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Chapter 1

Principle of Relativity

In this introductory chapter, we would like to review part of classical mechanics,
with a particular focus on the principle of relativity, in order to be prepared for the
special theory of relativity (SR) afterwards. The physical processes take place in
three-dimensional affine Fuclidean space. Affine means in this context that there is
no (distinguished) coordinate origin. Only by establishing a (arbitrary) coordinate
origin does the space become a vector space R3.

The position of an object in this space is described by the position vector r. To
describe the motion of the object, we introduce the time parameter ¢, so that r(t)
represents the trajectory of the object. In classical mechanics, ¢ is a global parameter,
which is measured in units of a periodic motion (e.g., a pendulum or atomic clock).
Once a unit of time has been agreed upon, the times in different reference frames
differ by at most a constant.

The position vector depends on the coordinate origin and therefore cannot appear
in physical laws. Only vectors such as the velocity vector v(t) = d:lgt) = 7, which
is independent of a specific choice of coordinate origin, may appear in these laws.'
Vectors are not measurable quantities. To specify a point in position space, in addition
to choosing the coordinate origin, one also needs to establish a unit (e.g., the meter)
and choose the coordinate axes. Three mutually perpendicular rulers of unit length
thus form a coordinate system. We describe this using the unit vectors e;,i = 1,2, 3,
which point from the origin to the end of the respective ruler. Since the vectors form
an orthonormal system, they satisfy e; - e; = d;;. After choosing a basis, the vector
can be uniquely described by its Cartesian coordinates r;, where it holds?

3

r:ZrieiEriei. (11)

=1

We can now ask how the coordinates of two such coordinate systems are generally

'In general relativity, the velocity vector is an element of the tangent space at a point .
2Note the Einstein summation convention: repeated indices are summed over.
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related to each other. For this, we introduce a second orthonormal basis e (which
another observer has established). Since the basis e; is complete, the new basis
vectors € can be written as a linear combination of the old basis vectors e;, i.e., we
have e}, = R;je; with the matrix elements R;; € R.? From the requirement that both
the old and the new coordinate systems are orthonormal, we obtain

bij = e; - €; = RyxRji ey, - e; = Rip Ry, = (RRY);;, (1.2)
=01

i.e., the transformation is orthonormal R € O(3) with R~ = R!. The new coordinates
7} are obtained from
rie; =17 = rie, = réRijej, (1.3)

ie, rj = (Rt)jirg, which is equivalent to 7“3» = Rjjr;. Furthermore, we will use the

notation r = (71,79, r3) for the coordinates of the vector r (and not for the vector
itself). Thus, we can compactly write the transformation rule as ’ = Rr. The choice
of a (possibly time-dependent) coordinate system and a time measurement is called
a reference frame. A point in spacetime described by (¢,7) in a reference frame is
called an event.

1.1 Galilean Principle of Relativity

The principle of relativity is based on the fact that there is no preferred reference
frame. The motion of a physical object should depend only on the (relative) position
to other objects and not on the choice of the reference frame. Furthermore, it is
required that the physical laws look the same in certain reference frames.

1.1.1 Inertial Frame

The form of the physical laws generally depends on the reference frame. In classical
mechanics, there are distinguished reference frames in which the equations of motion
have a particularly nice form. Such systems are called inertial frames, and in them,
Newton’s law holds

=m—v=F, (1.4)
where m denotes the mass of the particle, p the momentum, and F' the force acting
on the particle. In particular, free particles move in inertial frames along straight

lines according to
r = vot + 19. (1.5)

Empirically, it is observed that the fixed star sky represents an inertial frame.

3As an example, consider a reference frame S’, which is rotated by 6 about the ez-axis from S.

cosf sinf O
Using elementary geometry, we obtain the expression R(fes) = | —sinf cosf 0 ].
0 0 1
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Figure 1.1: Two reference frames S and S, which move with velocity w relative to
each other. The coordinates 7 and 7’ of an object in the two reference frames are
related via ¥’ = r —wt +dp and ¢ =t + ¢y (R = 13).

1.1.2 Galilean Transformation

One can now ask how to find additional inertial frames S’ starting from an inertial
frame S. For this, we investigate general transformations r — ' = 7/(r,t) =
R(t)r(t)+d(t) and t — ¢ =t 4+ to with R(t) € O(3). When considering the case of a
free mass point, we require
d?r’ 2!

dr?  di2

= Rr + 2R+ + R + d = Rr + 2Ry + d. (1.6)

where we have used the general parametrization (1.5) of a free mass point. Since this
equation should hold for all possible trajectories, we must require that R = 0 and
d=0,1ie., R(t) = R and d(t) = —wt + do.

We have thus determined all possible transformations that map one inertial frame to
another. These transformations

t' =t +to, r’ = Rr — wt + do, (1.7)

are called Galilean transformations and form a 10-parameter group with the parame-
ters tg (1), R (3), w (3), and dy (3 parameters). Thus, we see that any two inertial
frames move relative to each other with a constant velocity w and otherwise only the
coordinate axes are shifted dy and rotated R, see Fig. 1.1.

1.1.3 Covariance of Newton’s Equations

An equation G(X,;) = 0 is called covariant or form-invariant with respect to the
Galilean transformations if it has the same form when expressed in terms of the
transformed quantities X, ,,, i.e., G(Xy;) = 0is equivalent to G(X], ,,) = 0. Thus, we
can describe the Galilean ﬁrinciple of relativity through the two equi{falent statements:
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Figure 1.2: (a) Schematic setup of the Michelson interferometer to measure the
Earth’s velocity w relative to the stationary ether. The light emitted from the source
first passes through a semi-transparent beam splitter (gray). After the two beams
have traveled distances 2L1 and 2Lo, respectively, their interference is registered at
the detector. In the simplest case, the direction of the Earth’s motion is along arm 1.
This results in the propagation of light in arm 2 being observed from a stationary
reference frame as shown in (b).

A

’LU(TQh —+ 7-27-) = 2wTop

o The laws of nature have the same form in all inertial frames.

o The laws of nature are Galilean covariant, i.e., form-invariant under Galilean
transformations.

It follows immediately that an observer cannot determine in which inertial frame he
is located through measurements. In particular, all inertial frames are equivalent.

Newton’s equations F' = m# are covariant, provided F' is a vector field, i.e., F
transforms (pointwise) like a vector

F'(r') = RF(v), (1.8)

where 7’ and r are related by a Galilean transformation (1.7). It is straightforward
to verify that ¥ = R¥. Thus, we can show the covariance of Newton’s equation

F'(ry=m'#' & RF(r)=m'R¥ < F(r)=m7, (1.9)

where we had to assume that the mass is invariant: m = m/'.

1.2 Einstein’s Principle of Relativity

1.2.1 Michelson-Morley Experiment

Maxwell’s equations describe electromagnetic waves that propagate at the speed of
light ¢ = 299,792,458 m/s. However, it was not clear with respect to which reference
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frame this speed applies. Starting from the Galilean transformations, it is easy to
see that for unrotated coordinate axes (R = 13), velocities simply add. Consider an
object moving along the path 7/(t) = v't with velocity v’ in system S’. The same
object then moves in system .S with velocity

v=r=w+v. (1.10)
In particular, light moves at different speeds in different reference frames.

Michelson (Nobel Prize 1907) therefore developed an experimental setup to determine
in which reference frame (ether) light waves propagate isotropically at speed ¢. To
do this, he compared the travel times of light to cover distances 2L and 2Ly in two
orthogonal directions in an interferometer, see Fig. 1.2(a). Since the Earth rotates
around the Sun at a speed of w ~ 30km/s, the time differences should change over
the course of the year.

If the Earth’s velocity w is parallel to arm 1 with respect to the ether, we obtain

the travel time 71, = L1/(¢c — w) for the forward path and 71, = L1/(c + w) for the

return path. The total travel time of the light beam in arm 1 is therefore given by
214 1

e eyl (1.11)

T =

i.e., corrected by the factor (1 — w?/c?)~! from the naive value 2L;/c without
considering the relative motion to the ether.

The travel time in arm 2, which is perpendicular to the Earth’s motion, is the same
for the forward and return paths 195, = 7o, with 7o = 279;,. With respect to the ether,
the speed is simply ¢. However, in this reference frame, the path due to the motion of
the mirrors is longer. The total path is given by £ = 2 [L% + w27'22h] 1/2, see Fig. 1.2(b).
Solving the equation 19 = ¢/c for 7o yields
2L 1

-
? c /1—w?/c?

i.e., a reduction by another factor (1 —w?/c?)~1.

(1.12)

The interferometer measures the difference in optical path lengths

d=c(ro— 1) :1_3)2/62 (LQ\/l—U)Q/CQ—Ll) (1.13)

with an accuracy of A >~ 500 nm given by the wavelength of light. After a quarter of
a year, the apparatus is effectively rotated by 90° and we obtain a new path length

difference 9
!
1) :C(TQ—Tl):m<L2—L1\/1—w2/CQ>,

since the roles of L; and Lo have been swapped in the meantime. The difference in
path length differences with a quarter of a year time difference is given by
2

5 — o = 22t Ly (1 /1o w2/c2) “SO(Ly+ LQ)%. (1.14)

1—w?/c?
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It is interesting to see what length of the interference arms is needed to measure
the effect of the relative motion of the Earth to the ether. With w/c ~ 10~ and
8 — 6 ~A~10""m, we obtain L; + Ly ~ 10m.

Michelson found that the interference pattern always looks the same, regardless of the
season and thus the orientation of the interferometer, from which one must conclude
that there is no ether (as a distinguished reference frame) and that the speed of light
is the same in all reference frames.

1.2.2 Einstein’s Postulate

The Michelson-Morley experiment led Einstein (1905) to demand, in addition to the
Galilean principle of relativity, which states that the laws of physics have the same
form in all inertial frames, the additional postulate,

e the speed of light has the same value ¢ in all inertial frames,

This principle is the foundation of the special theory of relativity. Inertial frames are
defined such that in them, free particles, as in classical mechanics, follow the law of
inertia # = 0. It is immediately clear that the covariance of the physical laws can no
longer be required under the Galilean transformations, as these lead to the velocity
addition formula (1.10). In Chapter 2, we will investigate which transformation group
is compatible with Einstein’s postulate. However, we would like to first learn a few
simple consequences of Einstein’s postulate.

Since we saw in Section 1.1.2 that assuming an absolute time leads immediately to
the Galilean transformations as general transformations between inertial frames, we
must abandon the concept of absolute time and require that in general ¢’ # ¢t. The
absolute value of the speed of light allows us to synchronize clocks 1 and 2 in the two
reference frames S and S’ and thus at least partially introduce a common time.*

The protocol for synchronizing two clocks in two different inertial frames S and S’,
which measure time through the same periodic process, is as follows: We imagine that
in the reference frame S, a light flash is emitted from clock 1 at time #y. The beam is
reflected by clock 2 (at rest in system S’) and detected by clock 1 at time to + At.
Since the speed of light is absolute, we can identify the moment of arrival of the
light beam at clock 2 with the time ¢y + At/2 in system S and thus synchronize the
clocks. Furthermore, the universality of the speed of light allows us to relate length
measurements to time measurements and define the meter as the 1/299792458-th part
of the distance that a light beam travels in one second. The problem of synchronizing
the clocks is that the procedure is not transitive. If clocks 1 and 2 are synchronized
and also 2 and 3 are synchronized, it does not follow that 1 and 3 are synchronized
as well. This leads us to the concept of the relativity of simultaneity.

4As we will see later, clocks that were synchronized at one time will later drift apart.
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Relativity of Simultaneity

From the absolute time in Galilean spacetime, it follows that two events that occur
simultaneously in reference frame S’ also occur simultaneously in S. This fact is
incompatible with Einstein’s postulate of the universality of the speed of light. To
see this, consider two reference frames that move relative to each other with velocity
w = (w,0,0), w > 0. We consider three clocks A, B,C on the z-axis, which are at
rest in S’. Clock B is located between clocks A and C, such that the distance from A
to B is equal to the distance from B to C. An observer in system S’ will find that a
light flash emitted at time t; from B arrives simultaneously (¢, =) at A and C.

From the perspective of an observer in the (moving) system S, the light flash is
emitted at time tg from B and spreads out with speed ¢ in all directions. Since A
moves towards the light flash and C moves away from it, the inequality to < tc holds
from the perspective of S. Thus, clocks that are synchronized in system S’ are not
synchronized in system S and therefore the concept of "simultaneity" depends on the
reference frame. The absence of an absolute concept of simultaneity is the cause of
many of the initially paradoxical consequences of the principle of relativity.

Time Dilation

Now consider a clock A that is at rest in system S’ and sends a light flash to a mirror
B at a distance Ly (orthogonal to the relative motion direction —w of reference
frame S). This light flash will return to clock A after the time At = 2Ly/c. In
reference frame S, mirror B is moving, and the light beam must cover the distance
L = /AL + w?(At)?, see Fig. 1.2(b). According to Einstein’s postulate, the path of
the light beam is related to the time difference At by L = ¢ At. Solving this equation
for At yields the result

2Ly

2 — w2

At = = yAY (1.15)

with the time dilation factor

1

T A wrE

From the perspective of .S, the process therefore takes longer by a factor of . The time
measured by the stationary clock is also referred to as proper time A7. It is always less
than the time difference in a moving system. If an object moves in S with a variable
velocity v(t) from zp = (ta,7a) to x = (t,rp), one can introduce a momentary
rest frame S} at each time ¢ with w = v(t) and At = A7 = /1 —v(t)?/c? At. The

clock that moves with the object measures the proper time

r=Yar= [ " it T, (1.17)

ta

> 1. (1.16)
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The proper time 7 is a property of the trajectory and is therefore independent of
the inertial frame. This is immediately clear, as 7 is physically determined by the
reading of the clock that moves with the object.

When two observers move relative to each other, both conclude that the clock of the
other runs slower. This initially appears paradoxical but leads to no contradiction, as
simultaneity is relative.

Time dilation is important in understanding muon decay. Cosmic radiation produces
muons at an altitude of about 10 kilometers. These muons have a relatively short
lifetime of ~ ps. During this time, the muons only travel a distance of a few hundred
meters. Nevertheless, many muons are found to reach the Earth’s surface. This result
can be understood by considering that the speed of the muons is nearly the speed
of light with w = 0.994 ¢, leading to v ~ 10. Thus, the lifetime of the muons in the
Earth’s frame is ten times longer, and the muons travel several kilometers before they
decay. Considering this problem from the rest frame of the muons leads us to the
concept of length contraction, which we will address next.

Length Contraction

As in the previous section, we consider a setup in system S’ consisting of a clock A
and a mirror B at a distance Lg. However, this time the light path is parallel to the
relative motion of the two reference frames (i.e., the clock is rotated by 90° compared
to the last section). The distance from A to B is determined by the travel time of
light At’ via Lo = ¢ At’' /2. Now consider the system in the moving reference frame S.
Let Aty be the travel time of light for the forward path (from A to B). During this
time, the mirror moves by w Aty,. The constancy of the speed of light requires that
c Aty = L + w Aty with L being the distance between the two mirrors in system .S.
From this, we obtain for the travel time of the forward path Aty = L/(c —w). With
an equivalent consideration, we obtain for the return path At, = L/(c + w).

By adding these two equations, we obtain for the total travel time the expression
At = Aty + At, = 2y2L/c. On the other hand, due to the time dilation formula,
we have At = vAt'. Solving the equation 2Ly = cAt' = 2L for L yields the length

contraction formula
L =Lopy/1—w?/c? = Lo/v; (1.18)

i.e., a moving ruler appears contracted by a factor of v (in the direction of motion)
compared to its rest state. With length contraction, we can understand the muon
problem from the rest frame of the muons as a shortening of the distance from the
Earth’s surface to the point of origin of the muons. In this way, length contraction
and time dilation mutually condition each other and only together lead to a consistent
relativistic description.



Chapter 2

Lorentz Transformation

In the last chapter, we saw that Einstein’s postulate, which is supported by the
Michelson-Morley experiment, forces us to rethink our concepts of time and space. In
particular, we must part with the notion of absolute time. In this chapter, we want
to develop Einstein’s postulate into a mathematical theory that allows us to establish
new laws of nature that are compatible with Einstein’s postulate. To do this, we first
need to consider how the new transformations between inertial systems are described.

Just as the Galilean transformations leave Newton’s equations invariant, the Lorentz
transformations are the group of transformations that leave the law of inertia and
Einstein’s postulate invariant. In this sense, the Lorentz transformations in special
relativity allow us to switch from one inertial system to any other inertial system.
After that, the task remains to find a relativistic (i.e., Lorentz-invariant) formulation
of mechanics and electrodynamics, which we will examine in the next chapter. It will
turn out that the Maxwell equations are already Lorentz-invariant under appropriate
transformation of the fields. In contrast, Newtonian mechanics requires a modification.
The reason is that action-at-a-distance laws (e.g., Newton’s law of gravitation) are a
priori non-relativistic, as they refer to the "distance between two bodies at the same
time." This concept is incompatible with the relativity of simultaneity. Therefore,
in relativity theory, all action-at-a-distance laws must be replaced by fields with
relativistic field equations, as in the Maxwell equations.

2.1 Transformation between Inertial Systems

At first glance, it seems that Finstein’s postulate contradicts the law of inertia.
However, this feeling is due to the fact that we are firmly rooted in our classical
picture of the world, and Einstein’s postulate, as seen in the last chapter, comes with
the loss of the absolute concept of simultaneity and thus leads to the introduction
of a time per reference system. To obtain the group of Lorentz transformations,
we consider two inertial systems S and S’, which move relative to each other with

9
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velocity w.

We consider a light pulse that is emitted at (t1,71) and later arrives at (t2,72). Due
to Einstein’s postulate, both

(Ar)? — 2 (At)? =0 and (Ar)?2 — A (AY)? =0 (2.1)

hold, with At = to —t; and Ar = ro — r1. The motion of a free particle in an inertial
system is given by straight lines, see (1.5). From the requirement that a Lorentz
transformation should map inertial systems onto each other, it immediately follows
that it maps straight lines to straight lines. This is equivalent to the fact that the
Lorentz transformation is a linear mapping from (At, Ar) to (At', Ar"). Due to the
linearity of the transformation, (2.1) is equivalent to'

(Ar')? — Z(AY)? = w(w)[(Ar)? — (AL, (2.2)

Now consider another reference system S”, which moves with velocity —w relative to
S’, then we obtain

(Ar")2 — cZ(At”)2 = /<a(—w)/<a(w)[(A7°)2 — cQ(Atﬂ.

Since S” is at rest relative to S, we have Ar = Ar” and At = At”, from which it
follows that k(—w)r(w) = 1. Due to the isotropy of space, x(w) must also depend
only on the magnitude w and not on the direction of the relative motion. From this,
we can conclude that x(—w)k(w) = k(w)? = 1 and thus x(w) = 1.2

The results can be best summarized by combining position and time into the four-
coordinates

= (z") = (2%, 2!, 22, 2%) = (ct,7) (2.3)

of a particle. Thus, the Lorentz transformations are defined by the fact that they
leave the square of the distance

As? = (Az') - (A2') = (Az) - (Az) = (Az),(Az)* = nu(Az)H(Az)? (2.4)

invariant,® with the Minkowski metric

1 0 0 0
0 -1 0 0

M) =10 o -1 o (2.5)
00 0 -1

1A linear mapping maps a homogeneous polynomial of degree 2 to a homogeneous polynomial of
degree 2. Since (Ar)? — c?(At)? = (Ar')? — 2(At')? = 0, it follows from the homogeneity that (2.2)
holds.

2The alternative solution x(w) = —1 can be discarded since k = 1 at w = 0.

3 Analogous to the fact that rotations R leave the distance \/(Ar)2 invariant.
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Figure 2.1: Structure of the Lorentz group: the Lorentz group L splits into four
disjoint components characterized by det A = £1 and sgn(A%).

A general affine transformation between the reference systems S and S’ can be written
as o' = AH,2¥ + a* with a € R and A € GL(4,R). The condition (2.4) leads to the
restriction

anA“aAV,B(AI)a(AJ:)B = nuu(Ax/)M(A$/)y = UW(A@”(A@V )

which is equivalent to

Nuw Ao N g = Nap (2.6)

or in matrix notation A'nA = n. Transformations that satisfy the condition (2.6)
are called elements of the Lorentz group, denoted by L = O(1,3). The group
of transformations that connect inertial systems with fixed scales is the group of
inhomogeneous Lorentz transformations with 2’ = Az + a, also called the Poincaré
group.

2.2 Lorentz Group

We consider an element A € L. From the relation (2.6), a number of properties of A
can be derived. The formation of determinants immediately gives det? A = 1. Thus,
L consists of two components characterized by det A = £1.% Furthermore, for the
(00)-component, we obtain the property (A%)2 — S33_ (A¥g)2 =1, i.e., (A%)? > 1.
Thus, the Lorentz group contains two disjoint components characterized by the sign
of AO().

“The inverse of A is obtained by multiplying on the right with A~ as A™! = nA'n.
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That all four cases occur is shown by the reflections

1000 1 0 0 0
0100 0 -1 0 0

L=1g 01 0| P=1o 0o -1 ol
0001 0 0 0 -1
1.0 0 0 1 0 0 0
0 1 0 0 0 -1 0 0

T=109 010l PT=10 0o -1 0| (2.7)
0 00 1 0O 0 0 -1

with P being the reflection at the coordinate origin (parity) and 7 being the time
reversal. The reflections form a subgroup of L. Other subgroups include, for example,

Ly ={A € L|detA =1}, the proper Lorentz transformations,
LT ={A e L|A% > 1}, the orthochronous Lorentz transformations,
Lt =r.nL" (2.8)

A Lorentz transformation, by definition, maps the light cone with As? = 0 onto itself.
Vectors on the light cone with v - v = 0 are also referred to as null vectors. We also
define vectors that point outside the light cone as spacelike vectors v with v-v <0
and those that point inside the light cone as timelike vectors with v - v > 0. Timelike
vectors can additionally be subdivided into vectors that point into the timelike future
(v9 > 0) and those that point into the timelike past (v° < 0).

That Ll is a group can be seen geometrically. A Lorentz transformation A € L
maps the interior of the light cone onto itself. The two sub-cones (future and past)
VE ={z |z -2 > 0,£2° > 0} either remain invariant or are exchanged. The
crucial factor is the sign sgn(A%), since [A(1,0)]° = A%. Thus, sgn(A%) and of
course also det A are multiplicative® under the group operation. The orthochronous

transformations thus map the future onto the future and the past onto the past.

Due to the multiplicity of sgn(A%) and det A, any A € L can be written as the
product of an element of the proper orthochronous Lorentz group Ll and a reflection
{I4,P, T,PT}. Therefore, we will restrict ourselves in the following to the proper
orthochronous subgroup.

2.2.1 Proper Orthochronous Lorentz Group

The 4 x 4 matrix A has a total of 16 real entries. The equation (2.6) provides 10
independent equations.® Thus, elements A € Ll are determined by 6 real parameters.

This follows from the general relation det(AB) = (det A)(det B) for arbitrary square matrices A
and B.

STransposing (2.6) leads to the same system of equations. Therefore, only 10 of the 16 equations
are independent.
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Three of the parameters can be identified with the three-dimensional rotations. In

fact, we have
A(R) = (%%) . (2.9)

This immediately follows A‘nA = n where R € SO(3) with R'R = I3. Thus, the
rotations A(R) form a subgroup of Ll.

Of greater interest are the remaining three-parameter transformations, which we
expect to connect mutually moving reference systems. To this end, we investigate
whether special solutions exist in the block form

(2.10)

i.e., 2 and z® are not transformed. Substituting into (2.6) yields the conditions
a2 -2 =1, ab—cd =0, b —d? =—1.
Since we are only interested in solutions from ! , we also require ¢ > 0 and ad—bc = 1.

We can satisfy the first equation by introducing the parameter y with ¢ = cosh x
and ¢ = —sinh x. From the second equation, we obtain b = c¢d/a. Substituting into
ad —bc = 1 yields 1 = d/a, i.e., d = cosh x and b = —sinh x. Thus, we obtain the
special Lorentz transformations (boosts)

coshy —sinhy |0 O 0 —x|0 0
—sinhyxy coshy [0 O —-x 0 1]0 0

A = 0 0o [1o0] |70 o0lo0o0 (2.11)
0 0 0 1 0O 0|0 O

From the last identity, it immediately follows that the boosts form a subgroup with
the multiplication law

Alxa + x2) = Ax1)A(xz)- (2.12)
From this, it can be directly concluded that A(x)~! = A(—x).
In the following, we want to explain the physical significance of A(x). To do this, we

write the transformation law z = A(x) ™!z’ of a boost in components

/

ct = (cosh x)ct’ + (sinh x)r], T9 = T%,
r1 = (sinh x)ct’ + (cosh x)r], r3 =15 (2.13)

An object that is at rest at position ' = 7/(¢’) in the S’ system will therefore move
in the S system with velocity’

dri dridt’  dry (dt\ 7!
W= = i = \ap) = Cthx (214)

"In the literature, x = artanh(w/c) is referred to as rapidity.
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Thus, we obtain the interpretation that A(x) transforms to a new inertial system
that moves with velocity w along the x-axis relative to S, see Fig. 1.1. By simple
hyperbolic relationships, we obtain

1 1
cosh y = = )
v/1—tanhy?2 /1—p2 7
sinh y = tanh y cosh xy = s = By (2.15)

with f = w/c. From (2.13) it follows that

t,

x/l

=t~ wa' /), o=
= y(z! —wt), 2 = a2?. (2.16)
For g — 0, we obtain the limiting behavior of the Galilean transformation

t/ =1, x/l — xl — wt, x/2 — 3:2, x/3 — $3.

A transformation into a system S’, which moves with a velocity w in any spatial
direction relative to S, can generally be obtained by a combination of a rotation (so
that w’ is along the a-direction), a boost, and a reverse rotation. However, a much
simpler idea is that one can split the vector r into a component 7| along w and a
component 7| orthogonal to it. Analogous to (2.16), one then obtains

th =t — (w-r”)/cz], 'r|'| :’y(r” — wt), =7 (2.17)

Since | = (r - w)w/w? and r; =7 — 7|, one can write a general boost =’ = A(w)zx
as

(7 —w'/c
Alw) = <—’yw/c I3+ (v — l)wwt/w2> (2.18)

or in other words

t' =t — (w-r)/c?),

v—1
w2

r=r+ (r-w)w — ywt.

Thus, a boost generally depends on the three real parameters w. It holds that
A(w) = A(Rw)A(x)A(RL,) with the rotation Ry, defined by w = Ry, (w,0,0)".

The Lorentz transformations become singular for w — ¢. The speed of light represents
a maximum speed. No object (and no information) can move faster than light.
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2.3 Structure of the Poincaré Group

The group of affine Lorentz transformations is called the Poincaré group. After these
preliminary considerations, we know that a general element of the Poincaré group
has the following form

2" = A, (w, R)z¥ + a* (2.19)

Like the Galilean group, the Poincaré group has 10 parameters. Four parameters for
the translation with a and the 6 parameters of the Lorentz group (3 for rotations R
and 3 for boosts w).

In fact, one can write any Lorentz transformation A as the product of a rotation
and a general boost with A(w, R) = A(R)A(w) = A(R2)A(x)A(Ry) with Ry = R,
and Re = RR.. One can easily see that this decomposition is possible for any
Lorentz transformation ' = Axz. To do this, we consider the linear subspace
M = {x | 2° = 2/° = 0}, formed by the intersection of the position vectors from S
and S’. There are two possibilities: dim M = 2 or dim M = 3.%

In the case that dim M = 3, both M and the orthogonal complement M+ = {z |
r-y=0, Vye M}={x|2!=2%=23=0} are mapped onto themselves. Thus,
A directly has the block form (2.9) and describes a pure rotation with w = 0.

In the case that dim M = 2, we choose two orthonormal position vectors fo, f3 € M.
By an appropriate rotation R in the spatial space {2 = 0} D M, we can achieve
that Ry fa = (0,1,0) and Ry f3 = (0,0,1), i.e., they coincide with the corresponding
unit vectors ez and e3 in system S. Now consider the image vectors fj = Afs and
f5 = Afs: due to the definition of M, these are again position vectors. Analogously
to above, we can achieve with a rotation Ry that fi = R»(0,1,0) and f§ = R2(0,0,1).

Now, defining A’ = A(RS)A A(RY), we have by construction that the vectors x € N
with N = {x | 2° = 2! = 0} are mapped onto themselves under A’. Furthermore,
N+ = {22 = 23 = 0} is left invariant as a set under A’.” Therefore, A’ must have the
block form (2.11) of a boost.

2.4 Addition of Velocities

It is immediately clear that the Galilean velocity addition v = w + v’ leads to
contradictions with the absoluteness of the speed of light. This requires that with
v = ¢, v\ = c is also true, regardless of w. The relativistic formulas for velocity

8The image ABo of By = {z | 2° = 0} is three-dimensional since A is invertible. If one intersects
this set with the three-dimensional subspace By = {z' | ' = 0}, one obtains the intersection
M = (ABy) N By with dimension dim M. Since dim(ABy) = dim By = 3, it immediately follows
that dim M < 3. From dim M + dim[(ABo) + Bo] = dim(ABop) + dim By = 6, it follows with
dim[(ABo) + Bo] < 4 that dim M > 2. Here, V + W denotes the sum of the vector spaces V and W.

9Since N remains invariant and A’ leaves the "scalar product" z -y invariant, A’ maps the
orthogonal complement onto the orthogonal complement.
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addition can be derived directly from the equations (2.17) for a general boost. We
consider two (axis-parallel) reference systems S and S’, whose coordinates are linked
by (2.17) (i.e., they move with w relative to each other). Consider an object that
moves along the path r/(¢') = v, +v't" in §’. The same object will move in the system
S along the path 7(¢). In four-vector notation, we have the coordinates z(t) = [ct, 7(t)]
and z(¥') = [ct’,r'(t')], which are linked by z = A(w) 12’ = A(~w)a’. With the

general formula for a boost, we obtain
dt
=l (o)

and p )
d—; =o' + ’Yw_2 (v w)w + yw.

The object therefore moves in the system S with velocity

_dr vt

v—1
S @ Irw ooy T e ww (2.20)

If one splits the velocity v’ into its components parallel (v|’|) and perpendicular (v'))
to w, one obtains the compact form

w—i-'v|’| + v /1 — 2
1+ (w-v)/c2

of the relativistic law of addition of velocities. The inverse relationship is obtained by
replacing w with —w.

v = (2.21)

In the limit case where w,v’ < ¢, one obtains the non-relativistic relationship
v =w+v". If v/ and w are parallel (v/, = 0), the simplified formula v = (w+v")/[1+
wv'/c?] results. In fact, one can also obtain this immediately from (2.12) with the
hyperbolic addition formula tanh(y;+x2) = (tanh x1 +tanh x3)/(1+4tanh x; tanh x3).
In the case that v is orthogonal to w, the velocities add almost normally with
v =w + v'\/1 — 32, where the additional factor v~! arises due to the time dilation
of the reference system S’ relative to S.

It is instructive to derive the velocity addition also in polar coordinates. If one
describes the velocity v in the reference system S by the absolute value v and the
angle 0 via cosf = (v - w)/vw with the relative velocity of the reference systems
and similarly introduces v/, 6 in the reference system S’ for v’, the addition formula
(2.21) can be rewritten as

Vw? + 02 + 2w’ cos 0 — w2 sin’ @'/ 2
1 4+ wv' cos b’ /c?

(2.22)

V=V

and

/1 R2../ «ip A
tang = UL = V1= PPUsing (2.23)
)| w + v’ cos O
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Figure 2.2: We consider a light source that is at rest in the system S’ and emits light
uniformly in all directions. As can be seen in the figure, relativistic light aberration
leads to the fact that more light is emitted in the forward direction from the perspective
of the reference system S. A similar effect also occurs in non-relativistic physics
when one assumes that the system S’ is at rest with respect to the ether. However,
relativistic and non-relativistic formulas only agree up to first order in 8. Furthermore,
the relativistic formula (2.25) for aberration is symmetric, so that an observer in
system S’ observes the same effect for a light source at rest in S.

From (2.22), it immediately follows that with w,v’ < ¢, we also have v < ¢. Thus,
the speed of light plays the role of a limiting speed that cannot be exceeded.

Now let us take a closer look at the case of a light particle with v = ¢. It holds
that with v/ = ¢, v = ¢ is also true regardless of w < ¢ and €', which corresponds
exactly to Einstein’s postulate. From the formula (2.23), one obtains in this case the

relativistic formula
v/1— 32 sin¢
—5 ool (2.24)

for light aberration. We want to rewrite this formula a bit so that the symmetry
(0,8) <> (0", —3) becomes obvious. From (2.21), we obtain that sgn(cos#) = sgn(w -
v) = sgn(f + cos ). Thus, the sign of

tand =

_1/2 . /8"‘(3086/

0089 = :l:(l + tan2 9) = m

is determined. Taking these two equivalent equations together, one obtains the
symmetric form

0 tan 6 1-58 o'
tan — = = tan — 2.2
M T Tv1/cost 145 ™72 (2:25)

for light aberration, see Fig. 2.2. From this aberration formula, one can derive
the transformation formula for a solid angle element d2 = d(cos®)dy of a light
source. If one aligns the z-axis in the direction of the relative motion of the reference
systems, it holds that dQ2/dQ’ = d(cos#)/d(cos@’). By differentiating the equation
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1—Bcosh = (1-/%)/(1+ Bcosd), one immediately obtains

1_B2 Q/

dd= ———=d
(14 Bcost)?

(2.26)

2.5 Minkowski Diagrams

Minkowski or spacetime diagrams can be used to solve problems in relativity theory
graphically without analytical calculation. They lead to a simple visualization of how
space and time merge into a spacetime in relativity theory. In Minkowski diagrams,
one forgoes the representation of two of the three spatial dimensions and reduces
everything to the representation of time and one spatial coordinate (either r1 or r).

2.5.1 Relativistic Causality

In Newtonian mechanics, causality is defined by absolute time. An event A can
influence B if and only if tg > t4. In relativity theory, the absolute concept of
time loses its significance. Moreover, causality becomes more restrictive, as now c
represents a maximum speed for any interaction. In fact, the path x = (ct,r) of a
light pulse emitted at ¢ = 0 at » = 0 satisfies

T x = z,0" =n,ats” = At —r?(t) = 0. (2.27)

It is easy to see that for objects moving with v < ¢, - x > 0 holds. The future of
the event 0 = (0, 0) is therefore the events with x - 2 > 0 and 2 > 0. The past is
accordingly events with o - 2 > 0 and 2° < 0; cf. the discussion after (2.8).

Relativistic causality requires that an event A can only influence another event B if
B lies in the future of A, i.e., (xp — 24)? > 0 and CL‘% > 2. Equivalently, an event
B can only be influenced by another event A if A lies in the past of B. Due to the
fact that orthochronous Lorentz transformations leave both As? and the sign of Az
invariant, all reference systems agree on the definition of the future and past and
thus on relativistic causality.

Events with x - x < 0 are spacelike separated from 0 and therefore stand in no causal
relationship (neither future nor past). In Newtonian mechanics, there are no such
spacelike separations, as all events lie either in the future or the past. The possible
causal relationships can be nicely summarized in a Minkowski diagram, see Fig. 2.3(a).

Since the distance As? is Lorentz-invariant, all observers (in inertial systems) agree
on the causal relationship between two events.

2.5.2 Lorentz Boosts

It is instructive to consider how to represent a Lorentz boost A() in a Minkowski
diagram. As mentioned above, we restrict ourselves to the representation of events
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Figure 2.3: (a) Classification of all events with respect to a reference event at 0 = (0, 0)
into future, past, and spacelike. (b) An event E is described in the two coordinate
systems S and S’, which move with velocity w = tan ¢ relative to each other, by
the coordinates (ctg,rig) and (cty, 7)), respectively. The coordinates have a simple
geometric relationship, which is shown in the figure. (¢) Geometric construction with
which, starting from a unit length in the S system, the unit length in the moving S’
system can be determined. To do this, one constructs the intersection point A of the
unit hyperbola r? — ¢?t? = 1 with the 7} axis. The length OA thus defines the unit
length in the S system.

with 22 = 2% = 0. Thus, events are only determined by their two-dimensional
spacetime coordinates (¢,71). Lorentz transformations are not rotations of the (ct,r)
plane, as they do not leave the Euclidean distance ¢*t? 4 72 invariant but rather the
Minkowski distance c*t? — r? invariant. One can easily determine the direction of
the coordinate axes of the moving S’ system relative to the S system. The ct’ axis is
determined by 0 = 7} = v(r1 — wt), i.e., ct = (¢/w)ry. Thus, the ct’ axis forms an
angle ¥ with the ct axis given by

tand = —. (2.28)
c
Due to the relationship |w| < ¢, it immediately follows that || < 7/4 and also
tanty = tanhy. Similarly, the position of the | axis is determined by 0 = ¢’ =
v(t —wry/c?). Thus, the r} axis also forms the angle ¥ with the r; axis. As shown
in Fig. 2.3(b), the axes for w > 0 are thus "folded together".

By construction, a light beam always moves along the bisector in the positive ¢
direction. To obtain the correct Lorentz transformation between the reference systems,
the length units on the axes must change during the transformation. To do this, we
242 .2
t“—r

can use the fact that a Lorentz transformation leaves the distance c { invariant.

In particular, for all events that are at unit length, it holds that rf — ¢*? = 1. As can
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A ct’
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Figure 2.4: Representation in a Minkowski diagram showing that observers moving
relative to each other find that the clock in the other reference system runs slower.
The events E and E’ occur in their respective reference systems at three units (i.e.,
a stationary clock shows 3). The other observer is moving and registers that the
event in the other reference system occurs after 3 units. The situation is therefore
completely symmetric, as both observers find that the clock in the other reference
system runs slower.

be seen in Fig. 2.3(c), this unit hyperbola intersects the ] axis at point A. By the
invariance of the distance, this point must be at (0,1). Thus, the r} axis is stretched
relative to the r; axis.

The stretching factor can be obtained by a simple consideration: all points on the 7}
axis are given in the S system by tan® = ct/r;. The intersection point with the unit
hyperbola thus lies at (1 — tan?9)r? = 1, from which one obtains the unit length

N izz;zz (2.29)

on the 7} axis of the S” system. The length units of the S’ coordinate system must
therefore be drawn stretched by the factor 0A > 1, both on the 7} axis and (due to
symmetry) on the ct’ axis. Only with the rescaling of the S coordinate system does
the coordinate transformation, as required by special relativity, become symmetric.
For example, Fig. 2.4 shows that each observer finds that the clock in the other
reference system runs slower. Special Relativity

0A = \/r? + 212 = \/(1 + tan? 9)r}



Chapter 3

Relativistic Mechanics

As we have seen in Chapter 1, Newtonian mechanics is not compatible with the
postulate of relativity. In special relativity, we must therefore make the laws of
mechanics covariant under Lorentz transformations. Since four-tensors exhibit a fixed
transformation behavior, cf. Appendix A, the equations of the new mechanics must
equate tensors of the same rank. As a side condition, the old mechanics should be
recovered in the limit v < c.

3.1 Four-Velocity

The motion of an object is defined by the trajectory r(¢) with the velocity v(t) = 7.
In relativistic notation, the path becomes a world line

z(A) = [ (N)] = [et, 7 ()] = [ct(A), ()] (3.1)

with 7(A) = r(¢(\)) and X being an arbitrary parameter that parametrizes the world
line. As explained in Chapter 2, transformations between different inertial systems
are performed by a Lorentz transformation A with 2 = Az. Therefore, z* is a
contravariant four-vector.

One would now like to generalize the concept of velocity to a four-vector. To achieve
this, z(7) must be derived from a Lorentz scalar that coincides with time in the limit
v < ¢. As explained in (1.17), the proper time

T(t) = /Otdt' V1—v(t)?/c? = /j::)\/nwdx“dx”/c (3.2)

is precisely a Lorentz scalar. In fact, from the transformation ' = Ax of a world line,
the invariance of proper time follows:

z'(t') z(t)
() = / T d T — / i daide? = 7(t).
z'(0) z(0)

21
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To make the parametrization in (3.1) independent of the reference system, it is
reasonable to set A = 7. The derivative of the world line with respect to proper time
yields the covariant four-vector

u(r) = B0 BED e, v (3.3

with v(t) = [1 — v(t)2/c?]~'/2, which we call four-velocity. From the four-vector u*,
one can obtain a Lorentz scalar by contracting it with itself. In fact, it holds that
u-u = uut = 7v2(c? — v?) = ¢ and thus u is always normalized to ¢, with only 3
parameters being independent.

3.2 Energy-Momentum Relation

With the four-velocity, we can immediately generalize the momentum p to a covariant
four-momentum

(") = (", p) = mu = my(c,v) (3.4)

In the non-relativistic limit, when v < ¢ and v — 1, the spatial components of p*
coincide with the non-relativistic momentum. The spatial part therefore remains
conserved for a free particle in an inertial system. Since p* is a four-vector, the
complete four-momentum p# is also conserved in every inertial system. Analogously,
one can conclude that the total momentum P = Z;V: 1 p;j of N particles with four-
momenta p; is conserved in every inertial system.

The question now is which conserved quantity corresponds to the time component p°
in non-relativistic physics. Expanding p® in powers of v/c gives

1
pOZL:mC—i——mUQ/C—F.... (35)

N 2

It is immediately apparent that p’c coincides with the kinetic energy Fii, of Newtonian
mechanics, up to the constant mc?. This prompts the identification E = p%¢, so that

E=p"c=FEy+ B, with FEy=mc> (3.6)

The rest energy Ey = mc? is precisely Einstein’s famous formula. The relativistic
energy, in contrast to non-relativistic physics, contains a rest energy contribution
that depends only on the mass of the object. Unlike in non-relativistic physics, mass
can be annihilated in relativity, and the corresponding energy can be converted into
other forms of energy.

As an example, let us consider the (symmetric) decay of a particle into two parts. In
the rest frame of the particle, we initially have the four-momentum P* = (Mc,0)
with M being the total mass of the particle. After the symmetric decay, the total
momentum P* is composed of the momenta of two particles with mass m, which
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move with velocities £v. The particles have the four-momentum ym(c, £v) with
v = (1 —=2?/c?)71/2, which add up to the total momentum P* = 2ym(c,0). From
the conservation of four-momentum, we can now conclude that

2m = M+/1—v2/c2 < M; (3.7)

i.e., the total mass is not conserved. The rest energy of the mass defect is given by
1
(M —2m)c* = 2mc?(y — 1) = 2§mv2 +... (3.8)

and is therefore equal to the non-relativistic energy of the decay products (for v < ¢).
During the decay of the particle, rest energy is thus converted into kinetic energy of
the decay products.

From the fact that the length of p* forms a Lorentz scalar, one also obtains the
relativistic energy-momentum relation’

p-p=pupt = (E/c) —p*=m’c (3.9)

which holds by construction in all inertial systems.

3.3 Equation of Motion

With this groundwork, it is now possible to formulate mechanics in a Lorentz-covariant
manner. This is most easily done using the Lagrangian formalism. In this formalism,
one assigns an action’
t1
Sr(t)] = / dt L(r,v,t) (3.10)
to

to each world line x(t) = [ct, r(t)], with the Lagrangian L and v = 7. The Hamiltonian
principle requires that the path of a particle is characterized by an extremum of the
action with 65 = 0. Various world lines are compared with fixed endpoints r(tg) = 7o
and r(t1) = r1. The extremal principle thus leads, with partial integration, to

t1 3

t1 3
0=08= dt Z [(8rkL)5rk + (8UkL)8t5rk] = / dtz <8rkL - CZ@WL> 0Ty .
0 k=1

to =1 t
Since the variation 07 (t) is arbitrary with dr(¢tg) = dr(¢t1) = 0, the Euler-Lagrange
equations follow from the Hamiltonian principle:
d oL 0L
dt v, — Oy’
which play the role of the equations of motion. From the condition 45 on the path,

it is directly evident that the equation of motion becomes covariant as long as the
action S is a Lorentz scalar.’

(3.11)

'Note the difference p - p = pup" = nuptp” and p* = p* = S o_, pi.
ZWe use the time ¢ in a reference system S as the curve parameter .
3In principle, the actions in different inertial systems can also differ by a factor.
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3.3.1 Free Particle

In non-relativistic mechanics, a free particle is described by the Lagrangian Ly = %mvz.

For a relativistic generalization of the equations of motion of a free particle, we need
an action that is a Lorentz scalar and reproduces the non-relativistic behavior in the
limit v < ¢. As we have seen in (3.2), proper time assigns a Lorentz scalar to a world
line. A natural Ansatz is therefore So = —mc?7, where the prefactor Ey is chosen
such that Sy has the unit of action. In fact, we obtain

1
So = —mc*t = —mc? /dt V1—v2/c? = /dt (—m02 + §mv2 +. ..), (3.12)
so that the relativistic Lagrangian

Lo = —mc*\/1 — v2/c2 (3.13)

in the limit v < ¢ coincides with the non-relativistic Lagrangian of a free particle, up
to the constant mc?. The relativistic equations of motion
d dp

a(ymv) == 0 (3.14)

are obtained as Euler-Lagrange equations for L.

In this form, however, it is not directly evident that the equation (3.14) is covariant.
To make the covariance explicit, we note that due to the energy-momentum relation
(3.9) with (3.14), p® is also determined. In fact, by differentiating (3.9) with respect
to t, we obtain

d® p dp  dp

“at TS0 ar TV ar T

so that we find the manifestly covariant equation dp#/dr = 0.

0, (3.15)

3.3.2 Particle in a Potential

In Galilean physics, one often considers a particle in a scalar potential V(r,t). The
corresponding problem is not really meaningful in relativistic mechanics. The issue
is that, starting from a scalar potential V', the potential in another reference frame
automatically becomes dependent on the velocity v. Therefore, it is better to start
directly from a vector potential that couples to the velocity. Another point is that there
is no physical force that can be described by a scalar potential, as the gravitational
force is not formulated covariantly and thus only the electromagnetic force fits into
the relativistic concept.

Electrodynamics comes directly with a scalar potential ¢(r,t) and a vector potential
A(r,t). The action of the electromagnetic fields on a particle with charge ¢ is
described in classical mechanics by the Lagrangian

L=Lo+ v -A—qp (3.16)
C
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Now, if we replace the free Lagrangian Ly = mv?/2 with the relativistic generalization
(3.13), we see that the action

S = /dtL = — /dT (m02 + %u : A) =— /dT (mc2 + %u“AH) (3.17)

is already covariant, provided that A = (A*) = (i, A) transforms like a four-vector.*

In the case that A = 0 in one reference frame, one obtains a particle in a scalar
potential V' (r,t) = qp(r,t). In this special case, the Euler-Lagrange equations take
the form
dp
dt
with p = ymwv and F = —VV being the force acting on the particle. The equation
of motion (3.18) is often written in four-vector notation

dap”
dr

with K* being the Minkowski force. The spatial components of the Minkowski force
arise directly from (3.18) as K = vF, with ydr = dt. The time component K° of
the Minkowski force is determined from the additional condition

=F (3.18)

= K" (3.19)

dp* m d

K“uuzﬁuu 5 I —(uuy,) =0 (3.20)

i.e., the four-acceleration du*/dr o K* is always perpendicular to the four-velocity.
Thus, one obtains the complete Minkowski force as’

(K") = y(v - F/c, F). (3.21)

As for the free particle, the O-component of (3.19) is an expression of energy conser-
vation. In fact, we obtain

dE dp

at ~ Cat
Thus, v - F corresponds to the power that the external force F' exerts on the particle,
and E = ¢p° is (up to the constant mc?) the kinetic energy of the particle.

—v-F. (3.22)

We now want to derive the Euler-Lagrange equations from L in the general case with
A # 0. For this, we need the easily provable intermediate results

ark 877";@’ Ov c
d oL _dp 8Ak aAk

“We will see in Chapter 4 that A* transforms like a four-vector in electrodynamics.
*Written out in components, (3.20) gives K*u, = v¢K° — yK -v = y¢K® — 4?F - v = 0, which
can easily be solved for K°.

3
oL 8 0A oL
7 aa + = E i d — = yYmug + gAk
87‘k l:l k
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We thus obtain the equations of motion

dp ( Ay 18Ak> 7 <8Al 8Ak>
v + =
dt c

=qE; + %(v A B)y, (3.23)

of a particle on which the Lorentz force F1, = ¢E + qu A B/c acts in the electric field
E = -V — 9;A/c and magnetic field B =V A A.°

Note that in the presence of a vector potential, the canonical momentum py., =
OwL = p + qA/c does not coincide with the kinematic momentum p = ymwv. In
particular, the energy-momentum relation (3.9) refers to the kinematic and not to
the canonical momentum.

One can also bring the equation of motion of a particle in an electromagnetic field into
an explicitly covariant form. For this, one defines the (twice-covariant) electromagnetic
field strength tensor (Faraday tensor) as

_oa,as,
M= 9ot Qv

F, = (dA) (3.24)

The tensor F),, is antisymmetric and therefore has 6 independent components. By
explicit calculation, one obtains that the components’

0 En by b
~E;, 0 —Bs B
—Ez Bg 0 —Bl
~E; -By By 0

(Flu) = (3.25)

are directly given by the electric and magnetic fields. The equation of motion can
thus be written covariantly in the form of (3.19), where the Lorentz force becomes
the manifestly covariant Minkowski force®

KM= %F’“’uy = (qu - E/c, Fy) (3.26)

From the antisymmetry of F', it follows directly that the constraint K*u, = 0 is
satisfied, cf. Eq. (3.20).

5We denote the vector product between three-vectors by v A w = v x w. For four-vectors, it
becomes the more general outer product (v A w)*” = vHw” — v”w*, see Chapter 3.4.

"In general, an antisymmetric second-rank tensor in Minkowski spacetime contains a polar vector
E and an axial vector B.

8Note that the magnetic part does no work v - Fr, = v - E. Furthermore, one obtains F*¥ from
F,, by replacing E — —E.
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Particle in a Homogeneous Electric Field

The form of the equation of motion (3.19) ensures that even with a constant force,
the speed of light is never exceeded. As an example, consider a particle with mass
m that is subjected to a homogeneous electric field E = (Ey,0,0). Let v(0) =0, so
that the motion occurs only in the x-direction. We obtain the equation of motion

d v (t) B d sinh x(t) _ qFEy . (3.27)

— =c
dt,/l—vl(t)2/02 dt m

with the rapidity x defined by v; = ctanhy. The solution is therefore given by
sinh x = at/c, which

t t, |t <c/a,
vi(t) = EU—— [t < cfa (3.28)
Vit @i? e >/
corresponds. Although the velocity saturates at ¢, the energy
mc? 9
= mc”y/1+ (at/c)? (3.29)

JI-u(t)2E

continues to increase. The same holds for the relativistic momentum due to E?—p3c? =
m2ct.
It is also insightful to calculate the world line of an object that experiences constant

acceleration. The trajectory of a spaceship moving with constant acceleration is given
by

t 2 2
ri(t) = / dt' vi(t') = — /dx sinh y = " 1+ (at/c)?
0
t2
= const. + % +.... (3.30)

Thus, the path of the spaceship is simply a hyperbola, while in Newtonian mechanics,
the path is a parabola. An important quantity is the proper time

ﬂwzl%ﬂ¢pﬂﬂmya:z/ﬁxz““mmwa, (3:31)

a

which measures the time in the local reference frame of the spaceship.’

With the hyperbolic path of the constantly accelerated spaceship, the twin paradox
can be resolved: at the initial time ty = —7'/2, the spaceship is at the location
xo = r1(—T/2). Let us now imagine that one of the twins boards the spaceship while
the other remains at rest at the location zg. At the time t; = 7'/2, the spaceship is

9Parametrized by proper time, the path of the spaceship has the simple form ri(r) =
(c?/a) cosh(cr/a).
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again at the same location xg = r1(7'/2). For the stationary twin, the time 7" has
elapsed in between. The other twin, however, measures the proper time (3.31) in the
spaceship. For him, therefore, the shorter time

2c arsinh(aT'/2c)
a

7(T/2) — 7(~T/2) = <T (3.32)

has passed. Thus, upon reuniting at the location zq, the accelerated twin is younger
than the stationary one. All observers will agree with this statement. Unlike the
time dilation between two inertial systems, see Fig. 2.4, the situation here is not
symmetric, as only one of the twins was accelerated.

Particle in a Homogeneous Magnetic Field

As a second example, we now want to look at the case of a particle in a homogeneous
magnetic field B = (0,0, By). Let the initial condition be v(0) = (v, 0,0) so that
the motion occurs only in the xy-plane. The equation of motion has the general form

p=2vAB. (3.33)
C

Since E/mc? = v holds and a magnetic field does no work, v remains constant.
Substituting the relation p = m~yw into (3.33) and writing the equation in components,
we obtain

U1 = wua, V9 = —wWU (3.34)
with the Larmor frequency w = ¢By/mey. The equations are solved by
v1(t) = v cos(wt), va(t) = —vg sin(wt). (3.35)
A further integration leads to the trajectory
r1(t) = psin(wt), ro = pcos(wt). (3.36)

We recognize that the particle moves in a circular path with radius p = vp/w =
quoBo/mcry.

Due to the constancy of v, the proper time is simply given by 7 = ¢/5. An observer
moving along the circular path will therefore find that he requires the proper time
27 /w~y for one complete revolution. Again, there is no symmetry between the two
reference frames, so that all observers agree that the angular velocity yw measured in
the accelerated reference frame is greater than that in the laboratory frame.

3.4 Angular Momentum

In a closed system, in addition to the conservation of energy and momentum, which is
reflected in the conservation of four-momentum p* in relativity, Newtonian mechanics
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also holds the conservation of angular momentum L = r A p. The conservation of
angular momentum has its origin in the isotropy of physical laws.

It turns out that the relativistic generalization of angular momentum leads to the

antisymmetric angular momentum tensor!’
0 —eNY —eN2 —eNH\ M
1
wo_ WY _ oV Vol cN 0 L3 —L2
DF=lenp™=ap" =2 = N2 0 L
cN3 Ly —Ly 0
0 | —cNt
- < cN|xzAp > (3.37)

see (3.25). Here we have introduced the new vector N = (E/c?)r — pt = my(r — vt)
with v = E/mc?, cf. (3.4), which is also called the dynamic mass moment.

Now consider N particles that are in a closed system. As we have already seen in
Chapter 3.2 with the example of four-momentum, the conservation of total angular
momentum L = Z;V: 1 L;j is only covariant if the complete angular momentum tensor

L = Zj.vzl(Lj)/“’ is conserved. Thus, the mass moment N = Zjvzl N, must also be
conserved. Since the total energy cP? = Z;VZI E; is also conserved, the conservation

of dynamic mass moment can be rewritten as

AN YL (B - Ppjt)

= = R — V't = const. (3.38)
N N
Zj:l E; Zj:l Lj
Thus, we see that the ‘average’ position vector
N
- B
R~— % (3.39)
Zj:l Ej
moves uniformly with the velocity
N
c? Zj:l P
ijl Ej

The equation (3.39) provides an extension of the concept of center of mass into the
relativistic context. In fact, in the limit where all velocities are small, it holds that
E; ~ ijQ. Thus, we obtain the classical expressions

N N
D=1 My > j=1Pj
Z]’:l mj Zj:l m;

10The fact that L can be regarded as a vector in Newtonian mechanics is due to the special status
of the vector product in three dimensions. In general, L = x A p is given by the outer product of z
and p. Therefore, L*" is an antisymmetric second-rank tensor with six independent components in
four-dimensional spacetime.

R= (3.41)
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However, it should be noted that R does not generally transform like the spatial
components of a four-vector. Thus, the center of mass also depends on the observer
and is not simply defined relative to the particles.



Chapter 4

Covariant Formulation of the
Maxwell Equations

In this chapter, we will see that the Maxwell equations already satisfy Einstein’s
principle of relativity. This is not surprising, as the principle is based on the constancy
of the speed of light in all inertial systems; a fact that is already taken into account
in the Maxwell equations. We will learn a manifestly covariant formulation of
electromagnetism and find that the Maxwell equations do not require any correction.
In fact, the special theory of relativity is meant to make mechanics compatible with
Maxwell’s theory without changing the latter.

4.1 Invariants of the Field

From the Faraday tensor F),,, invariants (scalars) can be formed that do not change
when transitioning to other inertial systems. These are important because they yield
a scalar action whose Euler-Lagrange equations are covariant. It is clear that from

F.u, the scalar
1
o P = B? - E? (4.1)
and the pseudoscalar!
1
fgs“”‘”FWFM =F B (4.2)

can be formed. The pseudoscalar character of E - B is immediately clear, as it is the
product of a polar (E) and an axial (B) vector.

From the invariance of E? — B2, it follows immediately that if £ > B holds in one
reference frame, then E' > B’ holds in any other inertial system. Similarly, from the

'Here we introduce the totally antisymmetric (Levi-Civita) tensor e**°" (with the conven-
tion €°*?* = 1). The Levi-Civita tensor is a (invariant) pseudotensor, as it holds that ¢*#7% =
AL AP LAY G A T = det(A)e™P°.

31
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invariance of E - B, it follows that observers in all inertial systems agree on whether
E and B form an obtuse or acute angle.

4.2 Homogeneous Maxwell Equations

The homogeneous Maxwell equations do not couple to charges. Their statement is
that one can transition to the potentials ¢ and A to describe the physics of the
electromagnetic fields E and B. In fact, the homogeneous Maxwell equations follow
directly from the existence of the potential A*. With F,, = 0A4,/0z" — 0A, /0x*,
we can verify by simple calculation that?
v

oF" = 16“””% =0 (4.3)

ozt 2 oz
holds; here we have introduced the dual field strength tensor F*” = %5/‘” T FEyr,
whose divergence vanishes according to (4.3). The dual field strength tensor has the
components

0 —B; —By —Bs
By 0 Es —FEs
By —FE3 O Ey
Bs Es, —-FE; 0
It is obtained from F** by the replacement E — B and B — —E. Thus, the condition

of the vanishing divergence of F leads to the homogeneous Maxwell equations

o0 oFH
.B =
OxH -V 0, oz

(FH) = (4.4)

1.
—»—B-VAE=0. (4.5)

4.3 Action of the Electromagnetic Field

The total action of the electromagnetic field with N charged particles can be composed
from the components S = Sy + Sy, + Syp. The term Sy, is the free action of the
particles and is given by Chapter 3.3.1 as

N
Sy = — ijc2 /de. (4.6)
j=1

The interaction of the particles with the electromagnetic field via the Lorentz force is
described by Sy, r. According to Chapter 3.3.2, this term is given by

N N
qj qj
Smf = — Z Zj /A(xj) cujdry = — Z CJ/A(xJ) -dx; (4.7)
j=1 Jj=1

2For example, it holds that """ 79?A, /(dx"dx") = 0, since € is antisymmetric in 7 <> p, while
the rest is symmetric. The same applies to the second term.
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with the charge g; of the j-th particle, which plays the role of the interaction constant.

The last term Sy has not been introduced until now. It describes the intrinsic
dynamics of the fields E, B or F,,. In general, field equations follow as Euler-
Lagrange equations from a Lagrangian density £;. From the Lagrangian density,
one obtains the Lagrangian function Ly = [ dr L t by integrating over space. After
another integration over time, we then obtain the action Sy = [dt Ly = [dY Ly,
where we have introduced the measure dY = dtdV = dtd®r in spacetime. With
the general transformation theorem for integrals, it follows that the measure is a
Lorentz scalar. In fact, a change of variables 2/ = Ax leads to dY’' = |det A| dT with
the functional determinant det A = £1. The property that Sy must be a scalar is
therefore equivalent to the requirement that the Lagrangian density L is a Lorentz
scalar.

We know that the Maxwell equations for the electromagnetic fields must be linear in
order to satisfy the superposition principle. Therefore, £y must be quadratic in Fj,,.
Since the Maxwell equations are also first order in time and space, no derivatives
of F},, may appear in L. The only scalar that meets these requirements has been
introduced in (4.1). We thus set

1
167

where the prefactor has been chosen so that we obtain the Maxwell equations in the
Gaussian unit system as Euler-Lagrange equations.

Sp=— dTl%VFW’—‘/ﬂT — B?), (4.8)

It is often helpful to express matter in terms of fields. To do this, one transitions
from the particles with coordinates r;(t) to the charge density

N
0 =400l — ry(0) (4.9

which is usually regarded as a continuous function of the spatial coordinate 7.
Although the charge g; is a scalar, the same does not hold for the charge density
due to Lorentz contraction. In fact, only dg = pd®r is invariant under coordinate
transformation. Since dY = dt d3r is also a scalar, p transforms like dt, that is, like
the spatial component of a four-vector. In fact, the expression (4.9) can be extended
to the four-current density”

u

N
Z qjc /dm“ W (x — x) Z; ] Olr —rij(t)] = (cp, 5)*  (4.10)

The spatlal components form the current density vector

N
i=Y i 6¥(r—r;). (4.11)
j=1

3Here (z!) = [t,;(t)] denotes the world line of the j-th particle and dz/ the integration along
this world line.
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The relationship holds

M
a<dj5‘3)[r—rj<tﬂ> OO~y 4y VOO ()] (412)

Oxt \ dt T ot
0 .
= a(s(i” [r—r;(t)] — 7 V6@ — ()] = 0.
From this, the continuity equation follows
ajt  Op .
:@:E+V.J (4.13)

in manifestly covariant notation. With the four-current density, the action can be
written as

N
1 , 1 v
S:—;/mCQde—C/dTA“]M—W/dTF;LVFM . (414)

4.4 Inhomogeneous Maxwell Equations

Applying the Hamiltonian principle to (4.14) yields two types of equations. First,
one can assume the fields to be constant and vary the world lines. This leads to the
relativistic equation of motion (3.23) for each particle. On the other hand, one can
leave the world lines (and thus j#) invariant and vary the fields. This yields equations
that describe the influence of matter on the fields. The equations for the fields are
obtained as FEuler-Lagrange equations

0 oL oL

0z D(0A,/0z")  9A,’ (4.15)

for the potentials A,. It should be noted that the Lagrangian density £ = L,,;+L; =
—Aug*/c — Fu F* /167 does not contain a contribution from the matter part .Sy, of
the action, as it does not depend on A,,.

First, we evaluate the partial derivatives of the Lagrangian density with respect to
the potentials. We obtain (since F),, only depends on 0A,/0z")

1 1 J . 1
oL S—T 785 = _7F‘”76 = — ¥, (4.16)
0A, c 0(0A,/0x") 8T 0(0A,/0x")  4rm
Thus, the Euler-Lagrange equations become
0 47
— " = —— 4k, 4.1
57 - (4.17)

Setting ¢ = 0 in (4.17), we obtain
V.-E =A4np. (4.18)
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With p = j, we additionally obtain the three equations

10FE 4m

-— —-VAB=——j. 4.19

c Ot ¢’ (4.19)
Together, (4.18) and (4.19) form the inhomogeneous Maxwell equations. The covari-

ance of these equations follows directly from their equivalence with (4.17).

Taking the four-divergence of (4.17), we obtain

O?FHv 4t Q*

ozroz ¢ Oxv’

(4.20)

The left side vanishes identically, as it represents a contraction of a symmetric
tensor 9% /9z#dx” with an antisymmetric tensor F*”. Thus, we obtain the continuity
equation 0j#/0xz* = 0, see (4.13).

4.5 Transformation of the Electromagnetic Fields

Since the fields E and B are components of the antisymmetric field strength tensor
F,,, we can derive their transformation behavior from the general transformation
law F/W = AN, Fyr. Under a special Lorentz transformation, we obtain from
F' = A(—x)FA'(—x) after a short calculation®

Ei = Fy, Bi = By,
Ej = ~(Ey — $Bs), Bj = (B + BE3),
Ey =~(E3 + Bs), By = ~(Bs — BE»). (4.21)

As in (2.17), this result can be generalized to an arbitrary Lorentz boost, yielding
/ / 1
E”:E”, EL:’Y EJ_‘}‘Ew/\BJ_ ;

1
BIII = By, Bj_—’Y(BL—CW/\EJ_). (4.22)

4.6 Field of a Moving Charge

The inhomogeneous Maxwell equations have the covariant form (4.17). To solve the
homogeneous equations, we can introduce the potential A*, which transforms the
equation into the form

D2 AV _ 4m u

wo_ _
04 O0x, 0z c J

(4.23)

“Note that A,”(x) = A", (—x).
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with the d’Alembert operator 00 = §%/c?0t> — V2. Since the potentials are only
determined up to a gradient® one can additionally impose the condition A" /dx, = 0,
which is called the Lorenz gauge. Thus, the vector potential satisfies the wave equation

4
OAr = L jn g (4.24)

One can determine the general solution of (4.24) using the Green’s function D(z),
which solves the inhomogeneous equation

OD(z) = 6™ (x) (4.25)

Using known methods from Fourier analysis, one can show that

1 e—ikﬂx”
D,(z) = — d*k 4.26
(z) (2m)4 / ktk, 4 i0F sgn(ko) (4.26)

solves the above equation for D(z), where the imaginary term in the denominator, as
we will show below, ensures that D,.(z) vanishes for 2° < 0, making D, the retarded
Green’s function.

For the integration over kg, we need the poles of the integrand in (4.26). These are
located at k‘oi = +|k| —i0T. If 20 < 0, the integration path must be closed in the
upper complex half-plane due to the factor e~ %07 Since the integrand has no poles
in this half-plane, the integral vanishes. For the case that 2% > 0, the path must be

closed in the lower half-plane. In this case, both poles kac contribute, and we obtain®

3. ik S(C[K[t)
D, (x) 27r /d ke |
/ dk’/ COSQ zk’rcosesnl(th)
7r) k
o) / . : _0M).
=53, dk sin(kr) sin(ckt) = o d(ct —1) (4.27)

where ©(t) is the unit step function. In the form D,(x) = ©(2°)§(x - z)/2m, it is
easy to see that the function D, (z) is indeed a Lorentz scalar under orthochronous
Lorentz transformations.”

The general solution of the Maxwell equation (4.24) is therefore given by

A () = Al(@) + 4?” / &’ Dz — o) (2 (4.28)

5The fact that both A and A’ lead to the same field strength tensor F = F’ as long as
A, = A, + 0x/0z" with an arbitrary function x(z) is called the gauge freedom of the Maxwell
equations.

®Here, 0 denotes the angle between k and x and k = |k|.

7Usmg the general formula §[f(z)] = >, 0(z —z;)/|f (x;)|, where z; are the (simple) zeros of

f(z), one immediately obtains O(¢)d(ct — r)/r =0)[6(ct — )+ 6(ct +1))/r = 20(t)8[(ct)* — 2]
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Ctret"

past light cone

>

Figure 4.1: Only the intersection point z#(7yet) of the world line z#(7) with the past
light cone emanating from the observation point x contributes to the potential at
point z from the charge moving along x* (7).

with Ag(z) being a solution of the homogeneous wave equation. Since we assume
that the source is localized in space and time, in the limit 20 — —oo, the second
term vanishes and Ag(x) corresponds to the incoming solution at the initial time.

Let us consider a point charge ¢ moving along the trajectory r(¢) (in the system S,
then the charge and current density are given by

p(r.1) = ¢0r — v (1), §rt) = qut)d@ e — v (4.29)

with v(t) = 7(¢) being the velocity in S. These densities can be written in covariant
form by parametrizing the world line of the particle with the proper time 7. By
simple calculation, one can verify that the four-current density

(x) = ge / dr b (7)6® [z — 2(7)] (4.30)

represents the covariant formulation of (4.29). Substituting (4.30) into (4.28) (with
Af(z) = 0) and subsequently integrating over z’ yields

AF(x) =2¢q /dT u“(7)6[$0 — xO(T)](S[(x —xz(7)) - (x — z(1))]. (4.31)

The remaining integration over 7 contributes only at Tye if @ — 2(7yet) is a null vector
with 29 > 29(75t); i.e., the contribution comes from the past light cone emanating
from the observation point z. Due to the condition || < ¢, there is only one such
intersection point, see Fig. 4.1. Thus, we obtain the four-potential

pioy qut(t)
At () [uu(r)(xV—x”(r)) K (4.32)
where ‘ret’ indicates that the particle position and the particle velocity must be
evaluated at the retarded time 7 = 7¢. The potential (4.32) is called the Liénard-
Wiechert potential.
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For applications, it is often useful to split the potential into spatial and temporal
components. With Rn = r — 7(tyet), R = c(t — tret), we obtain

uplat — 2t (rrer)] = 7P (t = trot) =y v - [r = r(ber)] = YeR(1 — v -n/c);

where R describes the distance and m the direction of © — 7(¢,c¢). Thus, the potentials
are given by

o= [t A0 [, o

4.7 Doppler Effect

In the derivation of (4.26), we introduced the four-wave vector k* = (w/c, k) with
kyzt = wt — k - r. From the lecture on electrodynamics, it is known that the
electromagnetic field of a monochromatic light wave is given by

E(z) = Ecos(kyzt) and B(zx) =k A E(x) (4.34)

where € L k specifies the (linear) polarization and k = k/k is the unit vector in
the direction of k. Since the maxima and minima of the electromagnetic fields are
measurable, the phase k,r# must be a Lorentz scalar, and thus k, is a covariant
four-vector. With (2.17), we therefore obtain the transformation rules

W =y(w—w-k), k|'| = (k| —ww/c?), K =k,. (4.35)

For light waves, the relativistic dispersion relation ko = w/c = [k| holds, so that k|
and k| are determined by w and the angle 6 between k and w with k| = cwsin6
and k| = cwcos . From (4.35), it follows that these quantities transform as

K sin @

! = (1 — R A 4.
w = yw(l — Bcosb), tan 0 k|'| Tcos0— ) (4.36)

The first formula describes the relativistic Doppler shift, while the second formula
represents light aberration, see (2.24).

Furthermore, we would like to determine the transformation rule of the amplitude £.
To do this, we will use the fact that 12:, E,Bwith B = kA E form an orthonormal basis.
To simplify the calculation, we choose the coordinate system such that w = (¢f3,0,0)%.
The fields €, B then transform according to (4.21) and we obtain

E? = E2 +7%(& — BB3)* + 12 (E3 + BB2)?
=~2E2[1 — 2B(EaBs — E3BBy) + B2(1 — B2 — £2)]
=7?E%(1 - 28ks + B°kY) = *E°(1 — Bk1)*;
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Here, we have used the orthonormality in the form (é’ A B)l = EyBy — E3By = ky and
k2 + £ + B? = 1. With k1 = cos 6, we can generally write the transformation of the
wave amplitude as

— /
:1 ﬂcosﬁg N 821—1—560895,.

Vi- 3 Ji-

g (4.37)

4.8 Energy-Momentum Tensor

Analogous to the transition from the Lagrangian function to the Hamiltonian func-
tion in particle mechanics, one can transition from the Lagrangian density to the
Hamiltonian density. Let us first consider the case of free fields with S,y = 0. Then
L does not depend explicitly on z,,, and we expect that there is a conservation law
associated with the energy density

oLy A,

T 1 .,,0A
Y 0(0A, )0zt Oxv

FHo =2 _ o*, 4.
47 ox? Ly (4.38)

Ly =

is connected. In fact, after a short calculation, we obtain

ore, 1 9 (FW@AU> oLy

oxh  4m Ok ox? oxV
1 o 0% A, 1 OF,F*
4 Oxtzxy 16w  OxY
e @A 1 0F,
4 Oxtzy 8w oxY

(4.39)

1 0%A 1 %A 0% Ar
FHo . iy /T g _ —
4 Oxtav 8w (0:6“&%" Qo Oz > 0

where in the second step we used the equation of motion OF*? /Jz* = 0. Integrating
the equation (4.39) over space at fixed time, we obtain that

aTr 19 o, ., 10
_ 3 _ = 3 Ov 3 v __ 3 Ov
0—/dr oo _cat/drT +/dr8TjTJ _cat/d T, (4.40)

where we assumed that the fields and thus T#" fall off sufficiently quickly so that
the integration over the divergence gives no contribution. Thus, we obtain the
conservation dP* /0t = 0 of the four-vector

1
PH = - /d3r o, (4.41)
C

which can be identified with the four-momentum vector of the electromagnetic field.

The tensor T"" is not uniquely determined by the property 0T+ /dz* = 0. In fact,
we can add any four-divergence 9y*? /0z? of a tensor ¢ with 7 = —ih)7"* to
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TH without changing the four-momentum P*. We can make the energy-momentum
tensor unique by imposing the additional requirement that the four-dimensional
angular momentum tensor LM is given by the ordinary form

" = / (z#dP" — 2¥dP") = E / Br (" T — 27T (4.42)
C

Just as the vanishing of the four-divergence 0T /Dx* represents the local formulation
of four-momentum conservation, the vanishing of the four-divergence 9(x#T7" —
x¥T")/0xz° yields the angular momentum conservation OL*” /0t = 0. The local
form of angular momentum conservation therefore requires that

D@ T — 4 TW)

0=
0x°

= TH T (4.43)

i.e., T* is a symmetric tensor.

To symmetrize the tensor in (4.38), we add the term
FrI9A, 1 0(FFA,)
4 Ox° 4w Ox°

This gives us the correctly symmetrized expression for the energy-momentum tensor
of the electromagnetic field

1 1
™ = (—F“"F”U n EWFMF”T) (4.44)
As a side effect, the symmetrized form of T now depends only on the field strength
tensor and no longer directly on the potentials. Moreover, it is traceless, with T, = 0.

One can express the energy-momentum tensor directly in terms of the fields E and
B. Substituting (3.25) yields

(TH) = <SL/C‘$(/TC> (4.45)

with the energy density
1

u=—(E?+ B?), (4.46)
s
the Poynting vector
S=C"EAB (4.47)
47
and the Maxwell stress tensor
Okl = E E .k + BB — Eékl(E + B ) . (4.48)

The local conservation law 07" /Ox* contains the Poynting theorem (with v = 0)

oTHo 1 /0u
_ _1(0u . 4.4
0 D . <8t +V S’) (4.49)
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and the momentum conservation (with v = j)

_ oTHI 1 0S; 80‘jk

o 2 Ot ory,

(4.50)

with the momentum flux density o .

By construction, the angular momentum density is also obtained in the form L*¥? =
THY 40 _ T“U.ZL‘V,
oLM e  9(TH x — TH ¥
= ( ) = 0. (4.51)
ozt ozt

From the continuity equation (4.43), one obtains local conservation quantities corre-
sponding to the tensors L. As discussed in Chapter 3.4, this tensor consists of both
the angular momentum density Ly o erim L™ and the mass moment N* oc L0k

which is related to the conservation of the center of mass motion.

4.8.1 Conservation Laws in the Presence of Charged Matter

So far, we have considered the charge-free field. If charged particles are now present,
the energy-momentum tensor receives a contribution from the charged particles, which
we would like to determine in the following. In the presence of charge, the divergence
of the energy-momentum tensor yields

(4.52)

or*, _ i _Ho OF,q . orre EFO'T OFyr
OxH 47 OxH YO Dk 2 oxY

In this equation, we substitute the Maxwell equations (4.3) and (4.17) in the form
oF,;  0F, 0F, OFM 4m ,

ozv  0z°  0x7 ' ozk ¢’
and obtain
oTH, 1 1 oF., 1 oF,, oF,, A4r .
- _7FO'T7 _ 7F0'7'7 _F/»LO'i _ ag .
Oxt 4w < 2 0x° 2 Ox™ OxH vol

By renaming the summation indices, we can easily see that the first three terms
cancel each other. Thus, we obtain the result
oTH
ozH

1
— _Zpvy,. (4.53)
C

The right side has the interpretation of a Lorentz four-force density (four-momentum
transfer per 4D volume element).

The time component of the equation (4.53) leads to the energy conservation

= . I 4.54
at—l—VS J (4.54)
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and the spatial component leads to the momentum conservation

1 GSJ 8Ujk

¢ Ot ore,

[pE+ G AB)] (4.55)

of the field in the presence of matter, described by j* = (pc, 7). The source term j - E
in (4.54) describes exactly the power of the field on charged particles via the Lorentz
force v - Fi, = qu - E, see (3.22). The source of momentum conservation (4.55) is
simply the Lorentz force Fr, = gFE + qu A B/c according to the second Newton’s law.

The expression (4.41) shows that one can assign the fields (locally) an energy density
u = T and a momentum density S;/c? = T% /c. These satisfy the local conservation
laws (4.54) and (4.55). Here, S describes the energy flux density and —o the
momentum flux density. The source terms describe the energy and momentum
transfer between matter and fields.

Another way to express local energy-momentum conservation is to assign the energy-
momentum tensor of matter

TH (x Z/dT] mju u} (5(4) (x —z; ij J

53 [r —7;(t)] (4.56)

to the matter, see (4.10). The divergence of the energy-momentum tensor of matter
is given by

oTy”
o }:mj Ve —ri(t)] (4.57)

where we have used (4.12). The particles with charge g; satisfy the equation of motion

du¥ .
9 o
mjd—; = ?]F” Uy (4.58)
see (3.26), or equivalently
dujy 4 rvo dTjo

— = S VO 4.59
T TN T (4:59)
Thus, we obtain the result
ory’ 1
— _fpvo 'U 4.
ozt c J (4.60)

for the divergence of the energy-momentum tensor of matter. A comparison with
(4.53) shows that the energy conservation of the total system

oTly,  o(T" + TR
o = == 4 1
oxH oz 0 (4.61)

holds.
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4.8.2 Energy-Momentum Tensor of Macroscopic Bodies

Analogous to (4.9), we would like to consider a collection of mass points as a continuous
system with the mass density

N
plrt) =Y mislr —ri(t)]. (4.62)
j=1

We first describe the energy-momentum tensor T}" in the local rest frame. The
energy density T° = uc? then has only the contribution of the rest energy, and the
momentum density 7°¢ vanishes, 7% = T* = 0.

We want to describe an isotropic system, so that in the local rest frame the force is
the same in all directions. We consider a surface element dS with the normal n. The
momentum flux through this surface element is just the force

dF), = opm; dS, (4.63)

which acts on the surface element. The isotropic force is described by the pressure p
with

dFy, = —pny dS. (4.64)
Equating the two expressions yields the stress tensor op; = —pdg; and thus the
energy-momentum tensor
uc? 0 0 0
0O p 0 0
wy
@=1o 0, (4.65)
0O 0 0 »p

in the local rest frame.

To find the form of the energy-momentum tensor in a general reference frame, it must
be brought into a covariant form with the four-velocity u* = ~y(c, v). The tensor TH”
must be chosen such that it has the above form in the rest frame with u* = (¢,0). It
is easy to see that

™ = (,u + c%) utu” — pnt” (4.66)

satisfies this requirement.® This expression represents the energy-momentum tensor
of a macroscopic body. From (4.66), we directly obtain

_netpo?/et o (pe 4 p)y _ (ptp/P)uu 0
1—0v2/c? "’ 1— 222’ K 1—0v2/c2 -

From the expression (4.66), it immediately follows

T*, = uc® — 3p. (4.67)

80ne can also obtain (4.66) by Lorentz transformation of the expression in the local rest frame.
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By the stability condition 7%, > 0, we thus obtain the inequality”

(4.68)

where the equality sign is never reached for massive particles.

As noted for (4.44), it is found that for the energy-momentum tensor of the radiation
field (without matter) 7%, = 0 holds. Thus, for the isotropic radiation field, the
radiation pressure (with oy = —pdy;) is given by

u
= . 4.69
p=73 (4.69)

The equation (4.69) is the equation of state of the electromagnetic field. From this,
one can derive the Stefan-Boltzmann law without additional assumptions using the
first and second laws of thermodynamics. According to the first law, it holds

dU = TdS — pdV . (4.70)

),-7(),

by differentiating with respect to V while holding T constant. The second law

provides the Maxwell relation
o5\ _ (o
ov ), \oT )

for the free energy. From (4.71), it follows with U = «V and p = u/3 immediately

Thus, we obtain

_TouT) u(T)

wT) =357 3

(4.72)

Equivalently, it follows

dlogu(T) T Ou(T)
dlogT — w(T) OT

=4. (4.73)

The last equation yields the Stefan-Boltzmann law u(T) o< T upon integration.

We consider a collection of mass points with density p and (isotropic) pressure p,
which move locally with the velocity v(r,t). The energy-momentum tensor T*” has
the form

T = <u + c%) ubu” — pnt”

This condition is obtained from (4.56) with 7%, = >, [ dr m;c?6™ (x — a;) > 0.
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with the local four-velocity u#(r,t) = [c,v(r,t)]/\/1 —v2/c?, see (4.66). If the
mass points represent an ideal fluid without viscosities, the local energy-momentum
conservation holds!”

(e B) () e e ) - 2

After contraction with u,, we obtain the equation

=0
out ou” 0 0
- PN (20 Ly, T 2,09 PN _ P
0 (“’+ 2><C ozn U “”axu)+6“au(“+c2) v
O(put) out
c? : 4.74
e (4.74)

In the non-relativistic limit, we have u* = (c,v) and p < puc?. Thus, (4.74) simplifies
to the continuity equation
I(put) _ Op

Subtracting from 9T /0" the equation (4.74) multiplied by u”/c?, we obtain the
additional condition

B P . ou” B dp  utu” Op
0= (,u—l— c2> o T B, Tz Ozt (475)

In the non-relativistic limit, the spatial components with v = j reduce to the Euler
equations

81)] 8p ov _

which connect the convective time derivative of the velocity field with the pressure
gradient.

0=

The energy tensor of the ideal fluid plays a central role in cosmology because the
components of the universe behave approximately like ideal fluids due to their weak
interactions.

4.9 Thermodynamics

4.9.1 Blackbody Radiation

The principle of relativity allows us to derive from Planck’s radiation law
m/S
K:J/ == 7
Am3c2(eh'ReT — 1)

(4.76)

10We assume that the mass points are uncharged and therefore do not couple to the electromagnetic
field.
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for the intensity dI’ = K/, dw'dSY of blackbody radiation at temperature 7" and
angular frequency w’ in the rest frame, the corresponding quantity in the moving
laboratory frame. The intensity is determined by the magnitude of the Poynting
vector. For a light wave (4.34), we have the intensity dI o | A B| o< £2. From (4.37),
we obtain dI’/dI = v*(1 — Bcosf)? and with the formulas (4.36) for the Doppler
shift of the angular frequency and the transformation formula of a solid angle element

1—p?

dY = ————dQ 4.77
(1—Bcosh)? "~ (4.77)
see (2.26), we find
K, = K,v*(1 — Bcosh)>. (4.78)
Thus, Planck’s radiation law takes the form in the laboratory frame
K/, hw?
K, L (4.79)

= 73(1 — Bcos 9)3 = 47T302[e(hw/szT)'y(l—Bcosﬂ) _ 1]

A comparison with (4.76) shows that most factors cancel out and only the Doppler
shift w’ = yw(1 — B cos#) remains.

After integrating (4.79) over all frequencies, we obtain the directional dependence of
the intensity of blackbody radiation'!

T4

o0 o
I(H):/O dWKw:;V‘l(l—,Bcosé’)‘l (4.80)

in the laboratory frame with the Stefan-Boltzmann constant o = 72k%/60h%c?. The
intensity is largest in the forward direction with 6 ~ 0, see Fig. 2.2.

The total energy present in the cavity with volume V' is obtained from the relation
|S| = cu, which holds for electromagnetic radiation. Thus, we find

2 1.2
U= V/dQ I(f) G t 30 )UVT4 =y(1+ 1)U, (4.81)

where we have taken into account that V' = 4V. The equation (4.81) can also
be obtained directly from the transformation u = T% = A%, (—x)A%, (—x)T"" =
V2(u' — B%0,) = ¥*(u' + 35%u) where we used that 011 = —p = —Lu is, see (4.69).

4.9.2 Ideal Gas

We expect that relativistic effects in the treatment of ideal gases of particles with
mass m in statistical mechanics become noticeable as soon as the typical speed viyyp,

"'We use the result [;“dww®/(e® —1) = /150"
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given by mvgyp = kT, becomes comparable to the speed of light. We therefore
introduce the dimensionless parameter

c? mec?
= =— 4.82
@ vtzyp kT ( )

In the non-relativistic limit, we have a > 1 and one reaches o = 1 at the temperature
T. = mc? /kp. Relativistic effects in the treatment of ideal gases are academic
since T, for hydrogen already lies at 10" K. Nevertheless, we want to determine the
thermodynamic quantities for a relativistic ideal gas.

The energy of a particle is given by the energy-momentum relation

E(p) = /m2ct + p?c2. (4.83)

The Helmholtz free energy has the form F' = —NkpgTlog Z;, where (with p =
mcsinh y)

Z =V / Ppe-EO/ksT _ 4y / " dp pRe—EW)/ksT
0

o
= AxVm3e3 / dx cosh y sinh? y e~ coshx
0

K.
= 47er3c32OEa) (4.84)

is the partition function of a particle; here, we have introduced the second-order
Macdonald function Ka(xz) = [ dt cosh(2t) exp(—xz cosht). The Helmholtz free
energy is therefore given up to a constant by

F(V,T,N) = —NkpT[logV + log Ks(«) — log ]. (4.85)
The remaining thermodynamic quantities follow from the usual relations

OF or T@(F/T)

- U=F-T— =— . 4.86
P="av oT dlog T (4.86)
The first equation yields the equation of state
NkgT
= 4.87
. (487)
which agrees with that of the non-relativistic ideal gas. However, the equation for
the internal energy is modified, and we have newly (we use that dlogT = —dlog«)
dlog K:
U=NkpT|1— aogdz(a)] . (4.88)
o

For a > 1, we have the asymptotic form Kj(a) ~ /m/2ae™® and therefore
dlog Ks(a)/da ~ —1 — 1/(2ar) and

U=~ NkpgT(a+3) = Nmc® + 3NkgT, (4.89)
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which agrees with the known result up to the rest energy. By expanding Ks(«) to
the next order, one obtains the first relativistic correction to the internal energy

 15kpT

AU
8mc?

NkgT. (4.90)



Chapter 5

(General Relativity

So far, we have only written down the equations of motion of a particle in inertial
frames. From classical mechanics, we know that in non-inertial reference frames,
additional fictitious forces arise. The general theory of relativity (GR) extends the
special theory of relativity by also allowing non-inertial reference frames as valid
frames. As we will see later, the gravitational force is then simply reinterpreted as a
fictitious force in a non-inertial reference frame.

5.1 Geodesic Equation

The description of fictitious forces in relativity is not straightforward, as accelerated
reference frames, as we have already seen in the exercises with the example of Thomas
precession, immediately lead to curved spaces. In these spaces, the Minkowski arc
length ds, which represents an invariant, is described by the (differential) expression
(metric)*

ds? = g, (v)dz"dz” (5.1)

cf. (2.4). This expression is physically invariant, as ds/c indicates the proper time of
an observer moving along a path from x* to x* +dxz*. Here, the coordinate-dependent
symmetric matrix g, (z) takes on the role of the Minkowski metric 7,, in an inertial
frame. In any other reference frame z'# = z'#(x), the following holds unchanged:

ds* = gy (")dadz" . (5.2)
Thus, the metric tensor transforms doubly covariantly:

al,/o‘ 8$/T
0 /
g#’lj’<m) - go"r(x ) 8$'u 8.’17’/ . (53)

'Tt is conventional to write the distance squared as ds*> = (ds)? to minimize the number of
parentheses. If needed, we therefore use parentheses in the expression d(s?) = 2sds.

49
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Geodesics x(7) ("shortest" connections) are characterized by the condition

+(2)

o ds =0 dt \/ guw(x)ETHiv (5.4)
(1)

(1)

where the endpoints (1) and z(® are held fixed, cf. (3.13). As already seen in
Chapter 3.3.1, free particles move along paths that correspond to an extremum of
the proper time [ dr = [ ds/c. Accordingly, free particles in general relativity follow
geodesics. Gravity acts here as a fictitious force that alters the explicit form of the
geodesics. It is thus "hidden" in the metric.

To obtain an expression for the geodesic equation, we need to vary the action (5.4).
It should be noted that the variation must be performed with fixed endpoints, rather
than fixed arc length. Therefore, one must introduce a parametrization whose limits
are fixed at t() and t®, with z(t(V) = () and z(t®) = £®, with the aim of
varying the right-hand side of (5.4). The variation is quite tedious due to the square
root. In practice, one therefore uses the following trick. One introduces the variation
problem

=4 / (2)dt A tgu (z)dt " + A (5.5)

with a helper function A(¢). The variation of A(¢) leads to the condition that
A2guiti” =1, or guiti” = A2, At the extremum (i.e., on the geodesic), (5.5)
thus takes the form 0 = § [dt \. Substituting A\ = (g,,@*#")"/? = ds/dt shows that
the variation problem (5.5) is equivalent to (5.4).

Now, if we parametrize the path by c¢dr’ = \(t) dt, we obtain

G () dact dx” ,
0—5/ [ a dT,d,+cd7'

dat dx¥ @)
= 76 d " g () ———+§ dr'. .
& 7' g () I dr + /(1) cdr (5.6)
0

At the extremum, dr’ = Adt/c = ds/c corresponds exactly to the proper time dr
along the geodesic.? Thus, we have shown that (5.4) is equivalent to

da dz dz® daP
0:5/dTgMV(x)m v za/dfgag(x)xx, (5.7)

dr dr dr dr

as long as the path is parametrized by proper time along the geodesic.

The Euler-Lagrange equations for the variational principle (5.7) are the geodesic
equation. From (d/dr)(94v/4rL) — Oxv L = 0, we obtain with the Lagrangian from

2Away from the geodesic, 7/ must of course differ from the proper time, as we want to hold 7/},
7'® fixed, even though the proper time changes.



5.2. EQUIVALENCE PRINCIPLE 51

(5.7) the relations

d ( d:rf3> Ogap dz® daP d2aP ( 8gyg_8ga5>dma da?

=25 \wogr v~ 0w ) ar ar P

_ — 29,
Oxv dr dr GvB dr? +

Multiplying these equations by the inverse matrix to g,,, g"”, yields the equations of
motion (geodesic equation)
d?at(7)
dr?

dz® (1) dzP (1) 7 (5.9)

= —Fua
g dr dr

with 7 being the proper time and the Christoffel symbols® (symmetrized over a + 3)

1 89()4” 8961/ 89(15
T# .53 = —-g" — . 1
o8 = 59 <8x5 + ox™  QxV (5.10)

5.2 Equivalence Principle

Newton had already noticed that the inertial mass m;, which determines the dynamics
of a body in an inertial frame via m;7 = F, is equal to the gravitational mass mg of
the body, which appears in the law of gravitation F' = mgg. This equality can be
tested, for example, through experiments with pendulums of different compositions,
as their period is proportional to /my;/ms.

Assuming the equivalence of inertial and gravitational mass, one cannot measure
gravity in a homogeneous and stationary gravitational field in free fall. For example,
for N mass points with pairwise interaction F'(r; — rj) in the non-relativistic limit,
the equations of motion are given by

mji“'j =m;g + Z F(’I’j — Tk), (5.11)
k

where the vectors r; are measured with respect to the Earth, which generates the
gravitational force m;g. Now, transforming to the falling system

1
r=r— §gt2, t'=t, (5.12)

yields the equations of motion
m;T; = Z F(r; —ry,). (5.13)
k

An experimenter in the freely falling system finds the same laws of mechanics as an
experimenter in an inertial system without gravitational force.

The equivalence principle (Einstein 1907) generalizes this fact to all natural laws:

3The Christoffel symbols are not tensors, as they do not have the correct transformation properties
under coordinate transformations.
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Given an event in any gravitational field, one can always find a reference
frame such that within a sufficiently small region, the laws of nature take
the same form as in an unaccelerated Cartesian coordinate system in the
absence of gravitational forces.

Such a reference frame is referred to as a local inertial frame.* In a local inertial
frame, the laws of special relativity hold. The gravitational force is merely a fictitious
force that can be eliminated by choosing an appropriate local coordinate system.
This makes the equality of gravitational and inertial mass an equivalence. However,
spacetime is generally curved. The equation of motion of a free particle” is described
by the geodesic equation (5.9), where the right-hand side takes on the role of the
gravitational force (divided by the mass of the particle).

As an example, consider the above transformation (5.12). Since the unprimed
coordinate system is a local inertial frame, the Minkowski expression ds? = ¢2dt’?> —dr'?
holds for proper time. Since proper time is invariant, one finds in the unprimed
system

ds? = Fdt”? — dr'* = Adt* — dr? — g*?dt* + 2t g - dr dt = gy, (v)dxtdz”  (5.14)

with the metric

— 22/ | att/e
g;w(x)—<1 ;t/tc/ g_tjé ) (5.15)

The only non-vanishing elements of the Christoffel symbols are given by

9j

Moo = —

(5.16)

so that the geodesic equations take the form

o pr_ (i
dr2 7 d7'2_g dr

The first equation is solved by ¢t = a7 + 8 and the second is then equivalent to
Newton’s law m# = Fg with the gravitational force Fg = mg, cf. (5.11) without
interaction.

5.3 Distances and Time Intervals

In general relativity, the coordinates z* can be chosen arbitrarily. The connection
between the various reference frames is represented by the invariant proper time

“In a local inertial frame, T ,5 = 0.
5In general relativity, a particle on which only the gravitational force acts and not the Lorentz
force is a free particle, as the former is merely a fictitious force.
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,time”
A A B

420 + da°

¢""

20

..

120 + da”
: - : » space”
x’ ! + da’

Figure 5.1: Synchronization of two adjacent coordinate systems at spatial points A
and B via the exchange of light signals. A light pulse is emitted at point B at time
20 4+ dz¥, hits the mirror at point A at time 2%, before it is detected again at point B
at time 20 + dz'.

dr = ds/c with the arc length (5.1). It thus raises the question of how the gen-
eral coordinates relate to the actual distances and time intervals that all observers
(coordinate systems) can agree upon.

As in SR, the proper time 7 of a spatial point represents a covariant quantity, namely
the time that a clock in the local rest frame would measure. For such a clock,
dr' = dz? = dx® = 0 and the Minkowski distance ds is then simply cdr. We thus
obtain

ds®> = 32dr? = gudatds” = goo(daco)2

and thus 1
dr = = \/goodz®, (5.17)
c

from which we obtain

C

r=2 [ vaw (5.18)

as a relationship between proper time and the coordinates x*.

Next, we want to determine an expression for the spatial distance dl. It is not possible
to simply set dz¥ = 0 in the expression (5.1), as in GR the proper time is linked to
the coordinate da in different ways at different spatial points.

To define the spatial distance, we use a similar idea as in the derivation of Lorentz
contraction in SR. We consider two infinitesimally adjacent spatial points A and
B with coordinates 27 and 7 4+ dx/. We imagine that at point B, a light signal is
emitted at time 20 + da¥, which is reflected at A at time 2° and detected again at
point B at a later time 2° + d2'® (with fixed spatial coordinates dz’/ = 0), see Fig. 5.1.
The time d7 required for this (measured at point A) is exactly twice the distance
2dl/c between the two locations.
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The Minkowski distance between two events is given by
ds?® = gjkda:jdwk + 290jd1:0da:j + gog(de)Q. (5.19)

Events that are connected by a light signal satisfy ds? = 0. Solving ds? = 0 for dz°
yields the two solutions

1 . )
dz® = 70 [—QOjdiﬂj — \/(ngQOk — gjkgoo)dwjdwk]

1 4 )
da'” = o [—QOjdl’] + \/(QOjQOk - gjkgoo)dﬂdﬂfk] ;
which correspond to the sending and receiving of the light signal at point B. The
proper time difference dr is now simply da’® — d2® multiplied by the time dilation
factor \/goo/c. The distance dl thus results in

di* = (cdr/2)* = y;pda? dz® (5.20)
with the spatial metric
90590k
Vie = —gj + L2, (5.21)
goo

It is important to remember that +;; generally depends on 20, so that the spatial
metric changes with time. It therefore makes no sense to speak of distances that are
more than infinitesimal, as distances depend on the world line along which they are
measured.

As in SR, light signals can also be used to synchronize clocks at different spatial
points and thus establish the concept of "simultaneity." To do this, we again consider
the exchange of light signals between the spacetime points A and B. We define the
average z° + (da’® + dx")/2c between the time of emission (2° 4+ dz®) and the time
of reception (2% + dz'®) of the light signal at point B as simultaneous with the time
2¥ at point A. Thus, the time difference At (measured with the time scale 2°/c)
between the time at point B and the time at point A is given by
gojd.itj

= 1 (da:'o + dxo) =

At .
2c €900

(5.22)

Knowing the time difference allows us to synchronize the clocks at the infinitesimally
adjacent positions A and B with respect to the observer at A. We can continue this
synchronization successively; however, it is not possible to synchronize clocks on a
closed curve, as in general ¢ At # 0. Since in general relativity, clocks at different
spatial points run at different rates in the same reference frame (ggp generally depends
on z7), the synchronization does not remain valid. However, the impossibility of
synchronizing clocks is a property of the reference frame, as one can always choose a
system with go; = 0.
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5.4 Accelerated Reference Frames

In this chapter, we will examine two simple examples of accelerated reference frames
in a flat Minkowski space. These examples can also be treated within the framework
of SR (which we have partially done in the exercises), describing everything from an
inertial frame and then transforming into the local rest frame. One example was the
expression (1.17) for the proper time of a generally accelerated observer.

5.4.1 Rest Frame of a Constantly Accelerated Observer

We consider a reference frame that is subjected to a constant acceleration a along
the x direction. An example is the rest frame of a charged particle subjected to
a homogeneous electric field E = (am/q,0,0). Since the y and z coordinates are
unaffected by the acceleration, we will restrict ourselves to the 2 x 2 metric in the
(ct,x) subspace. We have determined the path in (3.30). It is given by a hyperbola

of the form ,

z = hcoshy = —+/1+ (at/c)? (5.23)
a
with the vertex h = ¢?/a and sinh x = at/c, i.e., ¢t = hsinh x and dz/dt = ctanh x.

We now want to introduce new coordinates. We switch from x and ¢ to A > 0 and x.
An observer who is at rest with respect to h thus performs a constantly accelerated
motion in the inertial frame. The coordinate y describes the rapidity (which increases
constantly) and h the (inverse) acceleration. We obtain

dx = cosh x dh + hsinh x dy, cdt = sinh x dh + h cosh x dx
and therefore
ds® = 2dt* — da® = h? dx* — dh®. (5.24)

with the (diagonal) metric tensor

(Gu) = (%2 _01> : (5.25)

which is also called the Rindler metric. The Rindler metric refers to the Rindler
coordinates (z*) = (x, h). Here, 2° = x is a timelike coordinate (since ds?> > 0 for
dx # 0 at dh = 0) and 2! = h is a spacelike coordinate (since ds?> < 0 for dh # 0 at
dx = 0). The proper time of a constantly accelerated observer (h fixed) is given by

c carsinh(at/c)

1 1
T:C/d$0\/.gT:C/dXh:;<:7 (526)

a

cf. (3.31).
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Figure 5.2: The Rindler coordinates are shown in
the (¢, x) plane, which describes a flat Minkowski
spacetime. The x axes (dark) run mostly horizon-
tally and the h axes (light) run vertically. Both
are collinear at the Rindler horizon with 2% = ¢?¢?
(dashed line).

The Rindler coordinates only represent events with 0 < x < ct, see Fig. 5.2. In fact, all
events with 22 = ¢?t? occur at h = 0, where the Rindler metric is no longer invertible.
Thus, h = 0 represents the boundary of the Rindler chart. Another peculiarity of
the line h = 0 arises from the fact that no observer moving with constant finite
acceleration (h = const.) can receive light from the region where ct > 2.9 Also, none
of the observers can send light into the region where ¢t < —z. From the definition of
h, one also recognizes that at the horizon, the acceleration a diverges. In this sense,
the line h = 0 represents an (event) horizon, the so-called Rindler horizon. As we
will see later, this horizon corresponds to the event horizon of a black hole, as the
Rindler metric exactly corresponds to the Schwarzschild metric of an observer at a
fixed distance from the center (corresponding to the equivalence of acceleration and
gravitation).

5.4.2 Geodesics

The geodesics of the Rindler coordinates are naturally just straight lines in the ¢, x
coordinates. It is instructive to directly solve the geodesic equation (5.9) in this
simple case to "verify" this fact. Most of the Christoffel symbols vanish. The only
non-vanishing elements are I'g; = I'%g = Ah~! and I''¢y = h. Thus, the geodesic

SCommunication with the region ¢t > z is, however, not fundamentally impossible. For example,
an observer can stop and then cross the Rindler horizon, so that they can subsequently receive
signals from the region ct > z.
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equations (5.9) take the form

dx  2dxdh h  dxdx

A — i = =0. 5.27
dr? + hdr dr ’ dr? + dr dr 0 ( )

The first equation is equivalent to

) -

with the general solution dy/dr = ca/h?, o € R. Moreover, we know that for a

massive particle
20 e (X (dh
dr? dr dr

holds, from which dh/dT = +¢y/a?/h? — 1 results (and thus h < a). Together with
the equation for dx/dr, we obtain

ZZ T Rk,
It is helpful to replace the variable h with 8 by
+8 = artanh(y/1 — h2/a2) = arcosh(ca/h).
Thus, dlogh/dx = tanh 3. One directly shows that

g idarcosh(a/h) tanh § = T

1
dy dlogh V1—h%/a?

and thus 8 = —x + B, Bo € R. For the velocity, we thus find

¢ cdt dx dy 1+ (dlogh/dy)tanhy

= tanh(f8 + x) = tanh fy,

v ldw [d(hsinh X)]l d(hcoshy)  tanhy + (dlogh/dy)

i.e., it is constant along the geodesics. At time t = 0, the geodesic is at position
o = h with
cosh 8 = cosh By = a/|xg],

ie., xg = /1 —v2/c? a. The integration constants Sy and « thus determine the
velocity v and the initial position xg. The geodesics are thus straight lines

T =x9+ vt

in the original coordinates.
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5.4.3 Unruh Effect

The Unruh effect arises from the fact that the quantum fluctuations of the electro-
magnetic field appear to a uniformly accelerated observer as black body radiation.
The speed of an observer who is constantly accelerated (h fixed) continuously in-
creases. Therefore, the frequency of a source in the inertial frame becomes increasingly
Doppler-shifted. As an example, consider a plane wave proportional to ¢ = e!(#tetw/c,
which propagates against the direction of acceleration. In the Rindler coordinates,
the wave takes the form

1 = exp (theXw/c), (5.28)
where the factor heX corresponds to the blueshift. For the accelerated observer (h
fixed), the wave has the spectrum”
S() x S(Q) = ‘ / dr ') (5.29)
with the proper time 7 = hy/c = cx/a.
The integral S can be calculated, and we obtain
~ 2mh 1
S@) =L (5.30)

T Qe e2rhQ/c _ 17

independent of the frequency w in the rest frame. The spectral distribution resembles
black body radiation at a temperature

he ha

Ty = — .
U™ 9rkgh 2rkpe

(5.31)

5.5 Rotating Reference Frame

As a second example, we want to examine the case of a uniformly rotating reference
frame with angular velocity {2. Since no acceleration occurs along the axis of rotation,
we will restrict ourselves to the discussion of the two spatial directions orthogonal to
the axis of rotation. We denote the coordinates in the stationary inertial frame by
t',x’,y with the metric

ds® = Adt”? — dz"? — dy'?. (5.32)

The (polar) coordinates in the rotating system are denoted by 7, ¢, t. They are related
to the coordinates in the inertial system via ' = r cos(p+Qt), 3y’ = rsin(p+Qt), ¢’ = t.
Substituting this into (5.32) yields

ds® = (¢ — Q*r?) dt? — dr? — r? dy® — 2Qr? dt dop, (5.33)

"Note that w — w + 0" and Q — Q —i0T for convergence. These shifts correspond to the
description of emission (w) and absorption (£2).
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which corresponds to the metric

2A—0%2 0 —Qr?
() = 0 -1 0 (5.34)
—Qr? 0 —r?

in the coordinates (z#) = (t, 7, ¢); this metric is called the Born metric. The rotating
coordinate system only makes sense for r < ¢/€Q. Beyond that, ggg becomes negative
due to the fact that the rotational speed exceeds the speed of light.

In a rotating reference frame, clocks can no longer be uniquely synchronized at all
locations. If one calculates the time difference along a closed curve parametrized by
r(¢), we obtain from (5.22)

1 fgo;, ., 1 Qr2dyp
At=—=¢ gyl = = —_— 5.35
c % s v 2] 1-02%r2/c2 ( )

In the case of "small" rotational speeds Qr < ¢, we can expand the denominator.
We obtain

At = = / r2dy = =5 (5.36)

with S, the area enclosed by the closed curve (with sign).

This result directly provides the explanation for the Sagnac effect, which was discovered
by Georges Sagnac in 1913. Consider a light beam that propagates (e.g., in a
waveguide) along the curve (). The propagation speed is ¢ when the clocks along the
path of the light beam are synchronized and proper time is used for time measurement.
We are interested in the time difference of two light beams that propagate with or
against the direction of rotation to the lowest order in Qr/c. The difference between
the world time ¢ and the proper time 7 is given by 1/,/goo = 1+ O(Qr/c)? and is
thus subdominant. For the light beam that propagates with the direction of rotation,
we obtain with (5.36) the travel time

L 2Q
Aty ==+ =|9]
C C

with L being the length of the waveguide; the second term arises here due to the
synchronization of the clocks. Conversely, for the light beam that propagates against
the direction of rotation, we obtain the travel time

a L2y
Thus, the time difference At = 4Q|S|/c?, which corresponds to the phase shift Ap =
2weAt/A. If one allows the two light beams to interfere in a Sagnac interferometer,
one thus obtains an interference pattern with the periodicity Ay = 2nZ. Sagnac
interferometers are used to measure rotations absolutely.
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Next, we want to determine the spatial metric -, using (5.21). We obtain

7,,2

2

di? = dr? +

Calculating the circumference of a circle at fixed radius r, we obtain

2rr

2T r
Uz/ d = >
0 (p\/l—Q2T2/62 \/1—927"2/02

2.

An observer in the accelerated reference frame will interpret this result as hyperbolic
curvature of space.

5.6 Weak Gravitational Field

In a weak gravitational field ¢(r) < c? and at small velocities, the geodesic equations
(5.9) should transition to the Newtonian equations # = —V¢(r). The non-relativistic
action for a particle in the gravitational field takes the form

2
Snr:/dt(mCZJr%mvzmgf)):mc/dt(c;+¢>,
c ¢

where we have added the constant f dt mc? (rest energy) compared to the conventional
expression. A comparison with the covariant expression —mc [ds, see (3.12) and
(5.4), yields the arc length

v ¢

ds=|c——+— | dt. 5.38

§ <C 2c + c) ( )

Squaring this expression, considering only the leading terms in v/c and ¢/c?, yields
the result

ds® = (¢* 4 2¢)dt* — dr?, (5.39)

where we have used dr = v dt. The component ggg thus has the value

2
goo =1+ ?;ﬁ; (5.40)

additionally, go; = 0 and g;r = —d;,. The spatial metric is thus simply v, = d;i, i.e.,
space is Euclidean.

When calculating the Christoffel symbols, it should be noted that in the discussed
approximation, due to the additional factor ¢, the terms da®/dr = cdt/dr in the
geodesic equations dominate over the terms dz? /d7. The relevant Christoffel symbol is
thus IVgg = 0¢/c?0x? | which makes the geodesic equation become Newton’s equation
with g = =V ¢, cf. Eq. (5.16).
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With the expression (5.17), we obtain the gravitational redshift

dr = /1 +2¢/c2dt =~ (1 + ¢/c?)dt, (5.41)

i.e., the proper time of an observer in the gravitational field with ¢ < 0 passes more
slowly.

5.7 Schwarzschild Metric

We have learned that matter moves along a geodesic with ds > 0 in a general reference
frame. Light moves along null geodesics with ds = 0. With the equivalence principle,
the motion of matter in any gravitational field is thus determined. However, one needs
the metric in a space with bodies that influence each other through gravitational
force. This is precisely what the Einstein equations provide, which are the field
equations for the metric tensor g, (x). In these, the energy-momentum distribution
of matter and radiation enters as the source of the field. Thus, the metric influences
the matter and radiation on one hand, and vice versa — in contrast to SR. We will not
be able to learn the Einstein equations in this introduction, as we lack the necessary
prerequisites from differential geometry.

Schwarzschild found the spherically symmetric, exact solution (Schwarzschild metric)

-1
ds® = (1 - T—rs) Adt? — (1 - %) dr® — r2(d6? + sin? 0 dyp?) (5.42)

of the Einstein field equations in vacuum with a point-like source at the origin, where
rs 18 a parameter whose physical significance we will learn later. The parameters of
the chart are defined for r > rs, 0 < 6 < 7 and 0 < ¢ < 27w. For r — 00, the metric
asymptotically approaches the Minkowski metric (in polar coordinates)

ds® = 2dt* — dr® — r*(d6? + sin® 0 dp?), (5.43)

thus t represents the time and 7 the coordinates of a (infinitely distant) observer in
their inertial frame. At the Schwarzschild radius r = rg, the chart becomes singular
and the opening of the light cones with ds = 0 approaches zero. This manifests itself
in the fact that the redshift diverges, as the proper time is given by

dr = /1 —rg/rdt, (5.44)

so that for r — r,, time appears to pass more and more slowly for the external
observer. However, only the chart used becomes singular, not the metric. This can
be seen from the fact that det g = —r*sin?# does not vanish at » = r,. In fact, one
sees that at the Schwarzschild radius, the signature of the coordinates ¢t and r swap,
thus radius and time reverse their roles.

One can visualize the spatial metric

-1
a2 = (1 _ %5) dr® + 12(d6* + sin? 0 dp?) (5.45)
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Figure 5.3: Flammes paraboloid: Spatial metric of the Schwarzschild solution (dt = 0).
The horizontal plane corresponds to the radius r and the angle ¢ (at the equator
with @ = 7/2). The vertical direction (w) is an additional dimension. The distances
on the paraboloid correspond to the spatial distances of the Schwarzschild solution.
The paraboloid has a saddle-shaped (hyperbolic) curvature at every point.

of the Schwarzschild solution in the following way. One reduces the variables by
restricting to the equatorial plane with § = 7/2. The curvature is obtained by
embedding in Euclidean space (with cylindrical coordinates)

di* = dr? + r2dp® + dw? (5.46)
with the additional dimension w. Restricting the space to the flamme paraboloid with
w? = 4ry(r —ry), (5.47)

see Fig. 5.3, yields 2wdw = 4mdw = 4rgdr and thus the metric

T's

dl? =

-1
dr? + dr? + r?dp? = (1 — E) dr? + r2dy?, (5.48)
r—rs r
which corresponds exactly to the spatial metric of the Schwarzschild solution at the
equator.

Let us consider as an example light that moves radially towards the Schwarzschild
radius. Since light moves along a null geodesic, the motion is determined by ds =
df = dp = 0. The null geodesic equation thus takes the simple form®

~Ts\ 249 _Ts -1
(1 . ) 2dt? = (1 T) dr (5.49)
and thus y
t
Cd—r = £(1—ry/r)" ], (5.50)

8This form also follows from the general geodesic equation (5.66) with V() = 0, due to L = = 0.
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where the sign 4+ (—) corresponds to the outgoing (incoming) radial null geodesic.
Integration yields the result

c(t —to) = £(r +rslog|r —rs|). (5.51)

Thus, it appears to an infinitely distant observer as if light takes an infinite time to
reach the Schwarzschild radius. This is a manifestation of the infinite redshift.

The radial distance [ of an observer at position r from the Schwarzschild radius is
given by

T T d,r/
- / dl = / o
Ts Ts \/W
=/r(r—rs) +rslog <\/r/rs—1+\/r/rs) > — 7. (5.52)
This distance is always greater than r — 7, but it is not infinite. The Schwarzschild

radius is thus located at a well-defined spatial distance for an external observer, see
Fig. 5.3.

5.7.1 Eddington-Finkelstein Metric

To resolve the singularity of the Schwarzschild chart, we want to introduce a new
time coordinate v such that the incoming null geodesics become straight lines with
v = const. This is achieved through the following coordinate transformation,

cv=ct+r+rslog|r—r4, (5.53)

so that the outgoing radial null geodesic equation becomes v = tg, cf. (5.51). Differ-
entiation leads to
cdv=cdt+ (1 —rg/r) " tdr

and thus one obtains the Eddington-Finkelstein metric
ds® = 2(1 — rs/r)dv? — 2cdvdr — r*(d6? + sin® 0 dp?). (5.54)

One recognizes that the line element is regular at r = r;. Thus, the Eddington-
Finkelstein metric analytically continues the Schwarzschild metric. Now considering
null geodesics in the new coordinates, one has by construction v = tg for the incoming
geodesics. Incoming light rays thus simply pass through the Schwarzschild radius.

The outgoing radial null geodesic is determined by ds = df = dyp = 0. The solution
with dv = 0 yields the incoming null geodesic. Therefore, for an outgoing light
particle, we find the geodesic equation

cdv 2

A 1-— rs/T (5.55)
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with the solution [cf. (5.50)]
c(v—wvg) =2(r+rslog|r —rs|), (5.56)
or expressed in the original coordinates
c(t —to) =r+rslog|r —rsl. (5.57)

Thus, outgoing light particles cannot cross the Schwarzschild radius. The surface
r = rs thus acts like a partially transparent membrane that only allows light particles
to pass from the outside to the inside. Therefore, the Schwarzschild radius is also
called the event horizon, as it forms the boundary of all events that can, in principle,
be detected by an external observer.

5.7.2 Non-Relativistic Limit

For small velocities dr/dt < ¢ and large distances r > rg (that is, in the non-
relativistic limit), the Schwarzschild metric becomes

ds? = (1 - Q) dt? — dr? — r2(d9? + sin® 0 dy?). (5.58)

r
A comparison with (5.39) shows that the Schwarzschild metric describes a gravitational
potential of the form ¢ = —c?ry/2r. For an object of mass M, in classical physics,
¢ = —GM /r with the gravitational constant G' = 6.7 - 10! m3/kgs?. Thus, one

obtains the formula
_2GM

rs = B}

; (5.59)

for the Schwarzschild radius, expressed in terms of the mass of the central object.
For the sun with Mg ~ 2 - 1030 kg, for example, rs ~ 3km.

5.7.3 Metric Near the Event Horizon

Near the event horizon, we introduce the new radial coordinate h with r = 74+ h? /4rs.
Expanding the Schwarzschild metric for h < 75 leads to the metric
h2
ds* = @(ﬁdﬁ — dh® — r2(d6? + sin® 0 dp?). (5.60)
S
Thus, the spacetime near the event horizon is given by the Rindler metric (5.24). Here,
the time ¢ of an infinitely distant observer plays the role of rapidity with x = ct/2r;
and the distance from the event horizon h corresponds to the acceleration via a = c¢2/h.
Thus, one can understand the vicinity of a black hole with Fig. 5.2. The Rindler
horizon with h = 0 plays the role of the event horizon, where the chart becomes
singular. The event horizon lies for the distant observer at ¢ = +-0c0 (corresponding in
the figure to xy = +00), as objects moving towards it become increasingly redshifted.
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By the fact that the Schwarzschild metric becomes the Rindler metric near the event
horizon, the Unruh effect also occurs there. In this context, the radiation emitted
from the event horizon due to quantum fluctuations is called Hawking radiation. To
calculate the Hawking temperature T, it is important to consider that the radiation
emitted near the event horizon is redshifted before it reaches the distant observer
(with proper time t). We thus obtain the result

v/ 900 he hc?
Ty = Ty = = 5.61
¢ U7 Arkgr,  S8xGMkg' (5.61)

where we have used /goo/c = h/2rs and (5.31). The Hawking temperature of the
sun is thus Ty ~ 6 - 1078 K.

5.7.4 Geodesics

The Lagrange function for the variational principle of geodesics (5.7) for the Schwarzschild
metric is given by

A Ly P A UGy (A P
L_< r)cd72 (1 r) arz " d7'2+smed72 ‘ (5:62)

The Euler-Lagrange equation for 6 is

d [ ,df dp\* . B
~r (7" d7_> + <7°d7_> sinf cos§ =0 (5.63)

is identically satisfied for a path in the equatorial plane with § = 7/2, which we want
to assume without loss of generality.” Thus, the Lagrange function becomes

L= (1—%) c2jf;— (1—?)_1%42%. (5.64)

Since the variables ¢ and t are cyclic, the conservation laws r2dp/dr = ¢ (angular
momentum) and ¢(1 — rg/r)dt/dr = € ("energy") hold. Since the Lagrange function
is given by L = (ds/dt)?, it is also conserved. For massive objects, L = ¢2, while for
light, L = 0.

Substituting the cyclic variables into (5.64) yields

B T\~ [ o dr? 2
L= (1—7) (5 —dT2> - (5.65)
Thus, we obtain
dr? 9
—— +V(r)=¢ (5.66)
dr

9Since the problem is spherically symmetric, one can always choose a coordinate system such
that the path lies in this plane.



66 CHAPTER 5. GENERAL RELATIVITY

with the "potential"

V(r) = (1 . %) (L + ﬁ) . (5.67)

It is convenient to introduce the variable v = 1/r. From du/dr = —u?dr/dr and
do/dr = (u? we obtain for u' = du/dp the result

du/dr\? E2-V &2 L
2 2
W2 = <ds0/d7’> =—F 5" (1 —rsu) <€2 +u > . (5.68)

Differentiating the equation with respect to ¢ and then dividing by 2u/, we obtain
the result

rsl 3rsu?
22 2
The equation can be explicitly solved with elliptic functions. In the following, we will
consider a few special cases.

u +u (5.69)

5.7.5 Perihelion Precession
Let us consider the motion of a massive object with L = ¢2, then (5.69) becomes
™ = 3mu? (5.70)

with m = rs/2 = GM/c?. In Newtonian physics, for the motion of a body around a
central body (Kepler problem), we have

2GM 2
.2 _ S92
- +ﬁ_2E’ o =1L/r". (5.71)
Thus, for u = 1/r, we obtain
GM
u 4+ u— = =0 (5.72)

Comparing (5.70) and (5.69) shows that (apart from £2 — 1 = 2E) the term propor-
tional to u? represents the relativistic correction. This term corresponds to the term
oc 773 in (5.67).

The general solution of (5.72) has the form

ug = %[1 + ecos(p — ¢o)] (5.73)

with d = 2/GM. For 0 < ¢ < 1, the path is an ellipse. The perihelion is located at
@ = o + 2nZ. By rotating the coordinate system, we can achieve that g = 0.

Next, we want to determine relativistic corrections to the Kepler orbits. To do this,
we set u = up + u1 and obtain (to first order in m)

3m

2 (1 + 2ecos @ 4 €% cos? ). (5.74)

"
up +up =
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With the initial conditions u; = u} = 0 at perihelion (¢ = 0), the three equations
(A1 = 3m/d2, Ag = 6m€/d2,A3 = 3m52/d2)

Ay
uf +up = Ascosp (5.75)
Ascos? o
have the solutions
A1(1 —cosp)
uy = 4 $Aspsing (5.76)

As[§ — % cos(2¢) — & cos g).
Only the second term contributes to
6mme
a2
Due to u”(27) = —e/d (to Oth order), the perihelion shift (the shift of the zero point
of u') is given by

u'(27) = Ao = (5.77)

u'(2m)  6mm 6mGM
Ap = — = = 5.78
? u’(27) d ca(l —e2)’ (5.78)
where a is the semi-major axis of the elliptical orbit. For Mercury, we find Ay ~ 43"
per century (” = arcseconds), which is now confirmed to 1%. Note that other

disturbances are about ten times larger.

5.7.6 Deflection of Light

Next, we consider lightlike geodesics with L = 0. Then (5.69) becomes
u” +u = 3mu®. (5.79)

The equation u” + u = 0 describes straight light rays with ug = b~! sin ¢, where the
perihelion is chosen at ¢ = 7/2 and b is the impact parameter. The zeros ¢ = 0, 7 of
ug correspond to the directions of the asymptote as r — oo.

As above, we consider the influence of general relativity with perturbation theory. To
first order in m, we need to solve the equation

3
W g = b—g” sin? . (5.80)

We obtain with u; = u} = 0 at perihelion the solution in the form

U= }sin +3—m
TP T e
Y 3m
=3+ G+ g +omd), (5.81)

[% + %COS(Z(,O) — %sin gp]
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Figure 5.4: Sketch of the deflection of light emitted by a star at position S and
detected at B. The light is deflected due to the mass of the sun (gray circle) and the
star thus appears at position S/, corresponding to an angular shift of ¢.

i.e., the zero point of u shifts to woo = —2m/b. The total deflection is

AGM 175"

= a2 5.82
b b/Rg’ (5:82)

6 =2|po| =
see Fig. 5.4. This effect can be observed during a total solar eclipse. The experimental
agreement is about 1%.

5.7.7 Stability of Circular Orbits

In this chapter, we want to investigate for which radii r > r; it is possible to perform
(stable) circular motion. For an object on a circular path, the radial force
ov L 9 o 2 2
F, = 5, = (c rer” — 20°r + 3¢ 7“5) (5.83)
must vanish. This is the case when the two attractive forces, the Newtonian gravity
(first term) and the relativistic term (third term), balance against the centrifugal
force (second term). The angular momentum is then given by

CQT‘Q

P=—F
2r/rs — 3

(5.84)
determined. For a given angular momentum, the quadratic equation (5.83) has two
solutions

02 3c2r2 02 3c2r2 302
T - 1 + ]. - S N 'S = 1 — ]_ — S — .
T < 02 ST g 02 2rs
For small radii (less than r.), the attractive relativistic term dominates in (5.83).
For radii between r~ and r~, the total force is repulsive, while it becomes attractive
again for large radii (greater than r~). Thus, the path at r~ is unstable against small

disturbances: If the radius decreases slightly, the particle is accelerated towards the
center.

The path at 7~ is stable. However, it only exists for 7 > 3r, (£2 < 3r2c?). At r = 3r,,
we have the maximum angular momentum |¢| = 2 |dp/dr| = v/3crs. The unstable
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path at r- exists for %rs < r < 3rg, where the lower limit corresponds to an angular
momentum |¢| — co. For radii r < 37, there are no circular orbits (not even unstable
ones).

Next, we want to determine what speed v = r dp/d7s a body has that orbits a black
hole at a distance r, measured with the proper time 75 of a stationary observer at
the same distance. We know that ¢/r = rdy/dr. Thus, we only need to convert
the time to the proper time 7, of a stationary observer. We have dr/drs = v71,
with v = (1 — v2/¢?)~1/2 the time dilation of the moving body with respect to the
stationary observer. Thus, we obtain the equation v = y~'¢/r with the solution

V2(r/rs — 1) ’

where we have used (5.84). At the critical radius r = 3rg for stable circular motion,
the speed is therefore v = %c and at the radius r = %rs, below which there are no
circular motions, we have v = ¢. The circular motion is therefore stable for 0 < v < %c
and unstable for %c < v < c¢. Since light always propagates at the speed of light, the
circular null geodesics only exist at the radius r = %7"5 (this result can be directly
derived as a solution of the null geodesics). Light particles are therefore bound at the

radius r = %rs and this radius is also called the photon sphere.

v =

(5.85)
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Appendix A

Tensors

We consider a real (finite-dimensional) vector space V. Then, r-fold covariant and
s-fold contravariant tensors are multilinear mappings

T:Vx- - xVxV*x...xV*=R (A1)

r—times s—times

with V* being the dual space to V, i.e., V* is the vector space of linear mappings
V +— R. Note that the space of (r,s)-tensors 7,°(V) again forms a vector space. For
example, we have

In particular, a scalar product g(v,v) € T3, i.e., doubly covariant.

Let now ey,...,e, be a basis of V and e*!, ..., e*" the corresponding dual basis
of V* with e*(e;) = ;. With a basis, we can express the tensor T through its

components
Tz-l__irjl"'js =T(ei,---, €, e*jl, e e*js) (A.3)
via
T = Tilmirh...jse*h ®--- e*ir Rej R ®ej, <A4)
where we have used the Einstein summation convention. Here we have introduced
the basis

e*il Q- .e*ir®ej1 Q- '®ejs(ella L 7617»ae*k17 . ’e*ks) — 6i1l1 .. '6irl7-5j1k1 .. .5jsks
of the multilinear mapping, see (A.1).

The following operations can be defined on tensors:

Addition and multiplication with scalars: With S,T € 7,7 and a,b € R, we
have aS + bT € T given by

(aS + bT)Z‘l._,i,,jl"'js = aSil,_iT,jl"'js + bﬂl_._z‘,.jl"'js;

i.e., 7% is a vector space.

71
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Tensor product: With S € 75 and T € 73!, the tensor product S® T € 7,7 is
defined by
(S® T)z‘l...ile"'js — Sz'l...irljl"'jslTi ) jr1+1---js’

r14+1-2r

where r = r{ + r9 and s = 81 + $9.

Contraction: From a tensor T € 7,°, one can obtain a tensor S = K IQT € 7;5:11
through contraction. With 1 <k <r and 1 <[ < s, we define

S Jieds—t — o Jle i1 s
210 0pr—1 11 —10410r .

Note: for T € T}, K{ corresponds to the trace operation, KiT = trT.

Scalar Product

In physical applications, we usually have a distinguished scalar product g(v, w) € T5.
In components, this is expressed by the symmetric matrix g;; = g;;. This allows one
to raise and lower indices. In particular, the scalar product in components is given by

g(v,w) = gijviwj = ijj = inj (A.5)

with the operation of lowering v; = gﬂvi and w; = gjl-w". By inverting this relation-
ship, we obtain v* = g"/v; with the inverse g% = (g7!);;, such that g¥g;;, = &'.

Euclidean Space

The Euclidean space R3 with Cartesian basis is defined by the scalar product 9ij = 0ij.
In this space, raising and lowering indices is trivial, and therefore the indices are
usually written only below. In general, we are interested in how tensors transform
under a change of basis. As already seen in Chapter 1, the components of vectors
re 761 transform as = Rr. Due to the trivial scalar product, there is no difference
between co- and contravariant transformation, and we find that a general tensor
transforms as

T!

11...0n

= Riyjy - Rinjn Th. g (A.6)

Minkowski Space

The Minkowski space is defined by the Lorentz scalar product g;; = 7;; with

0 0 O

1
0 -1 0 0
— ury
0

0 0 -1
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since n~t = 1.

Now consider a basis transformation A, under which the components of a four-vector
x transform as 2’ = Az.! We write this, taking into account the correct raising
of indices, as 2" = AY,2*. By lowering the indices, we obtain analogously the
transformation rule for a covariant vector as zj, = A, *z,, with

A = nuaAUTnTM = (A_l)'uu' (A8)
A general tensor therefore transforms under a basis transformation as

TY 490 = NP Ay AT, A T (A.9)

01y

Tensors that transform in this way are also called four-tensors or Lorentz tensors.

Tensor Fields

Note that due to the established transformation rules (A.6) and (A.9), equations
between tensors of the same rank are automatically covariant. This nice property
can be (pointwise) generalized to tensor fields T;,. ;71 (¢,7). Tensor fields addi-
tionally allow for the definition of derivative operations, alongside the aforementioned

operations.

In Euclidean space, the gradient S = 9T of T;, ;, (r) is automatically a tensor of
rank n + 1 defined by

0

Skirin = (O kiy.in = 87]67}1...1'"(7‘)- (A.10)
Using the chain rule
0 On 0 3[(R—1)lmr§n+const]i _ (R i—R a
orl. oy or ory, o “or, Mo,

it is easy to see that S indeed transforms like a tensor under a change of coordinates.
In fact, we then obtain
o ., 0

=17, (r') = R Ry, -+ Rinjnafrk

67"2‘ 11.4.in T'Llln (r)

In Minkowski space, it can be shown that the gradient S = 9T of an (r, s)-tensor is
an (r + 1, s)-tensor. Analogous to the Euclidean case, we obtain with the chain rule

0  0z¥ 9  9[(A1)”sa'” + const] 9 _ (A i—A , 0
oz’ Qx'h Ozv Ox'H oxv Boxgr — F Ozv”

We denote the four-vector as in the main part without boldface.
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And therefore, S indeed transforms like an (r + 1, s)-tensor with the transformation
law

S/ Jieds (:n’) _ 6x/uT', CJ1eeds (3:')

Hil ..oy 01y

0

SVS @Tulmurm...us (1:)

v ] ] V1.V,
= A# Ailﬂl .. .AZ.TNTAth Ce A]Sl/sSl/uy..ur 1 S((L‘)

, , .
= AN A AT, N
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