second-quantized form becomes the density operator of the many-
body system

p(r) = Ul (r)T(r). (4.59)

The particle number operator, which can be obtained in first-quantized form by
integrating over the density p(r), has in second quantization the form

N = / Br Ul (r)T(r). (4.60)

For translation-invariant systems, it is often useful to work with quantities in
momentum space. For this, we define the Fourier transform of the density as
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p.(q) = [d3r ™7 p(r) and use the representation ¥(r) = Q~1/23", e "¢y, This
gives us

. 1 . o
p(q) = /d37‘ e p(r) = Z o /d37’ e tar —ikr ik -rc;rc Co (4.61)

kk’
= g che
- k~k+q-
k

Example Current Density Operator: The expression for the current density in
first quantization

h

(g(r) =5 =17 (r)Ve(r) — o(r)Ve'(r)] (4.62)

becomes in the Fock space the current density operator of the many-body system

h
i) =5 V() V) - (v\lﬁ(r))\y(r)} . (4.63)
mi
Note the order of the operators: First, U(7) must "remove" a particle from the state
|®), then the operator acts at that location, and finally the particle is added back to
the system by W(r).

The Fourier representation of the current density operator is determined completely
analogously to that of the density operator with the result

3@) = 5~ >k +q)chey g (4.64)
k

Example Kinetic Energy: The expectation value of the kinetic energy in first
quantization

1292 2
PV o) = 22 [ Vo) vaw)

2m

leads in second quantization to the kinetic energy operator
h2
= Br VU (r) - VU(r). (4.65)
m

In momentum space, one obtains the result

Rk .
T=>" 5 CkC (4.66)
k
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Example Spin Density: The spin density of a spin-1/2 particle in first quantization
Z Pr(r)oss oy (1) (4.67)

defines the many-body spin density operator

= g D () osy V(). (4.68)

Two-Particle Operator

The interaction V(r1,72) is a two-particle operator. In second quantization, it has
the form

1
Hyw = 92 Z<‘70041 Pas |V (71, r2)|(105190/32>a:;1az“2a/32 b1
a?ﬁ

- ;/ dr &' W ()W (e )V (r, 7 ) U () U (7). (4.69)

One should note the correct order W(r) ¥ (r')1 W (r')¥(r) of the operators. Here, the
relationship between the expectation value also holds

(PapplV(r1,r2)|Paps) = /d3Td37"’V(T,7")\90a(7‘)\2 s (r')? (4.70)

and the operator under the replacement ¢ +— ¥, modulo the "correct" order of the
operators.

Example Hamilton Operator: The typical Hamilton operator for interacting
particles with spin has the form (with spin-independent interaction)

d*ry VUi(r) - VI(r) (4.71)

+ % / d*r d*' Y " U)LY (e — ) () T (r).

For an clectron gas, s = +£1/2, m = me, V(r) = ¢2/r and Wl(r), U (r) are fermionic
field operators. In momentum space, the Hamilton operator has the form

Rk
= Z CksChs T3 Z ZV ck-l—qsck/ qs' Ck's' ks (472)
kk’q s's

where Vg = 47e?/q? is the Fourier transform of the Coulomb potential. As in the
first-quantized picture, the Hamilton operator generates the dynamics of the states,
see later.
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P A H 1D
Nks "‘ (b) 3D
' (a)
1 ..... : .::'--u ....2.]:.)
0 krp k0 5

Figure 4.1: (a) Occupation numbers ng of the electron states with wave vector k
and spin s for the Fermi sea. (b) Density of states p(e) for free fermions in 3D (solid
line) and in 2D and 1D.

4.7 Correlations in the Fermi Gas

We briefly summarize the description of the Fermi gas (cf. section 2.5.7). Due to the
translational invariance of the system, we define creation operators

(zlch 10) = (r, slch 10} = or(r)xo(s) (4.73)

for the plane waves

Pr(T)Xo(s) = \/lﬁ e* T 5. (4.74)

The field operator then has the form
1 .
U(r)= — e*T Cps 4.75
s( ) \/ﬁ ; ks ( )

The Fermi sea (where all states up to the Fermi wave number kr are filled)

Do) = [ ckl0), (4.76)

k<kp
se{t.}}
is the ground state of the Hamilton operator
h2k?
H= ZekcLscks = Z %C;Lcscks' (4.77)
k,s k,s

at fixed particle density n = N/Q.? The Fermi sea is defined by the occupation
numbers (Fermi statistics, Pauli exclusion principle, cf. Figure 4.1)

17 kSkFa

; (4.78)
0, otherwise.

Nko — <(I)0’C;[cscks|q)0> = {

9 Alternatively, one can also introduce the grand canonical Hamiltonian Hoyo=H—p) ., c,Twc,w
such that ®¢ with e = p is the ground state in the entire Fock space.
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The parameters kr and ep (Fermi wave number and energy) are determined by the
density n of the Fermi gas with
h2k2

2m

kF = (377271)1/3, EF =

(4.79)

As already discussed, typical values for kg ~ 1A= (for n = N/Q ~ 10%3cm™3
in metals) and correspondingly er ~ e¢V. The density of states (per spin) p(e) =
Q1Y 6(c —ek) is given by (cf. Figure 4.1(b))

4rk? m 3n [e\Y?
— — 2me = —— | — 4.
PO = Galaejary ~ 2w VP T dep <e F) (4.80)
and its value at the Fermi edge is
3
po = plep) = 1; (density of states/spin),  2pg = density of states.  (4.81)
F

As an exercise, one can determine the density of states for the Fermi gases in one
dimension (p1p o 1/4/¢) and in two dimensions (pap o const.). In the following,
we will calculate the density matrix (®|¥}(r)W,(r)|®o) and the pair correlations
(0| WL (7)WL, (#) Wy ()W, ()| Do) in the Fermi gas.

4.7.1 Density Matrix

The local density operator for electrons with spin s is given by ps(r) = \Ill(r)\ll s(r).
The density matrix of the Fermi sea involves the generalization to different positions
r’ and ' (non-diagonal density operator),

Gs(r — 1) = (Do | Tl (1)U, ()| Bg) (4.82)

exp(—ik - r) exp(ik - r') t
= Z (PolcpCrrs|Po) - (4.83)
k,k/ \/ﬁ \/ﬁ S—
Opete! Mhes

The quantity Gg(r — r’) is the probability amplitude to remove an electron at r
from the system and add it back at r’. Evaluating the Kronecker dg symbol and
transitioning to the continuum leads to,

—ik-(
Gs(r—1') =Q g =) g (4.84)
dSk —ik-(r—7')

1 kr 1 ‘
= / dk K / dz e Hir=rlz
4= Jo -1

3nsinz — xcosx _ 3n ji(kplr — ')
2 a3 2 kplr—7]

z=kp|r—r/|
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Figure 4.2: Density ma-

n/2 ' ' trix Gy (kpr).
G

0 S

0 5 10 kpr

with the spherical Bessel function j;. The result is shown in Figure 4.2; the limits
x = kpr — 0,00 are given by
r—0:(z—2%/6—x+2°/2) /2|50 = 1/3 = G4(0) =n/2
x — 00 : Gy(x) ~ 3n(cosx)/2x2. (4.85)

With G4(0) = n/2, we find a homogeneous density n = G4+(0) + G| (0) of particles in
the Fermi gas.

4.8 Pair Correlation

The pair correlation

A 2
(5) ger(r = 1") = (@IWL ()WL ()W ()0 ()| o). (4.86)

gives us the relative probability of finding an electron at 7/, s’ when there is already
an electron at r,s. The calculation of the pair correlator is a nice exercise in dealing
with the second-quantized formalism. We first express the field operators W,(r) in
terms of the annihilation operators cg,

n 2 1 _ /
(5) gss’("’_r,):@ Z e~ i(p— P)Te i(g— Q)r<(1)0’6ps qs qs ps‘(I)0>'
p.r'.q,q’

We start with the case s # s: Then ¢’ = q and p’ = p must hold, otherwise the
expectation value (---) = 0 vanishes.!” The expectation value (---) leads to

<<I)0| Cps qs’c |CI)0> - 6pp/5qq <q>0| Cps qs’C s'Cp ‘q)0> - 5PP'5qq <CI)0| ps|(I)0>
= 5Pp/5qq/npans ) (4.87)
n 2 ne=2/mn 2
<§> 987&8 QQ anans’ =MNsng = ’ (5) -1, (488)
= gs;«és’( ) = 17 (4.89)

%The expectation value (- --) vanishes for ¢’ # q or p’ # p since different states are occupied in

|®o) and in ci,sc:;é,cq,s,cp | ®o).
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Lon ' ,
- - Figure 4.3: Pair correlators
L - grt(kpr) (with exchange hole
/I i due to the Pauli principle) and
| | g1,(kpr) (uncorrelated, since spin
0 . . 1 and spin | are distinguishable).
0 5 10 k’FT'

thus we find for s # s’ a constant value gy (kp|r — r'[) = 1. Next, we calculate the
case s = s'. Here we obtain contributions for p’ = p and ¢’ = q or for p’ = q and

q =p,
—CqsCps
—~
<(I)0|Cpscqscq s p5‘¢)0> 5pp’6qq <q)0‘cpscqscqscps‘q)0>+6qp'5pq <(I)0| Cps qs CpsCqs ’(I)0>

= (5pp/5qq/ — 5p/q5q/p) NpsTqss (4.90)

2
() o= 1=~ (21— (55
p

pq

- (g)Q — G(r) (4.91)

_ 2 9
L (g) {1 -5 (sinz — xcosac)ﬂ,

The correlator gss(r — r’) shows an exchange hole. Two fermions with identical spin
avoid each other according to the Pauli exclusion principle; the exchange hole exactly
displaces one electron with spin s from the vicinity of a spin s electron, since

2

Z/dgr [gss(r) - 1} =— g ; dmx % (sinz — zcosz)? = —1 (4.92)
~—~— ~
2/31 3m/2

The two results are graphically represented in Figure 4.3. The pair correlator
g(r) = 3 (g11(r) + g1,(r)) of the total system is drawn in Figure 4.4.

The above results were calculated at Hartree-Fock level: Optimal Slater determinants
for the homogeneous Fermi gas are constructed from translationally invariant single-
particle states. The state |®g) is thus just an optimized Slater determinant. If one
additionally takes correlations into account, one finds corrections as schematically
shown in Figure 4.5.

One can also easily calculate the result using the Wick theorem. The correlator
gss'(r — 7') is determined by "contractions" of the field operators (the contraction
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1 I T T
gl gr1/2 ] Figure 4.4: Pair correlator g =
(g1t + g11]/2 of the entire elec-
D i tronic system.
- 911/2 1
U 1 1
0 > 10 kpr
 — =
g L/ HE 1 91 \3\ T
L ' + corT. _ L -+ COIT. |
O L L O R 1 R 1 R
0 D 10 kpr 0 5 10 kpr

Figure 4.5: Corrections (schematically) to the pair correlators g+ and g4 considering
correlation effects.

indicated by corresponding brackets). For the first term in (4.90)

(@o|Ul(r) W, () Wy (') W, (r) @)

S/

and for the second term

(@0 [WE(r) WL, (1) Wy ()W, (r) | Dy).

The contractions correspond to expectation values in the ground state. Thus, one

obtains the two terms!!

nA 2
() s =) = (@O WL WL () W () 0 ()| 0) (4.93)

= (o] UL (r)Wy(7)|Bo) (@0 W], (') Wy (r')| Do)
— (@o[WI(r) W (r)[ Do) (B WL, (') W, (r) | o).
Thus, one obtains the result directly from (®o|Wh(r) Uy (r')|®g) = 85 Gs(r — 7).

One fi)nds (n/2)%gszs = (n/2)% — 0 (for s # §') and (n/2)?gss = (n/2)? — G2 (for

The above factorization of (q)ONIlWL\IIS/\IIS\@g) is exact for the ground state |®g) in
Hartree-Fock form (i.e., for a Slater determinant). Accordingly, the factorization is

"The minus sign in the 2nd term comes from the swapping of the operators \I/i/(r’)\lls/ (r') so
that the two contracted operators are directly next to each other.
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valid for the non-interacting system. When considering the interaction between the
particles, the Hartree-Fock ground state is only an approximation. Accordingly, the
expectation value <Q>|\IIJ§\I/L \Ili,\If s|®) in the true ground state |®) is only approximately
given by

in HF

(@ wivl, ol v |o) (@ wiw,|®) (@ v, |o)

— (W W ) (DU, W |D). (4.94)

4.9 Equation of Motion

As usual in the first-quantized form of quantum mechanics, we can also choose between
Schrodinger, Heisenberg, and interaction pictures in the second-quantized form. In
the Heisenberg picture, the operators (and thus also the field operators \I/l(r) and
U4(7)) become time-dependent. For the time-independent Hamilton operator H, the
Heisenberg picture of any operator A(t) is given by

Ap(t) = UTAQ)U = e HHD A(t) e 0/ (note Hy(t) = H). (4.95)
The equation of motion for the operator Ag(t) is

dAH

= [An(t ] WO A) (1)
= [4, ] + ih(0: A)  (t)
#2014, H], t) (4.96)

Here, (8;A) g (t) = UTA(t)U and [A, H]u(t) = UT[A(t), H|U.

We calculate the time derivative of the field operator ¥(r;t) = ¥(r)g(t) = UTW(r)U
for a Hamilton operator H of the form

_h2v2
_ [atrw
= [arvim) =] T

+ % / 3 &3 W)U (Ve — ) (r)U(r) (4.97)

where we have suppressed the spin quantum numbers in the field operator ¥. From
(4.96) we obtain

ih Né:;t) = |w(ri), H| = H [ w(r), H| e, (4.98)
[\Il(r), H] - / &3 [\p(r), o) _227:/2 \Il(r')] (4.99)

- /d?’r’d3r”V(r’—r") [\I/('r),‘PT(T")‘I’T(T”)‘I’(T")‘I’(T/) :

N |
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To calculate the commutators [A, BC], we use the relationships

[A, B]C + B[A,C],  for bosons,

4.100
{A,B}C — B{A,C}, for fermions. ( )

A BC] - {
Thus, for fermions we find

[0 (r), W ()W ()] = {W(r), ¥ (")} O (') — W (') {9(r), U(r')}

53 (r—r") 0
[0 (), O )W )W ()W (r)] = {9 (r), W)} O (") W)U (r)
8B (r—r")

— W) (), W)U () ()

{W(r), Wl (r")} W(r" ) (r)
—_——

§B) (p—r'")

= 5 (e — YW ()T W () — 5O (e — ")) T D). (4101)

The combination of (4.99) to (4.101) yields

[U(r), H] = —h—v2 / v’ / B3r" V(e — ") (4.102)
[5(3)( )‘I”( (") (r') = 60 (¢ — )T ()W) T ()]

Swapping U (r")U(r") = —¥(r")¥ (') in the last term and using (4.98) gives the
final result

ov(r;t) 77172

T _
! ot 2m

VAU (r;t) + (/d%’ Ui )V (e — ) (' t)) U(r;t);

an analogous calculation for bosons yields the same result.'> Note that the calculation
of the commutators at the same times ¢t = ¢’ yields the results

[ (s 0), Wi(r's 1)) = 6C)(r — ),
[W(r;t), U(r'; )]+ = 0,
[Wi(r; 1), Wi )]+ = 0, (4.103)
but the same problem for different times ¢ and ¢’ is a difficult many-body problem

[T (r;t), U (s )]+
(W (r,t) U(r'; t’)]i ‘Many-body problem’, (4.104)
[Tl (s t), OT(r's )]+

which cannot generally be solved exactly, see e.g. Fetter-Walecka.

12The reason for this lies in the equations (4.100), which lead a commutator between the operator A
and a quadratic operator BC' to a similar form as a function of the "elementary" (anti)commutators.
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Figure 4.6: Interaction vertex for
the Hamiltonian (4.105): The
incoming vectors represent the
annihilation operators cps, cr/y,
the outgoing vectors represent the
creation operators CL+qS, C}Lc,qu,.
The potential Vj is represented by
the wavy line.

Of course, we can also work in momentum space. The Hamilton operator has the
form

Rk? 1 P
H= Z 2@m ChsChs T 2 Z Vq Cl1qsCh! —qs' Ck's' Ches (4.105)
ks kk’qs’'s

see (4.72) and Figure 4.6. and the equation of motion for the operators cgs(t) =
(Cks)H(t) is (Wlth V_q = VQ7€k — h2k2/2m)

. de,S (t)
ih el EkCrs(t) + Z Vg CL’—‘,-QS’ (t) Ck’s’(t)ckJrqs(t)

k'qs’

= enchs(t) T Y Vg p= @ t)Cse g5 (1), (4.106)
q

with the density operator [summed over both spin directions, cf. (4.61)]

P=@) =D ChiasChs- (4.107)
ks
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Chapter 5

Interacting Electron Systems

In this chapter, we investigate the influence of interactions on electron systems. We
will see how the interaction between electrons in metals affects the ground state energy
of the Fermi gas in the Hartree-Fock approximation, and we will also calculate the
(dynamic) dielectric constant; this allows us to understand screening and plasmons in
metals. Furthermore, we will introduce the effect of superconductivity. The focus
is on an application of the second quantization introduced in the last chapter. We
consider the states only at T = 0, so that only the (many-body) ground state is
occupied. However, due to the presence of the intrinsic energy scale £, (F4 = ef for
the metal and Ey = |A| for the superconductor), the results remain valid for T' < E,.

5.1 Homogeneous Electron Gas

The homogeneous electron gas is the simplest model of a metal. The system is
described by the Hamiltonian operator of interacting electrons, cf. (4.71),
h2

H = % /d%“ZV\I/l(T) . V\IIS(T) + /dgrg:\lfi(T)Vion(r)\IlS(r) (5'1)

by [Erd S ULV - ) ) )

The electrons interact via the Coulomb interaction V(r) = e2/r and are embedded
in a background of positively charged ions, which guarantee the electrical neutrality
of the entire system and thus hold the electron system together. In reality, the
ions form a crystal lattice, which leads to electron bands. For the homogeneous
electron gas, one makes the simplifying assumption that the positive background is
homogeneously smeared out. Thus, the electrons have a simple parabolic dispersion
instead of a complicated band structure. As already known from solid-state lectures,
the effects of the ionic cores can often be approximately taken into account with a
material-dependent effective mass. This model is also called the Jellium model.

91
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5.1.1 Ground State Energy

We calculate the ground state energy Eyup in the Hartree-Fock approximation: For the
(homogeneous) electron gas, the optimal Hartree-Fock single-particle wave functions
are plane waves ¢’*7y,(s), and the Fermi sea |®¢) = [i<kpo c};a|0> is the optimal

Hartree-Fock ansatz with the ground state energy
Eur = (Po|H|P0) = (T)ur + Vion)ur + (V) ue. (5.2)

Here, the average kinetic energy, see (4.78),

h2k?
<T>HF - ¢0| Z Ckg'cka'|q)0>

kp 47rk:2dk h2k2
v

Q 1. Q ki 3
=0 Cpd = L PN 5.3
722m5 F - p2 s T (5:3)
is just the energy of the Fermi gas with NV = n{) and k% = 371?n. For the interaction

energy (V)ur, we obtain

Ve = = / drd®r’ Y V(e — 1) (Bo| W ()W, () Wy (') 0 (r)| Do)

2 !
58 (n)2)2g, ./ (r—7')

_} 3,. 33, o n 2‘ n 2 )
=y feranve-n|(5) 2 (5) a-
s#s’ s=s'
n? 3 n’ 3 2
:?Q drV(r)—ZQ d’rV(r)gs(r)*, (5.4)
with
(1) = 2Gy(r) = 2 (sine - wcosa) (5.5)
gs(r = s(r) = 3 sinx — x cosx i .

The first term in (5.4) is the Hartree energy; it accounts for the repulsion of the
electrons. The second term originates from the symmetry properties of |®g) and is
called exchange energy. The two terms can be visualized using Feynman diagrams',

see Figure 5.1.

!Feynman diagrams arise from a perturbative expansion of a quantity (e.g., the full propagator
(including interaction), the energy, etc.) in the interaction term, where expectation values (c'c' - - - ¢)
are decomposed into products of free propagators (c'c) using Wick’s theorem. Each free propagator
corresponds to a line in the Feynman diagram, curly lines describe the interaction V', fermionic loops
(as in the Hartree term) carry additional signs, and integration is performed over the k values of the
internal lines, etc. Once the rules for constructing diagrams are established (these follow from the
problem-specific expansion in a small parameter), an analytical expression can be written for each
diagram.
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k
Fock
Hartree v (0) V(q) k—q
k k k

Figure 5.1: Feynman diagrams for the Hartree (left) and Fock (exchange) term (right).

For the Coulomb interaction V(r) = e?/r, the interaction integral [d3rV(r) =
47 [dr r2e? /r is divergent.” However, we have not yet taken into account the positively
charged background created by the ions, which has the same charge density as the
electron gas. This provides additional contributions to the Hartree term. In total, we
have the Hartree energy

Nn [ 5 € Nn [ 5 (2 € e?
ion/H — ion/H — —2 =Y, .
Vo + (Vionhs = =5 /drr+<V = /dr(r—i—r —) =0, (56)

where the first term accounts for the repulsive electron-electron interaction, the
second term accounts for the (also repulsive) ion-ion interaction, and the third term
accounts for the interaction between the electrons and the ions. The vanishing of
the Hartree potential means that the classical contribution of the Coulomb energy
does not lead to metallic binding (energy lowering compared to the vacuum). It
is the quantum mechanical exchange effects (Fock term), which are based on the
fundamental indistinguishability of electrons, that lead to a finite binding energy.

The Fock term gives the contribution

9 e > (sinx —zcosz)?

1/4

3
= - Né&%k .
1 Vekr (5.7)

to the ground state energy.

To describe an electron gas/an electron liquid, one usually introduces the Seitz radius
rs, which indicates the volume available per electron. If we measure 7 in Bohr radii

2The divergence is a consequence of the long-range nature of the Coulomb interaction and leads to
the fact that the electron system is incompressible; only if the compensating (here ionic) background
accommodates the deformation does the entire system become compressible. The finite energy of
the plasmons in the limit k& — 0 is a consequence of this incompressibility. If the ions oscillate (in a
phononic excitation), the energy of the mode disappears for k — 0.
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ap, we obtain

47r( o 1 5.44
—I(TcQ = — Te =
sUB n’ s 3 n22)

3
= ngo - 10nm ™~ indicates the electron density. For typical

(5.8)

where n = ngg - 1022 cm=3

metals, we have

Nog ~ (59)

0.9 — 25 |
~— S~
Cesium  Beryllium
and thus 74 takes values between r; &~ 2 — 6, i.e., metals are neither at high nor at
low density but at intermediate densities, which makes the problem difficult, as one

cannot perform perturbation theory.

For the energy (per particle) of the electron gas, we obtain in the Hartree-Fock
approximation

B 3 3 221 0.916
=Zep— 2k & (2 - Ry. 5.10
N 5Tt < rz g > ' (5-10)

S

Note that the exact ground state energy Ey/N < Eyur/N since |®g) is a Rayleigh-Ritz
ansatz for the true ground state |®).

The result (5.10) is correct for high densities and correspondingly small radii r5. Not
taken into account in (5.10) are the correlation energies. They are calculated using
diagrammatic techniques, and for ry < 2.5 one finds the expansion
Ey 221 0916
NRy r2 Ts
—_———

EHF /N Ry

+0.0622 Inrg — 0.094 4+ 0.018 rgInrg + - - .

Ekorr/N RY<O

(5.11)

Note that the result (5.11) is not analytic as rs — 0.

For small densities r; — 00, one expects the transition to a crystal named after
Wigner. For the correlation energy, one obtains for the Wigner crystal
Eyore _ 0.88

~

Ry; 5.12
N T Vs ( )

an interpolation® then yields the expression

o 0.88
- , 5.13
N s <V (5.13)

Figure 5.2 finally shows the expected phases in a system with an interaction of the
type e~"/* /r that interpolates between long (A — 0co) and short (A — 0) range.

3The interpolation between two phases — the Fermi gas and the Wigner crystal — should be taken
with caution.
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Coulomb-gas

fluid Figure 5.2: Phases in a system with
648 (screened) Coulomb interaction; A =
range, n = density, p = pressure, di-
mensionless parameter = n\3. Such
a phase diagram with reentrance into
the liquid/gas phase occurs, for ex-
0 n,p ample, in helium.

crystal

helium

fluid

5.1.2 Dielectric Constant ¢(q;w)

It is not possible to determine the dielectric constant of the homogeneous electron gas
exactly. However, there are good approximations that include the essential properties
of a metal, screening, and plasmons. One approximation we have already learned in
the chapter on atoms as Thomas-Fermi screening. Although the approximation was
developed for atoms, at no point in the derivation of the dielectric constant

qTF
elg) =1+~ 2 (5.14)

with ¢2, = 4kp/map = 6me’n/ep is reference to the atom. Rather, the result, as
already noted in 3.3, is valid for metals and describes their screening effect. However,
the Thomas-Fermi method cannot describe dynamic effects. For that, one needs the
RPA (random phase approximation), which will be introduced in the following,.

We investigate a system of interacting electrons in an external potential U (r;t), which
is (partially) screened by the potential Vi(r;t) as in Chapter 3.3. The potential
Vs(r;t) is generated internally by the electrons in the metal, so that in the end the
total field V' = U + V5 is present. The dynamic dielectric constant is then determined
by, cf. (3.33),

(5.15)

We want to solve the problem self-consistently and therefore assume that the electrons
are exposed to the total field V. The effective (time-dependent) Hamiltonian operator
of the electrons is given by

Herr = /d3 Z [ VUl(r) VU (r) + Tl(r)V (rit) Uy (r)
=D Rl + Q Z V(g;t)p(—q) (5.16)
ks q

with the volume = L3 and the (Fourier-transformed) density operator p(—q) =
D ks cz+qscks, cf. (4.107). Note that the electron-electron interaction does not appear
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directly in the Hamiltonian operator Heg. Its contribution is indirectly included
through the screening part Vi to V; i.e.; we take screening effects into account but
neglect correlation and exchange effects.

We assume that the external potential U(r;t) generates a classically oscillating field.
We want to find the quantum mechanical response of the electron system to this
classical potential. We will assume U to be small and consider the problem only to
first order in U; this is referred to as linear response. A potential oscillating with
frequency w U(r;t) = U(r;w)e” ™! then leads to a response (p(r;t)) = p(r;w)e !
at the same frequency. Furthermore, the superposition principle holds, so we only
need to calculate the response to a single frequency, and the general result follows by
simply adding the contributions at different frequencies.

For the homogeneous electron gas, the expectation value of p(q) vanishes (except for
= 0). Due to the applied potential U, this expectation value becomes finite. The
screening charge —e(p) generates the potential

Ae®
Vs(q;w) = 7(p(q;w)>- (5.17)

To obtain an explicit expression for the screening potential Vs, we will approximate
the equation of motion for the charge density,

Zh;t (—=q;t) = [p(—q; 1), Hert
=  hwp(—q;w) = [p(—q;w), Herl, (5.18)

instead of directly solving the equation of motion for p. We first consider the equation
of motion for a term

hwcp‘i'qﬂ po — [c;r)-l—qacpcr?Heff]- (5.19)

The result for p(—q) can then be obtained by summing over p and o. The commutator
on the right side of (5.18) is given by the sum of the two terms

T 1 - ¥
Z 5k’ p+qoCpo> Ckscks] - (51’ - 6P+¢1)Cp—f—qo'cpov (520)
Z Vi ChotqrsC Z V(g —c Cpo)
P-HIU Cpo> k+q's ks p+qa' p—q'c prqiqoCpa)
q'ks

In summary, we obtain the equation of motion

1
(epra = €p + 1)l goCpo = Q > V(d; w)(ciwqocp—q’o B CI)+q+q’acw)
q/

RPA V(—gq;w)

O G —cl e ), (5.21)

p+qo~p+qo bo “po

where in the last step we performed the RPA by only taking the term with ¢’ = —q
from the sum and neglecting the other terms. This assumption is based on the fact
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that terms of the form chk, oscillate with e/(*'=k)" 5o that their contribution (after

integration over a small volume element) cancels out as long as k' # k.

The approximate equation can now be solved for ci, +qoCpo- Summing the result over
Ppo gives

7 f
V(—q; c c — CpoC
p(—q;w) = ( (‘217‘*’) 3 Sptaotpeo — Botee
po Ep+q Ep + hw

(p'—g—Q) V(—q;w) Z C;r)—qacp—qa - Ciwczw
Q Ep—q —Ep —hw

(5.22)

po

From this, we can now calculate the expectation value in the ground state and obtain
(©(x) is the step function)

(p(g;w)) = Vigw) S (Nptgo) — (Npo)

Q oo Cpta ~Ep hw
d®p Oer —epiq) — Oler — £p)
Vigiw) / 27)3  epig—cp— hw — 0 (5:23)

x(q;w)

where the small imaginary part in the denominator guarantees causality. With (5.15)
and (5.17), we obtain the relationship

4rre?
erpa(q;w) =1 - Z x(q;w). (5.24)

5.1.3 Plasma Resonance

First, we want to examine the dielectric function for small momenta |g| < kr. To do
this, we expand
O(er —eprq) = O(er —ep) —d(ep —er)q- Vep
~—
hvpp

and obtain

(q:w) = — /d‘°’p vrg-polep —cr)
NG 2m)3 vpq-Pp—w—i0F

w> qur /dgp q-po(p—kr) 1+UFq'ﬁ_|_...
(2m)3 hw hw
2 U k2gz VEQZ
— dz—1== (1
(27‘(‘)2 /_1 i hw ( + w )

2

_ kKiupg®  ng
C3m2hw? mw?

(5.25)
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w

A

plasma resonance

wp_i’/

<Y

2kp

Figure 5.3: Excitation spectrum of the homogeneous electron gas in the w—¢q plane.
The gray shaded area corresponds to the electron-hole continuum and the solid line
outside the continuum corresponds to the plasma resonance with the dispersion
determined by e(g;w) = 0, which is damped (Landau damping) as soon as it enters
the continuum.

where we have introduced the angle 6 between p and q with z = cos6. Thus, the
dielectric constant epps(0;w) = 1 — (wp/w)? changes sign at w, = \/4me2n/m. For
w < wp, € is negative and the metal perfectly reflects all incoming radiation. For
w > wy, the dielectric constant becomes positive as in a normal dielectric and the
metal becomes transparent. The frequency w, is called the plasma frequency and
the corresponding particle is the plasmon, see Figure 5.3.* The plasmon frequency
is given for typical metals by w, ~ 101®Hz (hw, ~ 10eV), where we have used
n ~ 102 cm ™ and m ~ 10727 g. Thus, metals are opaque to visible light and only
become transparent for X-ray radiation.

At w = wp, € = 0. This allows for the possibility that the system internally has an
excitation with V| Vg, p # 0 without an external field being applied (U = 0). This
is the plasma oscillation, a collective excitation of the electron gas. However, the
plasma oscillation is only a well-defined excitation for small w,q. When calculating
X(q,w) in general, one finds that the plasma oscillation survives as long as Im y = 0.
The imaginary part of x leads to damping due to dissipation, see Figure 5.3. In the
electron gas, the electron-hole excitations correspond to hw = epyq — €p With energy
w and momentum q, cf. the denominator of 5.23. Since p is free, the electron-hole

4Note that Planck’s constant does not appear in the expression for the plasma frequency, so that
this is a purely classical effect with a classical explanation (see, e.g., Feynman Lecture Vol. 2).
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excitations form a continuum without sharp energy-momentum relations. In fact,
electron-hole excitations fill the range

0 < hw < hvpq + &4, (¢ < 2kp) (5.26)
—hvpq+eq < hw < hupq + &4, (¢ > 2kp) . (5.27)
5.1.4 Screening

To describe screening effects, we need to evaluate the dielectric function at w — 0.
Setting w = 0 in (5.23) allows us to determine the polarization function easily,

d’p O(er — epiq) — Oler — £p)
=2
Rextg) Re/<2ﬂ>3 Eptq — Ep — 10T

d3p 1 1
=2Re | —=0O(ep — —
e/(27r)3 (er =) <5p_5pq_i0+ €ptq _Ep_i0+>
kp 1
m 1 1
=— dpp® Re [ d
7r2h2/0 PP e/_l ‘ <q2—2qu+z'0+ * q2+2qu—i0+>
2
:m/ dpplog‘Q+ p‘
q.Jo q—2p

m 2kp +q ke 4qp?
=~y (K log] / dp 2
27212 ( PO —gl T )y P

2kF+Q‘
2kr —q

_ m 2 1.2
= T onn2g |:kFQ+ (b} — 19 )log’

(5.28)

where we have used that ep1q — ep = h?(¢> + 2q - p)/2m. Substituting the result into
the expression for e yields the static dielectric function

2 2 2

gre (1 4kE —q 2kp+q‘

R =14+=(= 1 .
ecrpa(q) + e <2 + 8krq 0g DY —

(5.29)

For ¢ < kp, the dielectric function exactly matches the Thomas-Fermi result (5.14).
However, the RPA result has a diverging first derivative at ¢ = +2kp. The reason for
this lies in the sharp Fermi surface. Considering a point charge at the origin with
U(q) = 4me?/¢? leads to oscillations in the charge distribution with a wave vector
~ 2kr in addition to the exponential screening of the charge;

) cos 2kpr
el F

(p(r)) = / Bqlenti(a) - 1] (5.30)

r3

These oscillations are called Friedel oscillations. As shown in Figure 5.4, the Friedel
oscillations cause the test charge to be alternately over- and under-screened.
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r

Figure 5.4: Friedel oscillations of the screening charge (p) ox V5 as a function of the
distance r from a point charge at the origin.

5.2 Superconductivity

Superconductivity was discovered in 1911 by Heike Kamerlingh Onnes. He cooled
mercury with helium down to 4 K and found that the resistance of mercury suddenly
disappeared at the lowest temperatures. Later experiments have shown that a current
in a superconductor can be maintained for long periods (= 1 year) without an applied
voltage. This confirms that the material is indeed resistance-free. Another property of
superconductors is their perfect diamagnetism, called the Meissner-Ochsenfeld effect.
We will show in the section on the London equations that the Meissner-Ochsenfeld
effect is more characteristic of a superconductor than the disappearance of resistance.
The external magnetic field can only penetrate the material near the surface; deeper
layers are field-free. This "expulsion" of the magnetic field is independent of whether
the sample was already superconducting before the magnetic field was turned on or
only became superconducting after the magnetic field was turned on.

5.2.1 London Equations

For some time, superconductivity had no theoretically satisfactory explanation. The
brothers Fritz and Heinz London managed to establish at least phenomenological
equations in 1935. It took another 20 years for a microscopic theory to emerge. The
question that arises is how to describe a material that exhibits infinite conductivity.

From the Newtonian equation of motion md;v = —eFE of an electron, one directly
finds the first London equation for the current density j = —new,
. ne?
m

This equation describes a "perfect conductor," as with E = 0, it does not necessarily

follow that 7 = 0, but it cannot predict the Meissner-Ochsenfeld effect. To show this,
we derive the equation of motion for the magnetic field H. For this, we need the
Maxwell equation V x H = 4mj/c (we consider the stationary case with 9, F = 0).
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Taking the curl of this equation leads to (we use V- H =0 and V x E = —0,H)

v (V)-Vv?
e N 4 . 1
VIO H = -V X VXOH = -1V x 0y O20 OH (5.32)
L

with the London penetration depth

mc?

AL = (5.33)

4dmrne?’
The equation (5.32) shows only that a magnetic field in a perfect conductor is time-
independent; the magnetic field lines are frozen. However, this is not in accordance
with the experiments of Meissner and Ochsenfeld. Therefore, the second London
equation

ne2

vxj="H (5.34)
me
requires the vanishing of the integration constant in (5.32). This makes (5.32) become
4 1
VH =V xj= 5 H (5.35)
c A7

and (all) magnetic fields are completely screened on the length scale Ar; if one looks
for a homogeneous solution H (r) = Hy, one immediately finds Hy = 0. The ordinary
form of the Maxwell equation is obtained with A\, — oo (n — 0). Physically, (5.35)
means that the magnetic field (the photon) acquires a "mass" through coupling to
the superconducting condensate. This is called the Anderson-Higgs mechanism and is
analogous to the effect that in electroweak theory, the W and Z gauge bosons acquire
mass through coupling to the Higgs boson.

Using the vector potential A in the London gauge (V - A = 0) one can combine the
two London equations into a single equation,

TL€2 C

| = —— A = — A 5.36
J me 47r)\% ’ ( )

from which the first and second London equations can be derived by applying 9; or
V x , respectively. The London gauge ensures that the continuity equation V-3 =0
holds. Note that the particle density n in the London equations refers only to the
density of the superconducting particles ng, which is generally less than the electron
density, and thus 7 denotes the corresponding current density of the supercurrent j,
which generally differs from the total current density.

5.2.2 BCS Theory

The microscopic theory of superconductors was developed in 1957 by Bardeen, Cooper,
and Schrieffer (BCS). It is based on a discovery by Leon Cooper that an arbitrarily
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weak attractive potential between two electrons at the Fermi surface leads to a bound
state of them. The pairing mechanism is important because a superfluid state is
typical for bosons, as bosons condense into a macroscopically occupied ground state
wave function at low temperatures. Fermions, on the other hand, form a Fermi sea.
For fermions to behave superfluid (bosonically), they must first pair up before they
can condense.

The problem now is why electrons attract each other at all, as their (Coulomb)
interaction is known to be repulsive. Part of the answer was developed in the last
section: the repulsion of electrons at high density is not so strong because the
interaction is screened on the length scale gre. A hint towards the solution of the
problem was provided by the isotope effect: as early as the 1950s, it was found
that the transition temperature T, for superconductivity depends on the isotope
(T, x MI;rll/ 2). This indicates that superconductivity is not solely an electronic
problem but that one must take into account the effect of phonons (lattice vibrations).
A (unjustified) simplified calculation leads to an effective electron-electron interaction

Vet = 4me? q%e(q; w) with

1 q* wg
~ 1+ , 5.37
elGw) ¢+ die ( w? —wi (537

where the first term accounts for the polarization of the electrons and the second
term accounts for that of the positively charged ions with dispersion w,; = s¢; s is the
sound speed in the metal. Note that the time scale of the response of the electrons
is given by the short time w,, 1. We may therefore consider the interaction for the
investigated scattering processes of electrons near the Fermi surface as instantaneous,
which is why we used the static expression for the electronic part of €. The response
of the (heavy) ions, on the other hand, occurs on the slower time scale wBl (wp is the
Debye frequency of the phonons) and is much slower, so that the ionic contribution
must be taken into account dynamically. The effect of phonon polarization leads to

the potential being attractive for |w| < wy ~ wp.

Although we only take the effect of phonons into account through an additional term
in (q;w), the problem is still too difficult to solve exactly. Since we want to describe
superconductivity, the idea is to only describe the part of the interaction that leads to
the pairing of electrons. The effect of the remaining interaction can then, in principle,
be taken into account in perturbation theory. We will see that the pairing interaction
leads to an energy gap; this suppresses the effects of the remaining interaction. We
now consider the reduced (pairing) Hamiltonian operator®

Hpaar = Z (e — 1) C;rmc,m + Z Vest(k — l)CLTCJLk¢C4¢ClT? (5.38)
ko ? Kl

®The chemical potential y is equal to e at T = 0 and is determined by the (average) number of
electrons.
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the pairing Hamiltonian operator describes only the scattering of Cooper pairs
|kT, —k]) = CLTCJLM|O>, which leads to the pairing of electrons.’

We expect that the BCS pairing Hamiltonian operator (5.38) leads to a phase-
coherent superposition of Cooper pairs |k1, —kJ). When the Cooper pairs condense,
the operator c_g cgy acquires a finite expectation value by, (coherent state). Due to
the macroscopic occupation of the state, we expect that fluctuations are small. This
motivates the molecular field ansatz

C_k|Cktr = br + (C*kickT — bk); (5.39)
—————
<Lbg

by substituting into (5.38) and neglecting terms quadratic in the fluctuations, we
obtain the BCS model Hamiltonian operator

Hpcs = Z §kcLUc,w + Z Vert(k — l)(CLTC]:mbl + b,*ccfuc” — b,*cbl) (5.40)
k

with the self-consistency equation by, = (c_g ckt), which can be solved exactly.

Note that due to the molecular field ansatz, the Hamiltonian operator no longer
conserves particle number. For large particle numbers, this is not a serious issue.
The chemical potential y simply sets the average particle number, and the relative

fluctuations vanish like N~1/2, similar to the grand canonical ensemble.”

As a first step in solving (5.40), we introduce the energy gap (Gap)
ZVeff — Db = ZVeff —){c_yap) (5.41)

with which the BCS Hamiltonian can be written as

ko k

Additionally, we want to define new fermionic operators P, that diagonalize the
Hamiltonian operator. A transformation to new fermionic operators is achieved
through the Bogoliubov-Valatin transformation (see Section 5.2.3)

Ckt = u,’iﬁm + Ukﬁiky CL@ = —v,’;ﬁm + ukﬁiki, (5.43)

5In the simplest case we consider here, a Cooper pair is a bound state of two electrons as a singlet
with total momentum 0. This is called s-wave pairing. Other pairing states are conceivable. For
example, the electrons can pair as a triplet (p-wave) or the electron pair can have a finite total
momentum (Larkin-Ovchinnikov-Fulde-Ferrell in a magnetic field). However, for most materials, the
s-wave pairing channel with zero total momentum is preferred.

"Since one wants to assign a quantum mechanical phase ¢ to the superconductor, the uncertainty
in the particle number N is even essential, as phase and particle number are conjugate variables and
thus must satisfy the Heisenberg uncertainty relation AN Agp > 1.
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with the (unitarity) condition |ug|? + |vk|?> = 1. The choice®

1 &k * Ay
Joel* =1 — Juk[* = 5 (1 - Ek) v, = 5 B = 24 |Agl2,  (5.44)

leads, after substitution into (5.40) and simple rearrangements, to the diagonalized
form (see the following section)

Hpos =Y (& — Be + bp i) + Y BBl Bro- (5.45)
k ko

The first term gives the ground state energy and the second term describes the
excitations as the creation of Bogoliubov quasiparticles with the excitation energy
Ey > 0. For |Ag| > 0, the quasiparticles exhibit an energy gap, unlike in the metal.

In the following, we will first show that (5.43) and (5.44) indeed lead to the diagonal
form (5.45). We will then determine the self-consistent energy gap Ag.

5.2.3 Excursion: General Quadratic Hamiltonians

Quadratic Hamiltonians, which do not necessarily conserve particle number, generally
have the form

n n
H = Z Z(hijcjcj + %Aijc;rc; + %A;‘jcjci) = c'he + %(CTACT +cAfe)  (5.46)

i=1 j=1

with n being the number of fermionic modes, h = hf and A = —AT.? One can
diagonalize this Hamiltonian using a Bogoliubov-Valatin transformation. To do this,
one writes the Hamiltonian as a quadratic form

h A c
H = % (cT c) (—A* —hT> <CT> + %tr h; (5.47)
—_——

Hpac

thus, every quadratic second-quantized Hamiltonian H is mapped onto a hermitian
2n x 2n matrix Hpqg. The first quantized Hamiltonian (matrix) Hpqgg is referred to
as the "Bogoliubov-de Gennes Hamiltonian."

The Bogoliubov-de Gennes Hamiltonian operator Hgqg has twice as many degrees
of freedom (namely 2n) as the original fermionic system. The additional degrees of

8The phases of ug, vk, and Ay are linked, as Afugvr > 0. Without loss of generality, we can
choose ug > 0 and then find that vx and Ag have the same phase.

9At first glance, it seems that equation (5.46) does not impose any restriction on A. This is correct,
but since the symmetric part As = (A+A”)/2 does not contribute due to the fermionic commutation
relations, Zij(AS)ijCicj = —Zij(As)ijCjCi = _Zij(AS)ijCiCj = Zij(AS)ijCicj = O, one may,
without loss of generality, choose A to be antisymmetric, A = (A — AT)/2.
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freedom arise from the fact that ¢ appears both on the right and left of Hgqg in the
quadratic form (5.47), allowing for the freedom to choose where to place the term
c'he in the BAG matrix. In (5.47), we have chosen the ‘symmetric’ variant, and
therefore the Bogoliubov-de Gennes Hamiltonian operator has the (‘particle-hole’)
symmetry { Hgqg,C} = 0 with C' = 7, K; here, K denotes the operator of complex
conjugation and 7, acts on the block form in (5.47). Note that C' is not a symmetry
in the conventional sense, as it does not commute with the Hamiltonian operator.
Moreover, the symmetry in a Bogoliubov-de Gennes Hamiltonian operator is always
present by construction (and therefore cannot be broken).

The task is to bring the second-quantized Hamiltonian operator H into the form
H=> j qﬁ}ﬁj with fermionic operators 3;; the quadratic Hamiltonian operator is
then solved, as all many-body eigenstates correspond to occupation number states
with n; = ,6’; Bj. We will see that one can also require that the single-particle energies
gj > 0, so that the ground state corresponds to the vacuum (with respect to the 3
operators) and ¢; are precisely the (single-particle) excitation energies. This task can
be solved by a so-called Bogoliubov transformation (from ¢ to 3)

T <§T> = (;) (5.48)

with 7" € Gl(2n,C). The invariance of the quadratic Hamiltonian operator H under
such a transformation requires that

Hpyo = TTHpacT (5.49)

where Hp, is the Bogoliubov-de Gennes Hamiltonian in the 3 basis. Therefore, we
want Hpyq to be a diagonal matrix.

Note that, unlike the ‘normal’ basis change from Section 4.4, here creators and
annihilators are mixed. This is analogous to classical mechanics: in the Lagrangian
formalism, general basis transformations are allowed, while in the Hamiltonian
formalism, position and momentum coordinates may also be mixed. At first glance,
this leads to more degrees of freedom, but only canonical transformations that leave
the Poisson bracket invariant are allowed. Here, the canonical commutation relations
{¢; c;f} = d;j and {¢;, ¢j} = 0 take the role of the Poisson bracket. In fact, we want the
operators 3;, which diagonalize the Hamiltonian operator, to also be truly fermionic
operators so that they generate the usual fermionic Fock space.

We therefore require the invariance of'"

{(E)-(2) -

10We interpret the anticommutator of two vectors v and w as a matrix with matrix elements
({v,w})i; = {vi,w;}. The anticommutator in (5.50) is a quadratic form that plays the role of the
metric on the space of creators and annihilators.
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under the transformation (5.49). By substituting the transformation (5.49) and using
the bilinearity of the anticommutator, and requiring that the anticommutator remains
invariant, we obtain the constraint

N R e (T

Iz

i.e., T is unitary.
Diagonalization of a Hermitian matrix Hpqg with a unitary transformation 7T is
solved by the ordinary eigenvalue problem

Hpactj = &jt; (5.52)

where t; are the columns of T. The particle-hole symmetry C' guarantees that
for every eigenvector t, with eigenvalue € > 0, there is an additional eigenvector
t_ = C'ty with eigenvalue —e < 0; for

H t, =¢t = Hpggt_ = —¢t_. 5.53
BdG U+ + BdG ( )
—C_IHBdGc

Now, if we order the eigenvalues such that the positive eigenvalues appear first and
then the negative eigenvalues on the diagonal of Hp,, the particle-hole symmetry
guarantees that 37 in the transformation (5.49) are precisely the adjoint operators to
B. In summary, we obtain

€1

H=1(8 B " () +4er

—e,
=S el + 5 (oh-Y ). (5.54)
j=1 Jj=1

As an example, consider the model Hamiltonian (5.42), which can be written in the
Bogoliubov-de Gennes form

(5.55)

_ t Ck *
H= [(Ckr C—ki) Hi <CT ! ) + &k + bp Ak
% —k)
with
H, = § . 5.56
, (_ 5 _gk) (5.56)
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We see that due to translational symmetry, the problem reduces to the diagonalization
of the 2 x 2 Bogoliubov-de Gennes Hamiltonian Hy. The two eigenstates of the
Hamiltonian are given by

—vy, —vy, Uk Uk

with ug and vy as in (5.44).!" The transformation to the basis BkT’ 5T—k¢ yields the
result (5.45),

= Z Ex( ﬂkaBk:T B—kuBT—ki,) + &k + b, Ak

= Z € — B+ bpAe) + Y BBl Bros (5.58)
k ko

Eyq

with the ground state energy F, and the excitation energies Fj.

5.2.4 Self-consistency equation

In the next step, we need to solve the self-consistency equation (5.41) to see if for a
superconductor |Ag| > 0 will indeed hold. The trivial solution of the self-consistency
equation with Ag = 0, so that v = 1 for & < 0 and vg = 0 for & > 0, describes the
Fermi sea in the normal conducting state. The self-consistency equation is given by

(5.4

= Z Verr(k — U)(c_ipen) = Z Verr(k — U)uj vy
1
(5.44) _1 A
= 5 zl: Verr(k l) Ez ; (5.59)

where we have used the expectation value of the pairing term in the ground state
(c_1cit), noting that the ground state |0) represents the vacuum for the operators
Bk with Bg|0) = 0.

To describe superconductivity, we need an attractive interaction. As we have seen
before, the effective electron-electron potential Vog is attractive for energy transfers
with |{g — &| < Awp. To solve the self-consistency equation, we make the stronger
assumption that Veg is attractive if both || and || are less than Aiwp. Furthermore,
we replace the interaction in this region with a constant, i.e., Vog(k—1) = —g O(hwp —
|€k]) ©(hwp — &) /92, g > 0.12 Tt is easy to see that for this model, the self-consistency

"We have thus Ty = ( u:* Z ) The unitarity of T is guaranteed by (5.44).
—vb Uk
2These assumptions are based on the work of BCS: we expect that the solution of the self-
consistency equation does not depend on the specific form of the potential, but only on the typical

strength —g and the cutoff energy hwp.
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equation is solved by A = AO(hwp — [€|). Substituting the ansétze for Ag and
Ve into the self-consistency equation and canceling the common factor A # 0, we
obtain'?

00 Ji¢| <oy dE(E2HIA[2) 71/

g 1 g p(§)
= — - == d . PASS
20 Ek: B 2 /If<hwp 5\/|A!2+€2

€k |<hwp
~ gpo arsinh(fwp /|Al); (5.60)

here, pg = p(0) denotes the density of states at the Fermi edge, which we have
assumed to be constant over the small integration range ~ wp < €. Solving for |A|
yields the final result

hwp

~ QhwneL/Pog 61
S (1/pog) 2P (56

Al =
where we have used in the last step that the system is typically weakly coupled
with ppg ~ 0.3. Equation (5.61) confirms Cooper’s result that any arbitrarily weak
attractive potential pairs electrons and thus creates a finite energy gap.

5.2.5 Condensation energy

The transition into the superconducting phase is accompanied by a lowering of the
ground state energy, which is referred to as condensation energy in analogy to the
gas-liquid transition. Using the expression for E, from (5.58) and ), bx = |A|Q/g,
one obtains the condensation energy density

hwp |A|2
1 T Ll W
Ukond = = [Eg(A) — Ey(A = 0)] '”0/0 Ve
gf . |£k| T’TQ
- —Ep) + = - E =
Q Z (e = Bk) + 5 > & - B + p
k|>kp |k|<kr

th 2
“2/)0/0 ( VIAPR+&+ W)

gy [ e BVIAR £ €8 20
s ViaP+e
hwp
= me (¢~ VIAP+&)|

hwp > |A‘ 9
~ p0|A| (5.62)

B3The den51ty of states is defined as p(§) = >, 0(§ — &). Thus, for a general function f(z), we
have 37, f(&k) = [d€ p(€) f(£).
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5.2.6 Density of states

We have seen that the fermionic quasiparticles B;L, which describe the excitations
above the superconducting ground state, are in a one-to-one correspondence with the
electron excitations CL in the metal. This insight allows us to relate the density of
states of the Bogoliubov quasiparticles ps(E) to the density of states pg in the normal
state, ps(E) = > 1, 0(F — Eg) = (d§/dE) Y 1, 0(§ — &) = (d§/dE)po. This leads to
the simple result (the quasiparticle excitations satisfy the spectrum E = /|A[|? 4 £2)

__ B
ps(E) _d§ _ ) moar P2 AL (5.63)
po dE g E <A

with a diverging density of states above the energy gap. Note that due to the
aforementioned relationship between the excitations in the superconducting and
normal conducting states, the integrated density of states is the same. Upon entering
the superconducting state, the states with energy below the energy gap are simply
transferred over the energy gap, leading to the divergence.

5.2.7 Derivation of the London equations

With the BCS equation and its solution, we have seen that an attractive electron-
electron potential leads to an energy gap, thereby lowering the total energy of the
system by the condensation energy. However, it is not yet clear that the new state
with |A| > 0 is indeed a superconducting state. We have already seen that the London
equations provide a phenomenological description (Meissner-Ochsenfeld effect, perfect
conductivity) of a superconductor. We will now show that the response of the
quasiparticles in BCS to an external magnetic field leads exactly to the London
equation, confirming that the state is indeed a superconductor.

We describe the constant magnetic field H by a vector potential A with H =V x A.
We choose the London gauge V - A = 0. The magnetic field shifts the canonical
momentum, so that the kinetic term takes the form (p + eA/c)?/2m, neglecting
effects due to the Zeeman term. To first order in A, this leads to the perturbation

term'*
Hi= - [@ S 0lmA-pu,(r) = LS A kel
A= TZ o(r)A-p a(r)—%z "R ChoCrio
o ko
eh
=— > A-kBl B, (5.64)
mce
ko
In the next step, we want to calculate the current density j = —nev = (j,) + (Ja)-

The two terms j, and j4 denote the paramagnetic and diamagnetic current density

MWe use that CLTC,eT — cikicfki = (ukﬂ};T + B gy (UkBry + vkﬂiki) = (—veBey +
Ukﬁiki)(_vkm% FuRB_y) = mwﬁm - ﬂT—kuB—ki'
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operators, respectively, according to the expression v = p/m+eA/mec for the velocity
of the particles. The diamagnetic current gives the simple result

2 2
0 = =25 (X o) =~ A, (5.65)

me )

which corresponds exactly to the London equation as long as we interpret n as the
superconducting particle density ns. However, in equation (5.65), n is always the
total particle density.

To obtain the total current 3, we still need to determine the paramagnetic contribution
to the current density (j,) with the current operator

) eh 1 eh 1
]P = —Eﬁ Z chkcrcka = —Eﬁ Z kﬂ;gﬁkg (566)
ko

The perturbation term H 4 shifts the energy of the particles with momentum k by
ehA - k/mec. At T = 0, all states with negative energy are occupied, and we obtain

(BiBer) — (B4 B_py) = O(—Ey, — ehA - k/mc) — ©(—E + ehA - k/mc)
_26hA -k

= -2 25 (B (5.67)

to first order in A. Substituting this result into equation (5.64) yields

Ps (0) <'>52
oxcos @ occosf

62 2 3
() = 2771271/(;177’;35(15,6)(14%) &

2¢%h? ne? 4epps(0)
= Tcps(())k%? <COS2 9>S2 A= % 37’],( A (568)
1/3 ps(0)/po

where 0 is the angle between k and A and (-)g2 denotes the average over the unit
sphere. The sum of the paramagnetic and diamagnetic terms yields the final result

nse>

j=—-2—A (5.69)

mc

with the superfluid density

n |A] >0,

5.70
0 A=0. ( )

ns = n[l = ps(0)/po] = {
For finite temperatures, the tail of the Fermi-Dirac distribution leads to ns =
n(1 — e~ 181/kBTY a5 long as |A| > kpT. The phase transition occurs precisely at the
point where ngy = 0.
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Note that in the normal state, there is no Meissner-Ochsenfeld effect at all, as the
paramagnetic and diamagnetic currents exactly cancel each other. The origin of the
paramagnetic response in the normal conductor lies in the fact that a vector potential
A causes the Fermi sphere in momentum space to shift, leading to a non-vanishing
(p). For the superconductor, the particles are condensed in the state with (p) = 0.
At the Fermi surface, there are also no quasiparticles present that could respond to
an applied magnetic field, so that the pure diamagnetic response, which is always
present, remains.
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Chapter 6

Relativistic Particles:
Dirac Equation

The quantum mechanics we have dealt with so far is based on non-relativistic
mechanics and can be motivated using the correspondence principle. With this, we
were able to successfully explain an important part of quantum physics. Interesting
and fundamentally new perspectives arise when we incorporate special relativity
into our formulation of quantum mechanics. The relativistic extension of quantum
mechanics is the foundation of high-energy physics.

6.1 Klein-Gordon Equation

Non-relativistic mechanics and quantum mechanics are invariant under Galilean
transformations between inertial systems,

z—x =x— vt and t—t =t (6.1)

where v is the relative velocity. Energy and momentum are related by the equation
E = p?/2m, so that the Galilean transformation leads to

2
p—p =p—mv and Eb—>E’:E—p-v+%m02:§—m (6.2)

i.e., the energy is form-invariant under Galilean transformations. The correspondence
principle states that

E — iho; and p = —ihV. (6.3)
The Galilean-invariant relationship between momentum and energy yields the Schrodinger
equation
h2
ihdpp = ——V21), (6.4)
2m

113
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which has been our fundamental equation so far.

Relativistic mechanics is no longer Galilean but Lorentz-invariant. A Lorentz trans-
formation from (¢,) to (¥, ') leaves the length' z,z# = ¢*t* — 2* = z/,2"* of the
four-vector x# = (ct,z) invariant. The covariant vector x, is obtained from the
covariant vector z* and the Lorentz metric

1
o)== | (65)

—1

Energy and momentum are also combined into a four-vector in special relativity
p* = (E/c,p), with the invariant length

pupt = plp™ =mc. (6.6)

This is the invariant energy-momentum relationship, which we can use to derive
relativistic quantum mechanics with the correspondence principle. First, we replace
p* with a differential operator

Pu = 1hoy. (6.7)

The first attempt yields the Hamilton operator H = \/mZ2c* + p%c2, with the wave
equation

ihdyp = mc?(1 — AL V)2 (6.8)

with the Compton wavelength A\c = h/mc = aap ~ 3.8 x 10~ cm. However, this
approach raises serious problems. First, space and time are treated differently, and
both do not appear obviously as a covariant four-vector. Another problem is the
square root, as we must develop the derivative V to infinite order. This means that
the equation describes a non-local theory. This violates causality, as the right side of
the equation links the point @ through the derivative with points (instantaneously)
that lie outside the causal light cone. For these reasons, the above approach must
be discarded. The problem of covariance and non-locality is solved at once when we
start from the square of the energy, i.e., H?> = m?c* 4 p?c? with the Klein-Gordon
equation

—hofy = (—R*AVE+mPct)y (9,00 + A7) = 0. (6.9)

A further analysis of the Klein-Gordon equation shows that although causality is
guaranteed, the equation still has ‘problems’ since the Hamilton operator is not
positive definite and there is also no positive definite conserved quantity (particle
density). However, this is not really a problem, as one can interpret this fact such that
the density corresponds to a charge density ep, and therefore particles of positive and

'In this chapter, we used Einstein’s summation convention, which states that summation is
performed over repeated indices.
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negative energy have different charges. Thus, the continuity equation holds for charge
density but not for particle density. The Klein-Gordon equation introduces a new
aspect into quantum mechanics, which first manifests itself through the breakdown
of single-particle theory. In quantum mechanical processes, the number of particles
can change while the total charge remains conserved. This announces the concept
that for every particle, there exists a corresponding antiparticle that has the charge
and energy with the opposite sign. In fact, the Klein-Gordon equation is suitable for
describing bosonic particles, such as the m mesons, where particles and antiparticles
are equivalent.

6.2 Dirac Equation

The simplest relativistic equation we have constructed so far, the Klein-Gordon
equation, has the following properties: it is

e scalar,
e covariant,

2nd

e of order in time,

e and has a non-positive definite norm, which means that the Hamiltonian H is
not Hermitian.

Next, we raise our ambitions and try to construct a theory based on a Hamilton
operator with the following properties: the Hamilton operator

e may be tensorial,’
e should be covariant,
e should be of 1% order in time,

e should lead to a positive definite norm so that we obtain a Hermitian Hamilton
operator H.

The most general Ansatz for a Hamilton operator with these properties (linear in 0y
and covariant implies linearity in space, i.e., in V) has the form

thoy W = HU = (ca -p+ BmCQ) 0, (6.10)

with ¥ a (Dirac) spinor with n components, a, 5 are n x n matrices, Hermitian and
dimensionless; the momentum is defined as usual, p = —iAV /A. Our task is to find
n, a and 8 such that (6.10) reproduces the usual relativistic dispersion

E% = p?c + m?ch. (6.11)

2The restriction to a scalar theory produces no result.
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To do this, we square the equation according to
E?U 5 —h?07V = ihdy (ca - p + Bmc?) U
= (ca “p+ ﬂmc2) i1hoy
= (ca-p+ pmc*)’ W

= (p*c® + m204) v, (6.12)
Thus, it must hold
(caipi + BmCQ) (coszj + ﬂch) = a2 (p')? (6.13)
292
c2p

4 1 o
2 924 3 2
+ B8*mec* + (ayf + ﬁai)plmcl-i- = (i + ozjaz-)#j p'p’c

2
m2ct 0 0
Thus, we obtain the conditions
af =I, B =1In (6.14)
{a:, 8 =0,  {ai,a;}lizg; =0, (6.15)

where {-, -} denotes the anticommutator as usual. We thus need four Hermitian,
anticommuting matrices whose squares yield I,,. It turns out that these conditions
can only be satisfied if n > 4. To prove this, one notes that

1. The anticommutator {c;, 5} = 0 implies that fo; = —a; and thus tra; =
—tr[Ba;f] = —tr[B%q;] = —tra; and thus tra; = 0. Similarly, from a;Bc; =
—f, it follows that tr 8 = 0, so all four matrices «;, 8 are traceless.

2. The four matrices «; and 8 have eigenvalues *+1, since «;, 8 are supposed to
be Hermitian, thus also diagonalizable; since ozi? = %2 = I,,, the squares of the
eigenvalues must equal 1.

3. n must be even, n = 2m, with m € N, since with tra; = 0,tr 8 = 0, the
eigenvalues 1 and —1 must occur in pairs.

4. Finally, n > 2 must hold, since a Hermitian matrix has a real main diagonal
and complex conjugate elements symmetrically placed with respect to the main
diagonal, thus we find the following number of degrees of freedom

2 _ _ 2.
n +_ 2 - n) /2 =n% (6.16)

real HD complex offdiag. symm.

additionally, tr = 0 and n? — 1 degrees of freedom remain. For n = 2, we can
find three independent Hermitian matrices like the Pauli matrices o;,

K(l) (1))(? BZ)((l) _01)} = [01,02,03] = o (6.17)
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with 012 = I and the commutation relations o;0; + 0;0; = 0.

For n = 4, we find 15 independent matrices with trace 0; from these, we choose
the matrices,

10 0 0
6—0100—120
“loo -1 o] \o -1,/
00 0 -1
0001
0010 _(0 o
1o 10 0l \oy 0)°
1000
0 0 0 —i
b |00 @ 0 (0 o
2700 =i 0 o] \oyw 0/
i 0 0
0 0 1 0
o 0 0o -1 [0 o3\
“=l1 0 0 0 <03 o)’ (6.18)
0 -1 0 0

with the required properties 8% = a2 = I and {ay,a;} =0, {a, B} = 0.

Thus, we obtain the Dirac equation in the form
ihOy ¥ = (—ihca;Oy, + fmc®) T, (6.19)

with the Dirac 4" spinor

U= : :(97;) (6.20)

and the 2" spinors x and 1.

The covariant form of the Dirac equation is obtained by multiplying (6.19) by 5 and
defining the Dirac matrices

i (0 o
v = (_Ui 0>, (6.21)
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the Dirac matrices are characterized by the following anticommutators ?,

{2} = 29" 1, (6.22)

with g"” being the metric tensor. From (6.19) we then obtain (we again set h = ¢ =1
for covariant formulas; it is ), = Oyr)

(iv*0p —m) ¥(x) = 0. (6.23)

We use Einstein’s summation convention and introduce the notation of the ‘slash’
operator, ¢ = ~y*a,; thus (6.23) simplifies to

(ify — m) W(z) = 0. (6.24)

(6.24) is covariant if ¥ transforms under Lorentz transformations such that the
identical equation holds in the new system. This condition defines the behavior of
U € H (the Hilbert space of states) under Lorentz transformations and thus defines
a 4-dimensional representation of the Lorentz group in H: For A € £ a Lorentz
transformation, there exists a representation matrix S(A) such that

' = Az, (6.25)

the wave function in the new (primed) coordinate system. Covariance then requires
that

("0, —m) ¥'(z') =0 (6.26)
is satisfied. (6.26) establishes the representation S(A) of the Lorentz group: With
M= AF, Y
o= (A1) .0, (6.27)
and
STHA) (i (A1) u8y —m} S (M) W(z) = (iv#0, —m) ¥ = 0.
S(A) must satisfy the following conditions,
(A7) ,57 () 7S (4) = 7.
= STL(A) S (A) = A* 4. (6.28)

Using (6.28), we can determine the representation S(A). We present the final result
here without proof. An infinitesimal Lorentz transformation is characterized by e,
with A¥, = 6, + €*,. Multiplying this relation by ¢g** gives us

APA = ghA 4 b (6.29)

3A set 47 of Dirac matrices is consistent if (6.19) is satisfied.
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A Lorentz transformation is characterized by leaving the metric invariant, i.e., g, =
A?,957A7, or in matrix notation g = ATgA. This leads to the following condition for
the infinitesimal transformation,

I = Yuv + € pGov + gur€ v + 0(62) =  0=¢€",190v + Gur€ v (6.30)
Raising the indices p» and v leads to the relation 0 = €¥#+¢M¥, i.e., € is an antisymmetric
tensor in p and v. The Lorentz transformation corresponding to A is given by

7

S(e) =1, — ZO'MVG‘LW (6.31)
with ) )
i i
Ouy = 5(7u7u - ’YV’VM) = 5[’}%7 ’Yl/]- (632)
Substituting into (6.28) yields®
STHEMNS () = 7 + Loy e + O(e). (6.33)

4

To show the covariance of the Dirac equation, we need

_QQVA + 2’7”’7/)‘

2 VA VoA m VA A VA Al [T .\
;[0 A =1 AR =20 M = 29 AR = 2{0 A by
= 4gMy” — dg" . (6.34)

We use this result in (6.33) and obtain

] 1
STUENS(E) = + Ll =2 — S (e 1)

= (01, + ')y = AF 7. (6.35)
Thus, it is shown that the S in (6.31) satisfies the condition (6.28) and the Dirac
equation is Lorentz-invariant with this choice.

It is important to recognize that the transformation matrix S(e*”) is not unitary.
From the fact that 4# is Hermitian for u = 0 and anti-Hermitian otherwise, it follows
that 7°(y#)T? = 4# and thus

()10 = —%70[(7V)Ta ()" = %[WO(V”V'YO,WO(V”)WO] = oM.

With this relation, we obtain the generalized unitarity relation (up to first order in €)
i i
St(e™)°S (™) = (I, + ZUZVGW)’YO(IH _ Zauye#u>

~——

’YOJ“V

“Note that for an infinitesimal transformation S™'(e*") = S(—e""), since S~ (e")S(e"”) =
(In + 20, € ) (In — Lo e™) = I + O(€).
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or, alternatively written, v95770 = §—1.

Finally, we want to consider the electromagnetic interaction, which we achieve through
the substitution

—iho! =p!' — p!' —eAV (6.37)
leading to
ihOyU = HV = [ca; (—ihdy, — eA;/c) + ed + fmc?] T, (6.38)
or in covariant notation with A = ¢ =1,

Y (i0, — eAy) —m] ¥(z) = 0. (6.39)

6.3 Conserved Norm

Let ¥, and ¥}, be solutions of the Dirac equation, which we multiply with the
corresponding spinor as follows,

Ul (ihoy 0y, = HP,)
(—matq/g = (HT,)! ) s (6.40)
Subtracting the two equations yields
ihd, (Vi) = WEHW, — (HV,)TW,
3 — —
== ;i U} (O, + 0,)Ws
= ? D, (U1 0 Ty) (6.41)
and we obtain
(T + 0, (U] ;) = 0, (6.42)
or, after inserting ones considering I,, = % = (70)2 and o; = B Ba; = 09,
O (W) = 0; (6.43)
here we have defined the Dirac adjoint
T, = viy (6.44)

The integration over the spatial coordinates considering the boundary conditions
([d®*rV -j= [doj-n=0) gives us the conserved quantity

const. = /d3r \Ifia’yO\I/b
:/d% UIw, = (U, T). (6.45)

(6.45) defines a norm, ||¥| = (¥, ¥) > 0.
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Note: The quantity T¥ = U~%¥ is not a scalar under Lorentz transformations,
but the 0" component of the 4" vector

P = UyH, (6.46)
The density p# transforms like a 4% vector:
pH(a') = V(2 )y (2')
= W(x) STH(A)Y'S(A) W(x)
(6.28)— AL~V
— A (), (6.47)

where we have used that

V(a') = 0T (/)7 = ¥f(2) 5T

= Ui(2)7°°57°
——— ——
= U(z) S°L (6.48)
6.4 Free Particles
We make the (block) Ansatz®,
\I’;i) (r;t) = Np e (PTFERY)/h (i;) , (6.49)

with x, 7 two 2°¢ spinors, the momentum p = hk, k = 2rn/L and E, > 0. Substi-
tuting into the Dirac equation (6.19) yields

25, () = (e, 78) (). (6.50)
The secular determinant is
(mc® F E,)(—mc* ¥ E,) — (o - p)?, (6.51)
and we obtain solutions if the dispersion
Eg = *p* + m2ct (6.52)

is satisfied, where we have used that (o - p)? = o?p? + {04,0;}pip;/2 = 02p? =
I p? = p?. For the eigenvectors, we obtain

g (TP
= E, + mc? A
co-p
—ix=— (2P 6.53
X <Ep+m02>n’ (6.53)

®Despite the positive semi-definite norm ||-|| > 0, we will find solutions with negative energies.
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and with Ty = 1, as well as nn = 1 we obtain for the normalization®

, 1
wSOw) = 1= N2yt <1,C" P ) o ] x
W) ' Ep +me? ) \ g

2.2
2 cp

= [N . S—
N < +(E;mLﬂ”w?P)

E?2 — m2ct
=N 1+ F——
p ( + (Ep+m02)2>
2F

_ N2 4

and the same result holds for \Ilg_).

To simplify this cumbersome notation, we switch to the Dirac spinors.

6.4.1 Dirac Spinors

The free solutions of the Dirac theory can be expressed with the definition of the
Dirac spinors

1
u(p.s) = /B +me? | _cop |\,
E, +mc?
co-p
v(p,s) = \/Ep +me2 | By +mc? (—iU2X(S)), (6.55)
1
simply expressed by
(i) = ——— ulp, ) @B,
’ 28,0
_ 1 ;
\I/( ) rit) = ———v(p, s e~ Upr—Ept)/h 6.56
Y (6.56)

The 2" spinor X(S) describes the spin of a spin-1/2 particle,

X7 = <(1)> :
XM= (2) ; (6.57)

The result is not Lorentz-covariant, as ||-|| is not a scalar but the 0-component of a 4-vector.
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similarly, —iagx(s) describes a spin, but

a2 a2 (0 1) (1) _ (0
o = = (1) () = (0):
—igax (T = (=172 = <—01>, (6.58)

and 7(*) describes a down (up)-spin for s = 1/2 (= —1/2), just the opposite of x(*,
) o (=), (6.59)

6.5 Interpretation

The Dirac equation again has solutions with negative energy, see \I’(:p)ﬁs in (6.56). In
addition to the component structure (%), which we also found for the Klein-Gordon
equation and interpreted as a particle-antiparticle pair, the Dirac equation has a 274
spinor structure in y and 7. We interpret this spinor structure as the spin state of
a spin-1/2 particle. Thus, \I/]([,? describes a particle with momentum p and spin s,

while the state ') with momentum —p and spin —s describes an antiparticle

—P,—s
with momentum p and spin s. The states ¥(t) and U(-) are orthogonal, since
VI(=p,s') - ulp,s) = ul(p,s) -v(-p,s") = 0 (6.60)
and thus
_ d3r , ;
+ —i(p- —
[t w ) = [ S e e o) (g
1 )
= 5 ¢ ) u(p)
E, +mc? , —co - !
— p2E €_2ZEpt/h T’(S )T <E + mIZQ , 1> co - p X(S)
P b E, +mc?
0
=0. (6.61)
Note that other combinations with p # p’ vanish due to [ d®r --- = 0, but for

O we find [d3r--- = Q.

Finally, the free solutions form a complete system,

- - ~I, 0
> (v mwidie ) + vl mwhlie ) = ( . _12) 5O — 1),
p7s

The antiparticles are again obtained through charge conjugation.
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6.5.1 Charge Conjugation C
The charge conjugation
C: V-9 = cpu

with

. 0 —io
C=—io = <—7;02 0 2)

(6.63)

(6.64)

transforms states with negative energy into those with positive energy, which obey a

dynamics with reversed charge: With
ihU = [ca; (—ihdy, — eA;/c) + ed + Bmc®] U
it holds through complex conjugation and multiplication with C 5:
—ihd, v = Cp [caj (ihdy, — eA;/c) + ed + Bch] U
1 CBafU* = CcpCc~tcaic~tCcpe—tCpu*
—— — e —— ——

-3 —a —B gl
= —Ba;fY° = oV,

L Ccprur = CpCctCpr = —pu’,
——
_5 gl
= [ca; (ihdy, — eAi/c) + e¢ — Bmc?] U,

and thus ¥¢ follows the dynamics

iho, 0 = [cai (—ihOy, + eAi/c) — ep + 5mc2] v,
= H(—e)0°.

Charge conjugation C' also maps the states \I/(:p{_s to \Ilg;), since

co* - p

« 0 —109 2 .
Cpv*(p, s) = \/ Ep + mc? (—io'g 0 > Ep +mc (—202)((8))
-1
1
=\/Ep+me| co-p | X =u(p,s).
E, 4+ mc?
Here we have used that 090*09 = —o. Analogously to (6.68), we have

Cpu*(p,s) = v(p, s).

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)
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o o Darticle
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Fermi level vacuumn
”””””””””””””””””””” R 0
E, 2mc?
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Figure 6.1: Left: Conduction and valence band (top) and dispersion (bottom) of
electrons in a semiconductor with a direct energy gap (e.g., GaAs, ZnO, ...). The
excitations (missing electrons) in the valence band are interpreted as holes. Right:
Hole theory of the Dirac equation. The states with negative energy are filled and
block the decay of states with positive energy. The excitations with negative energy
are interpreted as antiparticles.

Accordingly, we find that
-\C — )%
v =cpr), = wiy, (6.70)

and we identify the (4) energy state \IJ(:p)g s» Which obeys the —e dynamics as an

antiparticle with identical mass and spin and with momentum p and spin component
s:

\I/g;) = particle with Ej, > 0, momentum p and spin s,

\I/(__p{_s — state with £, < 0, momentum —p and spin —s, interpreted as an

antiparticle with £, > 0, momentum p and spin s.

Since these particles are fermions, the Pauli exclusion principle applies, and we
can provide an interesting interpretation, which was not possible for the bosonic
Klein-Gordon particles:

If we interpret the physical vacuum as filled with negative energy states, then the
E, > 0 states are stable due to Pauli blocking. Thus, the lowest state has energy
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p-type n-type
E \ —
electrons
~ c e e
/J,_ o _t+____ ..... ;dOI_lOI'&
acceptors
............ I*_f Egap
holes \
T > forward
I\
E V

Figure 6.2: Electron-hole pair production in the electric field of a p—n semiconductor
junction. Top: Situation in equilibrium without applied voltage, V' = 0. Bottom: Sit-
uation in the reverse biased p—n junction in the breakdown regime where particle-hole
pairs are produced via tunneling process. Compare the current-voltage characteristic
of the p—n diode.

mec? and not —oo. The state \I/( ) s describes the absence of the particle with the
same mass and the same spin, but since it is a hole, of opposite charge. Its energy is

Particle missing

0— (—E) = \O/’J—\@:E>o,

Vacuum Energy o, of the particle

(6.71)

its momentum 0 — (—p) = p and its spin 0 — (—s) = s. This hole theory of the Dirac
equation is the relativistic generalization of the hole theory in semiconductors, as
shown in Figure 6.1.

Furthermore, it is interesting to discuss Klein’s paradox (scattering at a potential
step) for fermions (although pair production only really makes sense in a many-body
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physics context). One finds the following results: 1) for eV > 2mc?, both bosons and
fermions are totally reflected. 2) For fermions, due to the Pauli principle, no pair
can accompany the reflected particle. 3) Reflected bosons can be accompanied by
further boson pairs (stimulated emission in the channel of the reflected boson). 4) For
fermions, particle-antiparticle pairs can be produced spontaneously. As a counterpart
to the spontaneous electron-positron (e~ —e™) pair production in a strong electric field,
we mention the particle-hole pair production via tunneling effect at a semiconductor
p—n junction in the breakdown region, see Figure 6.2.

6.6 Non-relativistic Limit

We want to derive the non-relativistic limit up to the order p*/m?, that is p?/2m -
(v/c)?, thus including first relativistic corrections. It is p?/2m ~ e¢ < mc?. Unfortu-
nately, the simplest way does not work: first, we consider a solution

U= <§> e B/ (6.72)

with £ > 0, x = x(r) and n = n(r). With E =T + mc? we can write

Tx = epx +co-(p—eAle)n,
(2mc +T)n = epn+co - (p—eA/c) x. (6.73)

The second equation gives

1
e S ———— . — A . 4
"= o T T e (p—eA/c)x (6.74)
and substituting into (6.73) leads to
1
Tx = | (P eA/e) 5o (p—cAfe) |x. .
X=|ep+co-(p—e /6)2m02+T—e¢CU (p—eAje)|x (6.75)

If we want to go up to order p* /m?, we must develop the denominator accordingly
and obtain

sz[(e¢+%[a~ (p—eA/c)r— Wl%yf' (p—eA/c) (6.76)
X (T — egzﬁ)cr . (p — eA/c)}X = H(Energy)x.

The dependence on 7' on the right side is not pleasing to us as it imposes an energy-
dependent Hamilton operator. Therefore, we replace T with the lowest approximation

T%e¢+% o - (p—eA/c)]Q. (6.77)
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However, this step is not unambiguous; since the order (p — eA/c)(T — e¢) generates
a term pe¢ x eE, while the expression T — e¢ ~ [U-(p — eA/c)]2/2m commutes
with o - (p —eA/ c). Alternatively, one can first commute the factor o - (p —eA/ c)
with (7' — e¢) and only then use (6.77), but this approach is also not unambiguous
and additionally generates non-Hermitian terms.

A unique non-relativistic limit can be constructed using the Foldy-Wouthuysen
transformation, a unitary transformation that makes the off-diagonal terms small. In
the transformed system, we can then solve the coupled system of equations. We start
from the Dirac equation in the form

' —H(i;) (6.78)
e[ (@ (@) () o

the last equation lists the order of the terms in the relativistic parameter v/c, where
the term ca - p o< v/c is large. In contrast, only terms o< 1, (v/c)? appeared in the
Klein-Gordon equation, which is why its non-relativistic limit was unproblematic. It
is precisely the term cap o (v/c)mc? that gives us trouble, and we will transform it
away. To do this, we set a unitary transformation of the form

A2p?2 A
~ P e P (6.80)

U=U"=

A

with the suitably chosen parameter A; we will choose A such that in the transformed
system the term co - p vanishes”. We define the transformed spinor

X X
=U : 6.81
<77’> (77) (o:51
transform (6.78) with U,

UT (3;) =T (’;:) = UHU™! (i;,/) , (6.82)

"The Ansatz (6.80) actually defines a unitary transformation,

2
UUT:(ABJ’_LQ.I))
mc
= A%p3? AA i } i N b ai} pips/2+ P
= N+ S M akp + s {ai as) pips /24 7]
2 Ao
At ey =
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and obtain the transformed Hamiltonian operator
H =UHU . (6.83)

We transform the terms mc?, ep, ca - (p — eA/c), and mc?B and obtain

U[mc?| U™ = me?, (a)
Ulep| U™ :A6¢A+ﬁ%(Ae¢a-p—a-pegbA) (b)
2
+WQ'P€¢0¢'I%
Uleao: (p—eA/c)]U = —Aca-(p—eAjc) A (c)
+B%[Aa-(p—eA/c)a-p+a-pa-(p—eA/c)A] (6.84)
)\2
—i—ﬁa-pa-(p—eA/c)a-p,
U[mc2Bl U™ = mc®BA? + 2\Aca - p — BA*p? /m. (d)

The critical terms are the (underlined) off-diagonal terms of odd order in e« and of
relative order v/c. With

)\2p2

A~1— ——
2m2c?

=1-0[(v/c)?, (6.85)
we obtain (the index nd stands for ‘non-diagonal’)

fld,v/c =—ca (p—eA/c)+ 2 ca-p+ O[(v/c)?]
2 o A~ Of(v)e)). (6.86)

The equation (6.82) then takes the form

X H{, ea-A\ (X
g (n') N (ea A —2me2) \n )’ (6.87)

with (we refer to (6.84); the terms o< mc? in (a) and (d) combine to (—I + 3)mc?
and do not contribute to H}; but contribute —2mc? to Hb,)

2 )
. p P o-pepo-p
Hiy =~ e = 8m2c? ep —e¢ 8m2c? 4m2c2?

(b): Aep A (b)

(6.88)

p? p?

C8m3c2 2m
Nl

(c) (d)

+%[U.(p_eA/c) o pto-po-(p-eA/c)
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The rest are rearrangements; with o;0; = d;; + ic;;,0), one obtains for the (c)-term

a--(p—eA/c)a'-p+o"po"(p—eA/c) (6.89)
=2 —0-po-(eAfc)—o-(eAjc)o-p
=2p% — (e/e)(p-A+A-p)—i(e/c)o - [(p/\A) — (A/\p)]
=(p— eA/c)2 +p® - (eA/c)2 — (eh/c)o- (VNA)
=(p-— eA/c)2 +p? — (e/c)*A% — (eh/c)o - B.

The (b)-terms can also be simplified according to
2 2 _ (2 2
p°¢+op” = (p°d) + 2(p9) - p + 20p7,

oc-ppo-p=0c-(pp) o -p+op’
= (pp) - p+io - [(pp) Ap] + ¢p*

and we obtain

— (e/8m*){p°¢+ ¢p* —20-pdpo-p}
= —(e/8m**){(p*¢) — 2io - [(pp) Ap]}.

Substituting into (6.88) yields the Hamiltonian operator (the diamagnetic term oc A2
is obtained from 7’ = (e/2mc®)a- A X' + O(v*/c?))

2 1 e 2 eh pt
H! 2= (p-fa ——0-B—-——
1t 2mc? 2m ( c ) +e¢ 2mca 8m3c2?
eh?(V32¢) eh
- i (Vo) Ap]. (6.90)

The dynamics of a spin-1/2 particle in the electromagnetic field ¢, A with relativistic
corrections up to order (v/c)? is given by (with ¢(r) = ¢(r) we can replace Vo A p
by [r=1(0:¢)L]

2
gl A v () s e

2m 2mc? \ 2m 4m2c¢2 ¢ 8m?2c?
Ho fine structure
eh
_ o-B. 6.91
2mce ( )
Zeeman

Combining the orbital and spin Zeeman terms yields

e
Hreeran = —5 —B - (L +25), (6.92)
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Figure 6.3: Feynman diagrams for virtual electron-hole pair creation: (a) Vacuum
polarization (direct term) and (b) Zitterbewegung (exchange term for vacuum polar-
ization). The electron disappears (via pair annihilation) only to reappear at another
location (via pair creation).

and from this the gyromagnetic factor of the electron spin, g = 2. One can argue that
the Darwin term oc V2¢ arises from the smearing of the electron over the Compton
scale® h/mc: The averaging of the potential

(ep(r + 7)) = (ep(r) + edr - Vo(r) + g(ér . V)2¢(r)>

e h?
~ep(r) + 62

(V29), (6.93)

yields a term of the corresponding structure and order. The corresponding quantum
fluctuations in the position of the electron are referred to as ‘zitterbewegung’. It is
unfortunate that this argument does not involve spin, as the Klein-Gordon equation
does not show a corresponding term.

A deeper analysis shows that the zitterbewegung arises from the interference of
positive and negative energy states: a state with purely positive (negative) energy
shows no zitterbewegung. Scattering off a potential always mixes a state with £ > 0
with states with £ < 0. Within the hole theory, the zitterbewegung is interpreted as
follows: The potential mixes components with £ < 0 into a state with £ > 0. The
interference effects that lead to zitterbewegung correspond to virtual e™—e~ pairs.
The scattering e~ annihilates the e™ and the e~ of the et—e™ pair takes its place.
This means that the electron jumps. The process as outlined in Figure 6.3 is an
exchange process.

The extent of the zitterbewegung can be estimated as follows: The lifetime At of the
virtual e*—e~ pair is given by the uncertainty relation”: At ~ A/2mc?, from which
the distance Ar ~ cAt ~ h/mc follows.

Applying this to the hydrogen atom ¢(r) = e/r yields a fine structure that only
involves the quantum numbers n and j, although the Darwin term contributes only to
orbital angular momentum [ = 0 and the spin-orbit term to [ # 0. The compensation

8The Compton scale /i/mc is the length scale of the relativistic differential equation.
9According to the Heisenberg uncertainty principle, AE At > h, where AE is given by the rest
energy mc? of the electron.
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of these contributions then gives the energy

Za)?  (Za)? n 3
T = By = —me | -2 94
p=mme e Yo \Grie T a (6:94)




Appendix A

Spherical Bessel Functions

A.1 Definition

The Bessel functions J, are the solutions of the differential equation
2+ 1o, + 1—12 Jn(z) =0 (A.1)
x T €T I'Q n — Y. .

For half-integer n = [ + %, one usually considers the equivalent differential equation

{a&; 4 %ax + (1 _ Wi+ 1)>] () =0, (A2)

22

with the spherical Bessel and Neumann functions,

Bessel — ji(z) = 1/% Jl+%(x), (A.3)

I+1

Neumann — ny(z) = (—1) 21 J 1
€T 2

(2). (A4)

as a solution. Note that (A.2) is symmetric under [ + % = =l — %, and thus the

Neumann solutions transition into the Bessel solutions. Examples of the spherical
Bessel and Neumann functions are (see also Figures A.1 and A.2)

sinx CcoS ¥
Jo = ) no = — 9
T x
. sinx cosx cosx sinx
Jl == 9 - 9 ny = —- 9 - 9 (A5)
T T T T
. 3 1\ . 3 3 1 3 .
J2=\—3 — - )sinz — —cosuz, ng=—(—73— —)cosz — —sinz.
T x T x T x

The spherical Bessel functions exhibit the following behavior for small (series

133
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Jo ] I |
| o
] 0 .
] 7 [ ni 1
J1 ]
4 [ T2 1
J2 />§ 1 L |
O W
. I . I . I . I . ] —1 n L L L L L L | s
0 2 4 6 8 10 0 2 4 5 6 8 10

Figure A.1: Bessel functions jo(x), Figure A.2: Neumann functions
jl(q:)v ]2(33) ’I’L()(l’), ’I’Ll(l'), n2($)

expansion for x — 0) and large (asymptotic for x — oo) arguments:

z—0: T — 00!
. a! 1
g1~ TESIE o~ cos[z — (I + 1)m /2], (A.6)
nlw—w, nlwésin[x—(l—l—l)w/Q].
where (2l —1)!!=1-3-...-(21-3)- (20 —1) = (22172)" denotes the double factorial.
For the spherical Bessel functions z; = j;, nj, the recursion formulas (I > 0) also hold
2041
211+ 2141 = 21, AT)
C%lezlq—l—klzl- ~

Note that n; is always singular for x — 0. Additionally, we define the spherical
Hankel functions as linear combinations

h (@) = jul) + imi(a),

h? (@) = jile) — imi(a), (A.8)
with the asymptotic behavior

hl(172) ~ l 6:|:i[x—(l+1)7r/2]. (A9)

xT

A.2 Expansion of the Plane Wave

The plane wave e*7<% is a solution of (??) and thus of (1.33) with V = 0. As
discussed in the last chapter, j;(z = kr) solves the differential equation (1.33), so we
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can choose the ansatz

ekreost =N Ay ji(kr) Pi(cos0) (A.10)
e

! Yo

which separates the radial and angular dependence. Finally, we need to determine the
coefficients A;. Using (1.29), i.e. P, L Py, we obtain through integration by utilizing
the normalization [dz Pj(z)* =2/(2l +1)

2 . ! ikrz
mAl]l(k’T’) —/_1 dZPl(Z)B . (All)

We consider » — 0, expand exp(ikrz) on the right side and j;(kr) on the left side
in x = kr with subsequent coefficient comparison. First, the right side: We expand
exp(ikrz) and obtain

1 > (ikrz)sN 1 (ikrz)l
/ldzPl(z)Z ' N/ dz Py(z) >, (A.12)

S:
- s=0 -1

where we have used the fact that in the limit of small z, only the term s = [
provides a significant contribution [Terms with s < [ give no contribution since
P L 2* =3, ¢iP; Terms with s > [ give a small correction of the order O(z!*2)].

Next, we replace 2! with Legendre polynomials Py(z) with I’ < 1. Under the integral,
terms with !’ < [ vanish (orthogonality of the Legendre polynomials). We have

Pz) = (2[;!1)”21 +O(:2), (A.13)

for the term with I’ = [, so we can replace 2! under the integral with 1!Py(z) /(21 —1)!.
Finally, we use the normalization of P;(z) to perform the integral over z and obtain

1 2. (ikrz)® N 2(ikr)!
Kldza(z)g N G (A-14)

For the left side: The expansion of j;(z) for small x yields [see (A.6)]
2(kr)!

2
— Ay jikr) = A Al
s 1A~ A e (A-15)
and the coefficient comparison gives us the desired result
Ay =i (214 1). (A.16)

For the general case with k and r arbitrary, we can use the addition theorem for Y,
and express Pj(cos¥) in terms of the spherical functions

l
2041
S Yinl0, )i (0 = 2L Pcos) (A-17)

m=—
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thus we obtain for the plane wave the expression

00 !
dmy Z i J1(kr) Y (Q) Yim (2r,). (A.18)
1=0 m=—



Appendix B

Spin and Orbital Symmetry

The analysis of the N spin-1/2 fermion problem is important for the discussion of
atoms and is very instructive in terms of understanding the role of permutation
symmetry. The topic is also a nice application of group theory. Here is an attempt
to present the problem as simply as possible. First, we will briefly discuss the
representation theory of Sy. Then we will explain the connection between spin and

symmetry in the reduction of H%]; .

This chapter introduces all necessary tools and shows examples of how to use them.
The results are made plausible. Proofs of the statements can be found, for example,
in the books by Morton Hamermesh ‘Group theory and its application to physics
problems’ or Hermann Weyl ‘The classical groups: their invariants and representa-
tions’.

B.1 Symmetric Group Sy
The elements 7 of the group Sy are the permutations of N objects,
1 2 ... N
" (w(l) n(2) - Tr(N))
“ (e wt) ni ) (B

here, 7 is a mapping from Zy to Zpy, which maps the upper row to the lower one,
that is, k£ to (k). The inverse of the permutation 7 is

ﬁ—lz(“l” ma) - ”gfv\”). (B.2)

The group Sy has N! elements, and the order g of Sy is N!.
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An important class of permutations is the k-cycles

ar az az oo B Buk
) = ; B.3

Maaar) <a2 as og - a1 P "'5nk>’ (B3)
T(ay--ay) 18 also briefly denoted by (a1 ... ay); the cycle maps a; to ag, ag to as,
..., ag to a1 and leaves the elements (5, which are not involved in the cycle, invariant.
The simplest cycle is the two-cycle or the transposition 74, q,) = (1), e.g.

77(35):(35):<§ g gi - ng) (B.4)

Every permutation can be built from transpositions. A permutation is called even
(odd) if it can be constructed from an even (odd) number of transpositions. We
denote

(-1)" =1, 7 even,

(-1)" = —1, 7 odd. (B:5)

(—=1)™ the signature of 7, with {

The decomposition of 7 into independent cycles' determines the equivalence class
of the permutation® For example, S3 has a total of three equivalence classes: the
identity e forms (as always) an equivalence class, the three two-cycles (ajag) with
1 < a1 < ag < 3 form the second equivalence class, and the two three-cycles (v asas3)
with 1 < a; < ag < ag < 3 also form their own equivalence class.

In general, one can show that = and 7’ are equivalent if and only if they have the
same cycle structure; consider a permutation with the cycle structure 3 4 2,

(23D D men oo

In fact, the transformation vrv~! with v € Sy leaves the cycle structure invariant;
we illustrate this with the above example using a specific v,

/1 2345\ (54132
Y=\2 4 35/ \5 1 4

1 3 2
2 41 3 5 2 5 3 41
-1 _ o
Y _<12345>_<15423>' (B7)
Then, vmv~! can be easily constructed,
2 5 3 41
el 1542 3|+ vt
™ T 5 413 2|« o«
5 3 2 1 4) « v
2 5 3 41
= <5 3 9 1 4> =(253)(41), (B.8)

Lthat is, each number appears only once.
2Two permutations 7 and 7’ are equivalent if there exists a v € Sy such that vav—! = 7’.
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and the cycle structure remains preserved. This fact can be proven in general, and
thus the cycle structure defines an equivalence criterion.

To find the number of equivalence classes of Sy, we need all partitions of N. We
denote [A1, A2, ..., Ag] = A a partition of N if \; > 1 are integers sorted according to
A1 < A2 <o <A and

AMA+X+ -+ A= N. (B.9)

The partitions of NV yield the equivalence classes of Sy. For the example with N =5,
one finds by simple counting 7 equivalence classes,

Sy 5 =5
=441
=3+2
=3+1+1 — 7 classes.
=2+2+1
=24+141+1
=14+14+1+1+1

The number of irreducible representations of Sy is equal to the number K of classes.
Let d; be the dimension of the ¢-th irreducible representation. Then the group order
g = N!is given by?

K
g=>_d’. (B.10)
=1

In concrete examples, one finds by trial and error

Sy K =2, 20 =1+1,

Sy K =3, 3l=1+4+1+2%

Sy K =5, 4l =24=1+41+22+3%+32

Ss K=1, 51=120=1+1+4%+4%2 + 5% + 5% + 62

The two one-dimensional representations always occur. These are the antisym-
metric (A) and the symmetric (S) representations. They are generated by the
(anti-)symmetrization operators

]' ™
A=+ > (-1, (B.11)
TESN
1
S=15 o (B.12)
TESN

3This relationship between the group order and the sum of the squares of the dimensions of all
irreducible representations holds in general for any finite group.
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respectively their representations in the Hilbert space. We have already seen in
Chapter 2.3 that the representation of the (anti-)symmetrization operator projects
onto a one-dimensional subspace of the total Hilbert space. The application of any
permutation 7 then only results in multiplication by (£1)". These properties can be
easily derived from the multiplication rules

S§=8r=8 and 7A=Ar=(-1)"A (B.13)

B.2 Example: 2 Spin-1/2 Fermions

In the study of N spin-1/2 fermions, the central question is how spin, spin symmetry,
and orbital symmetry are related. To introduce the topic, we analyze the problem
of two spin-1/2 fermions. We separate the total wave function into spin and orbital
parts, ¥(z1,x2) = @(r1,72) (51, 52). The (total) spin determines the spin symmetry,

1)
S=1: xe =14 () + 1)) /v2,  symmetric under So,
)
S=0: xs = (It — |¢T>)/\f2, antisymmetric under Ss. (B.14)

The fermionic antisymmetry determines the orbital symmetry

S=1 — Xt Symmetric — .4 antisymmetric, (B.15)
S=0 — xs antisymmetric — s symmetric. (B.16)

The connection between spin and orbital symmetry, which follows from Weyl’s theorem
and the Pauli exclusion principle, generalizes this fact for a system of N fermions.
In general, the other irreducible representations of Sy will also appear, which are
different from the one-dimensional representations S and A. The total spin determines
the spin symmetry (under permutation with Sy) and via the Pauli principle the
orbital symmetry (under Sy). Here, the terms spin and orbital symmetry refer to the
‘quantum numbers’ associated with the irreducible representation of the permutation
symmetry (just as L is the angular momentum quantum number associated with the
irreducible representation of rotational symmetry). The spin and orbital symmetries
thus determine how the spin and orbital functions transform according to which
irreducible representation of Sy they belong to. We anticipate the result of the
decomposition of the Hilbert space of N spin-1/2 particles.
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B.3 N Spin-1/2 Particles

For the decomposition of the spin Hilbert space of N particles into irreducible
representations, we have

(H1/2)®N =®sus(N)Hg, S = spin quantum number,
= g (25 +1) Hy,. (B.17)

Here, #H, /5 is the two-dimensional Hilbert space of a spin-1/2 particle, M, is the
s (IN)-dimensional representation space for the pg(IV)-dimensional irreducible repre-
sentation of the permutations Sy, and Hg is the (25 + 1)-dimensional representation
space for the (25 + 1)-dimensional irreducible representation of the rotation group
SU(2). The spin S determines the spin symmetry ug, thus specifying how the spin
wave function transforms according to which irreducible representation of Sy it
belongs to. If the spin S appears pg(N) times in the decomposition of (7—[1 /2)®N7 we
obtain a pg(V)-dimensional irreducible representation of Sy (2S5 + 1) times, i.e., the
irreducible representation of Sy with symmetry ug appears exactly (25 + 1) times.
Furthermore, the spin symmetry pg, via the condition of total antisymmetry for
the total wave function ¥, uniquely determines the orbital symmetry pp. We will
explain and illustrate this result in the following. For this, we need the irreducible
representations of Spy.

B.4 Irreducible Representations of Sy

We consider the decomposition of permutations into cycles, for example

(229 vamn
(229 -n00
(111 . ;‘):(1423) (B.18)

Each partition of N defines an equivalence class of Sy. For example, for N =5, we
find 7 classes with the partitions 5=5, 44+ 1, 34+2, 34141, 24241, 2+ 1+
141, 1+14 1414 1. To each of these partitions, we define a Young diagram with



142 APPENDIX B. SPIN AND ORBITAL SYMMETRY

h rows and k columns,

Ss:5=5 (TT1T1] [5]
—4+1 L1 [4.1]
=342 | 3,2]

] )
=3+1+1 ] (3,17]
=2+1+1+1 - [2,13]
=14+1+1+1+41 ] [19]

Each class or partition generates an irreducible representation of Sy. To each
partition, there is an associated partition,

Partition A\ — associated partition \ (B.19)
and an associated Young diagram,
Young diagram Y — associated Young diagram Y (B.20)

which arises from swapping rows and columns, compare the following example with
the corresponding mirror axis,

A =[3,2] A =[22,1] (B.21)
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In addition to the Young diagrams, we define the Young tableaux by filling the Young
diagrams Y with the numbers 1,2,... N:

1[1
oo
15]
= 0 0, associated tableau
1[4
1]2]3] _ 5TE
1|5 5

To each Young tableau, we define the row symmetrizer

1
S)\ = 7)\1' - )\h' ;ﬂ')\ (B22)
and the antisymmetrizer
Ay = _r D (=)™, (B.23)
DYIERED.VS! p—

Here, m) permutes only elements within but not between the rows, i.e., each cycle
in ) contains elements from only one row. As an example, consider the \ = [3, 2]
tableau®

—
[\

3]

s (B.24)
Sy is given by
Sv= ﬁ [(D(2)(3)(4)(5) + (12)(3)(4)(5) + (1)(23)(4)(5)
+ (13)(2)(4)(5) + (23)(1)(4)(5) (B.25)

+(123)(4)(5) + all with (45)]

It holds that Sy_y; = S, Ax—|nyj] = A. The associated symmetrizers permute
elements in the columns,

~ 1
Si=—— S0,
A Al!.--Ak!Z*

T

~ 1
Ay = =——— —1)™ 7y
A A1!--~)\klz( )T

T

(B.26)

“For the A = [3,2] tableau, A = 3 and Ag = 2.
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the permutations 7, leave the columns of the Young tableau 6 invariant, i.e., 7y
permutes only elements within the columns. In the above example, from A = (3, 2]
we obtain \ = [22, 1] and

= 1

83 = 57 (D@B)A)(6) + (14)(2)(3)(5) + (14)(25)(3) + (1)(4)(25)(3)]

It holds that S}\:[lN] = S, A)\:[lN] = .A

The irreducible symmetrizers

i = SaA) (irreducible symmetrizer)
jx = AxSy (irreducible antisymmetrizer) (B.27)
define the irreducible representations of Sy (i) and j) define equivalent represen-
tations). The operators i) and jy are generalizations of S and A, which define the
one-dimensional representations S and A respectively. It holds®
=iy = SivpApy = Se = S,
Ir=[n) = ANiSiny = €S =S,
i)\:[lN] = 8[1N]A[1N] =eA= .A,
j/\:[lN] = A[lN]S[lN] =Ae=A. (B28)
To find the dimension of the irreducible representation associated with Y, we write
down all standard tableaux associated with Y. A standard tableau Y is a tableau in
which the numbering of the cells is done such that the numbers increase from top to

bottom in each column and from left to right in each row; again, we consider S5 as
an example,

CITTT] dim=1,8
112]3]4] [1]2]3]5]
15} 4]
L1 dim = 4
— 1]2]4]5] [1][3]4]5]
13 2]
1]2]3] [1]2]4]
415 3[5
dim =5
1]2]5] [1]3]4] [1]3]5]
3[4 2[5 2[4

Se is the identity.
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1]2]3] [1]2]4] [1]2]5]
4] 3] 3]
[] 15] 15] 14]
] dim =6
L] 1]3]4] [1]3]5] [1]4]5]
12| 2] 12|
15] 4] 13]
112] [1]2] [1]3] [1]3] [1]4
314] [3]5] [2]4] [2]5] [2]5 dim =5
L] 2 3 B -1 I 1 B 1
1[2] [1[3] [I]4] [I]5]
3 2 2 2 .
] YTV dim =4
15] 5] 5] 4]
[] 1]
|| 12|
L 13 dim=1A4
|| 4]
L 5]

Here, the first representation is the so-called ‘normal ordered tableau’. As expected,
we obtain the usual relationship between the order of the group N!, the number of
classes K, and the dimensions d; of the irreducible representations, see (B.10),

K
Ni=Y "d:: 51=120=1+4% + 52 + 62+ 42 + 52 + 1. (B.29)
=1

Next, we use the above structures to define orbital and spin wave functions with
well-defined symmetry under permutations.

B.5 Orbital Functions with Defined Symmetry

Let u(z), v(z), w(z),... be single-particle wave functions. We seek multi-particle
functions of the type®

\I’(l""’N):Z'”“(')”(')w(')'” (B.30)

with well-defined symmetry, that is, defined symmetry under permutation. We assume
that the functions u(z), v(z), w(z),... are orthonormal. In the following, we consider
the cases N =2 and N = 3.

SFor the general case u # v, v £ w, u # w, ....
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N =2: Y is either Y =[ [ Jthus Sor Y = H and thus A. The basis vectors

of the irreducible representation are obtained by applying the (anti-)symmetrizers
to the product state ¢(1,2) = u(1)v(2) = uv’ We suppress the arguments of the
functions in the following and understand that the first function receives argument 1,
the second argument 2, etc. Thus, we have

S: ifg) = Sjg = [e + (12)]/2, e=(1)(2)
i) = (uv +vu)/2 = 0s/V?2
A: iz = .,Zl[12] =le—(12)]/2
iz = (uwv —ovu)/2 = ©a/V2. (B.31)

N = 3: There are three possible arrangements of tableaux Y: Y =T [ ] (S5),
Y

=[] (A), and the third variant ¥ = | which we denote by Z.
S: g = [e + (12) + (23) + (13) + (123) + (132)]/6
i) = (vow + vuw + uwv + wou + wuv + vwu) /6
= 303/\/67
A s = [e — (12) — (23) — (13) + (123) + (132)]/6
3
i3 = (uwvw — vuw — vwv — wou + wuv + vwu) /6
= 4/ V6,
Z: éQl ij21) = 5[211421[21]
1 1
= gple + (A2)] 5 le — (13)]
=le+(12) — (13) — (132)] /4 = ez /4
i1 = (uvw + vuw — wou — vwu) /4
=¢z/2,
231 il = le + (13) — (12) — (123)]/4 = €5 /4

i’m]go = (ww 4+ wvu — vuw — wuv) /4

= ¢'z/2.

In this chapter, we let the operator act on the product function. It permutes the factors u, v, . . .

with .
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The application of all group elements to ¢z generates a two-dimensional representation
of S3; we write 4i[p;) = ez, then it holds

=z (B.32)

Thus, ez = e + (12) — (13) — (132) and ez = (23) + (132) — (123) — (12) respectively
vz =ezp/2 and Pz = €zp/2 span a two-dimensional irreducible representation (we
call it Z) of S3. Similarly,

ez = e+ (13) — (12) — (123),
ez = (23) + (123) — (132) — (23), (B.33)

span a second two-dimensional irreducible representation Z’ of Ss; with (ezez) =0,
this representation is different from Z. The reduction of the 6-dimensional represen-
tation space spanned by the product wave functions u(m)v(me)w(ms), m € S3 thus
yields

SeAeZaZ. (B.34)

The standard tableaux define a generating vector in each of these irreducible repre-
sentations.

B.6 Spin Functions with Defined Symmetry

We consider the spin problem for N spin-1/2 fermions. The states x4+ and x; span
the Hilbert space H;/, and the product functions

Xo1 & Xoa Q- Xon (B35)

define a basis in the 2/V-dimensional product space (H1/2)®N. The operators S2, 5.,

m € Sy, with § = Zfil s; being the total spin, commute pairwise and can thus be
simultaneously ‘diagonalized’; that is, we can simultaneously reduce the representa-
tions of SU(2) (with quantum numbers S for §? and Mg for S.) and of Sy (with
quantum numbers given by the standard tableaux).
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SU (2): ’H?g = &g ps(N)Hg according to the rules of spin addition. As exam-

ples, we again consider the cases N = 2,...,5:
N =2: M = Ho® Ha,
po(2) = p1(2) = 1.
N =3: H%?’ZZ (7‘[0@7{1) ® Hy 2,
=2H1/2 @ H3/2,
p12(3) =2, p3p(3)=1.
N =14: 7'[%42: (Hl/g@Hl/g@H3/2)®H1/2,

= 2Ho D 3H1 D Ho,
po(4) =2, p(4) =3, p2(4) =1
N =5: 7‘[?/52 tp1j2(5) =5 pgp(5) =4, psp(d) =1 (B.36)

In general, it holds
(28 4+ 1)N!

(N/2 = S)(N/2+ 8 +1)! (B.37)

ps(N) =

And thus

> ps(N)- (28 +1) =2V, py (N) = 1. (B.38)
S

Sn: In the spin problem, there are only two basis vectors x4 and x . Thus, the
Young tableaux can have at most 2 rows; otherwise, the corresponding projector onto
the product basis vanishes. For example, if we had three rows,

L= dps xxaxs = Axrxxg

the antisymmetrization of the two spin-| states would yield 0. Furthermore, in each

column, the state 1 must be paired with a state |, as the wave function also vanishes
1]2]
3

in this case. For example, the operation iy with Z =
and 3 both in the state 1 yields

applied to x4+xxt with 1

. 1
mﬂmmm:1k+ﬂMk—OWMMM

= %[6 + (12)]Oerxyxr = xaxuxe) = 0. (B.39)
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We parameterize a general Young diagram with two rows

N/2+8
”S:H:: L (B.40
| N/2—-8 ~ 28
by the number
g {?, 13, e %, N even, (B.41)
5> 555, Nodd,

which later turns out to be the spin quantum number S. Through elementary combi-
natorics, one obtains the result that there are exactly pg(N) normal ordered Young
tableaux with symmetry pg. In the following, we will prove that the representation
space H?/g contains the representation associated with the Young diagram pg exactly

(25 + 1) times.

The space for the fixed magnetic quantum number (eigenvalue of S,)
1

MS:V-—(N—V)-lzy—NE{—N N N}. (B.42)
2 2 2

is spanned by the product states with v times spin-1 and (/N — v) times spin-] states,
v €{0,...,N}. The vector space for fixed S, is N!/v! (N — v)!-dimensional, as it is
determined by specifying the particles with spin-1 (without regard to order). Within
this space, we can seek orthogonal subspaces for fixed S?. The allowed values of S
are

S =

N N
2 75 -1, ’MS’ +1, ’MS|; (B43)

there are N/2 — |[Mg| + 1 different possibilities.®

As we have seen in the reduction to SU(2), the subspace for fixed S, Mg appears
exactly ps(IN) times. It thus defines a pg(N)-dimensional representation of Sy, since
a permutation m € Sy does not change S or Mg. The subspace in H?/];[ for fixed
S, Mg therefore generates a representation space of Sy. We have seen that pg(N)
also precisely indicates the number of normal ordered Young tableaux of symmetry
us. It is therefore a (correct) conjecture that the representation is irreducible, which
we would like to prove in the following.

First, let us consider the case S = Mg. We need a wave function with maximum spin
projection. For a fixed Young diagram of the form pug = [N/2 + S, N/2 — 5], this is

5Tt holds Y0577, ps(N) = NI/UI(N = v)!
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achieved by the following wave function

XS,MSO<::: T T‘ (B.44)

The application of permutations 7 from Sy to the wave function yields the pg(NV)-
dimensional subspace for fixed S and Mg, which transforms according to the irre-
ducible representation pug of Sy. By applying the operator S_, which commutes
with all w7 € Sy, we obtain equivalent representations, namely exactly 2S5 + 1 for

Mg =-5,...,5. Thus, ’H%];[ decomposes as

S =D (25 + DHys, (B.45)
S

with H,4 being the irreducible representation associated with pg.

We verify the result with the usual examples N = 2,...,5,

ST,
N=2 [1] dim =1, S =1, triplet < S|1]),
S,
H dim = 1, S =0, singlet {A[1]) .
N=3 [I1] dim = 1, S =3,
-+ dim = 2 = 11, (3), §=1
N=4 [IT1T1] dim = 1 = puz(4), S =2,
] 12[3] [1[3[4] [1[2[4]
L 14] 12] 13}
dim = 3 = p;1(4), S=1,
1{2 113
3|4 214
dim = 2 = pp(4), S=0
N=5 [III1] #s()=1, §=3%
[ [] _ _3
u ps(5) =4, S=3,
1 - _1
/’L%(5)_57 S— B)
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Thus, we have the decompositions (Weyl’s theorem, Schur-Weyl duality)

MYy =D ns(N)Hs = €D (25 + DM, (B.46)
S S

the spin S determines the Young diagram pug and thus the spin symmetry. The
representation space H,q is spanned by the |S, Mg) for fixed S and Mg.

As a conclusion, here is the example for 4 particles with spin 1/2,

7‘[%42 SU:(2) 2Ho D 3H1 D Ho

S @ 3H,, B 5H,,

Ho: 10,0) Hyg, dim = 2

G o
I1,1) ———Hpy,dim =3

Hy: |1,0) —— |[—Hp,
n,-1) — |—|— ™M
11L,1) ——

Hy: [1,0) ———|—

_ 1, -1) ——|—|—

‘1’ 1>/l 1

W |1,0) ———
i, -1 —
2,2) Hyp, dim =1
12,1) Ho

Hy: [2,0) My,
2,-1) ——H,3)
2,-2) ——Hj)

with
o = H: m=H-H, p =TT,

po(4) =2, p1(4)

I
w
=
[\
—~
W
N—
I
—



152 APPENDIX B. SPIN AND ORBITAL SYMMETRY

spin
N/2+ 5 N/2-8 Figure B.1: Young tableaux associated
| with the spin and orbital wave func-
Nj2_S N2+ tions for N spin-1/2 fermions with to-
orbit tal spin S.

B.7 Spin and Orbital

We consider an N-particle system with total spin .S. The spin wave function has the
symmetry pg. Let the symmetry of the orbital function be given by the diagram
up- It holds: The tensor product up ® ug of the two representations contains the
representation

(Bosons) S < up = pus
(Fermions) A< up = fis. (B.47)

It follows that the spin symmetry, given by ug, determines the orbital symmetry
pp: For bosons, the orbital symmetry corresponds to the spin symmetry, up = g,
while for fermions, the orbital and spin symmetries are associated with each other,
up = jig, see Figure B.1.

As an example, we consider N = 3 electrons in the p-shell for which we want to
explicitly find a wave function with S = 1/2. As we know, the spin determines the
spin representation

ps = [21) = - (B.48)

il

We also know that the state with Mg = 1/2 corresponds to the Young tableau I
Thus, we obtain a wave function for S =1/2, Mg =1/2 o

X1/2,1/2(51, 82, 53) / V2= ij21) X1 (s1) X1 (52) X1 (53) = Spus Aps x1(51) X1 (52) X (53)

= =Susx4(s1)xt(s2)x (s3) — xt(s3)x4(s2)x1.(51)]

We know that the space for fixed S is exactly |ug(N) = 2]-fold degenerate. We obtain
a second basis state by applying the transposition (s2 <> s3) to x1/21/2 with the
result

1

X1/2,1/2(51, 52, 83) = *Q[XT(Sl)Xi(Sz)XT(S:a) — xu(s1)x4(s2)x1(s3)]; (B.49)
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The two states y and ' are linearly independent and therefore lie in the different
representations Z and Z’ of (B.34). The application of other elements of S3 to y will
always yield linear combinations of y and x’. Of course, the spin wave functions for
a given S and Mg can also be found using a Clebsch-Gordan table.

Next, we want to determine the possible orbital wave functions. We know that the
orbital representation up must correspond to the associated diagram [ig. In our case,
we have

LB = is = ps = | (B.50)

In the p-shell, there are wave functions with M; = —1,0,1. We denote the wave
functions by ¢, . Since in a column of the Young tableau each quantum number
can only occur once (see the discussion on spin), the following states are allowed

1]1] [1]1] [xJo] [1]Jo] [1|] [x]] [o]o] [o]]
- B O B O 85 B = (B.51)
Mp= 2 1 1 0 0

8 possibilities (corresponding to L = 1 and L = 2).

We only consider the case with My, = 2.7 For this, we must symmetrize the orbital

wave function 1 (71)po(r2)p1(rs) with the associated Young tableau ; 3] and obtain

p22(T1,72,73) = \}iil[z,”(;@l(rl)@o(r?)%@l(""3) (B.52)
= \}5[901(7'1)900(7'2)@1(7'3) — wo(r1)p1(ra)er(rs)].

We know that the product ¥ = ¢29x;/2,1/2 must contain the antisymmetric rep-
resentation. To obtain an antisymmetric wave function, we therefore only need to
antisymmetrize the wave function

TA o Apaa(ri, r, T3)X1/2,1/2(51, 52, 83)
= Apir(z1)por(w2)p1y(23) — Apry (21)por(z2) p11(23)
— Apor(z1)p11(z2) 01 (23) + Apoy (1) 11 (z2) P11 (x3)
= 3Apit(z1)por(22)p1,(23) =0 (B.53)

where @, a4 (7, 8) = @ar, ()X (s). The wave function WA is now the fermionic
three-particle wave function for Mg =S =1/2 and My =L = 2.

9Since My, is maximal, we also know that this is a state with L = 2.
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Appendix C

SU(n) with Young Diagrams

In Appendix B, we saw that the representations of SU(2) can be characterized using
Young diagrams. For this, we used N copies of SU(2), so that in addition to the
action of SU(2) (on all copies simultaneously), the action of the symmetric group Sy
is also defined. The representations of SU(2) then follow from those of Sy (described
by the Young diagrams with Weyl’s theorem). This approach can be generalized to
SU(n). In this chapter, we will understand aspects of the representation theory of
SU(n) and in particular SU(3) using Young diagrams. As a physical application,
we will derive the multiplet structure of the quark model (the "Eightfold Way") at
the end. We begin this chapter by formulating the results of the last section in a
somewhat more general way for the case of SU(n).

C.1 SU(n) tensors and the Schur-Weyl duality

To describe the action of the group SU(n), we need an n-dimensional Hilbert space
H with the basis |1),...,|n). Thus, we have

Ulj) =Y _Uyli), UeSUm), j=1,...,n. (C.1)
=1

This representation is referred to as the defining (or fundamental) representation of
SU(n). In the case of SU(2), the above representation is the spin-1/2 representation
with basis vectors [1) = |1) and |2) = |]).

For systems of N identical particles, one considers the product space HEN = H ®
---® H. This transforms under the so-called product representation U®N of SU(n),
i.e., each basis vector transforms with the defining representation, and thus we have

UN =U®---QU . (C.2)
e

N times

155
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This product representation is generally reducible, and an important task in physics
is to determine which irreducible representations are contained in H®Y. In relation
to SU(2), this question means which spins can occur in an N-particle system. More
generally, one can use this approach to obtain (all) irreducible representations of the
Lie group SU(n) with the help of the (known) representation theory of Sy.

To do this, we define the action of the symmetric group Sy on the product space
HEN by!

Tljrs o dn) = w(n)s - w(Gn))- (C.3)

For what follows, it is crucial that the actions of Sy and SU(n) commute. In fact,
we obtain

aUN i, gn) = Y wlinee s in) Uiy - Uiy

115N

= Z |7T(i1),-~-,7T(iN)>Ui1j1"'UiNjN

11,0 IN

= Y w(i0)s - TN (e Unlin)m(in

11,0000 N
= U |n(jr), ..., 7(jn)) = UV [j1,. ... jw) -

The crucial step occurs from the second to the third line, where the U matrices are
rearranged by utilizing the fact that 7 is a bijection. Thus, the representations of Sy
can be reduced simultaneously with those of SU(n) on the product space H®.

From the last chapter, we know that the irreducible representations of Sy are
determined by Young diagrams A. The corresponding basis vectors in H®N are
generated by the irreducible symmetrizers ¢y. The number of standard tableaux
determines the dimension A(N) of the irreducible subspace. When projecting the
vector space H®V onto a specific standard tableau, one generally obtains a dy-
dimensional subspace with dy = 0,1,.... Each basis vector in this subspace now
generates its own irreducible representation of the type A under Sy, see Chapter B.5.
Thus, dy does not depend on the chosen tableau, and we obtain the reduction

HON — @dAH)\ (C.4)
A

into irreducible representations H of Sy. It holds that Y, dyA(N) = dim(H®Y) =
n!V. It is even possible to determine dy in closed form. One obtains after a longer
derivation?

D, b, ... Ix)
dy = . D(,la,...,ln) = li =1 (O3]
A D(n—l,n—?,...,()) (17 25 aN) g( j) ( )

'On the right-hand side, we denote the result after swapping the factors, i.e., (123)|u, v, w) =
|w, u, v); in other words, 7|j1,...,JN) = [Jr-1¢1)s- - - Jr-1(n))-

2See T. Inui, Y. Tanabe, Y. Onodera ‘Group Theory and Its Applications in Physics’, Chapter
15.5.
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with I; = A\j +n — j and \; being the length of the j-th row in A.

Since m and U®YN commute, 7 cannot change the quantum numbers that characterize
the irreducible representations of SU(n). Thus, the irreducible representations of Sy
also have fixed quantum numbers under SU(n). Exactly this was seen for SU(2):
The irreducible representations of Sy, described by ug, have a fixed S. Furthermore,
U®N does not change the type of a state, so the representations of SU (n) have a
fixed type. For SU(2), this even means that the spin S uniquely determines the type
A = ug of the state. Thus, the dimension (25 + 1) of the representation Hg under
SU(2) is exactly the multiplicity dy with which the type pg appears. This unique
relationship between the irreducible representations continues for the groups SU(n).

From (C.4), we know that the A(N)-dimensional irreducible representation H, of
Sy with type A appears dy times. Under the action of SU(n), the irreducible
representation H* is assigned to the type A.? Since the action of Sy commutes with
that of SU(n), the irreducible representation H* appears A(N) times. Thus, we
obtain the decomposition (Schur-Weyl duality)

HEN = P AN)H = P drHa. (C.6)
A A o
SU(n) SN

From the dimension, it follows that A(N) dim(H*) = dy dim(H,) = dyA(N). Thus,
the dimension dim(#*) = d of the irreducible representations of SU(n) is determined
by (C.5). The representation theory of SU(n) thus follows from that of Sy.

The connection between Young diagrams and the irreducible representations of SU(n)
is called Schur-Weyl duality. The remarkable thing about this is that one can
determine the irreducible representations of SU(n) without studying continuous Lie
groups. Everything follows from the representation theory of the finite-dimensional
symmetric group Sy. In the next sections, we will discuss this in more detail using
SU(2) and SU(3) as examples.

C.2 SU(2) with Young Diagrams

We will first examine SU(2) using the methods developed in the last section to
prepare for the analysis of SU(3). The defining representation of SU(2) is spin-1/2,
so there are only two basis vectors [1),]}). Thus, the Young diagrams can have a
maximum of 2 rows, otherwise the antisymmetrizer always produces a 0. Therefore,
for a fixed IV, each Young diagram can be completely described by specifying a single

3Tt can be shown that this assignment is unique.
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constant S (the spin). As already shown in (B.40), we use the convention *

N/2+8

w-HHA U e

N/2—8 25

For fixed N, 25 thus describes the "overhang" of the Young diagram. The spin
S =0, %, 1, %, 2,... is directly related to the Casimir operator 82 of SU(2), which
determines the irreducible representations of SU(2). A Casimir operator is an operator
that commutes with all generators of the Lie group, here with S;, Sy, S.. To label
the states in the representations of SU(2), one chooses, in addition to S?, another
operator, conventionally .S, which uniquely determines the various basis states in
the representation. Here, the basis states |S, Mg) in H*S = Hg have the additional
quantum number Mg = —§5, ..., 5. The dimension of the representation associated

with S is immediately obtained using equation (C.5)

D(ly,12)
d#s:m211_12:(M1+2_1)_(H2+2_2)

= (u1 —p2) +1=25+1.

Through elementary combinatorics (just like in B), one can now also determine
ps(N) = dim(Hy). In summary, we find the already known decomposition:

HN = P us(N) Hs = P25 + 1) My (C8)
S S

As seen in the last chapter, one can also determine basis vectors for the spin-S
representation using Schur-Weyl duality.

C.3 SU(3) with Young Diagrams

For the group SU(3), the procedure is completely analogous. Physically, this group
describes, for example, the flavor symmetry of quarks. The fundamental representation
of SU(3) is 3-dimensional, and the basis vectors are denoted by |u) (up quark), |d)
(down quark), and |s) (strange quark).

Since there are only 3 different basis vectors, the Young diagrams can have a maximum
of 3 rows. In this case, for fixed N, two numbers p and ¢ are needed to uniquely
specify a Young diagram. In the literature on Lie group theory, the tuple (p,q) is

4The constant must be chosen such that the result for d, is independent of N.
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referred to as Dynkin indices. We define the type as

(N+2p+q)/3

\D

q p

where p,q = 0,1,2,... describes the lengths of the overhangs.

Just like for SU(2), the numbers (p, q) are directly related to the Casimir operators
of the group. Thus, the irreducible representations of SU(3) are determined by two
Casimir operators, one for p and one for g. We denote this irreducible representation
by H* = HP9) . To specify the states within a representation H»9, another arbitrary
element of the Lie algebra is chosen, yielding a complete set of quantum numbers.”

The dimension of the representation H (P is again determined using equation (C.5)
as (again, d, 4 does not depend on N)

~ D(ly,l2,03)  (Ii—1l2)-(lh —13) - (la —I3)

P9~ "D2,1,00)  (2-1)-(2-0)-(1—0)

1
=5+ +1)p+q+2) (C.10)
This central result of Lie group theory is again obtained directly from the representa-
tion theory of Sy .

As a simple example, consider the fundamental representation of SU(3), described
by the diagram [ ]. This diagram corresponds to N =1, (p,q) = (1,0), so that the
dimension with equation (C.10) yields d(; gy = 3 as expected.

For N = 2, there are now two possible diagrams: On the one hand, [ | ] with
(p,q) = (2,0) and d(39) = 6, and on the other hand, H with (p,q) = (0,2) and
d,2) = 6. Just like for SU(2), one can now determine basis vectors with Young
symmetrizers that transform under an irreducible representation of SU(3).

The extension of the procedure to SU(n) is relatively clear. The Young diagrams of
SU(n) can have a maximum of n rows, as the fundamental representation has exactly
n basis vectors. For fixed N, exactly n—1 constants are needed to completely describe
a Young diagram of SU(n). Thus, SU(n) has a total of (n — 1) Casimir operators. A
Young diagram receives an index (p1,p2,...,Pn—1), by which it is uniquely described.
The constants (p1,p2, ..., pn—1) must again be defined such that the dimension dy
becomes independent of IV, which concretely means that the constants describe the
overhang in the diagram. Then, the dimensions of the representations, as well as
basis vectors, can be easily determined using the Young diagrams.

5This is also referred to in the literature as the Cartan subalgebra.
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C.4 Conjugate Representation

In addition to the normal irreducible representations, conjugate irreducible repre-
sentations U = U* are also important in physics. Here, U* denotes the complex
conjugate matrix. Starting from an irreducible representation .y, it is clear that
is also irreducible. Therefore, the question immediately arises as to whether ) and
Hy = H, are the same irreducible representation.”

The conjugate representation A can also be easily described with Young diagrams. In
SU(n), for fixed N, a Young diagram A is described by a tuple p = (p1,...,pn—1) of
the "overhangs". The conjugate representation corresponds simply to the conjugate
Young diagram \, which is given by = (pn_1,Pn_2, - - -, P1), where a different N may
be needed to obtain a valid Young diagram. Note that conjugation is an involution,
e, A=A

In the example of SU(2), there is only one overhang. Thus, the conjugate repre-
sentation is equivalent to the normal representation. In fact, for the fundamental
representation® of SU(2), we have

U* = ooUos, U e SU(2) (C.ll)

This nontrivial relationship is also written as H, /o >~ H; /5. To show it, one can use
the parameterization U = exp(in-o), n € R?, along with the property 07 = —020;02
of the Pauli matrices.

However, for SU(3), the conjugate representation differs from the normal represen-

tation. As an example, consider the (1,0) and (1,1) representations of SU(3). We
obtain

L,0)=[] =+ =(0,1) (C.12)

_HH g (C.13)

—~

(1,1

~—

In general, it holds that (p,q) = (¢,p). The indices p and ¢ are thus conjugate to
each other.

While in SU (2) the different representations can be identified solely by their dimension,
this is not possible for SU(3). In fact, different combinations of (p, q) lead to the same
dimension. With the concept of conjugate representations, however, it is possible to
describe the physically relevant "small" representations (p,q) with pg < 3 solely by

STf |5) transforms with U, then (j| transforms with U*.

"Formally, this means that there exists a unitary transformation T such that TUT! = U* for all
U.

8This suffices, as the "higher" representations are generated by forming tensor products of the
fundamental representation.
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their dimension d;, ;) = dim HPD In particle physics, one often uses the convention

dipg, P2
24 (Pa) = ®ay P =4 (C.14)

dpg, P<q.

That is, one writes H(10) = 3 and H () = 3, instead of specifying the tuple (p, q).
This notation is particularly useful when discussing the transformation of particles
and antiparticles in product representations. In fact, the up, down, and strange
quarks (by definition) transform with the fundamental representation 3. Thus, the
corresponding antiparticles transform with 3.

C.5 Product Representations and the Quark Model

Young diagrams allow for the graphical reduction of product representations. We
want to explain this in this chapter using the example of SU(3) to better understand
the quark model. So far, we have always reduced tensor products of the funda-
mental representation of SU(3). Graphically represented, this means that we have
decomposed tensor products of [ | into direct sums. For example, for SU(3), we have

3®3=D®D=[D@H. (C.15)

This result is obtained directly from the following rule for the graphical tensor product
of an irreducible representation with the fundamental representation (a single box):

The additional box [ ]is added in all positions, with the condition that a
valid Young diagram is formed. The result is the direct sum of all these
diagrams.

A nice application of the methods introduced in the last sections can be found in
the (static) quark model of particle physics. In the static quark model, two types of
particles are distinguished: baryons (consisting of 3 quarks) and mesons (consisting
of a quark and an antiquark). As already mentioned above, a quark transforms with
the fundamental representation 3, while an anti-quark transforms with the conjugate
representation 3. This transformation behavior is understood in modern particle
physics as a consequence of the flavor symmetry of quarks. The strong interaction
depends only on the color charge of the quarks and not on the flavor. Therefore, if
one replaces a quark with another while keeping the color the same, the mass of the
hadron does not change significantly, as long as the respective quark masses are much
smaller than the interaction scale of the strong interaction. This is satisfied for the
light quarks (u, s,d), so that they can be exchanged without significantly changing
the mass of the hadron. This exchange is described by the representation 3, and 3.
Historically, this symmetry was derived from experimental data.
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The question now arises as to why stable states consist only of 3 quarks (3 ® 3 ® 3)
or a quark-antiquark pair (3 ® 3) and not, for example, just two quarks (3 @ 3).
The reason lies in the strong interaction. Due to "color confinement", all matter
must be colorless. This means that the wave function must be invariant (a singlet)
under a transformation in color space (r, g,b). Since the color charge is also described
by the symmetry group SU(3), the representations can also be described by Young

diagrams. The only one-dimensional representation is obtained with p = ¢ = 0, which
corresponds to the Young tableau [g]. Thus, 3 quarks are needed for a color singlet,

which corresponds to baryons. The only other way to create a colorless wave function
is the combination of color with anti-color, as [ ]®[ ] contains a singlet. In fact, the
state |rT) + |gg) + |bb) forms a color singlet, which corresponds to mesons.

The stable particles are now represented by basis vectors of irreducible representations
in the tensor product spaces 3 ® 3 @ 3 (baryons) and 3 ® 3 (mesons). Thus, we need
to decompose the product representations into irreducible representations to find the
corresponding particles. We will use the graphical method for this.

We start with the baryons:

33e3=[|o[|e[]= (H@@) ®[]
- (Ben) = (men)
:@@ oo (C.16)

In conventional notation, this result is written as
3®3I®3I=16868¢10. (C.17)

Here, only 8 and 10 correspond to physical particles. The singlet state 1 is forbidden
due to the Pauli principle.

The Pauli principle requires that the total wave function (spin, flavor, and color)
is antisymmetric. As we have already seen, the color degree of freedom is a singlet
due to color confinement and thus antisymmetric. Therefore, the spin-flavor wave
function must be symmetric. Each quark has spin-1/2, so the 3 quarks can combine

to a total spin S = % (with the type [) or to a total spin § = % (with the type
[T 1). With (B.47), we know that the corresponding flavor wave functions must
have the same type so that the spin-flavor wave function has an overall symmetric
representation. Thus, we obtain only the particles 8 for spin-1/2 and 10 for spin-3/2.

The decomposition is graphically represented in Figure C.1. Due to the symmetry,
we expect that the particles in 8 (the light baryons) and in 10 (the heavy baryons)
have the same mass (up to the small mass differences of the quarks). This statement
holds except for effects of the electroweak interaction. The flavor wave functions
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01D AV ? AT A+F
1l y*— . %0 Ht
-2 ok E*O
3L Q-

Figure C.1: Baryon octet 8 for spin-1/2 (left) and baryon decuplet 10 for spin-
3/2 (right). The z-axis in this graph describes the isospin quantum number I,
(proportional to the number of up quarks minus the number of down quarks), while
the y-axis describes the strangeness S (respectively the hypercharge Y). We will
not go into this characterization further here (for more information, see S. Coleman
‘Aspects of Symmetry’).

corresponding to the individual particles can now be determined using Young tableaux.
As an example, consider the AT particle with spin-3/2 consisting of the quarks uud
(strangeness 0, isospin 1/2). The wave function is given by [u[u[d]. In comparison, the
proton (p) with spin-1/2 (with the same quark content) has its flavor wave function

uu[
d .

The procedure for the mesons is analogous. Here, the decomposition holds

determined by

wm:D®D:D®B:@@ ) (C.18)

In conventional notation, this result is written as
33=108. (C.19)

In contrast to the baryons, here the singlet 1 is allowed. It describes an 7" meson. The
reason is that mesons are composed of distinguishable particles (quark and antiquark),
so that the Pauli principle does not apply. We have summarized the meson octet in
Figure C.2. Again, the mesons in the octet have similar masses. Thus, we want to
conclude our excursion into the world of representation theory. The representation
theory is a field of great relevance for physics, of which we could only show a small
excerpt here. A good starting point for further study of this topic is the book ‘Group
theory and its application to physical problems’ by Morton Hamermesh, where you
can also find proofs of the methods that we have only motivated here.
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Figure C.2: Meson octet 8
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