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Chapter 1

The Laws of Thermodynamics

Thermodynamics is a physical theory that makes statements about systems for which
we have incomplete information and control. It is not the case that the theory is
incomplete simply because we do not make enough effort to understand a system in
all its details. On the one hand, quantum mechanics imposes a fundamental limit on
knowledge about the system due to the randomness of measurement results, and on
the other hand, even in classical physics, the amount of information required for a
complete description is so unimaginably large that it is (practically) impossible to
fully know a macroscopic system. For example, consider a liter (1dmx1dmx1dm)
of helium gas at standard conditions.! There are approximately 10?? particles in that
volume. If we want to specify the position of each particle with an accuracy of just
1 mm, we would already need about 10?2 x 3log,(100) ~ 20 x 10?2 bits (approximately
one zetabyte) of information. One can easily imagine how quickly we reach the limits
of information processing with slightly larger systems.

The foundation of thermodynamics is based on dividing energy into two different
classes, heat (Q) and work (W). Work has been known since the mechanics lecture.
In thermodynamics, work refers only to the part of energy to which we have explicit
access. In fact, in a specific experimental setup, there are often only a few degrees
of freedom that can perform work: for example, in an engine, it is the torque of the
crankshaft. Heat describes the part of energy that is contained in the remaining
degrees of freedom. It is natural that work (and therefore heat) depends on the
experimental setup. Thus, the thermodynamic terms heat, work, temperature, entropy,
. are relative to the experimental setup. We refer to this as relatively objective
to distinguish ourselves from the position that statistics and thermodynamics are
subjective and therefore not suitable for an objective description of nature.

!Pressure p = 1 bar = 10° Pa, temperature T' = 300 K.
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(b)

Fig. 1.1: (a) Thermodynamic system consisting of a mass m on an inclined plane in
a gravitational field. There are two (equilibrium) states (1) and (2) with an energy

difference AUy = Uég - U;S?c = mgh > 0. The states are set by the slider under the
mass as an external constraint. In (b) we consider two representative processes that
undergo the transition (1)—(2). In the left image, the constraint is quickly moved
from (1) to (2). The system is temporarily out of equilibrium as the mass slides
down the inclined plane. At the equilibrium point (2), the mass has lost the potential
energy AUpet, which has been completely converted into heat AQ through friction.
Alternatively, we can move the system slowly from (1) to (2) without friction, by
investing the energy in the potential energy (work) of an additional mass as shown
in the right image. In this case, no heat is generated and the energy is completely
converted into work AW.

1.1 Introductory Example

We will first consider a simple example in which we introduce the basic concepts of
work, heat, state, and process of the first law. It is helpful to study this example
carefully. In case of later difficulties with the abstract formulation, one can also refer
back to this chapter to concretize the concepts.

In the example, see Fig. 1.1, the thermodynamic system is given by a mass m in a
gravitational field with acceleration g. In mechanics, we have studied systems without
friction. In this case, the energy E' = K + Upot (kinetic energy K and potential energy
Upot) remains constant. A mass point starting at rest at point (1) will have kinetic

energy K = AUpot = Uég - Uéi)t = mgh at point (2). In thermodynamics, the
conservation of energy is generalized to systems with frictional forces. However, this
is limited to equilibrium states. In our example, due to friction, K = 0 at equilibrium
at (1) and (2). These states are characterized by a small number of parameters

(the state variables), especially by conservation quantities (energy E, ...) and by
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constraints (in the example, the sliders below the mass). In the example, we study
processes that lead the transition from equilibrium state (1) to equilibrium state (2)
with the energy difference AUpot.

If the slider is moved from (1) to (2) without attaching a mass, the potential energy is
completely converted into heat through friction with AQ = AUp. Alternatively, one
can use dynamics to lift an additional mass (black box in Fig. 1.1(b)). By carrying
out this process slowly, by attaching a suitable counterweight, there is no friction
in the limit and AW = AU, i.e. all the energy is now in the potential energy of
the additional mass.” In general, not all the energy is converted into work. However,
conservation of energy implies that AUy = AQ + AW for a general process.

From mechanics, we know that the total energy Upo of the mass m in equilibrium
depends only on the state (the position of the sliders). Thus, energy is a state quantity.
When transitioning from (1) to (2), the energy AU,y is released independently of
the process. On the other hand, work and heat are process quantities, meaning they
depend on the process. Infinitesimally, we write dU (complete differential) for a state
quantity and 0W (general differential) for a process quantity, to express that the
value of dW depends on the process.

A small mathematical review of the known: a general differential §W with respect to
the variables x; has the form

6sz@)@z§3ﬂ@mf (1.1)

It describes the change in work dW when the variables change by dx;. In general,
there is no ‘potential’ U(x) such that W = dU = 3_,(0;,U)dz;. For there to be a
potential and §W to be a complete differential, the integrability condition must be
satisfied®
ofj _ 9fi
8.271' N (9%']'
for all 4, j. Then, for any closed path ~, we have

fmv—o (1.3)

(1.2)

according to Stokes’ theorem, and we find a potential

U(x) = ’ )74 (1.4)

xo
with respect to any initial point xg.

We will prove the following relationships between differential quotients in the exercises:
Consider the variables x,y, z which are linked by the condition f(z,y,z) = 0. Then,

20f course, in this case, the additional mass must be chosen so that the forces at the two ends of
the rope cancel each other out.
3Tt must also be noted that we have a simply-connected domain.
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the following holds (we explicitly indicate with (-), which variable is held constant in
the partial derivative):

BLEE - @G o
(5).

17)

If we introduce an additional condition w(y, z), the chain rules hold:

on\ _(0a) | (o) (w or\ _(or\ (o) g
o), \oy/, ow/),\0y ), 0z), \0y), \0z/)," ’
Building on these considerations, we will define the individual quantities internal

energy U, work W, and heat @ in the following sections as they are used in thermo-
dynamics.

1.2 Internal Energy, Work, Mechanical Equilibrium

Although the formulation of thermodynamics is more general, we will focus on N-
particle systems for the sake of clarity. The energy is given by the Hamiltonian
function
H =K+ Uy = z; o z; Vet () + 5 ‘ZI Upw(@i — ;). (1.7)
Jj= j= ij=

From mechanics, we know that a system without external potential (Ust = 0)
exhibits the 10 classical conservation quantities - energy (F = H), total momentum
(P = Zj p;), total angular momentum (L = Zj x; X p;), and the center of mass
integral (M X — Pt = mzj T — Zj p;t). Thermodynamics considers a generic
system without additional conservation quantities. In particular, the interest lies in
enclosing the thermodynamic system with Ugy in a volume of size V' in such a way
that at equilibrium, there is no macroscopic motion, i.e. no rotational motion (L = 0)
and no translational motion (P = 0). In this case, the energy F at equilibrium is
referred to as the internal energy with the symbol U, to indicate that all contributions
to the energy result from internal motions of the system.

The (infinitesimal) work can be written as

oW =" gadZa (1.8)

with the working coordinates Z,, which are under experimental control, and the
equilibrium quantities g, (see below). We use the sign convention so that /W > 0
corresponds to a process where work is supplied to the system. Thermodynamics is
relative to the choice of working coordinates Z,, which determine work as a usable
form of energy. This is precisely the relative objectivity mentioned above. Once all
Z are chosen, thermodynamics is uniquely determined.



1.2. INTERNAL ENERGY, WORK, MECHANICAL EQUILIBRIUM 5

Example 1: If the coordinates x; of all particles are fixed, then
N
oW ==Y Fj-dz;,  with Fj = 0, Upot , (1.9)
j=1

as work is done against the (internal) force F; when the coordinates x; are
changed.

Example 2: (Gas in a Container)

For most applications later on, we use the volume V as the only working
coordinate. We consider a gas enclosed in a box with

0, xeV,

oo, otherwise.

Uext(x) = { (1.10)

The work done when changing V' is now only against the external potential.
We obtain the supplied work

§W = —pdV (1.11)

with the pressure p.

To see that the pressure really corresponds to the expression ‘force per area,’
consider the example of a (frictionless) piston:

If the position of the piston is changed by dx > 0, the volume
Vv P increases by dV = Adx with A being the cross-sectional area.
—dx  Therefore, the gas performs work —6W = pdV = pAdz, where
F = pA corresponds to the force as desired.

The pressure has SI units (Pascal) 1 Pa = 1 N/m?. Furthermore, the Bar is also
often used with 1bar = 10° Pa. The standard pressure (the average air pressure
at sea level) is 1 atm = 1.01325 bar.

Since pressure is only defined in equilibrium, the process must proceed quasi-
statically, meaning it is carried out so slowly that the system always remains in
equilibrium. In order for the work of a change in internal energy to correspond,
the process must also be reversible, meaning it can be reversed. This concretely
means that the pressure for an infinitesimal compression is equal to that for an
infinitesimal expansion.

In a realistic piston, the externally applied pressure px is not equal to the
internal gas pressure p. Due to static friction between the piston and the wall,
we have

pk > p, during compression (dV < 0),
pr <p, during expansion (dV > 0).
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Therefore, a real process is irreversible, as the work put into the system during
compression cannot be fully recovered during a subsequent expansion. This
makes the real process irreversible.

Example 3: (Dielectric in a Capacitor)

¥1 P2
Ly Ly
We consider a polarizable medium with polarization
density P in a capacitor at a fixed applied voltage ®.
For an isotropic medium, the (electric) work is given Qr | @2
by H
oW = EydP, (1.12) P =pr—¢1

with Ey being the field strength in the capacitor without the medium and the
total polarization P = [|P|dV. One can see the correspondence p > —Ey,
V < P with the example 2.

Proof: The Maxwell equations rot E = 0 and div.D = p of electrostatics hold, with D =
E + P." The electric potential ¢ determines the electric field via E = —V . The boundary
condition is ¢ = ¢; on the conductor L;.

During a small change in charge d@ brought from conductor L; to conductor Ly (dQ2 =
—dQ1 = dQ), the work done by the battery is dW. = ®dQ = (p2 — ¢1)dQ = ¢1dQ1 + p2dQ2.
The charge or its change is determined by (A is the inner normal)

QR =— D-dA, or dQ;= 7/ dD -dA (1.13)
aL; aL;
Thus, we obtain

@ d(div D)+V¢-dD

2 PR
SW, = —Z/ @;jdD - dA = —/div(gadD) av = /E-dDdV (1.14)
j=170L; G G

where G is the region outside the conductors.

To obtain the energy contribution of the medium, we still need to subtract the energy of the
system at the same voltage ®o = ® without the dielectric. We obtain (d® = d®g)

SW = W. — 6Wo = ®dQ — PodQo = Po(dQ — dQo) — Qo(d® — do)

:/EO~d(D—E0)dV—/Eo-d(E—Eg)dV

G G

:/Eo-d(D—E)dV:/E0~deV (1.15)
G G

Note that the last expression only needs to be integrated over the medium (as one would
expect for the energy contribution of the medium). In the derivation of (1.15), we used

(div Eg)de+Eqg-d(Ve)

2 P
Qod® = —Z/ (dp;)Eo - dA = —/div(Eodap) dv = /Eo ~dEdV .
j=170L; G G

4“We use a unit system with €9 = po = 1.
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In applications, it is often the case that due to the isotropy of the medium, P is aligned with
Ey. For an isotropic medium, the (electrical) work is given by

6W:/E0deV:E0d7?, (1.16)

where in the last step we assumed that Ey (the field without the medium) is constant in the

capacitance.
Example 4: Further examples of work coordinates that are often encountered are:

Ja ‘—p o FEy By ¢ pu
iZy |dV dA dP dM dQ dAN

Here, o, A denote surface tension, surface area, and By, M the magnetic field,
the total magnetization in a coil operated with a constant current source. The
last pair is needed for describing particle exchange and chemical processes. Here,
N is the number of particles and p is the chemical potential, which corresponds
to the work that must be done to add a particle to the system.

For the discussion of mechanical equilibrium, we want to focus =

on additive work coordinates. As an example, we consider %4 Va
the volume with V' =V} + V5 for a system consisting of two
subsystems. The partition wall, which acts as an nhibition,
experiences a pressure p; — pa (to the right). This leads to the equilibrium condition

pP=p =py. (1.17)

This argument can be easily generalized to general additive work coordinates Z,. The
mechanical equilibrium is determined by the equilibrium quantities g, being equal in
the individual subsystems in mechanical contact.

For the stability of the equilibrium, it is crucial that at small deviations dV; > 0 from
equilibrium, a restoring force is established, i.e.

d(p1 — p2) dp1 | dp2
0> (SRR _ SPL SR 1.18
~ ( avi ), av " av (1.18)

The principle that a restoring force is established at a small deviation is called
the Le Chatelier’s principle. In this case, it follows that the compressibility £ =
—(1/V)(dV/dp) must be positive.

Note that for short-range interaction Uy, the internal energy is also (approximately)
additive. We can decompose the internal energy into three parts

U=U; +U;+ Ui, (1.19)
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where Uy includes the part of the energy H from (1.7) where the positions x; are in
volume V7, and vice versa for Uy. Thus, for the non-additive ‘interaction contribution’

Uiz =Y Uswl|mi — ;1) (1.20)
x;eVy,
x; €V

We now consider the thermodynamic limit V' — oo, where V1 /V, V5/V remain fixed. If
the interaction is limited to a range &, only particles in a shell of thickness £ contribute
to Uja. The number of terms in (1.20) therefore scales as (A€)&3 oc V2/3.% while the
individual contributions Uy 2 o< V increase. In the thermodynamic limit, U2 < Uy, Us,
and thus the internal energy is (approximately) additive with U = Uy + Us.

1.3 First Law of Thermodynamics

After these preliminary considerations, we want to formulate the first law of thermo-
dynamics:

Energy principle:

In a system that is thermally isolated (U = 6W), the work required for
a process (1) — (2) (between two equilibrium states) is independent of
the process itself; but of course dependent on the initial and final states.

Thus, the internal energy becomes a state variable and the change dU becomes
a complete differential. Furthermore, we define heat for a general process as the
difference 6Q) = dU — §W. The first law can then be summarized in the compact
form (note d versus )

dU = 6Q + 6W (1.21)

The first law only makes a statement about states that can be reached by a work
process. For example, if no particle exchange is allowed in 6WW, the work and thus
the heat for such a process are not defined.

Note: We continue to use the sign convention, so that §W,dQ > 0 corresponds to a
process in which work or heat is supplied to the system.

Important: Since the internal energy is a state variable, one can talk about how large
the internal energy of a state is. A similar statement cannot be made about work
and heat. It is not the case that part of the internal energy is work and the rest is
heat. The terms work and heat are purely process quantities and can only be defined

as changes 0Q), §W.

SGiven particle density n, there are nA¢ particles in the shell, each interacting with particles in
a volume &3,
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Consequence 1: (Impossibility of a perpetual motion machine of the first kind)

Let us consider a thermally isolated system with §@Q = 0, then we have dU = §W
and thus for any arbitrary cycle process (initial state = final state)

f&W:j{dUzo. (1.22)

Therefore, it is not possible to extract work from a system in a cycle process.
As we have seen, in reality, the external forces do not exactly correspond to
the internal forces. In the piston example, we discussed that more pressure
must be applied during compression, and less pressure is exerted outward
during expansion. For this reason, for a real cycle process, the total work
$0W = — § prdV is actually positive, meaning that work must be invested to
operate the cycle process.

Consequence 2: The equilibrium variables g, in (1.8) can be determined by the

< > =0,7 B4
8Za 5@ 0’

In particular, for complete mechanical equilibrium, we have

< Uy > = < o0 > . (1.24)
8Z1’O‘ 0Q1=0,Z1 ga 8Z2’O‘ 0Q2=0,Z2 gta

The index j = 1, 2 refers to two subsystems exchanging Z,.

(1.23)

Consequence 3: For two thermally isolated systems (6Q; = 0) in constrained
equilibrium, where the individual volumes V7, Vs are kept fixed with V = V; 4+ V5,
we obtain the internal energy

U=U(Vi)+U(V—-Vp). (1.25)
The equilibrium condition p; = ps corresponds exactly to an extremum value

of U as a function of V; (at dV = 0).
The stability condition (1.18) leads to

d(p1 —p 02U
(0 ()
V,6Q,=0 1/ V,6Q;=0

meaning that a stable equilibrium corresponds to a minimum of the internal
energy as a function of the constraint V;.

This argument can be easily generalized. For a system consisting of two
thermally isolated parts in mechanical contact, we have U = Uy + Us, where
the complete equilibrium is established at the minimum of the internal energy.
In formulae, this means that the Hessian matrix in a thermally isolated system
is positive semidefinite; we write 02U = (02U /0Zo0Z5)a,p > 0.
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Consequence 4: (mechanical Maxwell relations)

As seen before, 0W has a complete integral on the subspace with 6QQ = 0.
Therefore, the integrability conditions (1.2) hold there

<8ga> _ <a9ﬁ> _ (1.27)
925 ) 50-0.250.  \9%a) 5Q=025..

For the case of a gas considering particle exchange, with §W = —pdV + udN,
the Maxwell relation holds

) e o7)
(2 — (o . (1.28)
<3N V.60=0 OV ) N.so=0

Consequence 5: The state variables Z = (U, Z1, Zo, ... ) uniquely determine an
equilibrium state.

Starting from any equilibrium state, one can reach the other equilibrium states
through processes. The change in the work variables Z, Zs, ... describes all
possible mechanical changes §W. The amount of heat exchanged is determined
by specifying dU through §QQ = dU — §W. The first law guarantees that U
itself exists and is a state quantity. Thus, every thermodynamic equilibrium
state is uniquely determined by specifying Z.

Let us consider again a thermodynamic system consisting of two parts. In
mechanical contact, the quantities g, (such as pressure, chemical potential,

..) are equal. For the internal energy, U = Uy + Us. If we now allow thermal
contact between the parts, this allows for the exchange of energy in the form of
heat. The question now is how the total energy U is distributed among the two
subsystems in equilibrium.

The zeroth law of thermodynamics guarantees that a thermal equilibrium is
established and that it is also transitive. This means that if 1 is in thermal
equilibrium with 2 and 2 is in thermal equilibrium with 3, then 1 is also in
equilibrium with 3. The equilibrium quantity associated with internal energy
is called temperature ¥. Through thermal contact, the temperatures of the
subsystems equalize. It is natural to choose the sign of the temperature so
that U increases when ¢ increases. Due to symmetry, two systems at the same
temperature can exchange heat reversibly.

One defines a heat bath at temperature ¥g as a system in equilibrium with an
internal energy Uy that is much larger than the systems that are thermally
coupled. By thermal coupling, another system can be brought to the tempera-
ture 99 through heat exchange. The conventional temperature scale is degrees
Celsius (°C). At normal pressure, water freezes at 0°C and boils at 100 °C.



1.4. IDEAL GAS, CYCLES 11

1.4 Ideal Gas, Cycles

An (monoatomic) ideal gas is an N-particle system in volume V without interactions
Usww = 0. Therefore, the internal energy consists only of kinetic energy with U = K
(the external potential Ugy only acts as a hindrance). Physically, thin noble gases,
i.e., noble gases at low densities or high temperatures, are very well approximated as
ideal gases. We consider ideal gases as a thermodynamic system with a fixed number
of particles, so that the volume V is the only working coordinate. With the first
law, a state is uniquely determined by the two state variables (U, V). In particular,
this implies that there must be a relationship f(V,p, ) between the three variables
V,p, 9. Ideal gases satisfy a series of empirical properties, in particular, on isotherms
(¥ fixed)

pV = const. (Boyle-Mariotte),
U = const. (Gay-Lussac).

Gay-Lussac determined his law through an overflow experiment: if an (ideal) gas with
temperature 17 expands from a volume V; to a larger volume V3, the temperature of
the gas does not change.

With the prior knowledge from mechanics, we can show that the two properties are
equivalent. For this purpose, it is useful to look at the virial > ;Tj " Dj- Using the
Hamiltonian equations of motion, we obtain for the temporal change

dtz iy = ij Z x M_2K+Zaz] Fuuj. (129

J

When averaging this equatlon over time 7, the left side becomes
T

where we have assumed that the system is stable, with ‘z ;T pj’ < 00. Furthermore,

in equilibrium (with dFe = —pdA on the surface V)

(1—00)

— 0, (1.30)

=3
—ng Fextj=p /avac'dA:p/ dive dV = 3pV . (1.31)

v
This leads to the result
(id. Gas) — (1.30) 1 - 1313
U ="K = fgzmj-Fexm = V. (1.32)
J
Thus, we have shown that Boyle’s Law is equivalent to Gay-Lussac’s Law. In the
general case with H = K + Upt, the relationship

2_ Wy
SK=pV+ ij =pV — Zm] T (1.33)
J
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p U
v
. adiabatic J

s o Vs N o v Fig. 1.2: Position and
isotherm™y t. shape of adiabats and
BRI isotherms in the p-V and

) U-V diagrams.

~
-~
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-~

where the last term corresponds to the virial of the interaction force, follows from
(1.29) and (1.31).

In an isothermal process, according to Gay-Lussac, 6¢Q)Q = —0W = pdV. Therefore, in
an ideal gas during an isothermal expansion (V2 > V7), the heat

) @) 5 (2 9
Q= / 5Q = / pdV = U/ v _ “Un(Va/VA) (1.34)
(1) (1) 3 Joy V3

is absorbed. Now, let’s consider an adiabatic process (without heat exchange d@ = 0)
that is carried out reversibly. It holds that

(1st law)

3

§(Vdp +pdV)=dU "~ =""6W = —pdV . (1.35)
After separation in (dp/p) = —2(dV/V'), we obtain the solution

pV°/3 = const. (Adiabatic equation). (1.36)
In Fig. 1.2, a comparison of adiabats with an isotherm for an ideal gas can be seen.

It is important to note that the adiabat is steeper than the isotherm.

As a preliminary consideration for the second law, let’s look at the Carnot cycle. A
cycle process is a cyclically operating (heat) engine that converts work into heat or
vice versa. In the Carnot process, an ideal gas is considered as a heat engine, which
can be connected to two heat baths with temperatures ¥; and ¥9 < 91, and to a
working medium, as shown in Fig. 1.3.

We now examine the following reversible cycle process (Carnot process):

Isotherms:
0, b ('1')'5621—“(%) ...................... 9, (1)—(2) and (3)—(4)
with dU = 0,6Q = pdV,
s \‘\-_;\\‘"--._.QS) Adiabats:
7] L R— i 5, (2)—(3) and (4)—(1)
with dU = —pdV, 6Q = 0.
V

Idealized (without additional friction), the circular process is reversible. On the
isotherms, the ideal gas is coupled to the respective heat bath. Using (1.34), we
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(gen.) heat engine

1 5
o
A —pdV —>W=01-Q
Q2
y '
2 9o

Fig. 1.3: General cycle process: A power machine extracts heat ()1 from the heat bath
at the higher temperature and converts it into work W and waste heat Q2 (into the
second heat bath). On the left, an experimental setup is shown. The two heat baths
are coupled to the gas U, V' with heat conductors. The work is done by the piston as the
working medium. On the right, the corresponding energy flow diagram is shown. The
efficiency 71 of a power machine is defined as n = work done/heat expended = W/Q).

obtain for the heat input (Q1) and heat output (Q2)
2 2
Ql = §U1 hl(Vé/Vi), and QQ = gUQ ln(Vg/V4), (137)

for the isothermal expansion (1)—(2) or compression (3)—(4). On the adiabats,
V230U = const. and it follows that Vo/Vi = V3/V4. The ratio of heat quantities
simplifies to

Q2 Uy

= = f(¥1,9 1.38

0, 0, = f(¥1,92) < (1.38)
and is only a function f(¥1,72) of the temperatures of the two heat baths due to
Gay-Lussac. As a result, the Carnot efficiency is obtained

W Q- Q2:1 Q2

Ql O Ql =1- f(’l91,192) > 0. (139)

nc =

Since the circular process is reversible, it can also be operated in reverse, from
(1)=(4)—(3)—(2)—(1) . In this case, the process is a heat pump with the efficiency

(05 1
WP = — = — . 1.40

Note that the condition reversible is essential in order to be able to operate the
process in reverse.
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1.5 Second Law of Thermodynamics

The second law of thermodynamics allows us to calculate the distribution of internal
energy between two subsystems for systems in thermal contact. It does much more
than that. A consequence of the second law is the definition of an absolute temperature
scale. Furthermore, it specifies that irreversible processes can only proceed in one
direction. This allows us to distinguish whether a video recording is played forwards
or backwards. The second law, with entropy as the associated state variable, is the
cornerstone of thermodynamics.

First, let’s consider the second law (postulate) in Kelvin’s formulation:

(Impossibility of a perpetual motion machine of the second kind)

It is impossible to cyclically generate work by simply cooling a single heat
bath.

Ezample: For a heat bath (internal energy U, volume V) and a mass m in a
gravitational field, we have

(1) (2)

possible

\

With Kelvin’s formulation, everything is said for a single heat bath. It is more
interesting to look at heat engines between two heat baths with 99 < ;.

Consequence 1: (Clausius’ Formulation)

Heat cannot spontaneously (without work being done) transfer from the cold
heat bath to the warm heat bath in a cyclic process.

To see that this formulation is equivalent to

Kelvin’s formulation, one can link Clausius’ 8
process (Black Box) with the Carnot pro- Q> Mo,
cess. This connects Clausius’ machine to a

machine that continuously converts the heat

Q1 — Q2 from the heat bath ¥ into work N Qo Qs
W = Q1 — @2, which is not allowed accord- P
ing to Kelvin. (As an exercise, one can show

=W =01 - Q2

the reverse direction.)
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Consequence 2: (Carnot’s Theorem)

The Carnot efficiency is the maximum efficiency for a cycle process between
two heat baths.

To prove this, one connects the (imaginary) machine (Black Box) with an
efficiency 7 > nco to the Carnot machine, which operates as a heat pump
(W/Q1 =nc,W/Qy =n). No work is done externally, but the amount of heat
Q=01 - Q1 =Q2—Qy=W(nz"'—n') > 0 is transferred from the cold to
the warm heat bath.

Consequence 3: (Universality of reversible cycle processes)

Since reversible cycles can also be operated in reverse as heat pumps, it follows
immediately from Carnot’s theorem that the efficiency of a reversible cycle is
always nc. Otherwise, one could run the process backwards in the sketch of the
conclusion 2 and thus violate Clausius’ formulation. Thus, the Carnot efficiency
is universal for all reversible cycles with two heat baths. The construction of
the Carnot process using the ideal gas in Section 1.4 is only there to show that
nc > 0, meaning that a non-trivial reversible cycle exists. With the second
law, one can show that real gases also have the same efficiency when operated
reversibly (without additional friction losses). All reversible cycles are referred
to as Carnot processes.

Consequence 4: (Absolute Temperature Scale)

For the function f(¥¢1,v92) = Q2/Q1 in the Carnot efficiency n =1 — f(¥1,92)
for reversible cycles, it holds (with ¥; arbitrary):

fwl,%):]w, F(01,93) = F(01,92) f(92,05) . (141)

The first relation follows from reversibility. The second relation from the
concatenation of the cycle between 1 and 9 with one between 9 and 3, so
that no net heat flows into the heat bath 1J5. This effectively creates a Carnot
process between the heat bath ¢ and ¥3. With Q3/Q1 = (Q2/Q1)(Q3/Q2),
the result follows.

By setting the temperature Tp of a standard bath 0, the absolute temperature
(or thermodynamic temperature) T' = Tp f (Yo, ) of any other heat bath (with
the phenomenological temperature ¥) is determined. Thus, 7' > 0 and

Q2 f(WDo,02) Ty
== = f(V,09) = L = = 1.42
o ) = G T 1 (142
The Carnot efficiency thus has the simple form
T
no=1-=2 (1.43)
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as a function of absolute temperatures.

Please note that the temperature scale defined in this way has only one degree
of freedom (given by the specification of Tp). In particular, the different
temperature scales only differ by a multiplicative constant. As a result, and
due to the inequality T > 0, the temperature zero point is absolutely anchored
(more on this in the third law). Conventionally, the Kelvin scale, as an absolute
temperature scale, is defined such that there are exactly 100 Kelvin between
the freezing and boiling points of water. The conversion formula from the
phenomenological to the absolute scale is therefore

T[K] = 9[°C] +273.15. (1.44)

From the comparison of (1.42) with (1.38), we find U o T for the ideal gas.
Furthermore, U is proportional to the number of particles N, which leads us to
the caloric equation of state®

U= ;Nk:BT (1.45)
where the Boltzmann constant is
kp =138 x 1072 J/K = 8.62 x 107°eV/K (1.46)

experimentally determinable by the choice of temperature unit. Using (1.32),
we also obtain the thermal equation of state

pV = NkgT . (1.47)

For macroscopic experiments, it is often useful to measure the number of
particles in units of the Avogadro constant”

N4 = 6.022 x 103 /mol (1.48)

which leads to 3
U= inRT, pV =nRT (1.49)

with n = N/N4 being the amount of substance (in moles) and the gas constant
R = Nykp =8.31J/mol K.

Consequence 5: (Clausius’ Theorem)

For any cyclic process, we have

5Q 5Q;
fT:ZTJ;’SO (1.50)

J

5The factor % is a convention and ensures that the thermal equation of state (1.47) does not

require a factor.
"This number is chosen so that a mole indicates the ratio of atomic mass u to one gram.
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where T} indicates the temperature of the heat bath in step j from which the
heat quantity 6Q); is extracted.

To prove this, we introduce an additional heat bath with temperature Ty > T
and consider the entire system as a thermodynamic system. We then carry
out the process step by step with Carnot engines between Ty and each T with
0Q;/0Qo,; = T;/Ty. At the end of the cyclic process, we have only extracted
the heat to the heat bath Tj

Qo = Z5Qo,j =To Z (ST& (1.51)
j i

According to the first law, this heat has been completely converted into work
W = @o. This is only permissible according to the second law if Qg < 0
(meaning that work has actually been converted into heat), which proves the

theorem.
6Qo 1 H9Qo.2
+ heat bath
at To I 5Q 5Q2

Consequence 6: (Irreversibility)

A reversible cyclic process can also be carried out in reverse. However, all
heat quantities are reversed. With Clausius’ theorem, we have — ¢ §Q/T < 0
and thus (we indicate with subscript ‘rev’ that we are restricting ourselves to

reversible processes)
6Qrev
=0. 1.52
e (152

Cyclic processes with ¢ % < 0 are called rreversible, as they cannot be
operated in reverse in time. The inequality determines a direction of time, the
thermodynamic arrow of time.

Therefore, if one restricts oneself to reversible processes (heat exchange without
temperature difference, volume change without pressure difference, ...), the

integral
W sQ
= (1.53)
/(0> T

is independent of the process and only depends on the initial and final states.
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This directly leads to the definition of a new state quantity, the entropy

z
S(Z) :/ OCrev + So, (1.54)
zo T
where the integration runs over any reversible process from the fixed state Zy to Z
and Sy is an undetermined integration constant. Thus, dS = §Q/T is a complete
differential, allowing us to interpret the temperature T as an integrating factor.
Through the second law, the entropy is determined up to the additive constant Sp.

From the combination of the first and second law, one obtains the Gibbs fundamental
equation

1 1
dS = —dU ~ T;gadza. (1.55)

With this, one can obtain the complete thermodynamics from the state function
S(Z)=S(U,Z,...). In particular, we have

1 0
:<5> , %:_<8S> . (1.56)
T ou ), T 0Z4 U250
In the case where volume is the only working coordinate, we obtain from
1 oS
— == 1.57
= (), 87
by rearranging the caloric equation of state U (T, V') and from
P oS
=== 1.58
7= (), (159
the thermal equation of state. Additionally, we find the (thermal) Maxwell relation
0?8 0 (1 0
_2(2) 2 2 (3) , (1.59)
ovov. oV \T), 00U \T/v

It is important to note that for these results, it is crucial to specify the entropy S as
a function of the natural variables (U, V'). The function S(U, V') is the first example
of a thermodynamic potential.

In a thermally isolated system, entropy cannot decrease. It is also said that only such
processes can occur spontaneously. Because from Clausius’ theorem it follows for a
process from (1) to (2)

S(Z,) < S(Zy), (written shortly as AS > 0) (1.60)

with the equality sign in reversibility. For the proof, we complete the (thermally
isolated) process to a cyclic process, performing the return from (2) to (1) reversibly
(not necessarily adiabatically). This gives us

Z> Z1
0> f oQ / 5Q 5%2“ = S(Zy) — S(2,), (1.61)
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from which the result follows. The adiabatic process in a thermally isolated system is
therefore not equivalent to isentropic (dS = 0). Only a reversible adiabatic process is
isentropic.

Example 5: (Entropy of the ideal gas)

With these considerations, we can calculate the entropy S(U, V') of the ideal
gas. Starting from a reference state (Up, V) with entropy Sy = 0, we reach the
state (U, V) through a sequence of an adiabatic process (V?/3U = const.) and
an isothermal process (with the temperature T determined by (1.45)). On the
adiabatic process, the entropy remains constant, and the gas expands to the
volume Vi = (Up/U)3/?Vj.

On the isothermal process, we have (with Eq. (1.34))

1 v
S=7 / 5Quee = Nk In(V/Vi) = Nk [In(V/Vh) + 3 n(U/05)] . (1.62)
(val)

Example 6: (Relationship between thermal and caloric equations of state)

The second law provides a connection between the thermal p(V,T) and the
caloric U(V,T) equation of state. To do this, consider S as a function of (V,T)

and obtain
95\ _ (95 (U 95\ o (98N (08N (O0U
or),,  \ou),\oT )’ ov )y  \oV )y, ou ), \oV )’
N—_—— —— N——
1T p/T 1/T
or T (g—?)v = (g—g)v and p=T (g—g)T — (g—g)T . From the first relationship,
T ((98‘/?78%) = (aa‘jiaUT) (derivative with respect to V). Differentiating the second
relationship with respect to T yields
=0
ap oS %8 0*U p 1 /oU
28 (22 T — ==+4+—=(=] . 1.63
<6T>V (av>T+ ovoT _over T T <8V>T (1.63)
Thus, the thermodynamic relationship holds
oU dp
— ) =T|=—=)] - 1.64
(ov), -7 (), -7 o

between the thermal and caloric equations of state, which is equivalent to (1.59).

The thermal equation of state pV' = NkgT (1.47) combined with (1.64), implies

that
ou _ ip o
( )T—T< ) p=0. (1.65)

In this case, the internal energy U(T) is independent of the gas volume V.
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Example 7: (Relative Objectivity of Heat/Entropy)

To understand the relative objectivity, we consider the thermodynamic system
from Example 1, where all particle coordinates are extensive variables. Then,
dUpot = > ;(0Upot/0x;) - dxj = 0W. Furthermore, K = 0 since all particle
positions are fixed. Therefore, dU = §W. For this system, there is no heat
(0Q = 0) because all degrees of freedom are controlled externally. Furthermore,
S(U,xy,...) = Sy. Thus, entropy becomes a constant (by the 3rd law S = 0).
In reality, it is impossible to control all particle positions. However, the rule
holds that with more extensive variables, the amount of heat typically decreases
(because more internal energy is transformed into work in a process) and
thus entropy decreases. Although entropy is a state quantity, it does not
make sense to consider the ‘entropy of a gas’ as an absolute quantity. In fact,
entropy depends on the extensive variables and therefore on the experimental
possibilities. We will delve deeper into this understanding in the chapter on
statistical physics.

1.6 Third Law of Thermodynamics

The third law is based on an experimental observation by Nernst, that entropy changes
AS vanish at low temperatures with AS — 0 (7" — 0). This observation was further
refined by Planck:

(Nernst’s Heat Theorem,)

For every system, entropy approaches a finite value independent of the
extensive coordinates Z, as T — 0.

The value is conventionally set to Sg = 0, so that S > 0. This makes entropies and
other thermodynamic potentials (see next chapter) comparable between different
phases and substances. The third law is important for chemical applications, but does
not hold the same significance as the other laws. It is possible to imagine systems
that violate the third law, at least theoretically.

Note: The third law does not apply to the (classical) ideal gas (1.62). One can
also take the opposite standpoint and conclude: every real gas deviates from ideal
behavior as T — 0. In fact, at low temperatures, it is important to consider quantum
mechanics, which keeps the third law valid.

Consequence 1: (Unattainability of absolute zero)

We consider a thermodynamic system with Z = (U, V), where V represents
any working coordinate. A general process can be described with any precision
by a sequence of isothermal and adiabatic processes. Isotherms naturally do
not change the temperature. The adiabats are given by S(Z) = const. and do
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not intersect. Now, states with 7" = 0 themselves form an adiabat (at S = 0).
Thus, the zero point (starting from a state with 7' > 0) cannot be reached on
either an adiabat or an isotherm.

Consequence 2: (Heat Capacity)
The heat capacities

QN . (8S _(9Q\ _ .. (05
o=(5),=7(or), = &=(5r),-7(5r), 000

measure how much heat must be added to the system to increase the temperature
by one Kelvin. The heat capacities must vanish as T'— 0. The reason is that
the integrals

Cy(V,T")
!/

Co(p, T")
T :

2 (1.67)

T T
S(V,T):/ dr’ and S(p,T) :/ dr’
0 0

must converge at 77 = 0 (so that Sy = 0). This requires Cy,C, — 0 as T — 0.
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Chapter 2

Thermodynamic Potentials

In the last chapter, we have already found the thermodynamic potential S(Z). In
principle, the entire thermodynamics can be determined from the properties of
entropy S as a function of the additive quantities Z. We summarize the formalism in
the following. However, there are other equivalent formulations. For example, the
internal energy U as a function of S and Z,, is also a thermodynamic potential, and
other potentials can be determined through Legendre transformations. Although
all formulations are equivalent, trivial statements in one formulation can be highly
nontrivial in another formulation. The art of thermodynamics is to formulate each
question with a thermodynamic potential in such a way that the solution becomes as
simple as possible.

2.1 Entropy

The entropy S as a function of Z = (U, Zy,...) is called a thermodynamic potential,
since, as already seen, the entire thermodynamics, especially the thermal and caloric
equations of state, can be derived from it. The entropy satisfies the following important
properties:

AS >0 (Entropy increases in a thermally isolated system) (2.1a)
S(Z1+ Z3) > S(Z1) + S(Z>) (Superadditivity) (2.1b)
9*5<0,dS=0 (Maximum at equilibrium) (2.1c)
We have already shown property (a) in (1.60). The
other properties follow directly:  property (b) fol- >
lows when we consider two subsystems that are VA Z,
constrained by a partition. In the initial state,
S(Z1,Zy) = S(Z1) + S(Z32), since the constrained

23
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The state in the two subsystems can be independently reached, and the amounts of
heat in (1.54) are additive. After removing the constraints, the complete equilibrium
is established, which is determined only by the total quantities Z; + Z5. Since the
removal of the partition (idealized) occurs without work and heat exchange, we have
S(Zy,2Z5) = S(Z1) + S(Z2) < S(Z) + Z3) according to (2.1a).
Through constrained equilibria, a class of non-equilibrium states is represented in
thermodynamics. The principle of mazimum entropy, property (c), states that in a
closed system (with fixed Z = Z; + Zj), the system is in complete equilibrium if and
only if S is maximum, i.e.

max S(Z1)+S(Zy)=5(2). (2.2)

Z,,Z>
(Z=2Z1+2>)

The inequality < follows directly from the superadditivity (2.1b). The equality
S(Z) = S(Z7)+ S(Z3) describes that we can achieve complete equilibrium through
a specific division of Z into Z7, Z;5. This is done by reversibly introducing a partition
in complete equilibrium, determining Z7 and Z3.

From the principle of maximum entropy (with (1.55) and Z = Z; + Z»)
—dUl _dZLoz
~~ 1 —~ =

ds = 7dU1 - Zgl adZiq T dU2 T > 920 A%
(67

1
<T1 — TQ> dU1 + Z < 92,00 — 7+ ,a) le,a =0 (2'3>

the equilibrium conditions follow

T =T (thermal equilibrium),

Jla = 92,0 (mechanical equilibrium). (2.4)

The condition that %S < 0 (S is a maximum) guarantees that the equilibrium is
stable, see (1.18).

Example 1: (Vapor Pressure)

The system of water and water vapor in a closed
vessel is in complete equilibrium. The extensive
variables are (V,N). The water surface is the 7/ / // ‘{/V/// / //
partition. The separation is reversible (without surface tension) and therefore
the entropies are additive, Siotal = Sw + Sp. The equilibrium requires that
T=Tw=Tp, p=pw =pp and u = puw = up. The quantities p and T are
not independent, but are connected by the vapor pressure curve p(T), see later.

Example 2: (Heat Transport)

Consider two subsystems that are only in mechanical equilibrium, but where
Ty > T,. By removing the constraints in Uy, Us, the exchange of energy in the
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form of heat is made possible. If we keep the total system thermally isolated,

we have dU; = —dUs. Therefore, we have
0
—_—
a5 = a4 Lavy = (L= LY a2 0 2.5
= ﬁ 1+ E 2 = ?2 - ?1 2 = . ( : )

With T7 > T3, we have dU; > 0, meaning that heat flows from the hotter to
the colder part of the system in order to reach equilibrium.

Example 3 (Incomplete equilibrium)

One can remove constraints successively. In particular, we consider a diather-
mic wall, which allows heat exchange but prevents mechanical exchange. In
equilibrium, we have T7 = T (but not necessarily p; = pz). On the other hand,
a movable adiabatic wall leads to the mechanical equilibrium that we already
know from Section 1.3 (without T = T5).

Homogeneous Phases: Consider a homogeneous phase, for example the water in
Example 1. Then we can imagine the system composed of A equivalent subsystems
in complete equilibrium. Due to homogeneity, each subsystem is determined by the

state variables Z/\, so that Z = (Z/\) 4+ (Z /) + - - -. Therefore, we have'
S(Z)=S(Z/N\)+S(Z/\)+---=AS(Z/)). (2.6)
A—times
A function f : R™ — R is called homogeneous of degree « if f(Ax) = \*f(x).
Therefore, the entropy of a homogeneous system is homogeneous of degree 1, or also
extensive. Extensive quantities are therefore S, U, V, Z,. The equilibrium quantities

like T, p, u as the first derivatives of S with respect to Z are intensive, meaning
homogeneous of degree 0.

For homogeneous systems, superadditivity is equivalent to concavity

S(xZ1+ (1 —x)Zs) > xS(Z1) + (1 — 2)S(Z>), 0<xz<1; (2.7)
the proof follows directly from the relationship xS(Z1) + (1 — 2)S(Z2) = S(zZ1) +
S((1 —x)Z3). Additionally, the Eulerian homogeneity relationship holds?

oS oS
S = Vg + 2 Zuge ( Zga Za) = Luspv—un). @28

In the last step, we have specified the general relationship to the typical work variables
(V,N). From (2.8), we obtain for small changes in a homogeneous system

1 T
ds = (dU > " (gadZo + Zadga)> ST (2.9)

«

'The entropies are additive because the system is in complete equilibrium.
2This can be derived directly by differentiating the relationship (2.6) with respect to A and then
setting A\ = 1.
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Subtracting (1.55) yields the Gibbs-Duhem relationship

0=SdT + Y Zadge = SdT — Vdp+ Ndp. (2.10)

This relationship shows that the intensive variables are not independent.

2.2 Response Variables

The response of a thermodynamic system to changes in external conditions is deter-
mined by response variables. For the important case with volume V' as the working
variable, the following measured quantities are defined:

Cx (specific heat at constant x € {V,p}) (2.11)
1 oV
= == (thermal expansion coefficient) (2.12)
“v\or
1
=5 <§,> (pressure coefficient) (2.13)
< ) (isothermal compressibility) (2.14)
T
Ks == ( o ) (adiabatic compressibility) . (2.15)

The response variables are all intensive and therefore (material-)specific. There are
relationships between the variables. For example, we have

p \9T p (OV/Op)r  pkr
In the exercises, we will show that
T 2
C—Cy = VO g T (2.17)
RT Ccy KRS

so that only three of the six response variables are independent.

Example 4 (Ideal Gas)

For the ideal gas with pV = NkgT and S(U,V) from (1.62), we determine
through direct calculation

K =—, K§= i (2.18)
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Example 5 (Perfect Gas)

For a (thermally) perfect gas, the thermal equation of state is pV = NkpT.
From (1.64), we know that U and therefore ¢y can only depend on 7. We refer
to a gas (thermally and calorically) as perfect if ¢y is constant. The calorimetric
equation of state is given by

T
U(T) = / dT' Oy = cyNT = L pv (2.19)
0 kp
It holds that
5Q = dU + pav "= aU + pV) = Nd(eyT + kpT).  (2.20)

Therefore, for the specific heat at constant pressure

For an adiabatic process (see (1.35)), it holds that
%(Vdp +pdV) = dU = —pdV (2.22)
and thus the adiabatic equation
pV"7 = const. (2.23)
with the adiabatic exponent
NS Y (2.24)

cy cy

For example, the ideal gas with ¢, = %kB has an adiabatic exponent of v = %

Example 6: (T'dS Equations)
It holds T'dS = dU + pdV = CydT + [(0U/OV ) + p]dV. From the relation
(1.64) follows the T'dS equation

(1.5) (0V/oT)

8p> »
TdS = CydT +T [ £} av ') opdr — 73270 gy
v <8T . v (0V/op)r
T
= OydT + “=dv . (2.25)
KT

A similar calculation with (7', p) as independent variables yields the second
TdS equation
TdS = C,dT — oTVdp. (2.26)

These equations are important because they relate the entropy change to a
measurable quantity.
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2.3 Internal Energy

It holds T—! = (8S/0U) 7, > 0 and thus S(U, Z,) is invertible with the thermody-
namic potential (internal energy) U (S, Z,). One can rearrange the Gibbs fundamental
equation (1.55) for dU, resulting in

dU = TdS + > gadZo, . (2.27)

Thus, the partial derivatives provide the thermodynamic quantities [cf. (1.23) and

(1.56)]
oU oU
T:<) , ga:< ) | (2.28)
5 ) 5. 0Z0) s 1,..

The internal energy thus provides the same information as S(Z). Therefore, U is a
thermodynamic potential with the natural variables (S, Z,).

Example 7: (ideal gas)
The change in entropy is given by TdS = CydT + [(OU/OV ) + p]dV, see
example 6. By integration, we obtain the entropy of the perfect gas (cf. (1.62))

S = / vl +pdV) _ o T/ T) + Nhw In(V/Ve)

T
= Nlcy In(U/Up) + kpIn(V/Vh)]. (2.29)
By reversing this, we obtain the internal energy (as a thermodynamic potential)
Vo knlev S/Nc
U(s,v)=Uo 3 eSINev — i NT (2.30)

from which we can determine the entire thermodynamics. The result for the
ideal gas is obtained with cy = %k‘B.
Example 8: (Carnot Cycle)

With the reformulation, we can alternatively understand the Carnot process in
the U-S diagram. For a perfect gas, the internal energy depends only on the
temperature. Isobars (adiabats) thus become horizontal (vertical) curves.

U D
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The work W = f pdV = Q1 — Q2 follows from the first law and corresponds
to the area in the p-V diagram. The heat quantities Q12 = AS/T 9 are
determined by the second law through the entropy difference AS = Sy — S
and the respective temperature 17 2. It holds Q1/171 = AS = @Q2/T> and thus
W=0Q1—Q2=0Q1(1 —Q2/Q1) =ncQ:. If we replace the U-S diagram with
a T-S diagram, we see that the Carnot efficiency depends not on the medium
but only on the temperature.

The internal energy as a thermodynamic potential also satisfies relationships analogous
o (2.1). Consider an arbitrary process (1) — (2) with S and Z, fixed (i.e., in
particular 6W = 0), then

AU <0, (2.31)

meaning that the internal energy can only decrease. To prove this, we complete the
process, as in (1.60), by adding a reversible process to form a cycle with

=AS5=0
/—/%

5Q 5@ 0Qrev @) qu * 1
0> 7{ / / = / > AU . 2.32
(1) T Tmln ( )

An argument analogous to that after (2.1) yields from AU < 0 the subadditivity
U(S1+ 52, Z1a + Z2,a) < U(S1,Z1,0) + U(S2, Z2,4) and the principle of minimal
energy: a system at constant entropy and fixed work variables is in complete equilib-

rium if and only if the internal energy is minimal. Therefore, for a stable equilibrium,
dU =0 and 9*U > 0.

Example 9: (Stability Conditions)

For the variables (S, V), the stability condition 92U > 0 requires in particular

that?
02U oT T 82U op 1
<< —=1[=—2 = — d 0L = — . (2.33
= 992 (as)v oy ave <av> Vg (233)
This leads to the conditions
cy >0 and kg >0, (2.34)

meaning that with increasing temperature, entropy increases and an increase in
volume leads to a decrease in pressure.

3Since 0 > JdU/T, we need to estimate T from below to make the integral absolutely larger.

“Initially, the stability conditions only refer to the removal of constraints. However, we can couple
any system to a copy of itself (and it should be stable). Therefore, U(S 4 dS,V +dV) + U(S —
dS,V — dV) should be a minimum with respect to dS,dV, from which U > 0 follows.
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The conditions (2.33) are necessary but not sufficient for the Hessian matrix
0?U to be positive semidefinite. The additional condition

0 < Det(9%U) (2.35)

L UtU (92U N\
0852 0V2 0SoV
yields k7 > 0, as we will show in Example 13. Together with (2.17), we obtain
the stability conditions ¢, > ¢y > 0 and k7 > kg > 0.

The internal energy is useful when considering a closed system that is both thermally
and mechanically isolated, as the principle of minimal energy applies in that case.
However, in applications, one is often interested in open systems that allow for heat
and/or work exchange. To describe such systems, we want to recall the Legendre
transformation in the next section, which we already know from the mechanics
lecture. We will mostly focus on volume V' as the only working coordinate. However,
the results can easily be generalized to magnetization M, ... In particular, we
will explicitly discuss the grand potential €2, which describes systems with particle
exchange. From now on, we will focus on homogeneous systems. Thus, we use the
terms convex/concave synonymously with sub-/superadditive.

2.4 Legendre Transformation

Starting from a convex function f: R — R, we define the Legendre-transformed
function g = Lf as®
9(p) = maxlap — f(z)], (2.36)

which is again convex. The Legendre transforma-
tion is an involution, i.e., its own inverse function,
with L(Lf) = f, so no information is ‘lost’. Geo-
metrically, —g(p) corresponds to the intercept of
the ‘shadow’ of the function cast by rays of slope p.

Remark: It holds that — f(x) is concave if and only if f(x) is convex. As a result,
the Legendre-transformed g(p,y) of a convex function f(x,y) becomes concave in y
while remaining convex in p. However, in thermodynamics, one usually wants g(p, y)
to remain convex in the untransformed variable y. Therefore, one typically defines
—g(p,y) as the Legendre transform of f(z,y) with

9(p:y) = —Lf(x,y) = —max|zp — f(z,y)] = min[f (z,y) — zp].

5In general, one must replace the maximum with a supremum, as the maximum is not always
attained.
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For a differentiable function, one can determine the Legendre transformation by
differentiation. Since the derivative vanishes at the maximum z*, we have

p=f'(z") (2.37)

which determines x = 2*(p) in terms of p. It is said that the Legendre transformation
from z to p = f’(x) changes the independent variable.

Considering how ¢(p) behaves under small changes, we obtain

0

—_——N—
dg = d(z*p — f(z*)) = (p — f'(2")) da™ + 2*dp = =™ dp. (2.38)
Thus, we have 4
)= ) =20 =2 (2.39)

and we obtain the value of x of the original variable by differentiating g with respect to
the new variable p. If the function f is not strictly convex but has straight segments,
then ‘straight lines of f’ turn into ‘corners of ¢’

A g(p)}

Y

@ N "

AB

Since £ is an involution, this property holds true in reverse as well. We will further
explore this property in the chapter on phase transitions.

2.5 Enthalpy

When heating a system at constant volume, the complete heat §@Q) according to the
first law leads to an increase in internal energy dU = d(Q). In chemical applications,
the volume is often not kept constant but the pressure is. In this case, part of the
heat is converted into work 6W = —pdV. Changing the internal energy U(S, V') from
V top=—(0U/OV)g as an independent variable, we obtain the enthalpy

H(S,p)=U+pV (2.40)

i.e. —H is the Legendre transform of U with respect to —V. It holds that
6Q—pdV
=~
dH = dU +pdV +Vdp=TdS + Vdp, (2.41)
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Fig. 2.1: Joule-Kelvin process: Pistons K and
K’ are moved in such a way that the gas is
K’ pushed through the throttle. The pressure p
P and p’ in the respective chambers are main-
tained. The throttle generates a pressure gra-
dient Ap = p — p’ > 0 and the process is irre-

versible.

throttle

thus heating a system at constant pressure p leads to an increase in enthalpy with
dH = §Q. Furthermore, due to (2.41) we have

(). v-(2), st

The enthalpy is convex in S with H(S1 4+ S2,p) < H(S1,p) + H(S2,p). The concavity
in p is not as important, as constraints cannot be imposed on intensive variables.
Therefore, in equilibrium, H is minimal with respect to constraints in .S and AH <0
for processes at constant S and p.

Example 10: (Reaction Heat)

Chemical reactions are typically carried out at constant pressure. For a reaction,
the change in enthalpy AH per amount of substance is given. From the previous
considerations, we know that at constant pressure, the change in enthalpy
directly corresponds to the change in heat. Therefore, we have:

AH > 0: endothermic reaction (heat supplied from the surroundings),

AH < 0: exothermic reaction (heat released into the surroundings).

For example, for the reaction C + Oy — COs at standard conditions, AH =
—393.51kJ/mol. This means the reaction is exothermic.

Example 11: (Joule-Thomson process®)

Gay-Lussac’s overflow experiment showed that for an ideal gas, the internal
energy is only a function of temperature 7. The experimental setup was refined
by Joule and Thomson. The experiment is carried out adiabatically with 6@ = 0.
The left piston K compresses the gas with constant pressure p through the
cotton plug, which acts as a throttle, see Fig. 2.1. The right piston K’ retreats
with constant pressure p’ < p. Due to the pressure difference, the process is
irreversible. We consider the steady state that occurs after some time when the

5Thomson is the same person as Kelvin. With the knighthood in 1866, he changed his name from
William Thomson to Lord Kelvin.
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pistons are moved uniformly. We denote with u, v’ the internal energy of the
gas per volume on the left and right side (far away from the throttle).

Let us now consider a (arbitrary) time interval during which the left piston
covers the volume V and the right piston covers the volume V’. Since no
heat is exchanged, the 1st law requires that the work done AW = pV — p'V’
corresponds to the change in internal energy AU = 'V’ — uV. By rearranging,
we obtain

H=pV +uV =pV' +dV' =H, (2.43)

meaning that the enthalpy remains constant.

We now inquire about the change in temperature when the gas flows over. In
particular, we introduce the Joule-Thomson coefficient

pyT = (gﬁ)}q (2.44)

which describes the temperature change with an infinitesimal change in pressure.
From (1.5) follows (dH = T'dS + Vdp)

_ _(0H/Oop)r _ T(9S/0op)r +V
M= /oT), Cp :

(2.45)

In (2.55), we will show that (05/0p)r = —(0V/0T), = —aV holds. Thus, we
obtain

V
P

For an ideal gas, & = 1/T and therefore uyp = 0. For real gases, at low
temperatures pyr > 0 (the gas cools down) and at high temperatures pyp < 0
(the gas heats up). The temperature with pyp = 0 is called the inversion
temperature. For nitrogen (N3), for example, the inversion temperature is 621
K.

2.6 Free Energy

Solids are relatively rigid, and therefore it is natural to describe them at constant
volume. However, in solid-state physics, it is usually the case that there is heat
exchange with a heat bath (at temperature 7). The thermodynamic potential
adapted to this system is the free energy F(T,V'), which we obtain as a Legendre
transformation

F(T,V)=U TS, dF =—8dT — pdV (2.47)
from S to T' with T'= (9U /9SSy .

The free energy gets its name from the principle of mazimum work: for a thermody-
namic system in heat exchange with a heat bath at temperature T', the (negative)
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change in free energy corresponds to the maximum work that can be performed
during the process. The proof follows from

(1.61) 22
as'= | f_24 (2.48)
z, T T
which, with the first law of thermodynamics, can be brought into the form
—AW = -AU + AQ < —AU +TAS = —AF. (2.49)

Here, —AW is the work done by the system on its surroundings, and equality holds
for a reversible process. As a corollary, it follows that for a mechanically isolated
system (with AW = 0) in contact with a heat bath, the free energy never increases.
The free energy is convex in V with F(T,V; + Va) < F(T, Vi) + F(T,V3), and thus
F' is minimal with respect to constraints in V.

Example 12: (Maxwell Relation)

From the interchange of the second derivatives, we obtain the Maxwell relation

s PF Ap
S = | == 2.
<av>T 9TV <8T>V” (2:50)

which we will use in the following example.

Example 13: (Stability)
From the principle of minimum we obtain the stability condition
0*F Op 1
0< =— (=) =— 2.51
— V2 (8V) r  VEr ( )

or k7 > 0. This condition is related to the discussion in Example 9. We obtain
(U is a function of S and V')

—0%2U/0v? —92U/0VaS (0p/0T)v

—— —
O°F _ (9p\ o (9p\ _(dp\ (09
vz 8VT_ v ) 9S ) \oV )

_PU U <8p>v<55>V_Det(32U), (2.52)

T ov2 T 9Sav \as aT ), 92U/8S?
SN—— N——
—82U/088V (82U/HS52)~1

Thus, the stability condition on F' corresponds exactly to the condition on the
determinant of the Hessian matrix (together with (2.33)). This corresponds to
the fact that we have discussed before: all thermodynamic potentials contain
essentially the same information. However, ‘simple’ insights in one formulation
are often very complicated in another. Just consider the many steps in the
derivation of (2.52).
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2.7 Gibbs Energy

One can also consider systems that are in both heat exchange (at a fixed temperature
T) and work exchange (at a fixed pressure p). In this case, one defines the Gibbs
energy or the free enthalpy (with the natural variables T, p) as

G(T,p)=U~-TS+pV=F+pV=H-TS, dG=-SdT +Vdp (2.53)

as a Legendre transformation of H or F. By coupling to a working medium at
constant pressure p, work —AW = pAV is done externally. From (2.49) we obtain

AG=AF - AW <0, (2.54)

Thus, the Gibbs energy (at a fixed temperature T and pressure p) never increases,
and the equilibrium corresponds to a minimum of the Gibbs energy. For homogeneous
systems, the relationship G = N (T, p) holds.

Example 14: (Continuation of Example 10)

When considering only volume work, no inhibitions can be introduced to G.
Therefore, in this example, we consider a chemical reaction at constant pressure
and temperature, where the number of particles acts as a work coordinate.
The chemical transformations change the amounts of the individual substances
(thus lifting the inhibition on the particle numbers). The minimum principle
for the Gibbs energy means that such a reaction can only proceed for AG =
AH — TAS < 0. An endothermic reaction with AS > 0 can only proceed
spontaneously at temperatures greater than AH/AS.

This result also applies to phase transitions. From liquid to gas, the enthalpy
increases by AH (the latent heat). However, AS > 0, so the gaseous phase is
stable at high temperatures.

As already seen, Maxwell’s equations simply follow from the fact that the second
derivatives commute. Each potential leads to its own Maxwell relation, with the
Maxwell relations all being equivalent, of course. In particular, the relationship (1.64)
between the thermal and the caloric equation of state is an expression of the Maxwell
relation. For the Gibbs energy, we obtain the Maxwell relation

2
_ (‘9S> _ 96 _ (8‘/> ~ Va, (2.55)
op)p OTOp oT v
thus, the change in heat as a function of pressure (at constant temperature) is given

by —TVa. With the third law, (95/9p)r — 0 for T'— 0. Thus, the expansion
coefficient vanishes for 7" — 0. From the Maxwell relation for F',

dS PF ap
(av)T = ~arov (w)v =8 (2:56)

we find equivalently that p8 must also vanish.” We will encounter the relationship

7If the pressure remains finite, the stress coefficient must also vanish for 7' — 0.
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U
S v Fig. 2.2: The Guggenheim square shows the four poten-
tials next to their respective natural variables. The partial
H F derivatives of the potential with respect to a variable are
opposite, resulting in a minus sign when moving against the
e arrow. So, (OF/9T)y = —S but (8U/dS)y = T.

(2.56) as the Clausius-Clapeyron relation in phase transitions (where (0Q/0V)r =
T(0S/0V)r is the isothermal expansion heat).

One can remember the four potentials with their respective natural variables using
the Guggenheim square in Fig. 2.2.

2.8 Particle Exchange and Grand Potential

We have only looked at volume work so far. Of course, one can generalize the
procedure to general work coordinates and perform a Legendre transformation with
respect to each coordinate to obtain new thermodynamic potentials. In addition
to volume, the exchange of particles dN is the most important work coordinate
in applications. It allows for the description of transport and chemical reactions.
We start with the free energy F(T,V, N). The free energy is convex in V and N,
with F(T,Vy + Vo, Ny + No) < F(T,V1,N1) + F(T, V3, Na) for arbitrary constraints
V =Vi+ Vs, N = N; + N,. The equilibrium quantity g (chemical potential) is
associated with V. Due to convexity, one can transition from F' to the grand canonical
potential

QUT,V,u)=F —uN=U—-TS — uN, dQ) = —-SdT — pdV — Ndp. (2.57)

For a homogeneous system, 2 is linear in V with Q = —p(T, 1)V, making the
convexity condition Q(T, Vi + Va, ) < Q(T, Vi, u) + T, Va, p) trivial.

Example 15: (Compressibility relationship)

For homogeneous systems, there is an alternative expression that often appears in
applications. Due to the Gibbs-Duhem relationship (2.10), we have Vidp = Ndpu
at constant temperature. This leads to the isothermal compressibility

vt () A () (D), e

The particle density n = N/V as an intensive quantity, like pressure, is only a
function of T" and p. This leads to the compressibility relation

on~1! 1 /On VvV [(ON
“T“( o )‘ (aﬂ)—zv (w) (2.59)
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Fig. 2.3: Reversible demixing: the two substances correspond to the crosses (1) and
the circles (2). The semi-permeable walls are shown in a dotted pattern.

For an insulator, N (almost) does not depend on the chemical potential . This
implies that the electrons in an insulator are incompressible with s — 07.

2.9 Multi-component Systems

We consider a thermodynamic system consisting of r components (substances).
Initially, we do not allow chemical reactions. The generalized coordinates are
Zo € V, Ny, ..., N, with the state variables

Z=(UV,Ny,...,N,) = (U, V,N). (2.60)
Thus, the entropy is given by S(U,V, N) and satisfies
TdS = dU + pdV — > 1dN; = dU + pdV — p - dN, (2.61)
i=1

where p; is the chemical potential of the i-th component.

To determine the entropy, we consider the reversible process of demixing, see Fig. 2.3.
This requires semi-permeable walls. Let’s consider the adiabatic demixing of two
components. When we separate the two containers (demixing), we need to perform the
work AW (U, V, N1, Na). At the end of the reversible process, we have two containers
each with only one component. Therefore,

S(U,V,N1,Na) = S1(U1,V, N1) 4+ S2(Ua, V, No) (2.62)

with U = Uy + Uy + AW and Tl(U~1, V,N1) = T5(Ua, V, N3) = T (since S is maximal
with respect to constraints in U); T' is the temperature after the adiabatic demixing.

Ideal miztures are characterized by AW = 0. Then,
S(UV,Ny,....N;) =Y Si(Ui, V, Ny), U=>_U, T,=T. (2.63)

Thermodynamics is thus fully described by that of the pure components. By rear-
ranging, we obtain the internal energy

UGS, V,N)=> Ul(Si,V,N)), S=>8, T=T. (2.64)
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Microscopically, AW = 0 only when the components do not interact with each other.
Ideal adiabatic demixing is carried out isothermally, as the temperature T before
demixing is given by

oU oU; 05; & 05; i
= <8S>V,N =2 (as)V,M <65>V,N > (aS)V,N =T. 269

Since the temperature is fixed during ideal demixing, it is useful to switch to the free

energy with
F(T,V,N)=U-T8 =) F{(T,V,N;). (2.66)

(2

This leads to the additivity of partial pressures

prvn == (gp) =% (57),, ~SeEvN e

34V I3

and the fact that the chemical potential

oF
w(r Vi) = (g

F.
) - <8 ) —TV)(268)
T,V,N;#N; ON; TV

is given by the chemical potential ,u? of the pure substance.

Example 16: (Mixing of perfect gases)
For perfect gases (with p;V; = N;kpT;) holds (from (2.29) and (2.30))

S(T,V,N)=>_Si(T,V,N;) = > Nilev;In(T/To) + ks In(V/V5)] . (2.69)

From the additivity of partial pressures follows

NikgT ~ NkpT :
p:Z T with N:ZNZ-. (2.70)

Starting from the demixed state with p; = p and T; = T with the entropy
So = >;Si(T, Vi, N;), Vi = N;kgT/p, V = >, V; the interdiffusion of gases

leads to the increase in entropy (mizing entropy)
Sm=S—=80 =Y [Si(T,V,N;) = Si(T, Vi, Ny)] = kp > _ Niln(V/V;)
=kp» N;In(N/N;) > 0. (2.71)

The mixing of gases is thus irreversible and the gases do not demix spontaneously.
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The process is carried out at constant pressure p and temperature 1. The
mixture occurs spontaneously and thus leads to a decrease in Gibbs energy

GT,p,N)=U—-TS+pV =U-TSy+pV —T(S — Sop) (2.72)
= Z (T, Vi, Ni) = TSi(T, Vi, N;) + pVi] + kT > _ NiIn(N;/N) .
Gi(Tp,N:) .
—T'Sm

The first term corresponds to the Gibbs energy in the unmixed state. The
second term is negative and describes the decrease in Gibbs energy due to the
mixture.

Note: The mixture of perfect gases is called ideal mixtures, as no interaction
effects are taken into account. For such mixtures, the free energy F' (as a
function of the natural variables) is additive, while S, G contain additional
terms due to the mixture.

Therefore, if one imagines the diversity of substances as a continuously changing
parameter, the mixing entropy disappears discontinuously when the substances
become equivalent. This effect is also called the Gibbs paradoz, although there
is nothing paradoxical about it, because diversity is not a continuous parameter
(either the particles are equal for all possible processes or they are not).

Example 17: (Solutions)

A solution is a special case of a general mixture in which the system consists
almost entirely of solvent (substance 0). The remaining substances v = 1,2, ...
are the solute substances. To describe the solution, we introduce the concentra-
tions ¢; = N;/N < 1 (with ¢g = 1). From (2.72) we obtain

NEe aGy
MO(T,p’CI’.”)_<8N0>TpN7éNo (8]\70) + kpT'In(co)

= ud(T, p) kBTZc,, (2.73)

for the chemical potential of the solvent, where we have used the approximation
In(co) =In(1 -3, ) ® =3, ¢, and the relationship

0

dZ N;In(N;/N) = Z In(c;)dN; + Z dN; — Z]Z'\[MdN . (2.74)

Analogously, we obtain the expression

oG
o= (G ), =dEp kT 27
D Ni#Ny

for the chemical potential of the solute substances.
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semi-permeable
membrane\/\ Fig. 2.4: Osmotic pressure using the ex-

; ample of sugar and water: Sugar water is
1% in the left region, pure water in the right
P+ Po S region. The regions are separated by a
Po semi-permeable membrane on which the
: osmotic pressure p, acts.

Example 18: (Osmotic Pressure)

The osmotic pressure occurs in systems where the dissolved substances are
enclosed in a partial area by a semi-permeable membrane, while the solvent
can freely distribute itself, see Fig. 2.4. Since the solvent can move through the
membrane, the equilibrium condition is given by

11o(T,p + po, €) = p1o(T, p,0) = pg(T, p) - (2.76)
From (2.73) we obtain
/-1'8(T7p+po) _/-1'8(T7p) = kBTZCI/ (277)

for a dilute solution. Assuming that p, < p, we can linearize the left side.
It holds (9ud/0p)r = 1/No(0Go/p)r = Vo/No ~ V/N and thus the osmotic

pressure follows

NkgT kgT
Po=—3; V CVZVZV:N”' (2.78)
Therefore, the rule applies: the dissolved substances exert the same pressure on

the membrane as they would as an ideal gas at the same temperature 7.

Example 19: (Vapor pressure of a solution)

The vapor pressure p(T) of a substance is defined by the pressure pg in the
liquid phase being equal to the pressure p, in the gas phase. The equilibrium
condition demands

Ha(T.p) = wg(T, p) (2.79)
see Example 1.

The vapor pressure of a solvent is lowered by the addition of non-volatile
substances by Ap (Raoult’s law). The reason is that the substances are present
only in the liquid phase but not in the gas phase. Therefore, the new equilibrium
condition is given by

For dilute solutions, we obtain

2.73 2.80
kBTch( LT, p—Ap)—pa (T, p—Ap, ) "= 1 (T, p— Ap)—pO(T, p—Ap).
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Expanding ©° as in the previous example in Ap, we obtain

V, Va
kgT L= =2 — =) Ap. 2.81
5T e (Ng Nﬂ) . (2.81)

Typically, for the specific volume V, /N, > V5/Ng. Additionally, using the ideal
gas law Vy /Ny = kpT/p, we obtain the Raoult’s law

Af => ¢ (2.82)

14

2.10 Chemical reactions

In this final section, we investigate the possibility that substances can transform
into each other through chemical reactions. In this case, the number of particles
of each substance is not conserved. Consider, for example, the chemical reaction
C + Oy = COy. Without the reaction, the particle numbers N¢ and Ng are
conserved. Through the reaction, the constraint on the particle number is lifted and
a new equilibrium is established, in which N¢, No, and Nco, are determined by
thermodynamic considerations.

Let us consider r substances with the chemical symbols S;. The s chemical reactions
that can take place are described by the symbolic equations

dufsi=0, k=15 (2.83)
=1

with the stoichiometric coefficients Vf € Z. As an example, let’s consider the
combustion reaction 2Hg + Og = 2H20 (with s = 1). It involves the substances Ho,

02, and H50. The stoichiometric equation is given by
—2Hy — Oy + 2H50 = 0, (thus VHy, = -2, Vo, = —1, VH,0 = 2) . (284)

The chemical transformations can change the number of particles in a system without
particle exchange. This is governed by

dN; =) vid, (2.85)
k=1

with arbitrary d)\q,...,d\s. The quantity d\; indicates how ‘often’ the reaction k (in
terms of the formula conversion Y i, /FS;) has been carried out, with A; being the
conversion variables. With the initial conditions N{), ..., N9, the number of particles

can be obtained as

S
Ni= N+ v (2.86)
k=1
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by carrying out the s reactions. These numbers of particles form an s-dimensional
plane on which the chemical equilibrium is established.

Chemical reactions usually occur at constant pressure p and temperature 7. In
this case, chemical equilibrium corresponds to the minimum of the Gibbs energy
G(T,p,N), see section 2.7. Therefore, we have

0=dG=> udN; (2.87)

for all stoichiometrically allowed dN; from (2.85). This leads to the equilibrium
conditions

Zum:o, fork=1,...,s. (2.88)
i=1

The equilibrium conditions thus correspond exactly to the symbolic equations (2.83),
where the chemical symbol is replaced by the corresponding chemical potential of the
substance.

Law of Mass Action: We consider a single reaction Y ;_; 14;S; = 0 between perfect
gases. The chemical potential is then given by (2.73). The equilibrium condition
(2.88) thus takes the form

Z vipi (T, p,c) = Z pd(T, p) + kBTZ In(¢), (2.89)
i=1 i=1 i=1

with ud(T, p) being the chemical potentials of the pure substances. After dividing by
kpT and subsequent exponentiation, we obtain the Law of Mass Action

T

Vi _
Hci = exp

=1

= K(T,p). (2.90)

1 T
" kgT Z ViH?(Ta p)
i=1

The mass action constant K depends only on 7" and p. It determines the equilibrium
state N1, ..., N, on the stoichiometric line N; = Nio + A

Example 20: (Combustion Reaction)

The equilibrium constant for the combustion reaction is given by K = 1033 at
standard conditions. Considering that there are approximately 10°° atoms on
Earth and about 1080 in the visible universe, the equilibrium is completely on
the product side. Conventionally, one writes 2Hs + Os — 2H50O. The reverse
reaction (electrolysis) does not occur spontaneously and requires the addition
of additional energy.
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Example 21: (pH Value)

There is another reaction involving water that much more frequently proceeds
in reverse. This is the dissociation HoO = H' + OH™ of water into a proton
and a hydroxyl molecule. At standard conditions, K ~ 10~'4. Due to electrical
neutrality, cg = cog. Thus, from the law of mass action, it follows

CH COH
K =

(14 O(cn)), (2.91)
CH,0O
~——

1—2cy
that the concentration of protons cg = 1077. The pH value is defined as
pH = —loggch. (2.92)

At standard conditions, pure water therefore has a pH value of 7.
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Chapter 3

Phase Transitions

3.1 Evaporation

Unlike chemical reactions, phase transitions are processes in which the substances do
not change, but transition from one phase to another. Typical phases of substances
are gaseous (g), liquid (fl), and solid (s). As an introductory example, let’s consider
the transition from liquid to gaseous (evaporation) or vice versa (condensation). As
seen in the example 1, in the transition region, part of the system is in the liquid
phase while another part is already in the gas phase. In the following, we neglect
surface effects due to the separating surface. Since the phases are in both thermal
and mechanical contact, in equilibrium we have p = pg = p; and T' =T = T,. We
use the Gibbs energy as the thermodynamic potential and obtain

G(T7p7 Ng7 Nﬂ) = Gg(T7p7 Ng) + Gﬂ(T7p7 Nﬂ) = Ng,ug(Typ) + Nﬂuﬂ(Tap) . (31)

The Gibbs energy is additive, as the phases are separated without (long-range)
interaction. Of course, the particle numbers Ny and Ny in the respective phases
are constraints that cannot be experimentally realized. Only the total number of
particles N = Ny + N remains, and the system reaches an equilibrium state with

pg (T, p) = pa (T, p) . (3.2)
Solving this equation for p(7T") provides the vapor pressure curve, see example 1.

The functions pgs and pg are not equal, as they describe different phases. In a
first-order phase transition, the first derivatives differ. On the vapor pressure curve,

we have
U:Vg:<8,ug> >Uﬂ:Vﬁ:<a“ﬁ) (3.3)
& Ng op )r Npg ap )’ '

because indeed the specific volume v =V /N (volume per particle) in the gas phase
is greater than in the liquid phase. The Gibbs energy G(T',p, N) = Nu(T,p) of the
total system thus has a kink as a function of pressure, see Fig. 3.1.
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p=G/N F/N

.- . .- + i . F;/N,
critical point .. - critical line s/

Hg

L > D »v=V/N

Pc

Fig. 3.1:  Left: Chemical potential 4 = G/N as a function of pressure p. The
chemical potentials e and pg of the respective phases intersect. The equilibrium
state corresponds to the minimum of the Gibbs energy. The gas phase (high specific
volume) is at low pressures. Right: Through the Legendre transformation, the kink
becomes a straight line in the free energy. The free energy F' of the total system
corresponds to the convex hull of the free energies Fy, Fp.

The Gibbs energy G(p, T, N) carries all the thermodynamic information. However, it
is not possible to determine the particle numbers Ny, Vg in the respective phases
from it. For this purpose, one must switch to the free energy (per particle)

F 1 .

~ = f(T,v) = = min(G(T, p, N) — pV) = min(u(T, p) — pv) (3.4)
N N »p P

which only depends on T" and the specific volume v. The phase transition corresponds
to the critical line in Fig. 3.1. Starting from a specific volume v = v, (gas phase),
an increase in the number of particles (or a decrease in volume) transfers more and
more particles to the liquid phase. At the value v = vg, the entire system is in the
liquid phase. The individual points on the critical line describe different mixing ratios
0 <z <1 with

_ M

v=2avg + (1 —x)vq, T = 1—3:—N (3.5)

Denoting the free energies in the respective phases as Fy, Fy, then

% = mpin [wug(T,p) + (1 —2)ua(T,p) —pv] (Sis)xfg(T, vg) + (1 — ) fa(T,va) (3.6)

is the straight line of the convez hull of the two curves, see Fig. 3.1.

Beside the jump in specific volume (derivative of p with respect to p), there is also
a jump in specific entropy s = S/N (derivative of p with respect to —7). These
derivatives are linked to the vapor pressure curve p(7T) through the Gibbs-Duhem
relationship (2.10). Along the vapor pressure curve, we have

—5gdT + vgdp = dpg = dpg = —sadT’ + vadp . (3.7)
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This leads to the Clausius-Clapeyron relationship

dp As  sg—sq

AT~ Av  wvg—vg (38)

Typically, As, Av > 0 and thus the slope of the vapor pressure curve is positive.

During the transformation process, the latent heat per particle

AH  A(TS+ Np)

¢ N N

=TAs (3.9)
must be supplied (with Ay = pg — pg = 0). For the water-vapor transition at
normal pressure, for example, £ = 40kJ/mol. An anomaly occurs during the ice-water
transition: for temperatures between 0 and 4°C, Av < 0. This makes the phase line
between ice and water inclined backwards.

Example 1: (Vapor Pressure Formula)

We use the following approximation to integrate the Clausius-Clapeyron rela-
tionship. Firstly, let the latent heat ¢ be temperature-independent. Secondly,
assume Av & vy with the ideal gas law vy = kpT'/p in the gas phase. Under these
assumptions, the Clausius-Clapeyron relationship dp/dT = ¢/v,T = lp/kpT?
leads to the vapor pressure formula

p(T) ox e~ t/FBT (3.10)

3.2 Gibbs Phase Rule

Let us consider r components (substances) that are distributed in v phases in a more
general sense. We denote the respective chemical potentials as pi;q, with i =1,... 7,
and o = 1,...,v. As an intensive quantity, p;, depends only on p,T, and the
concentrations ¢jo = Njo/Na, No = Zj Njq in phase a. Due to the constraint
Zj Cja = 1, only » — 1 of these concentrations are independent. This results in a
total of 2+ v(r — 1) independent variables. In equilibrium, the conditions hold

Mz‘a(TJ?, Clay - - - 707"—10c) = MiB(Tvpa C18y - - - 707"715) . (311)

These are exactly r(v — 1) equations with ¢ arbitrary and o # (. Therefore, the
remaining degrees of freedom (Gibbs phase rule) are obtained as

f=2+vir—1)—rv—-1)=24r—-v. (3.12)

The degrees of freedom thus indicate the number of free intensive parameters in a
system with r components and v phases.
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Single-component system: In a system with only one component, a pure phase
(v = 1) has two degrees of freedom. Therefore, both p and T must be specified. On
the other hand, when two phases coexist (v = 2), only one degree of freedom remains.
Thus, the coexistence only occurs along a line p(7) in the p-T" diagram. We have
already encountered this relationship in the example 1 as the vapor pressure curve.
Three phases can only coexist at a point (the triple point). The coexistence of four
phases cannot occur in a single-component system.

As shown, the coexistence of phases cannot be described using the Gibbs energy
G(T,p). Therefore, we switch to the internal energy U(S, V). The states are then
completely determined by Z = (S, V) (with N remaining constant). Depending on
the number of coexisting phases v, the following scenario arises for fixed (7', p)

v=1:

. Z. Pure phase: the state Z, is uniquely determined by
1. : (T,p).
S
v =9 Coexistence of two phases «, 8: at the phase transition,
a point (7', p) corresponds to the entire line. The end-
Z‘a\oz\’ points are the pure phases. Any state Z is characterized
Z3 by the mixing ratio o = Nu/(Nq + N3).
v=3 7 At the coexistence of three phases «, 3, 7y, two mixing
7 ratios are needed to determine a general state Z. All
A states form a triangle with the pure phases as vertices
Z. and the two-phase mixtures as edges.
Zg

The phase diagram of a single-component system typically has the form:

Va g D A

.. K s(olid) fi(uid)
K

fl T
. L g(as)

>
>

S T

On the left side, the lines correspond to the transition curves at fixed (7', p). Depending
on the transition, the curves are referred to as melting curve (s—l), sublimation curve
(s—g), and vapor pressure curve (fl-g). At the triple point (T), all three phases meet.
The triple point thus uniquely determines the critical temperature 7T, and the critical
pressure p.. For water (H20), for example, p. = 611 Pa and T, = 273 K. For higher
temperatures, the transition curves between gaseous and liquid become shorter and
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p
Pa

\“ unstable

metastable ~“spinodal

b v v

Fig. 3.2: Isotherms of the van der Waals gas.

disappear at the critical point (K) completely with As = Av = 0. At the critical
point, the first derivatives of (T, p) are continuous and the discontinuity only occurs
in higher derivatives (second-order phase transition). The white area corresponds to
the pure phases, where the assignment to (7', p) is unique. The designations ‘liquid’
and ‘gaseous’ only have a strict meaning along the vapor pressure curves. Because
above the critical point, the transition from liquid to gaseous can be carried out
without a phase transition.

3.3 Van der Waals Gas

Gases behave as ideal gases only at very high temperatures and low pressures. In his
dissertation, van der Waals proposed a phenomenological modification of the ideal
gas law pv = kgT which is able to describe the gas-liquid transition. For this, he
was awarded the Nobel Prize in 1910. The idea is that due to the strong short-range
repulsion between atoms, each atom only has the reduced volume V — b available.
b > 0 is called the co-volume. He took into account the long-range attraction by
reducing the external pressure by a term —a/v?, with a > 0 the cohesion pressure
parameter. The effect arises from the fact that the particles near the wall are pulled
inward by the other particles (the environment is not isotropic). The reduction per
particle (near the wall) is proportional to the density N/V'| and therefore proportional
to (N/V)? = 1/v? overall. The equation of state of the van der Waals gas thus has
the form (van der Waals equation)

(p+5) (v=b) = knT . (3.13)

For high temperatures, the isotherms in Fig. 3.2 are similar to those of the ideal gas.
At the critical temperature T, the isotherm has a saddle point with (9p/0V ) =
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(0%p/0V?)r = 0. From

op 2a kT 0%p 2kgT  6a
' e~ S— £ == = 3.14
<8U>T v3 (v—10)? 0 <81)2 s (=03 v 0 (3.14)
we find the values
8 a 1 a
c = ba chzif d c = —75 - Nl
Ve = 3 B o and p 57 ]2 (3.15)
In particular, the quantity
PcVc 3
=—=~0.375 3.16
kgT. 8 ( )

has a universal value independent of the parameters a, b of the gas. Experimentally,
a relatively good agreement is found with slightly reduced values in the range of 0.28
to 0.33.

For temperatures T' < T, there is a rising section between the spinodals with
(Op/0V)r = 0 that violates the stability condition (Op/0v)r < 0. This is a signal
of the phase transition, because then the free energy F(V,T) is not convex. As
indicated in Fig. 3.1, in this case we replace the free energy with the convex hull.
The connecting line corresponds to the phase mixture at the phase transition.

The vapor pressure p* = p(T) is sought, which
completes the isotherm. It is determined by
the equilibrium condition pg(p*,T) = pe(p*,T).
From the Gibbs-Duhem relation (2.10), we obtain
(Op/Op)r = v with the solution

w= /vdp—l— f(T) (3.17)

v Vg v where f(T') is an undetermined function of temper-

ature. Along the isotherms, one can calculate the difference in chemical potential.
We obtain

0=pg—pa = /ﬂgv(p) dp. (3.18)

Through partial integration, we obtain the Mazwell construction

g g g
0= [“etwydp=upls~ [pav= [p-p")av. (3.19)

meaning the shaded areas are equal in size.

3.4 Universality, Critical Exponents

The transition to dimensionless (reduced) quantities T = T/T,, # = v/v., and
P = p/pc brings the van der Waals equation to the universal form (law of corresponding
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95
Fig. 3.3: Density p = 1/v of
the liquid phase (pg) and the gas
phase (pg) as a function of tem-
perature for different gases. For
the reduced quantities, all data
points lie on the same curve. From

'70* E.A. Guggenheim, ‘ The Principle
5 of Corresponding States’, J. Chem.
wf Phys. 13, 253 (1945).

(ﬁ - ;) (30— 1) =8T. (3.20)

Therefore, it is expected that all gases exhibit the same behavior when pressure,
volume, and temperature are divided by the values at the critical point. For similar
gases, this works quite reasonably, as shown in Fig. 3.3.

The universality works even better for the so-called critical exponents. To do this, we
develop p(T,v) around (T,v) = (T, v.) or (T,0) = (1,1). By definition, both dp/dv
and 0%p/09? vanish at T = T.. For the remaining coefficients, we obtain

?p\ (72 16-81T _ AR .
008 ),  \v* @Bo-1t) 7 or). \8o-1), 7

).~ (@om) - GR)o e

Thus, the expansion of p(7T',v) around the critical point takes the form

~ ~ ~ 3
BT 0) =1 =4(T =1) = 6(T = 1)(0 1) = 5(7 — D34 (3.22)
For T — 1 ~ (¢ — 1)? (compare the second with the third term), the omitted terms

are of higher order. We obtain the following critical behavior near the critical point

(a) The isothermal compressibility diverges as one approaches the critical point from
high temperatures along an isochore (with v = v.). It holds
1 1 1 1

W) = = @ponr — p@o0r T - 1)

x (T —T.)" (3.23)

with the critical exponent v = 1.
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(b) On the critical isotherm (7" = T), the pressure behaves as

p—1=—5(- 1)% o (v — v.)° (3.24)

with the critical exponent § = 3.

(c) Below the critical temperature, the expression (3.22)
must be complemented by the Maxwell construction.
This is facilitated by the fact that the quantity
p—1—4(T —1)=p—4T + 3 is an odd function
in v — ve. Thus, the Maxwell construction yields
7* = 4T — 3 and therefore

~ 3
=6(T = 1)@ = 1) = S (0" — 1)3=0.
The solution with v* = v, is unstable (for T' < T.), the other two solutions
correspond to vy and vq. We obtain

Vgt = Ve £ 200/1 = T/T, . (3.25)

Thus, for the volume change along the vapor pressure curve, we have

vg —vg = 4ve\/1 —T/T. < (T, — T)? (3.26)

with the critical exponent 5 = %

Experimentally, it is found that the universality of the critical exponents 3,~,d is
very nicely observable. However, the exponents are different with 5 ~ 0.3, v ~ 1.3,
and § =~ 5.0. The reason is that near the critical point, our naive theory breaks down
as fluctuations become more important. The explanation of both the universality
and the specific values of the critical exponents through the renormalization group
theory is one of the most important successes of theoretical physics in the second half
of the 20th century.



Chapter 4

Statistical Mechanics

Statistical mechanics aims to relate the results of thermodynamics to the microscopic
laws of physics. This approach sacrifices generality (statistical mechanics in quantum
mechanics is different from statistical mechanics in classical physics) but gains
predictive power; in particular, the thermodynamic potentials can be calculated from
the microscopic laws. To derive thermodynamics from the microscopic laws, one must
derive the two main laws. The first law is unproblematic, as the concept of (internal)
energy already exists at the microscopic level. The key point is therefore to anchor the
entropy S microscopically. The solution goes back to Boltzmann, who recognized that
for every thermodynamic state Z (macrostate), there are many microscopic states.
If the number of microscopic states is denoted by I'(Z), one obtains S = kgInT,
as we will see later. It is clear that entropy is not a property of the microstate but
is only determined by specifying the macrostate. This is linked to the statement
that entropy depends on the working coordinates and is therefore (only) relatively
objective. The theory naturally becomes a statistical theory. Thermodynamics is
obtained in the thermodynamic limit (U,V, N — oo with U/N,V/N fixed) of large,
homogeneous systems, as fluctuations then disappear.

4.1 Entropy

Let’s start with the definition (Boltzmann)
S(Z)=kplnl'(Z) (4.1)

where the factor kg only sets the temperature scale to the Kelvin scale.! More
importantly, the fact that S is linked to InT" is crucial. The intuition comes from the
fact that I'(Z, Z3) ~ I'(Z1)T'(Z2) for a constrained system with Z; + Zs = Z. By
taking the logarithm, the entropy becomes additive as desired. Equation (4.1) shifts

!'Note that the factor kp is independent of the base of the logarithm and a ‘normalization factor’
of ', as they only additively change the entropy.

93
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the problem of a statistical definition of entropy from S to I'. Let I'(Z) > 1 be a
measure of microscopic states with

(1): Ty(Z)=T(2) (stationary with respect to microscopic dynamics)
(13) . T(Z1,2Z2) =T(Z1)T(Z>) (multiplicative),
(15i) : InI(Z) x N (extensive),

then the main theorems of thermodynamics follow. Condition () implies that S is a
state quantity (depends only on the state Z and not on the preparation).

Let us now consider a system composed of two subsystems with Z = Z; + Z5. The
entropy of the system is constrained by

S(Zl, Z2) = S(Zl) + S(ZQ) =kp lnF(Zl) + kp IHF(ZQ) . (42)

In the equilibrium state Z (without constraint), one must consider all states with
Zy, Z> arbitrary, only restricted by Z = Z; + Z5. The total number of states is given
by?

0(Z2) =) T(2Z1,2:) =Y T(Z))I(2Z,) (4.3)

Z,,Z> Z1,Z>
(Z=Z1+2>) (Zz=Z1+2>)

and thus the entropy is found to be

S(Z):k31n< Zr(zl)r(zg)) (4.4)
Z1,Z,

(Z=21+25)
One can estimate the sum from below by a single term (In(z) is monotonically
increasing) and obtains

S(Z) > kgIn[I(Z1)[(Z2)] = S(Z1) + S(Z>) (S is superadditive) . (4.5)

Thus, (2.1b) follows and by reversing the arguments in Section 1.5, the impossibility
of a second law of thermodynamics (2nd Law) is also established. For a homogeneous
system, as seen in Section 2.1, the entropy even becomes a concave function.

By removing the constraints, the entropy always increases due to superadditivity.
From thermodynamics, we expect that in complete equilibrium the equality sign
holds in

S(Z) > S(Z) +8(23). (4.6)

with the state variables Z7, Z3 of the two subsystems. This is only approximately
fulfilled in statistical physics. We denote by I'(Z7)I'(Z5) the largest term in the sum
(4.4). In the thermodynamic limit, the sum has o< N terms.

2Here, one needs the intuitive property that the total number of states for disjoint possibilities is
simply the sum of the individual states.
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For example, for the energy U = U; + Us, it holds that U o N and 0 < U;,Us < U.
The sum thus has U/A « N terms with energy resolution A. Thus, from (4.4), the
upper bound estimation is obtained as

S(Z) < kpln [O(N)r(zm(z;)} =S(Z1)+8(Z5) +O(nN). (47

From (4.6), it follows that

S(Z) = S(Z}) + 5(Z3) + O(In N) (4.8)

and from (4i7), it can be seen that the term O(In V) can be neglected in the thermo-
dynamic limit.

Remark: Without condition (iii), a reasonable thermodynamics is still obtained
with (a version of) the second law. However, in this case, the fluctuations are not
completely suppressed and the subsystems are not determined by a fixed choice of the
constraint parameters. It is the strength of statistical mechanics that it also defines
the concept of heat and entropy for ‘small’ systems; more on this later.

From S(Z) = S(Z7) + S(Z3), the thermal (and mechanical) equilibrium follows
(zeroth law), see (2.4). In particular, the equilibrium quantities 7', g,, are defined as

1 oS o oS
1 R R (e , (4.9)
T oU 7. T 0Z, UZp s
The first law is obtained from
oS oS
TdS =T—d T —dZ, = dU — 0z, . 4.1
§=To-dU + Za: 7 U za:g (4.10)

In particular, heat in statistical physics is identified as usual with
6Q =TdS'. (4.11)

The third law requires that I' = 1 for 7' — 0 and is only valid in quantum mechanics.

Thus, we have reduced the question of how to anchor thermodynamics (statistically)
in microscopy to finding a measure I' of the number of microscopic states with
properties (1), (i), (iii).

4.2 Quantum Mechanics

In the following, we want to focus on the working coordinates V, N. With the volume,
for example, we can describe the work of a gas, and the number of particles is useful
for describing chemical processes or a particle reservoir. The results can of course be
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generalized quite directly to other working coordinates (note that then the entropy is
different because the number of microscopic states for a macroscopic state naturally
changes).

First, let’s consider quantum mechanics. A system of N particles is described by
the Schrodinger equation A0 W (q,t) = HW¥(q,t) with ¢ = (q1,4q2,...) being the
3N coordinates of the particles. The restriction to the volume V is achieved by a
box potential (so that ¥(g) = 0 at the boundary). The energy eigenstates |n) with
HVY,, = E, ¥, are stationary states in quantum mechanics. In fact, ¥, (¢t) = U;¥,, =
e~ Ent/ny under time evolution, so that the probability that the system is in state
|n) does not change.

Now it is important that the entropy S only considers states that have an (internal)
energy U. Due to the discreteness of the energy levels, we cannot demand this
condition exactly, but we only require U — A < E, < U. It turns out that for large
systems (in the TDG) the choice of A > 0 is irrelevant. In particular, for large
systems, one can also choose A = U.

With these considerations, we define

D) = 3 6aU — Ea) = (56U — ) (1.12)
with
(A)qm = Z(n[A]m =Tr(A) and da(x)= {;’ 2t§efw§is?.7 (4.13)

Thus, T'(Z) is simply the number of states that are compatible with the state variables
Z. The work variables V and N are set by restrictions of the Hilbert space. We
therefore neglect the dependence of I' on V and N in the following and simply add a
subscript if necessary.
The property (i) follows by construction with U; = exp(—iHt/h) and
Uda(U—H)
——
Ty(U) =Y (U 5a(U — H)Uy n) = To(U) . (4.14)

n

Now to property (ii): a composite system is described by the Hamiltonian operator
H = H; + Hy (energy is approximately additive) on the Hilbert space H = H1 ® Ha.
The Hilbert spaces describe the inhibition in the working coordinates V and N (H;
corresponds to N7 particles in volume V7). Thus, we have

I'U) = Try 0A(U — H) = Try, Try, 6A(U — Hy — Ho) (4.15)

— Ty, To(U — Hy) = Tryg, [To(U — U1)da(Us — Hy)] + O(A)
= FQ(U — Ul) Tryy, (5A(U1 — Hl) + O(A) = Fl(Ul)PQ(U — Ul) + O(A) .
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Thus, the definition (4.12) provides a microscopic definition of entropy as a state
function and thus of the entire thermodynamics. The fact (property (iii)) that
entropy is extensive follows from the exponential growth of the Hilbert space, see also
later.

In quantum mechanics, at low temperatures 7" which means low energies U, there is
often only a single ground state. However, the system must be in a state such that
I' — 1% for T — 07, which explains the third law.

Example 1: (Particles in a box potential)

We consider a particle of mass m with Hamiltonian H = p?/2m in a box
of size L x L x L as a thermodynamic system. For the number of states
(4.12), we only need the spectrum. For completeness, we note that the wave
functions (with the boundary condition Ws, = 0) have the form ¥, (x)
sin(mnyxy1 /L) sin(mngzy/L) sin(rngxs/L) with energy

m2h2n?
2mL? "’

In applications, it is often useful to use the relationship da(z) = ©(z) —O(x—A),
with O(z) being the step function. It holds

Ep = n;e{1,2,...}. (4.16)

LU, V) =) [0(U-Ep)-0(U-A-Ep)] =%(U,V)-S(U-A,V). (4.17)

n

This leaves the evaluation of the sum
1
XU V)= ZG(U — En) (TB%) / d3n = gQg( 2mUL?/m2h?) (4.18)
E
n

with the volume Q3(R) = %”R:S of the sphere with radius R.
The factor % comes from the fact that the restriction n; > 0
implies that only one octant of the sphere contributes.

In the thermodynamic limit (TDG), the boundary con-
ditions are unimportant. Therefore, one usually uses
periodic boundary conditions.  Then the wave func-
tions are given by W, (z) o« e>™™®/L with the energy

n<U

A2 h2n2

g, — irhn?
2mL?

where now all n € Z? are allowed. In the thermodynamic limit, one must

therefore calculate the volume of the entire sphere, but only with half the radius.
Due to

v

G (VEMD) = 0V IRU A Jr%TP) = S0y BT P [2) - (420)

(4.19)

3We use that da(z —y) = 1 also for |z — y| < A.
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indeed, both boundary conditions lead to the same result (h = 27h is the Planck
constant, V = L3)

T(U,V) = % [93(\/2mU) — Q3(v/2m(U — A))}
- %%(sz)W [1 —(1- A/U)?’/?}
1% A ~(3/2)A/U
~ QWﬁ(QmU)?’/Qﬁ : (4.21)

In this case, the number of states depends on A. The reason is that the system
is very small with one particle. From the thermodynamic potential

(4.22)

3/2
S(U,V) = kpInT = kg 1n<27rV(2mU)A)

h3 U

one can obtain the entire thermodynamics; in particular the (inverse) tempera-

ture Py
1 1kp 1
=) =B = ZkgT 4.2
T <8U>V cu ¢ U=k (4.23)
and the pressure
p oS kB
E e I V =kgT. 4.24
P (50) =% e ek (1.21)

It can be seen that in the thermal and caloric equations of state, A drops out,
as hoped. The thermal equation of state is that of the classical ideal gas with
only one particle.

4.3 Classical Mechanics

The dynamics in classical mechanics is described by ¢ = 0,H,p = —0,H with the
canonical coordinates (¢q,p) € RON . Unlike in quantum mechanics, there is no natural
way to count the number of states. Nevertheless, we are looking for a measure
I['(U) that remains invariant under time evolution. The rescue comes from the
Liouville theorem in the mechanics lecture: the phase volume of a subset € R6N
remains preserved under time evolution. As a reminder, we consider the mapping ¢,
(canonical flow), which maps the initial condition (g, p) to the solution (g,p) after
time ¢, (q,p) = (q(t),p(t)) = ¢(q,p). Since the transformation from (g, p) to (q,p) is
canonical, we obtain a symplectic Jacobian matrix J = 9(q,p)/9(q, p) with Det J = 1
(see for example Landau-Lifshitz Vol. 1, §47). This leads to the Liouville theorem

/ d3qu3Np=/ \DetJ\d3qu3Np:/d3qu3Np. (4.25)
#:() Q 9
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With these considerations, we define the ‘number of states’ as (¢; € V for all j)

I(U,V,N) = /V fy Vg dVp oAU — H) = (0a(U = H))a  (4.26)
dl'n

and with the Liouville theorem, we obtain that I'(U) is stationary (condition (7)).
We have introduced the additional factor fy, which we will determine immediately.

Let us now consider a constrained system with Nj particles in volume V; and No
particles in volume V5. For the spatial integrals, we have (q; are the Nj spatial
coordinates in volume V) and g are the remaining spatial coordinates in volume V3)

N!
dNg = /dSqu / d3Nzg 4.27
/v NiINo! Jy, ' ? (4.27)

where the binomial coefficient counts the ways to distribute the coordinates into the
two containers. We immediately recognize (by dividing the equation by N!) that the
definition (4.26) can only be multiplicative if we choose the Gibbs factor
_ 1 e — d3N qd3N P
I = N N RN N

* The additional factor h=3Y with h being the Planck constant follows from the Bohr-
Sommerfeld quantization (one state per h phase space volume). It is unimportant in
the classical description (only changes the entropy by an additive constant per particle)
but ensures that the quantum mechanical entropy transitions into the classical entropy

in the large temperature limit 7', see example 2. With the Gibbs factor, we have
JydCn = fVl dl'n, fV2 dl'y, and we obtain (cf. (4.15))

(4.28)

(U, V, N) = /

dFN(SA(U—H):/ dFNl/ dl'n, A (U — Hy — Ho)
\% 1% Va

= dU'n, (U — Hy, Va2, N2)

\%1
= F(U - Uy, VQ,NQ)/ dFNldA(Ul — Hl) + O(A)
i
= F(Ul,vl,Nl)F(Ug,‘/é,Ng) —i—O(A) (429)

Thus, the entropy in classical statistical mechanics is superadditive as desired.

Note: The Gibbs factor arises because the constraint only determines the number
of particles in the subvolumes, but does not specify which particles they are. In a
system where we know that the N; particles with coordinates ¢ € R3V! are in volume
V1 and the Ny particles with coordinates ¢/ € R3™2 are in volume Vs, we have directly

/ d*Nidg d3N2dgy = / d*Ndg, / d*N2dg, (4.30)
1%4 1% 1%)

4For more information and the connection to the ‘Gibbs paradox,’ I recommend the article
‘Statistical Mechanics of Classical Systems with Distinguishable Particles’ by R.H. Swendsen, J. Stat.
Phys. 107, 1143 (2002).
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without the Gibbs factor. However, in this description of the system (since we know
which particles are in which subvolume), it is no longer possible to subsequently lift
the constraint on the number of particles.

Example 2: Classical particle in a box

We consider the classical version of the example 1. In this case, we need to
determine I'(U, V') from (4.26) (N =1). It holds

1 Vo Q3(v2mU)—Q3(1/2m(U—A))
LU, V) = 3 / B / dpda(U — p*/2m)

— % [Qg(m) — Q3(v/2m(U — A))} : (4.31)

A comparison with (4.21) shows that in this case, the quantum mechanical
result exactly corresponds to the classical result (with the factor h=3V).

Example 3: Ideal gas

The ideal gas of N particles of mass m is described by the Hamiltonian

N 52
H=>" ﬁ . (4.32)
j=1
We calculate the phase space volume
1
T'= v /d?’Nx/d?’NpéA(U—H). (4.33)
N——
VN

As an auxiliary quantity, we introduce the function

Qsn(R) = / d*Np = Volume of the 3N-dimensional sphere of radius R
Zj P?SRZ

(4.34)
Thus, we have
VN
D(UV,N) = e Qan(V2mU) — Qo (v/2m(U = A))} : (4.35)
The volume of a sphere is given by
/2
Qu(R) = (Z /;)!Rd. (4.36)

The volume grows very rapidly with R. This means that the majority of the
volume is located at the surface.” We obtain

/2 /2
Qu(R) — Qu(Ro) = —=(R* = RY) =

This is why we chose the asymmetric smearing in (4.13).

s

RY1—(Ro/R)"].  (4.37)
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Since Ry < R, in the (thermodynamic) limit d — oo, the first term is dominant
and the correction is arbitrarily small.

With this, we have

vy VN (2rmU/h?)3N/2
I'U,V,N) =~ —+—=Q 2mU) = — 4.38
(U.V.N) & g B (V2mU) = 5 =55 (4.38)
In the thermodynamic limit, we also use the Stirling formula
InN!'=N(InN —-1)+O(InN) (4.39)
and obtain the entropy of the ideal gas (Sackur-Tetrode)
V rdmm U \3/2 5
ﬂQMN%JBmeMmMB&yﬁN)}+2N@, (4.40)

which is valid up to corrections of the form O(In N). The argument of the
logarithm is intensive with V/N (from N!) and U/N (from (3N/2)!). The

temperature of the ideal gas is obtained from

1 08 3 Nkp 3
Enl et =-7 = —NkgT. 4.41
T <8U>VN oy U=k (4.41)
For the pressure, we find
D oS Nkp
LA el =__r V = NkgT . 4.42
T <8V>UN 14 aor 7 e

Thus, we have derived the thermal and caloric equations of state of the ideal
gas from a microscopic perspective.

4.4 Probability Theory

With the Boltzmann prescription S = kpInT' and the definition T' = (0A (U —
H)), which holds in both the classical and quantum mechanical cases, we have
microscopically founded thermodynamics. To gain a deeper insight, however, it is
useful to illuminate the whole from the perspective of probability theory.

We consider a probability space with outcomes i € ). Each outcome occurs with
probability p;. The probabilities satisfy the following properties

pi >0 and Zpi =1. (4.43)

One also defines the probability that A C € occurs as

P(A) = Zpi- (4.44)

€A
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Thus, the probabilities range from P(E) = 0 (impossible event F) to P(E) =1
(certain event). It is useful in statistical mechanics to interpret probabilities in a
Bayesian sense. We are familiar with this from statements like: ‘There is a 25%
probability of rain tomorrow.’ In this case, the probability expresses the degree of

belief.

A discrete random variable X takes the value x; on outcome 7. We define the
expectation value of a function f(x) as

F(X) = Zpif(xi) =Y P(X =x)f(z). (4.45)

If the random variable X is continuous, we introduce the probability density p(z)
such that
d

b
Pla< X <b) = / dz p(x), meaning p(x) = d—P(a <X<z). (4.46)
a x

Thus, the expectation value is given by
0 = [dop(o)f@). (147

The expectation value is linear with aX + 8Y = aX + B8Y. Two random variables
X,Y are called independent if

P X=z,Y=y)=PX =x)P(Y =y) (4.48)
which implies, for example, XY = X Y.

The expectation value X describes the probability distribution p(z) with only one
value. In application, it is important to also know something about possible deviations
from X. For this, the variance is used

(6X)?2=(X-X)2=X2-X?2. (4.49)

This tells us that the values of X are likely to lie in the range X 4+ 6X with high
probability.® Probability theory becomes a deterministic theory for §X — 0. This
corresponds exactly to the thermodynamic limit, in which statistical mechanics
transitions into thermodynamics. The covariance of two random variables is defined
as

5X6Y = (X —X)(Y —V) =XV - XV. (4.50)
It holds that § X dY = 0 if X and Y are independent.

An important result is the central limit theorem: for random variables X;, j =

1,..., N, that are uncorrelated with identical mean X = X and variance (6X)? =
(6X;)? < oo, the sample mean is defined as
1 S
M:NZXj with 7=2X. (4.51)
j

For example, Chebyshev’s inequality holds P(|X — X| > k) < (6X)?/k>.
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For the variance of the sample mean, one obtains

5:5(6X)2 )
1 = (6X)
(6p)? = el > 6Xi0X; = N (4.52)
.3
The central limit theorem holds
0X 1 o
N2 (4.53)

MU VR

This shows that the sample mean becomes deterministic for a large sample size N.

We will also often use generating functions. For a random variable X, the generating
function is defined as the expectation value

Z(\) = exp(AX) Z piei (4.54)
It holds that Z(0) = )", p; = 1 and the expectation value is obtained by

X = Zpixz sz d /\xl
%

More generally, X" = d"Z(0)/dA\" holds for the moments X".

— 7'(0). (4.55)

Moving on to the cumulant generating function F(\) =1n Z(\), we obtain

FO0) =0, F(0)= Z/((g)) ~X, F'0) =

VAU (0) 7! (0)2
z(0)  2(0)?

meaning that the first coefficient in the Maclaurin series of F'(\) is the expectation
value and the second is the variance.”

= (6X)%  (4.56)

Shannon Entropy: We have seen that an event with P = 1 occurs with certainty
while an event with P = 0 does not occur at all. Looking for a measure of uncertainty,
one realizes that it should vanish for P = 0 or P = 1 and be maximal for P = %
Therefore, as a measure of uncertainty of a random distribution p;, i = 1,..., M, the
Shannon Entropy®

SShannon = - sz 10g2 Di > 0 (457)
)

is introduced. Conventionally, the logarithm to the base 2 is used, so SShannon 1S
measured in ‘bits’. For two events with p; = p and p2 = ¢ = 1 — p, we have

SShannon =P IOgQ p—q IOgQ q. (458)

"More generally, the n-th cumulant is defined as d™F(0)/d\™.
8The convention is to define zInz = 0 for 2 = 0.
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The function vanishes for p = 0 or p = 1, is symmetric p < ¢, and has a maximum
SShannon = 1bit at p=q= %

The importance of SSpannon follows from the following result (Shannon): Taking
N > 1 independent samples from the distribution p;, one expects to obtain the
result x; n; times for a typical sequence with n; = p; N. The number of typical
configurations is given by the multinomial coefficient

F(ﬁl,...,ﬁ]\/[):%. (459)

Using the Stirling formula N! ~ (N/e)", we obtain for large N the result

oNlogy N B B
F(’ﬁ17 e ’ﬁM) ~ — 27 Zz g lOgQ(nl/N) — 2NSShannon . (460)

2731 10g2 n ... 273]\4 10g2 nyr

Therefore, for large N, one needs (/N Sshannon) bits of information to store which of
the typical sequences has been obtained. Furthermore, it can be shown that with
overwhelming probability, a typical sequence is obtained. A general sequence occurs
with the probability
NV w95 miloga(Npi/mo)

P("la--wnM):mm P~ 2 (4.61)
Now, if we set n; = n; + dn;, with the deviation dn; < n; from the typical sequence,
then we obtain

1 dn?

and therefore (), dn; = 0, since ), n; is fixed)
P(ny, ..., na) ~ 9—N 32 pi(dni/ni)?/In(4) (4.63)

Thus, a typical sequence occurs with probability 1 in the limit N — co. The Shannon
result provides a deterministic statement (probability 1) for a stochastic problem in the
limit N — oo. In this sense, it is analogous to the transition from statistical physics
(with fluctuations) to thermodynamics (without fluctuations) in the thermodynamic
limit.

Density matrix: To describe a quantum mechanical system with incomplete
information, the density matriz is usually used:

p= sz‘\wiﬂ%f : (4.64)

This describes a mixed state, where the system will be described by the (normalized)
wave function [¢);) with probability p;. In general, a density matrix p is a linear
mapping p: H — H with the following properties:
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o p=opl (Hermitian),
o p>0,1ie., (Y|plyp) > 0 for all |) (Semidefinite),
e Tr(p)=1 (Trace 1).

Due to Hermiticity, the density matrix can be diagonalized in an orthonormal basis
|4b;) with eigenvalues p; € R. It holds that p; > 0 (due to point 2) and ), p; = 1 (due
to point 3). Therefore, for a general density matrix, we have the representation in
(4.64) where p; is the probability of finding the system in the state [1;). Pure states
are exactly the cases where p is a projector with p? = p (which means there is an i
such that p; = 1 and pj; = 0).

The expectation value of any observable A in the state p is then given by

A= Zpiwimw = Tr(pA). (4.65)

Starting from the state py at time t = 0, the time evolution of the individual wave
functions under the Hamiltonian operator H according to the Schrodinger equation
is given by Uy |y;) = e~/ a;). Thus, at time ¢ the state is

pe=>_ pi Ulog) (5| U] = e /M poetHE/M, (4.66)
The density matrix thus follows the von Neumann equation
d,Ot 1
— = —7H,p. 4.67

With the density matrix, one can express the Shannon entropy independently of the
basis. It holds (von Neumann entropy)

Svon—Neumann = —TY(P 10g2 P) = - Zpi 10g2 Di = SShannon . (468>

For pure states, of course, Sshannon = 0. Mixed states lead to Sshannon > 0. In the
following, we denote with the probability density p both a density matrix in quantum
mechanics and a probability density p(q,p) in phase space in classical mechanics.

Insert: (Entanglement)

Often, an observer (‘Alice’) in a Hilbert space H = Ha ® Hp only has access to a subspace
Ha. This occurs, for example, when the system consists of two spin—% particles, but Alice
can only manipulate one spin. The measurements M4 of a state p, which Alice can perform
on her subspace, are then described solely by the reduced density matriz

pa: Ha — Ha, pa = Tre(p) (4.69)
where Trp denotes the trace over the Hilbert space Hp. The expectation value of M4

<MA> = Tr(pMA) =Tra TI'B(,DMA) = TI'A(pAMA). (4.70)

:TrA®B
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is thus determined solely by pa. Note that starting from a pure state p, in general, p4 is not
a pure state.

First, let’s consider the state |¥;) = |[11) in the Hilbert space C?> ® C2. The corresponding
density matrix is given by

pr = 1. (4.71)

For measurements on Alice’s subsystem, the knowledge of the reduced density matrix is
sufficient

pa=Trs(p)= 3 (1@ (msl) [11)(H] (1@ ms))= 111 (4.72)

mp=+
Note that in this case, p1,4 is again a pure state with piA = pP1,A.

As a second example, we consider the state (singlet) [¥2) = —=(|14) — [{1)). The density
matrix is given by

pa = 5 (1) — 1) (0041 = 1) = 3 (R CHU + LT — R QT = D) - (4.73)

In this case, the reduced state is

prua = 3 (NG + W) = 5 o (4.74)

is not a pure state. The state p2 4 is actually the mazimally mized state, in which |1) and ||)
each occur with 50% probability.

The different behavior of |¥1) and |¥2) is related to the fact that |¥1) = |1) ® |1) is a product
state. It can be shown in general: let |¥) = |1a) ® |¢yB) be a product state with arbitrary
[ha) and |¢g). Then, the reduced density matrix

pa=Trg(|pa) ® [Ye)(Ya| @ (¥B]) = (Tre [¥e) (WB])[1ha)(Wa] = [Pa)(Pal (4.75)

corresponds to the pure state [14). This gives us the following simple criterion for any pure
state |U) on Ha ® Hp:

|¥) can be written as a product state < pa is a pure state. (4.76)

One calls states that cannot be written as product states entangled states. In particular, we
obtain the result that the singlet state |¥s) is an entangled state and therefore cannot be
written as a product state. In other words, we have shown that there are no unitary operators
Ua and Upg such that

(Ua®@Ug)|¥2) = [¢a) ® [¢B) (4.77)

with arbitrary [¢4) and |¢¥B).

4.5 Microcanonical Ensemble

We want to give a statistical interpretation of the Boltzmann formula S = kpInT

with I' = (JaA (U — H)), which holds with the respective definition of (-) in both the

classical and quantum cases. The bracket (-) provides a weighting of phase space that
remains invariant under time evolution. The function dA(U — H) restricts us to the
subspace of phase space where U = H holds (as we have already seen, the specific
value of uncertainty A > 0 is unimportant). The other constraints are implicit in the
formalism (we only allow states with given V, N).
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The state variables U, V, N only determine a macrostate, to which x I' = eS/ks
microstates belong. With limited access/knowledge about the system, we cannot
precisely determine which of the microstates will be realized. The most natural
assumption (see the Gibbsian variational principle later) is that we assign the same
probability to all states. The equal distribution in phase space over the states allowed
by the constraints is called the microcanonical ensemble (or the microcanonical
ensemble) with the probability density pymx = ¢da(U — H). The normalization c is
obtained from

1={(coan(U—-H))=c(a(U—-H)) =cT'(U). (4.78)
This results in the probability density (microcanonical distribution)
1
k= ——0A(U — H),  T(U) = (6a(U — H)), 4.
i = gy OSU = H). TU) = (a0 ) (4.79)

where the denominator

() = {Zn A(U = E,)  (quantum mechanically),

) (4.80)
JdUN 6A(U — H)  (classically),
is called the microcanonical partition function.

For the measure of disorder/entropy, one then calculates the Shannon entropy,

S=—kpy pilnp (4.81)

which is called Gibbs entropy with the new normalization; it holds that Sgipbs =
kpIn(2)Sshannon- We obtain

InI'(U)
o)

which exactly corresponds to the Boltzmann definition.

S = —kp{pmkIn pmx) = kB (0A(U — H)) =kplnT'(U), (4.82)

Landauer Principle: The relationship Sgibbs = k5 In(2)SShannon between thermo-
dynamics and information theory leads to the following result: when deleting
a bit on a hard drive, the Shannon entropy is reduced by 1 bit (initially
po=p1 = %, in the end pg = 1,p; = 0.) Translated to thermodynamics, this
corresponds to a reduction in entropy of

SLandauver = kpIn(2) = 9.57 x 10724 J /K (4.83)

This process cannot occur spontaneously, but requires energy exchange. For a
heat bath at room temperature T'= 300 K, the heat released is

AQ = TSLandawer = 4 x 10721 J =42 (4.84)

If one were to delete a hard drive with 1 TB = 8 x 10'2 Bit, the heat in the
room would increase by at least

AQ >3 x107%]. (4.85)
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With the statistical description, one can extend the second law to systems that are
not in the thermodynamic limit and where fluctuations are not negligible. It holds
that

(Second Law statistical formulation)

In a closed system, it is impossible to deterministically (with probability
1) reduce entropy only by manipulating the extensive variables.

It is important to understand (as we have mentioned many times) that entropy is a
quantity that depends on the available extensive variables. If one has control over
the spatial coordinates of all particles, one can of course reach any state. However, in
this case, there is no heat and entropy disappears. For a deeper understanding of

the second law, I recommend the comic ‘Max the Demon Vs Entropy of Doom’ by
Auerbach and Codor.

The statistical mechanics also makes a statement about the probability of achieving
a decrease in entropy AS < 0 (from S — S’ = S + AS). A decrease in entropy
corresponds to a reduction in the microcanonical partition function (and thus the
number of states). One starts with I' = e3/¥5 states and ends with I = eS'/kB < T
The number of states, however, remains unchanged, both in quantum mechanics
(due to unitarity) and in classical mechanics (due to Liouville’s theorem). Therefore,
at most I out of I" states lead to the decrease in entropy, and thus we obtain the
probability

/
P(AS <0) < % — AS/ks (4.86)

for a decrease in entropy. In the thermodynamic limit, AS oc N and thus the proba-
bility vanishes, and statistical mechanics transitions to deterministic thermodynamics,
see Eq. (4.63). For a microscopic change of 1 bit, AS = —SLandaver and we obtain a
decrease in entropy with probability

1
P(AS = —Spandauer) < €% = 5 (4.87)
A change in entropy of the order of Standauer is therefore not forbidden in statistical
mechanics and not even so unlikely.

4.6 Canonical Ensemble

We consider a thermodynamic system (with internal energy Uj) in thermal contact
with a heat bath (Uz > U;) at temperature T'. Since only heat exchange occurs, we
focus on the state variable U, as the work variables are constrained. The total system
is closed with Uit = Uy + Us. The microcanonical partition function of the total
system is given by

['(Utor) = T(UN)T'(Uy) (4.88)
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The energies U}, U5 in equilibrium are determined by the condition 0.51(Uy)/0U; =
052(U3)/0Uz = 1/T. However, we now want to allow for fluctuations and set Uy = H
arbitrarily with H being the Hamiltonian of the system. Furthermore, we are only
interested in the system, so we write U = U; and S = 51.

When the system has the energy H, the remaining energy in the heat bath is
Uy = Uiot — H. The probability of finding the system in a microstate with energy
U = H is given by the ratio

(U 1 T(U iy €52(Uiot—H)/ kg
px(H) = (U2) — . ( i) _ S )/k;BW_
T(Uw) T(U*)T(U3) ¢S2(Uio—U") [k

(4.89)

of microstates with energy Uiot — U in the heat bath to the total number of all
microstates with Uit in the closed overall system.

Since H <« Uiy, we can expand the exponent and obtain
1
S2(Uiot — H) = S2(Utot) — TU + O(1/Niot) » (4.90)

where we have used that 025/0U? = —(T?cy Niot) ' = O(1/Niot) With No &2 Niog.
This gives us the canonical distribution

pp(H) = eS8 ket U =H)[kpT _ o(F=H)/ksT — p(T) = U* — TS(U*). (4.91)

We define the canonical partition function (we implicitly leave out the dependence on
V by assuming that the N particle positions are restricted within the volume V)

1

ZNB) = ("), B= (4.92)
—BEn ntum mechanical
R
with p = e ## /Zy. The free energy follows from
F(T,V,N) = —kpTIn Zy(T),. (4.94)

The canonical partition function describes a system that is in thermal contact with
a heat bath. From a statistical point of view, it is also evident that the free energy
is the correct potential to describe this system. In the thermodynamic limit, the
microcanonical distribution (closed system) and the canonical distribution (system
in contact with a heat bath) yield the same result. However, for small systems, the
fluctuations differ, which can only be calculated using statistical physics. In the
canonical distribution, the internal energy U of the system fluctuates. The expectation
value is given by

i@ZN . _81112]\[ . 8(517)

— 1
U =T = (peH) = 5 (He ) = - T = SR - S

N

(4.95)
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The expectation value corresponds exactly to the Gibbs-Helmholtz relationship

O(BF) OF oF

- F  —F-T_—=F4+TS=U 4.96
ap s ar — " (4.96)
from thermodynamics. Statistical mechanics extends this result to fluctuations. We
calculate the square of fluctuations (Zy(5) is, up to an unimportant factor, the

generating function)

o  0?InZn(B)  O*BF)  [(OU o (0U
— kgT?Ney . (4.97)

Thus, for the relative deviation (u = U/N is the internal energy per particle)

5£ . kBTQCV 1
U u?N N1/2°

(4.98)

It is important to note that the derivation of the canonical ensemble only requires
that the heat bath is large (Niot — 00). In statistical mechanics, systems with finite
N can be studied (one can even set N = 1). These systems undergo fluctuations.
Only in the thermodynamic limit do the relative deviations disappear and the theory
becomes deterministic.

The relationship (4.97) is the first example of a fluctuation-dissipation relationship. It
connects the fluctuations (here of U) with response quantities (here cy). In computer
simulations, it is often easier to determine 60U and then calculate the specific heat
through

(6U)?

vy

Calculating the canonical partition function is typically much simpler than calculating
the microcanonical partition function due to the lack of restriction to a single energy.
Therefore, the canonical approach is usually chosen in applications.

Example 4: (Configurational Integral)

In classical statistical mechanics of N particles, the Hamiltonian usually has
the form H = Y. p?/2m + Upot(1, . .. ), see (1.7). The integral over momenta
can thus be performed for any potential. This yields

(2rmkpT)3N/2

Q 85 p2/om @

with the configurational integral

1
Q= / 3Nz &=l @) (4.101)
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and the thermal wavelength

h
= 4.102
\/27rmk:BT ( )
For an electron, for example, we have
74.5
A= oomm (4.103)
T[K]

Example 5: (Ideal Gas)

Back to the ideal gas once again. In this case, the configuration integral is
trivial with

VN
This results in the free energy
v
— kpTInZy = —Nk:BTln<N)\ ) NkgT. (4.105)

From this, for example, the entropy (4.40) follows by differentiating with respect
to =T.

Example 6: (Maxwell-Boltzmann Distribution)

For a classical ideal gas in an external potential Ugy, we obtain the distribution

o = ZlN exp [—,6’ Z (;’; + Uext(wi)>:| . (4.106)

If we are only interested in the position & and the momentum p of a particle,
we only need the marginal distribution (after integrating over the remaining
variables). Since the particles are independent (the distribution is a product),
the marginal distribution is simply one of the factors. This gives us the Maxwell-
Boltzmann distribution

2
pMB(CC,p)d?’x d3p = le exp [—B(;:n + Uext($)>:| . (4.107)

Example 7: (Equipartition Theorem)

We consider a (classical) Hamiltonian system with f degrees of freedom. Let
(1, ...,x2f) = (q1,p1,---,q¢,pf) with ¢ and p being the conjugate variables.
Then the equipartition theorem holds
(0z .H)e_ﬂH 0
aH dFN ' ae pH /dFN O(wie”PH) / AUy g O
B) 0x; Zn (=PB)0x; ZN (—B) 0z
= k’BTéij , (4.108)
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where we have neglected the boundary terms, assuming that the Hamiltonian
function restricts the system to a finite part of the phase space.

For the Hamiltonian function H = K + Upey = 3200, p2/2m + Upot(q) from the
example 4, we can apply the equipartition theorem to the kinetic energy. We
obtain

OH _ Pipj

kTd;: = p; = .
B p@pj m

(4.109)

This means that the average kinetic energy pg /2m of each degree of freedom is
given by kpT'/2. Therefore, overall we have

— 1
K = ;NkBT = o hpT (4.110)

with f = 3N being the number of degrees of freedom. Using the virial theorem
(1.32) for the ideal gas, we obtain the thermal equation of state

NkgT = pV . (4.111)

For an interacting system, (1.33) leads to the thermal equation of state

8vaw
—_— S ) 4.112
(@) (4.112)

NkgT =pV + ) ;-
J
Thus, the ideal gas equation is extended by the virial as an additional term.
Developing the virial in powers of the particle density n = N/V yields the
so-called virial expansion.

Example 8: (Degrees of Freedom)

For a classical, harmonic system with the Hamiltonian (per particle) H =
Z{il p?/2m; + Z{il kig?/2, the equipartition theorem states that each of the
f = fp+ fq degrees of freedom carries an average energy of %kBT (the proof
for the potential part is analogous to the kinetic part in the previous example).
The same applies to the more general kinetic energy p?/2m(q) where the mass
depends on the coordinates ¢, .... It follows

— 1
U=H = fksT (4.113)

with f being the number of degrees of freedom. Therefore, for the specific heat
cy = % fkp and the system becomes a perfect gas with adiabatic exponent

cy +kp f+2 2
_ — =14+ = 4.114
cy f f ( )
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Example 9: (Diatomic Molecules, Ideal Gas)

For (light) diatomic molecules (Ha, N3, O2) without interactions, in addition
to the three kinetic degrees of freedom, rotational degrees of freedom are also
present. The system has two rotational degrees of freedom with quadratic
kinetic energy L%/2I = (pg + pi/ sin? §) /21, where py, pe are conjugate to
the variables (6, ¢) that parameterize the unit vector of the bond line e =
(cos ¢sin B, sin ¢ sin @, cos @). Therefore, the system is a perfect gas with f =5
degrees of freedom.

[ !>e @ vvwwwwww@

—> e

Of course, there are still vibrational degrees of freedom, but these are frozen
out for light molecules at room temperature due to quantum effects, see later.
For heavy molecules (Brg) or high temperatures, there is the possibility of
vibration along the bond line. This vibration contributes two degrees of freedom
(potential and kinetic energy), and thus the number of degrees of freedom in
this case increases to f = 7.

Statistical Interpretation of Heat: In statistical mechanics (canonical ensemble),
entropy is determined by the Gibbs (Shannon) expression

S=—kpY pilnp,  p=e Mijzy =T (4.115)
7

Each microstate ¢ corresponds to a specific value H; = E; of the energy in the closed
system. The internal energy of thermodynamics corresponds to the expectation value

U=H=> pH,. (4.116)

We can rewrite the entropy a bit by using Inp;, = (F — H;). We obtain
TS =—kgT Y pB(F—H)=-F+U, (4.117)

7

which exactly corresponds to the thermodynamic relationship between U (or S) and
F.

Now, considering small changes, we get (3, dp; = 0 since >, p; = 1)
TdS = —kpT Y (1+1Inp)dp; = Y  Hidp;
‘ i

dU = pidH; + Y Hidp; =Y pidH; + TdS = §W +6Q. (4.118)
% % i 5Q

The work W corresponds to reversible changes in internal energy (without changing
the probabilities). The change in heat is given by 0Q =), H;dp;.
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Gibbs’ Variational Principle: We motivated the microcanonical distribution
by the fact that we have knowledge about the macrostate, but are completely
ignorant about the microstate. One can specify this ‘principle of insufficient reason’,
initially formulated by Laplace, more precisely. To do this, we want to determine the
probability distribution p; on the microstates ¢ which maximizes the Gibbs/Shannon
entropy (Gibbs’ variational principle). To do this, we determine the extremum of
S = —kp ), piInp; under the constraint ), p; = 1. This implies (A is the Lagrange
multiplier)

0=d(S/kp = A> _pi)=—> (Inpi+ 1+ N)dp, (4.119)

(2

()

Thus, we have

pi = e 17 = const., (4.120)

which corresponds exactly to the microcanonical distribution (equal distribution on
the microstates). The fact that the extremum is indeed a maximum follows from the
concavity of —plnp.

In the canonical distribution, we do not fix the internal energy U, but allow for energy
exchange. However, the constraint holds

U=H=)Y pH;. (4.121)

To find the extremum of S, we therefore need a second Lagrange multiplier 5. We
obtain

(2

0= d(S/k'B — )\sz — ﬁZHlpl) = — Z(lnpi +1+ A+ ﬁHz)dpz (4122)

with the result
pi = eV ATAHI o omBH: (4.123)

which corresponds exactly to the canonical distribution with 8 =1/kgT.

This way, one can understand statistical mechanics with the ‘principle of insufficient
reason’ more deeply. Since one cannot uniquely determine the microstate by solely
accessing the macroscopic quantities, it is simply assumed that the system is in
the state with the highest entropy (given the knowledge about the system). This
corresponds exactly to the typical configurations of Shannon. Even though there
is no knowledge about the microstate, statements about observables can still be
made. In particular, there are quantities whose relative fluctuations vanish in the
thermodynamic limit of large systems, allowing deterministic statements to be made.

One can easily extend the Gibbs variational principle by allowing fluctuations in other
work coordinates. For example, one can imagine that the system is in contact with a
working medium that allows volume changes and only sets the pressure on average.
It is directly seen that the additional Lagrange multipliers correspond exactly to the
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L (Legendre)

thermodyn. potential — f(x) > g(p)
A A
P(z) = e @ Gp) = *®
v v
partition function — F(x) > G(p)
G(p) = [dz F(z)e® (Laplace)

Fig. 4.1: Relationship between the Legendre transformation in thermodynamics
and the Laplace transformation in statistical mechanics: a change from x to p as
the natural variable corresponds to a Laplace transformation on the corresponding
partition functions; except for corrections that vanish in the thermodynamic limit.

equilibrium quantities g,. For the work coordinate Z with the equilibrium quantity
g, the probability distribution is then obtained as

pi o e PHi=gZ:) (4.124)

The fact that in the thermodynamic limit this corresponds exactly to a change from
Z to g with a Legendre transformation and thus is equivalent to thermodynamics,
follows in the next section.

4.7 Equivalence of Ensembles

We first present a general result that links Legendre transformation with Laplace
transformation. The application of this result shows, among other things, that in
the thermodynamic limit, the microcanonical ensemble yields the same results as the
canonical ensemble.

Given an extensive quantity z o< N for N — oo, let f(x) be a convex function that is
also extensive. Furthermore, we define the corresponding ‘partition function’ F'(x) =
e~/®)_ Then, in the thermodynamic limit N — oo, a Laplace transformation of F(z)
to G(p) corresponds exactly to a Legendre transformation of f(z) to g(p) = InG(p)
(up to subdominant corrections of O(In NV)), see Fig. 4.1. In formulas, we have

G(p) = / de F(z)e™ = g=Lf with F(z)=e /@ G(p)=e9® . (4.125)

Now for the proof: The function xp — f(x), due to the convexity of f, has a well-
defined maximum at z* for each p, see (2.4). Therefore, the integrand e®~f() is
dominated by values near this maximum. In second order, we obtain
Lf
k k ” * * 1 * *
wp— f@) =2"p— @)+ (- f@))(w—2") - 5 (@)@ -2 (4126)
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Furthermore, from the extensivity, we have f” o« 1/N. With this approximation
(saddle point approximation), the Laplace transformation can be explicitly carried
out with the result

G(p) = e / da e 21"t = £ O(1) (@) !V?) = eSS O(NY?). - (4.127)

We obtain o)

PNg
g(p) =InG(p) = Lf +O(InN), (4.128)

which completes the proof.

Note: The saddle point approximation restricts the integral to a range éx = x — x* ~
N'/2. Furthermore, 2* o« N due to extensivity. This means that the fluctuations in
x are not small, but only the relative fluctuations are small, see (4.53) and (4.98).

Note: In applications, the integral is often not over all real numbers, but only over
a subset. As long as x* £ dx is within the integration range, the result still holds.
For a similar reason, the integral can be replaced by a sum over integers (in the
thermodynamic limit, many integers are within the range x* + dz and the integrand
changes slowly).

Microcanonical and canonical ensemble: The relationship
~OA(U—H)e BH

T
Jau PG = fap LT oy g5 )

between canonical and microcanonical partition functions holds, where we have used
that [dU 6a(U — H) = A. Thus, the partition functions are linked by a Laplace
transformation (the additional factor 1/A is unimportant, as it only corresponds to a
constant shift In A on the potentials).

Now it is only a matter of choosing the functions f, F), g, G and the variables x,p
from equation (4.125) correctly, in order to show that

(—B)F(B) = max((—ﬁ)U - iw)) - m(?x(sliU) - BU) . (4.130)

U kB B

which (after dividing by (—f)) is equivalent to the (standard) result

-5
F(8) = min(U(8) = —=—) = min(U(8) - T5) 4131
() =min(U(S) ~ ) = min(U(S) (1131)
from (2.47). Thus, in the thermodynamic limit, F' and S are linked by a Legendre
transformation and the two ensembles yield the same results. It is also said that the
ensembles are equivalent.
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The necessary connection is provided by (x — U, p — —f)

f(z) = —S(U)/kp = —InT(U), F(z) — I(U),
9(p) = (=B)F(B) = In Zn(P), G(p) = Zn(B), (4.132)

thus we have shown the equivalence of the ensembles in the thermodynamic limit.

4.8 Grand Canonical Ensemble

As we have seen in the last section, we can introduce new ensembles by switching from
an extensive work coordinate to the (corresponding) intensive equilibrium quantity.
Physically, this corresponds to coupling the system to a reservoir. In applications,
particle reservoirs are important, which is why we explicitly carry out the procedure
for this case.

Let us consider a system that is coupled to both a heat bath (at temperature T")
and a particle reservoir (with chemical potential 1). Physically, the two reservoirs
can of course be realized by the same system. We can obtain the grand canonical
distribution analogously to the derivation of Equation (4.89). Equivalently, from the
Gibbs variational principle (4.124) (with g — p, Z — N) we obtain the result

e~ B(H—pN)

The grand canonical partition function

Z(B8,2) = Z N Zn(B) = (e PH-1N)Y, with the fugacity z = e®*  (4.134)
N

is linked to the grand potential by

QB,z) =—kpTInZ(8,2) . (4.135)

The partition function Z(f, z) is the generating function for the (internal) energy
(with respect to —3) and the number of particles (with respect to In z). We obtain

InZ — InZ InZ
Ol and N:N:an —zan (4.136)

U=H=~- op olnz 7 0z

In the grand canonical ensemble, the number of particles is only fixed on average.
For the variance, we obtain

2 9.5 2
(ony = L2 _< oN ) = kpT <8N> Co0) N keT.  (4137)
0 B,V B,V

" Olnz? (B) N Vv

In the thermodynamic limit, the relative fluctuations vanish with 6 N/N oc 1/N/2,
as already known from the equivalence of ensembles.
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Note: The grand canonical ensemble requires that the partition function be calculated
over systems with any number of particles N. In quantum mechanics, this corresponds
to the trace over the Fock space

F=PHn. (4.138)
N=0

The direct sum goes over the vacuum state Hg = C, the one-particle Hilbert space
H1 = H, the two-particle Hilbert space Hs, and so on. In nature, not all states in
the product space
Hy=HN=H® --@H (4.139)
N factors
are realized. Only the symmetric (for bosons) or antisymmetric (for fermions)
subspaces are allowed, with

YNy, ) =X, X ) (bosons), (4.140)
ON(s iy, ) = —UN( T, T, ) (fermions). (4.141)

A general state in Fock space has the form

U= (¢07w11¢27"'> (4142>
with the scalar product
(T[®) = (Unlon)ry - (4.143)
N

Here, [1/9|? is the probability of the system being in the vacuum state. The probability
density of finding N particles in the system at positions x1,...,xy is accordingly

[N (1, ..., zN)]?

For the calculation of the grand canonical partition function Z = Trz (e #(H-#N)) =
Sy 2N Trygy (e7PHN) =37 2N 7y, one needs the particle number operator

N|¥) = (0,91, 2¢2,...) (4.144)
and the Hamiltonian operator on the Fock space
H|U) = (0, Hi1, Hato, . . .) (4.145)

as a function of the Hamiltonian operators Hy on the N-particle Hilbert space.



Chapter 5

Quantum Gases

5.1 Rotations of Diatomic Molecules

In Example 9, we have seen that the rotations of a diatomic molecule with H = L?/21
classically contribute kp to the specific heat. The equipartition theorem is no longer
valid in quantum statistics. The reason is that degrees of freedom can freeze out, as
we will see below.

Quantum mechanically, the Hamiltonian operator has the spectrum

H|l,m) = Ei|l,m), Im| <1, 1€{0,1,...}

2
E=—=Ill+1). 1
= ) (5.1

We now calculate the partition function'

— — —BE1m — —al(l+1) —
Z=Za)=) e D (2 +1)e Tk (5.2)

lym l
From this, we obtain the specific heat

ou  9*ImZ . ,d*InZ

The dimensionless quantity « distinguishes between high 7' >> T* = h?/Ikp (o < 1)
and low temperatures T < T™*. At low temperatures (« > 1), only the first terms
contribute and we have

Z(a) ~ 1+ 3e2%, cy ~ 12kga’e 2. (5.4)

'Since we only have one particle, there is of course no distinction between canonical and grand
canonical.

79
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Fig. 5.1: Specific heat of a diatomic
molecule as a function of tempera-
ture. For low temperatures, it is expo-
nentially suppressed and approaches
the result kg from the equipartition
theorem for high temperatures. The
temperature dependence is anomalous
T T with a non-monotonic behavior.

Thus, at low temperatures, the rotations freeze out exponentially with ¢y ~ e T7/T,
At high temperatures, the sum becomes a Riemann integral with
& 1 [ d
Z = / (20 + 1)~ g = —/ —eol+D g (5.5)
0 o Jo dl

-1

Therefore, Z ~ 1/« and cy ~ kp, which corresponds exactly to the classical value
for two degrees of freedom from the equipartition theorem.

It is interesting that the transition from the value ¢yy = kp at high temperatures to
the exponential suppression is not monotonic. We can improve the high-temperature
result by using the Euler-MacLaurin formula

= > 1 1 1,
S W= [0+ 50 = 5110 + 751"0) (5.6
=0
We obtain
Z:$(1+éa+%a2+---), cV:kB(l—i—%aQ—i—--'). (5.7)

Thus, there is an anomaly in the specific heat: it first increases before being suppressed.

5.2 Phonon Gas

Consider a solid with N atoms. The atoms with mass M are arranged in the
equilibrium position 7; (i = 1,...,N) in a crystal lattice. Small deviations u; =
(Wi,a)a=1,2,3 from the equilibrium position can be used to develop the energy in
quadratic order. The Hamiltonian is obtained as

u-3

1
+5M Z Daop(ri — 7j)uiaujs (5.8)
2,
a"]ﬁ

p?
oM
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with p; = Mu; being the canonical momentum corresponding to w;. The dynamic
matriz D is symmetric Dog(r) = Dgo(—1), positive-semidefinite, and due to transla-
tional symmetry, depends only on r; — ;.

Important are the eigenmodes and eigenfrequencies, which diagonalize the problem.

)

To determine the 3NN solution u,; ’ of the eigenvalue equation

ZDaﬁ —TJ 55) wZU(V) v=12---,3N. (5_9)

Q0
with the eigenfrequencies w,. The eigenmodes are linked to the original degrees

of freedom by an orthogonal principal axis transformation. With respect to the
eigenmodes, the Hamiltonian operator separates. We set u; =), ql,ugy) and obtain?

H= ZH Z(; 1Mw3q3> (5.10)

with p, = Mq,.
Each term H,, is a harmonic oscillator with the spectrum
1
E,, = hw, (n,,+2> , n,=0,1,2,.... (5.11)

The total spectrum is thus given by

En, ZEn = hw, (n,, + ;) . (5.12)

To obtain the thermodynamics at temperature 7', we calculate the canonical partition
function

7 = Z e_BEnlv”‘v"BN = (Z e_ﬁE"1> R (Z e_ﬁE":sN)

ni, ;N3N ni N3N
S
=[12. Z, =y e (5.13)
v n,=0

Note that the factorization of the partition function into the contributions of the
individual eigenmodes is a general property of a system consisting of non-interacting
subsystems. As a result, the (free) energy becomes a sum of the subsystems.

We now only need to calculate the partition function Z, of an eigenmode (harmonic
oscillator), with the result

1 hw !
—Bhwy u"r —Bhwy /2 _ : v
7, = } : o~ Bhwy(n / [ Py = [2s1nh <2kB )] . (5.14)

n,=0

*Due to the orthogonality of the transformation, >, u(”) ."/ =8,
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The internal energy is given by

1 hew,,
Z — In [2sinh(fAw, /2)] = EV: 5714@ coth <2kBT>
S (W) 19

with the mean occupation number (Bose-Einstein distribution)

U _8an

. 1
n, = 7eﬁwl//kBT 1 . (516)
At high temperatures kgT > hw,, the occupation number becomes
kT
Ty = hiy . (5.17)
In this limit, we obtain the heat capacity (Dulong-Petit law)
3N
ou 0
Cv=or = aTkBTZ 3Nkp. (5.18)

Thus, at high temperatures, we obtain the result from the equipartition theorem.

At low temperatures, some degrees of freedom are frozen out. To calculate the
heat capacity, we need the eigenfrequencies w,. Due to translational invariance, the
eigenvalue problem in Fourier space is already diagonal, so only the diagonalization
of the 3 x 3 matrix remains

— Z e~ TiD5(1) (5.19)

Thus, the system has three polarizations and the eigenfrequencies are given by wy(k),

A=1,2,3.

An important property of the system is that the energy does not change during a
homogeneous displacement u; = d of the crystal. It follows that

0=> D(r;)) = D(k = 0) (5.20)

and thus also the Goldstone theorem wy(k — 0) — 0. This means that the excitations
are (linear) sound modes

(k) = {s|||k:|, longitudinal mode with u || k, (521)

sy |k|, transverse mode with u L k,
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where the sound velocities s of the two transverse modes are equal due to symmetry.”
The linear dispersions are only valid for small k.

We consider the system in a box with volume V = L. The quantization of the k
modes is k = (27/L)n, as in the example 1 (with periodic boundary conditions). We
obtain the internal energy
k2 dk /2m2
d3k 1 dk
= —= Y hwy(k )=V [ =E)Y hw(k 22
U V/ (277)3%: (k) <nk,)\+ 2) V/27T2 XA: A(K)agx + U, (5.22)

where Uy corresponds to the zero-point energy. We determine the excitation energy
with respect to Uy by changing from k = |k| to w as the integration variable. We
obtain?

® dw 3hw? 1 3 VEET* [ 3 2VELRT*
U:V/ o She A /d:r T T 0B (5.23)
o 2m2 3 ew/ksT _1 272 R3s3 J, Ter—1 10 h3s3
with s being the ‘average’ speed of sound defined by
1 1 1 2 1
- == - =% +t-=. (5.24)
s3 3 Z/\: 55 3s% BSﬁ
Thus, the heat capacity of the phonon gas (at low temperatures) is given by
oU  2n? kpT\®
Cyv=—=—kgV|—] . 5.25
V>or 5 P ( hs ) (5:25)

The linearization of the spectrum in (5.21) is of course only valid for small energies
and thus low temperatures. In fact, (5.25) is found to exceed the classical value of the
Dulong-Petit law for high temperatures. The issue is that frequencies are included
in the integral (5.23) where the linearization is no longer valid. Debye therefore
proposed to replace the upper limit of the integral by the Debye frequency

23N 1/3
wp = (6”;> (5.26)

which is chosen such that for T > hwp/kp, the Dulong-Petit law holds as desired.?
The Debye energy hwp plays an analogous role in the phonon gas to the Fermi energy
e in the theory of the Fermi gas, separating the high-temperature range (classical
theory) from the low-temperature range (quantum theory).

3The dynamic matrix has the general Taylor expansion Dug(k) = M\k*8ap + phaks + O(k?) with
the Lamé constants A, u. The Goldstone theorem ensures that the constant term vanishes. The
linear term is forbidden due to semidefiniteness (D > 0). The quadratic term can be parameterized
by the two (Lamé) constants g, A with A > 0 and A+ > 0 due to D > 0. The sound velocities are
thus given by sj = A+ p and s, = VA

“We use the result Jo dx z3/(e” — 1) = w*/15.

®The result is obtained with fﬁwD/kBTdm 23/(e® — 1) ~ hop/kBT 42 o

0 0 L (hwp /ksT)? for
kT > hwp.
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5.3 Cayvity Radiation

The theory of cavity radiation, also known as blackbody radiation, has many simi-
larities with the phonon gas discussed in the previous section. The system consists
of a cavity (vacuum) surrounded by walls at temperature 7. Through absorption
and emission of photons, the walls thermalize with the photon gas inside the cavity.
The photons correspond to the quantized modes of the wave equation, which can
be obtained from the Maxwell equation in vacuum. Each eigenfrequency w, corre-
sponds to a harmonic oscillator, which in equilibrium has an average occupation
7y = 1/ (exp(fw, [kpT) —1).

There are significant differences between the phonon gas and the photon gas. Firstly,
the speed of photons is always the speed of light ¢, and secondly, due to V - E =0,
there are only two transverse modes. Therefore, in this case, we obtain for the mean
speed (from (5.24))
1 2 3\ /?
573 = 3?, and thus S = <2> C. (527)

The spectrum is linear without a cutoff frequency wp. From (5.27) and (5.23), we

obtain the Stefan-Boltzmann law
2 1.4
o Tk
15 h3e3
The energy density v = U/V in the cavity thus increases with the fourth power of
the temperature.

(5.28)

The internal energy U(V,T) as a function of volume and temperature is not a
thermodynamic potential and therefore does not contain the complete information
about thermodynamics. In particular, we still need the thermal equation of state
p(T). It should be noted that due to the lack of conservation of particle number,
the pressure p can only depend on the single intensive quantity 7. From the general
expression (1.64), we know that

oUu dp
T
with the solution® a u
p(T) = gT4 =3 (5.30)

The relationship pV = U/3, which is satisfied by the phonon gas, is the (ultra-
Jrelativistic extension of (1.32).

From the relationship «(7T") = [dw @(w,T) in (5.23), we further obtain the spectral
energy density

w? hw

7263 ghw/kpT _ 1

i(w,T) = (5.31)

The linear term o< 7 must vanish due to (2.56).
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The maximum of this function occurs at the frequency (Wien’s displacement law)

kT
wo(T) = xoBT , (5.32)

where z¢ ~ 2.82 denotes the position of the maximum of the function 23/(e® — 1).

The theoretical description of cavity radiation dates back to Max Planck. From the
experimentally known results for a and wy(7T), he determined the constants i and
kp. With knowledge of the value of the universal gas constant R, he also determined
the then most accurate value of Avogadro’s number R/kp.

5.4 Ideal Quantum Gases

We have now seen in some examples how quantum theory modifies the results of
classical statistical mechanics by freezing out high-frequency degrees of freedom at
low temperatures. A completely different mechanism leads to a change in the ideal
gas laws due to quantum mechanics at low temperatures. In this case, the concept
of indistinguishable particles with bosonic or fermionic exchange statistics leads to
deviations from classical behavior. Although all ideal gases are described by the
same Hamiltonian operator Hy = Zfil pl2 /2m with exclusively kinetic energy, the
properties of bosonic gases at low temperatures are fundamentally different from
those of fermionic gases.

The eigenfunctions of the single-particle problem H; = p?/2m are given by plane
waves (considering periodic boundary conditions again)

~ 2
Yr,o (T, M) X Some™®T. k= %n, ocef{-s,—s+1,...,s} (5.33)
with spin s and momentum Ak of the particle. The single-particle energies are given
by
h2k?
Ek,o =

o with H1¢k7g(7", m) = 5k701[)k70(’l", m). (5.34)

Since there is no interaction in the problem, one can consider the many-particle wave
functions (initially without statistics) as product wave functions

YN (Z1, ..o, TN) X Yo, (1) -+ Yap (TN) (5.35)
with o = (k, o) and = (r,m). This wave function has the eigenenergy Enx =) . €q,.

In the following, it is useful to introduce the occupation number basis. Due to the
indistinguishability of the particles, the state is uniquely determined by specifying
how many particles n, € {0, 1, ...} occupy each single-particle state 1,. Thus, we
obtain the eigenstate ({nq} = {nay, "ags--- })

Dina} (@155 2N) 0 P |V (21) - Yy (Tngy) Yas () -+ Yan () -+ (5.36)
N——— ———

N, -times Nagy-times
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with energy

E= Z Nafa and particle number N = Z Ne (5.37)
« (0%

where P, projects onto the bosonic subspace and P_ onto the fermionic subspace.
For fermionic states, the Pauli principle applies, restricting the occupation numbers
to the values 0 or 1. In fact,

P-|pa(r1)pal(r2)| < 0a(r1)Pa(T2) — Palr2)palr1) =0, (5.38)

so that no states with n, > 2 exist.

Since the results of all ensembles coincide in the thermodynamic limit, it is easiest to
describe the system in the grand canonical ensemble. The grand canonical distribution
depends only on the combination H — uN. The eigenstates (5.36) with

0,1,2,3,... (b
na = 4 o L%3-.. (bosons), (5.39)
0,1 (fermions),
are complete in the Fock space and satisfy the eigenvalue equation
(H — pN)bgnoy = (B — uN)Yg 4 = Z(% — )Nain,) - (5.40)

«

We obtain the grand canonical partition function

Z= Zexp<— Zﬁ(ea - N)na) = Z Heﬂ(ﬂ—ea)na = H Z eﬁ(u—aa)n
{na} o a n

{na} @

_ HZa _ H (1 — eﬁ(“*ga))_l (bosons), (5.41)

o 1 4 efli—ea) (fermions).

Note that in the bosonic case we need p < ming, e, for the partition function to
converge. Since the subsystems for different « are independent of each other, the
partition function is a product of the individual contributions.

The logarithm transforms the product into a sum with the result

— ln<1 — 65(“*5&)) (bosons),

InZ = (5.42
za: ln(l + eﬁ("’ga)> (fermions). )
From this, one finds the average occupation number 7,
-t b
Mo = 1 (81n2> _ ) eBlea—n) — 1 (bosons) (5.43)
a — e - 1 . '
B @/ uBesta (fermions),

eBlea—n) £ 1
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bosons

fermions | Fig. 5.2: Bose-Einstein and
Fermi-Dirac distributions

-4 2 0 2 (ca—p)/ksT

see Fig. 5.2. The distribution of bosons is called Bose-Finstein distribution. We have
already seen this in the example of the phonon and photon gases with g = 0 (without
conservation of particle number). The distribution of fermions is called Fermi-Dirac
distribution.

From the average occupation number, one can obtain the different thermodynamic
quantities for an ideal quantum gas. For example, the average number of particles is
given by

N = ZTTO‘ (5.44)

The internal energy is obtained from

U= Zsana = Zsa%. (5.45)
o (0%

From the relationship Q@ = —kpT'In Z = —pV, one can finally determine the pressure

In(1+7;)  (Bosons),
= Z n(l+7ng) ( ObOI.lb) (5.46)
k —1In(1 —7g) (Fermions)

The entropy follows from (2.8) with the result

1
S:T(U—FpV—,uN):kBInZ—i—kBZB(Ea—u)m. (5.47)
With
oBea—p) _ J (1 +7a)/Ma (Bosons), (5.48)
(1 —ng)/ne  (Fermions),
the factor 5(e4 — ) can be expressed in terms of the occupation numbers. The result
is
— kg Z N In7ig — (1 +7g) In(1 + @) (Bos01.1s) , (5.49)
g InTig + (1 — ) In(1 —7g)  (Fermions) .
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The fermionic result can be interpreted with (4.81) as follows: the state « is occupied
with probability p, = T, and unoccupied with probability 1 — p,. The interpretation
of the bosonic result is as follows: considering the state o with energy &, the system
has the probability

— Le_ﬁna(aa_ﬂ) (5:48) 1 m Mo (5 50)
Pro =7 1+7g \1+7ga '

of having the occupation number n,, with Z, from (5.41) and the average occupa-
tion number g = [e#Ee~#) — 1]71. The occupation number is thus geometrically
distributed and the Gibbs entropy of the state is given by

So = —kp ana Inp,, = —kpngInmg + k(1 +7g) In(1 + 7). (5.51)

Na

Ideal Quantum Gas: For the ideal gas, e, = A%k?/2m. In the thermodynamic
limit, >, — (L/27)3 [d3k and Q = —kgTIn Z = —pV. From the general expres-
sion (5.42), we obtain the result (z = e, with + for fermions and — for bosons)

p 1 —Be 9s 3 —Be
— = E In(1 £+ ko) =+ d’k In(1 + ko 5.52
kT V= n(l £ ze ) (2m)3 / n{l+ze ) (5.52)

with spin degeneracy gs = 2s + 1. Now we use the substitution (A is the thermal
wavelength from (4.102))

21.2 21.2 Ar)5/2
Wk _ Xk @ = ami2dr = 3 2 g, (5.53)

omkgT 4w’ A3

2
T = ﬁek,U =
and obtain

P _ st , + 4 (%, o a2
—_— = h =+— In(1+ . .54
T 3 f5/2(z) wit f5/2(z) ﬁ/o drz®In(l+ ze ™) (5.54)

Using In(1 —z) = =377, 2"/n, (|z| < 1) and

4 > 2 —nz? 1
we get the power series expansion
0 I
. z
f;z(z) = Ff52(F2) with  f5/2(2) = Z 2 (5.56)

Furthermore, we define

o0 l

+ . z d d
f3/2(z) = Ff3/2(F2) with  f3/9(2) = Z Bz Z@fsm = dlnsz/Z’

=1
(5.57)




5.4. IDEAL QUANTUM GASES 89

T T T T T f3/2(1) ~ 2,61

fs72(1) = 1,34

Fig. 5.3: The functions

f5/2(2) and f3/5(2) with the
limits for z — 1.

see Fig. 5.3.

The equation (5.54) is analogous to the thermal equation of state of the (classical)
ideal gas. However, the fugacity z is related to the (average) number of particles N
through the relationship N = 2(01n Z/0z)ry. Therefore, for ideal quantum gases,
the following relationships hold:

) (5.9)
C=re (=ow/keT)/om:), (559

which determine the thermodynamics.

The internal energy is given by:

olnZ
U——< 5 >V’Z. (5.60)

At constant z, Bp oc A3 o« 37%/2. With In Z = pV/kpT, we obtain:

u 9(Bp) 3
Z = —p. .61
v < op ).~ 2F (5.61)
Therefore, the result:
3
U=pv (5.62)

from the virial theorem (1.32) also holds in quantum mechanics. All effects due to
exchange symmetry are thus contained in the (thermal) equation of state:
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pV/NkBT T T T T T

14F

fermions

bosons

=
D
T

BEC

0 1 2 NX/(2s + 1)V

Fig. 5.4: Deviation of the thermal equation of state pV/NkpgT from the classical
result 1 as a function of NA3/V of the particles in the volume \3.

pV . f5:|;2(2)

NEaT ~ f,(2) (5.63)

or, in other words, in the deviation of the right-hand side from the classical value
of 1. Using (5.59) to express z in terms of the particle density, we obtain the result
from Fig. 5.4.

Classical Limit: The classical limit is reached for

% > A3 (5.64)

which means that the typical particle spacing is greater than the thermal wave-
length A. Here, A describes the de Broglie wavelength of a particle with energy
kpT. The classical limit corresponds to low densities or high temperatures.
From (5.59) it follows that z < 1 and we can focus on the terms with [ =1 in
the expansion of fi(z). It then holds that

f55(2)
2 — 14 0(2) (5.65)
fg/g(z)
and we obtain the relationships pV = NkgT and U = %N kT of the classical

ideal gas.
The next order in z gives f;Z(z)/f;;Q(z) = 14+2/2%/2 and thus the first exchange

effects. From (5.59) we obtain

1 A3N )



5.5. DEGENERATE FERMI GAS 91

and therefore 5

1 A°N

V=NkgT |1+ ———+—

i 7 ( gs 252V

The Fermi gas has a higher pressure (due to the Pauli exclusion principle) and
the Bose gas has a lower pressure than the classical gas.

- 0(22)> . (5.67)

5.5 Degenerate Fermi Gas

In a degenerate gas, the case A\ > V/N is referred to, where exchange effects
dominate due to quantum mechanics. This corresponds to the limit of high densities
or low temperatures. Let us first consider the case T' = 0. Then the Fermi-Dirac
distribution has the form

1, €k,o <ep,

ko = O(eF —eko) = { (5.68)

0, eko>cer,

with the Fermi energy €p, the chemical potential p at T'= 0. The Fermi energy is
related to the particle density N/V through the relationship

sphere with radius kp = /2mep/h

N 1 d3k ) gs Ank
k,o

where g5 is the spin degeneracy, and kr is the Fermi wave vector. This leads to

B2 [6x2N\ /3
6F:2m<gv> . (5.70)

The ground state energy Ey = U(T = 0) is given by
3k h2k?
Ezg oNko =95V | —=—— — B%K%/2
0 2 €kolko =g / @) 2m O(er /2m)

= %N&F (5.71)

The zero-point pressure (pressure in the ground state) is given by

8E0 3 3€F 2N
S el I 5 A (i B o 72
Po (av)N 5 (av)N 5V°F (5:72)

Electrons in a metal have a density N/V ~ 10?2cm™3. Therefore, er/kp ~ 10* K.
This means that metals are degenerate even at room temperature. The electrons
exert a zero-point pressure py ~ 10*atm. As a function of V at constant particle
number N, the zero-point pressure is given by pg V—8/3.
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Sommerfeld Expansion: In order to obtain results at finite temperatures, we need
the expansion of f;r/Q(z) for z — oco. The asymptotic expansion (Sommerfeld

Ezpansion) is given by

8 52
+ _ 5/2 1/2 -3/2
f5/2(z) T <ln z+ g In"/*2z 4+ O(In z)> . (5.73)

From this, we also have

d 4 2 _ _
T3pp(2) = = f5(2) = NG <ln3/2z+ gz o z)) . (5.74)

Substituting the Sommerfeld expansion into (5.59), we obtain the relationship

2 3YTAN
R S Zv — (ew/kBT)*2, (5.75)
or equivalently
a2 \2/3 -
Inzx (14— o~ : 5.76
nE ( 8 In? z) kpT ( )

We iteratively solve this equation for In z and obtain the result

7T2

p=kpTlnz=cp <1 - ﬁ(k;BT/aF)2 + O(k:BT/aF)4> : (5.77)

For a fixed particle density, this implies u — e as T — 0.

Furthermore, using (5.58), we find

+
pV f5/2(z) 2 2 _9
NkgT f:;r/z(z) 500 2me ot
B 2 EF 57r2 2 4
w2 /2—m2 /12

Therefore, the pressure (at constant number of particles and volume) is higher at
finite temperature than at zero temperature.

In addition, we obtain the specific heat

1 [oU 3V [ 0p w2 kT
_ _ ory  _ T kBl 5.79
VTN <8T>MN oN <8T>V7N 2 ep B (5.79)

which increases linearly in T for low temperatures. In particular, ¢y — 0 as T — 0,
as required by the third law of thermodynamics.
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5.6 Degenerate Bose Gas

As we have already seen, the pressure for bosonic exchange statistics is lowered
compared to the classical gas. However, the functions f;/Q(z) and fg/Q(z) reach a
maximum value of ((3) = 37°,173/2 ~ 2.61 and ((3) = 3°7°, 1752 ~ 1.34 at the
critical point with z =1 or u = 0, see Fig. 5.3. In fact, the curve ends at the point
BEC in Fig. 5.4 with

o - 15(1)
( J)C = f3)5(1) = 261 and <nkpBT>c = f;z(l) ~ 0.514 (5.80)

Thus, at the critical point, of the three intensive quantities T, p,n = N/V, only one
is independent.” At a fixed temperature, this results in a critical particle density

1 261
ve(T) A3

ne(T) = o T3/? (5.81)
and a critical pressure
pe(T) = 0.514 nckpT o T2 (5.82)

The relationships (5.58) and (5.59) for the Bose gas are only valid for p < p. and thus
n < n.. A phase transition occurs at the pressure p., known as the Bose-FEinstein
condensation (BEC).

Superfluid *He: At a fixed pressure p, one finds from the condition p = p.(7,) that
the Bose-Einstein condensation (BEC) occurs at the critical temperature

1 hgp 2/5
Te=1- 5.83
kp (1.3498(27rm)3/2> ( )

The critical temperature is highest for light atoms. Considering the example of
4He, which consists of two protons and two neutrons, making it a boson with
spin s = 0 (an even number of bound fermions has bosonic statistics). The
mass is m = 4u = 6.6 x 10727 kg. At a typical pressure of p = 1 atm, one would
therefore expect a BEC at

T.~1.7K, (with n, ~ 8.5nm™3). (5.84)

This value is close to the observed phase transition to a superfluid at T, =
2.177 K. Comparing this behavior with 3He (two protons, one neutron, s = %),
it is observed that at these temperatures, helium-3 remains liquid. The reason
is that 3He is a fermi gas and therefore does not undergo BEC. Only at a much
lower temperature of ~ 2mK does 3He also become a superfluid. The physical
mechanism in this case is based on pair formation (to form bosons from 3He)

followed by condensation of the pairs.

"This corresponds to the Gibbs phase rule with 2 phases and 1 component, see later.
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The Bose gas (bg) has the maximum particle density n.(7"). Therefore, it can
accommodate a maximum of N,g = n.V particles in the volume V. This raises the
question of what happens for NV > n.V. To keep the particle number fixed, we need
to switch to the free energy. We have (for N > Ny, so = 0)

F(T,V,N) = min( + uN) = Vmin(un — p) "= —p(T)V.  (5.85)
n I

Since p = 0, the free energy naturally does not depend on N.

One can alternatively write the free energy as

F v Npg T\ %2
N = et —a)feex, = WS N <Tc> (5.86)
with
(5.82)
fbg(T, Uc) = —PcVec = —0.514 k‘BT and fBEK(T,O) =0 (5.87)

In the language of Chapter 3 (cf. Fig. 3.1), this corresponds to a coexistence of the
ideal Bose gas (bg) (with specific volume v.) with the Bose-Einstein condensate (with
specific volume vggk = 0). The unrealistic property of the vanishing specific volume
of the BEK (corresponding to an infinite density) is due to the fact that we have not
taken interactions into account. The Bose-Einstein condensate is thus an idealized
system with sggx = ugk = vBek = 0.

We have seen that the equation (5.59) only considers the particles N = n.V < N
that form the ideal Bose gas. The question is, where in the derivation we have ‘lost’
the other particles. Mathematically, below the Bose-Einstein condensation (BEC),
the second equality sign in (5.52) is no longer correct. The reason is that the single-
particle ground state with energy ¢ = 0 and momentum Ak = 0 is macroscopically
occupied with

75 = Nggc = N — Npg = (1 — )N = <1—”>N (5.88)

Ve

Therefore, (5.52) in general must be replaced by the relationship

P Gs Js 3 —Be
—— =—"In(l—2)— d°k In(1 — k.o
e AN R / n(l = ze7hr)

s 9s .

Normally, in the thermodynamic limit V' — oo, the contribution of the Bose-Einstein
condensate (first term) vanishes. However, since f5/5(2) is bounded from above, for
n > n¢ in the limit g — 0~ (2 — 17), the contribution of the first term becomes as
important as the remaining states.
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To obtain a more precise interpretation of the critical temperature as a phase transition,
we calculate the entropy from the free energy F = —p,V in (5.85) (with p, oc T%/2

for T < T¢):
OF Op. 5Vpe 3/9
S=—(%5) =Vis=-"CT??. 5.90

<8T> , Jor 2T ° (5.90)
This fulfills the third law of thermodynamics for the ideal Bose gas. If we rewrite the
entropy as S = spgNpg, wWe see that the entropy is only carried by the particles in the
Bose gas with s, = 0.514 %kB. The entropy difference between the two phases in
the phase mixture is then given by As = sy,,. Therefore, the system has latent heat

¢ =TAs=0514 ngT. (5.91)

Furthermore, there is a jump Av = v, in the specific volume. The Clausius-Clapeyron
relationship (3.8), which can be directly verified, connects the ratio of these jumps
with the derivative dp./0T of the vapor pressure curve (5.82). This allows us to
identify the transition as a first-order phase transition. The specific heat below the
critical temperature is given by

T [0S 150p, (5.82) 15 v T\%?
(2] 2 BB 0 skt =193k (=) 92
v N<6T>V 4T g <051k = 193ks | 7 (5:92)

. . k
The specific heat thus increases at low temper- ov/kp

atures as T3/2. At the critical temperature, the
specific heat has a value of 1.93 kp, which is
greater than the value of %kB at high tempera- 3
tures. Overall, the specific heat has a maximum

at the critical temperature.
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Chapter 6

Magnetism

Magnetic systems are a test environment to verify the results of statistical physics.
On the one hand, the systems are simple enough to obtain theoretical results (partly
exact), and on the other hand, there are experimental methods, such as neutron
scattering, that can determine magnetic properties of materials very accurately.
Another advantage is that in most materials, the typical energy of magnetism is
on the order of 100-1000 K and that the magnetic degrees of freedom are relatively
decoupled from other degrees of freedom, allowing them to be understood separately.

Within classical physics, magnetism cannot be explained. In fact, it is the statement
of the Bohr-van-Leeuwen theorem that there is no classical magnetism. Quantum
mechanics leads to charged particles generating a diamagnetic response to applied
magnetic fields due to orbital degrees of freedom. Additionally, there is an intrinsic
angular momentum, the spin, which generates a magnetic dipole and leads to a
paramagnetic response. In quantum mechanics, there are many different magnetic
phases (para-, ferro-, antiferro-, spin glass magnetism, ...) with various phase
transitions in between. In this chapter, we will only be able to explain some basics.
For more information, refer to further literature, such as the book by Chaikin and
Lubensky.

6.1 General

In magnetic systems, the working coordinate is the magnetization M along the
magnetic field with the corresponding equilibrium quantity By, see example 1.4. In
the following, we consider the spin of N particles, keeping N fixed. The (reversible)
work is then given by

SW = BydM.. (6.1)

In comparison to the liquids and gases that we studied in Chapter 1, the relationship
(V,—p) <> (M, By) holds. Through this analogy, we name the relevant thermodynamic

97
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potentials the internal energy U(S, M), the free energy F (T, M), and the Gibbs
energy G(T, By) with

F=U-TS and G=U-TS— ByM. (6.2)
The fundamental equations are
dF = —SdT + By dM and dG = —=SdT — M dBy . (6.3)

The magnetic analogue to compressibility is the magnetic susceptibility

Xz = <gg/l> , isothermal (for z = T') and adiabatic (for z = 5). (6.4)
0/«

The equation (2.17) now takes the form

T (OM\?2
Cp, —Cynf=— | — 6.5
ey xT<aT>BO (6.5)

with the heat capacity C, at constant x = By, M. For paramagnetic substances,
x7 > 0 and thus Cp, > Cpq. For diamagnetic substances with yr < 0, on the other
hand, Cp, < Cu.

Example 1: (Stability conditions)

The minimum principle on the potentials U(S, M), H(S, By) leads in particular
to
2 2
L _oU ., T _oH
Cv 052 = 77 Cp 052 —

Thus, the specific heats satisfy the stability conditions Cprq, Cp, > 0.

0

Example 2: (Adiabatic Demagnetization)

When a body is adiabatically magnetized, its temperature changes. This follows
from the relationship

(), (%), (57),, (55),, e (57)
9By ) 4 95 ) p, 0T ) 5, \05 )5~ Cpy \ 0T )5,

(6.6)

In the first equation, we used the Maxwell relation

<8T> ®H <8M> 6
0By ) ¢ 9508, 95 )y,

!The stability conditions for x5, x7 follow from the second derivatives of U™ (S, M), F*™(T, M)
with respect to M. However, it must be considered that BodM is only the magnetostatic energy
of the magnetic substance, to which the field energy term d(4 B3) = Bo dBo must be added. Thus,

dF®™ = dF + By dBo = —SdT + Bo(dBo +dM) = —SdT + Bo(x7"' +1)dM. The stability condition
O?F°™ JOM? > 0 thus reads x7 > —1. Analogously, for U°™, the condition xs > —1 is obtained.
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for the enthalpy H(S, By) with dH = TdS — M dBy. If (0M/0T)p, does
not vanish, the temperature of the body changes when the external magnetic
field By is changed. This is the so-called magneto-caloric effect. At room
temperature, it is small, but at low temperatures it can become substantial.
For paramagnetic substances, the Curie’s law M o T~! applies, see below.
Thus, OM /0T x —T~2? < 0 and we obtain (0T/0Bg)s > 0. In adiabatic
demagnetization (dBy < 0), the temperature of the body decreases.

6.2 Ideal Paramagnetism

A simple model of magnetism considers only the potential (Zeeman-) energy Hp =
— Zf\; 1 m; - By of N magnetic moments m; in the external field By. We further
assume that the magnetic moments of magnitude p = |m;| can only take two
possibilities with m; - By = m;By = s;uBy with s; = £1 (Ising spin): either they
align in the field (s; = +1) or they point in the opposite direction (s; = —1). This
gives a total of 2V possible configurations. The partition function (at fixed Byp) is
then given by?”

7= -BHp _ 5#302,&:( ﬁuBos1>,,_( ﬁMBOSN)
B= Y e d e %:e SZN:e

815-3SN S1,-+ySN

N
= (Z eﬁ”B‘)s) = 2N cosh™ (BuBy) . (6.8)
S
From the partition function, we obtain the Gibbs free energy

G(T, Bg) == */CBT In ZB == *NkBT 111[2 COSh(/LBQ//CBT)] . (6.9)

This allows us to calculate the magnetization

- oG
M= "mi=- <aBO>T = Nptanh(uBy/kgT) (6.10)

)

and the entropy

S =— 8£ :NkBln2+Nkrglncosh(uBg/k:BT)—@M
T ) 5, T

= —Nkp(p+Inpy +p-Inp_). (6.11)

2In comparison to gas, Zp corresponds to the isothermal-isobaric partition function. The term
Hp corresponds to the Laplace transformation of M to By, see (4.124).
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Here, p+ = [1 + e:FQ“BO/kBT] s the probability that a magnetic moment takes the
value s; = £1. For the ideal paramagnet, the average energy”

HiB = —ByM = —NuBy tanh(/J,Bo/kBT) (6.12)

is proportional to the magnetization.

In the high-temperature limit (kT > uBy), the Curie’s law follows from (6.10) as

Nu*By
M = . 6.13
T (6.13)
At low temperatures with kT < puBj, the magnetization saturates
M = Np(1 — 2~ 2#Bo/ksT) (6.14)
to the maximum value N u except for exponential corrections.
In the presence of a finite magnetic field By, both the heat capacity®
oS Nu?B?
Cp, =T () =— £ 20 (6.15)
OT' ) g,  kpT?cosh®(uBy/kpT)

and the susceptibility

B (GM> B o - (6.16)
XT = OBy )1  kpTcosh?(uBo/kgT) B2 '

have a maximum at puBy ~ kpT before the degrees of freedom freeze out at low
temperatures (exponentially), see Fig. 6.1. At low temperatures, we find the behavior
Cp, o T—2e=21B0/ksT and yp o« T e 2#Bo/ksT  For high temperatures, on the
other hand, cosh — 1, so that Cp, o T~2 and x7 o< T~L.
For By = 0, Curie’s law holds

Nu?

= 1
KT (6.17)

XT

at all temperatures.

6.3 Ising Model

The ideal paramagnet does not take into account interactions between the magnetic
moments and therefore cannot describe phase transitions. By adding an interaction

3The energy Hg = —BoM = — Efil m; - By does not contribute to the ‘internal energy’ in
the formalism, but corresponds to the Legendre transformation of M with respect to By. Thus,
U=0and Hg =G+ TS = —BoM = 9(8G) /9. This is because for the present system without
interaction, the energy is proportional to the magnetization. Therefore, S(U, M) and U(S, M) are
not well defined.

4Since the average energy is fixed for a fixed magnetization, the degenerate result Cxq = 0 holds.
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0.5

Fig. 6.1: The heat capacity of
an ideal paramagnet exhibits
the Schottky anomaly. The
value is small for both high
and low temperatures. It has
a maximum CEO ~ 0.44Nkp
at kT =~ 0.83uBy.

energy of the form
1
H = —§Zjij8i8j —hzsi, h:,uBo, (6.18)
1,7 7

we obtain the Ising model. The factor % ensures that each pair of spins is counted

only once.

The coupling constants J;; have units of ‘energy’ and describe the interaction between
spin ¢ and spin j. Note that due to 312 =1, equation (6.18) represents the most general
interaction for Ising spins. The interaction can describe ferromagnetism (J;; > 0),
antiferromagnetism (J;; < 0), and spin glasses (J;; random). Typically, the origin of
the interaction J is the exchange interaction, i.e. the combination of the electrostatic
Coulomb interaction with the Pauli exclusion principle. Typical orders of magnitude
are |J|/kp ~ 100-1000 K.

We restrict ourselves to the case of a d-dimensional cubic lattice with

(6.19)

J, i and j are nearest neighbors
Jij = .
0, otherwise.

For L moments in each dimension, the system has a total of N = L% spins. The
Gibbs energy is obtained through the partition function

Zp= Y e =eF0 (6.20)

In general, this partition function is not analytically solvable. A useful approximation
is the mean field approzimation. In this approach, the interaction term s;s; is replaced
by the interaction of s; with the (uniform) mean spin m =5 (mean field). We write

si=m+(s;—m)=m+9;. (6.21)
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The energy is then given by (summing over (i, j) for nearest neighbors)

H——stzsj thZf—JZm—Fé (m +6;) thZ

(i.4)
:—JZ[m +m(s —m)+m(5j—m)+5i5j} —thi
i

fJZ(zmslfizm ) thlfJché (6.22)

(3,9)

The parameter z = 2d describes the number of nearest neighbors. Except for the last
term, the spins are independent. Therefore, we want to neglect the last term. For
this, we need the correlations to be small, with

5Si 5Sj N (5 5

m2

(6.23)

Since the mean field theory neglects correlations, it breaks down especially near a
phase transition, as will be discussed later.

Without the last term, the energy has the form

z
Hyp = —he Y _ si+ 5NJm?. (6.24)
A

This is the energy of an ideal paramagnet in the effective field heg = h + 2Jm. A
similar calculation as in the last chapter leads to, see Eq. (6.9),

G(T, h,m) = %NJmQ — NkpT In[2 cosh(Bheg)] - (6.25)
In equilibrium, the Gibbs energy is minimized with respect to the inhibition m. Thus,

oG

0= e zNJm — zN J tanh(Sheg) - (6.26)
This equation corresponds to the self-consistency equation
Dy sieThen 10G
m=3; = Sy P = tanh(SBheg) = tanh [B(h + sz)} =~ (6.27)

for the average spin. The equation is a nonlinear equation for m. The solution
m* = m(T, h), which minimizes the potential G(T,h) = G(T, h,m*) from (6.25)
provides the thermodynamics. In particular, one is interested in the susceptibility

2 O*G(T,h) (6.26) 00 <6G(T,h,m)‘ *) (6:27) N2 om(T, h)

oz~ P oan oh on (6:28)

XT = —

With the self-consistency equation m* = tanh(Sheg), we obtain
B[1—tanh? (Bheg)]

XT 8tanh(6heff) Ohest 2 om* 2 zJxr
1-— 1 = /(1 — 1
N2 oha  on ~PUTm) LT = A=mT) {1+ s
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and thus the susceptibility

_ Np?
 kpT/(1—m*2) — 2J

XT (6.29)

as a function of the average spin m* =3;.

6.4 Magnetic Phase Transition

The disordered phase at high temperatures (above the critical point T, see later)
is called the paramagnetic phase. In the paramagnetic phase, the approximation
tanh x &~ x can be used in the self-consistency equation. This leads to the solution

B h
 kgT — 2J

m*

(6.30)
In particular, m* = 0 for By = h = 0. In this case, the Curie law is modified to the
Curie- Weiss law

Nu?

XT = m, (fOI' T > T07 h = O) (631)

The susceptibility diverges at the critical temperature (we consider the ferromagnetic

case with J > 0)
J
T, =2~ (6.32)
kp
The divergence indicates that the paramagnetic solution at m* = 0 becomes unstable
for T <T.,.

We investigate this instability using the self-consistency equation. For h = 0, we look
for a solution of
m = tanh(SzJm) = tanh(T,m/T). (6.33)

The value m = 0 is always a solution. As can be seen from the graph in Fig. 6.2,
for T' < T, there are additional solutions £m(7,0). These solutions are degenerate
and minimize G. Num(T,0) is called the spontaneous magnetization, as it occurs
without a corresponding external field. Thus, the system is in a ferromagnetic phase
for T < T,.

Near the critical point, the magnetization is small and one can use the expansion
tanh(r) ~ x — 23/3. For low temperatures, m* — 17, so one can use tanhz ~
1 — 2e~2%. This leads to the approximation

= 07 T 2 Tca
m*(T,0){ = \/3(1 - T/T.), T <T,, (6.34)
~1—2e2/T T<T,
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Fig. 6.2: Graphical solution of the self-
consistency equation for h = 0: The
intersection between the dashed line
(m = m) and the curve tanh(7T.m/T)
gives the solutions. In the ferromag-
netic phase (T' < T¢), there are 3 solu-
tions, while in the paramagnetic phase
(T' > T¢) there is only 1 solution.

for the magnetization. The magnetization exhibits a non-analytic behavior at T' = T,
signaling the phase transition. In the presence of a finite magnetic field, the self-
consistency equation takes the form

m = tanh [(kBTcm +h)/ksT) . (6.35)

For h > 0, the degeneracy +m is lifted and there is only one solution with m* > 0,
which minimizes the Gibbs energy. We investigate the case T' = T,. Using the
expansion of tanh z, we obtain

(3h/kpT)'/3,  h < kpT.,

6.36
1—2e20/ksTe  ps kpT.. (6.36)

m*(Te, h) = {
The remaining thermodynamic quantities can be related to the solution m*(T, h).

The susceptibility is given by (6.29). For h = 0, it diverges at the phase transition
with

_ N2
— kp(T-T.)’ T>T, (6 37)
XT ~ N2 T<T '
2kp(T.—T)° ~ te-

Starting from the Gibbs energy (6.25)
1
G(T,h =0) = iNkBTcm*Z — NkpT In[2 cosh(T.m*/T)] (6.38)

we obtain the entropy S(7',h = 0) by differentiating with respect to 7. Only the
explicit T dependence needs to be used, since G is a minimum with respect to m*.
We get

m*

* A
S(T,h=0) = — (gi) — NkpIn[2cosh(T.m*/T)] — Nk e T /T
h
*2
— Nkg In[2cosh(Tum*/T)] — 2 rELem™ (6.39)

T
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At low temperatures, cosh(z) ~ %em . Thus, the system satisfies the third law of
thermodynamics with

*(1 —m*) (6.34) 2NkgT.e 2Te/T
S(T<<Tc,h:0)szBTcm(Tm)(%) B ;e

(6.40)

and the degrees of freedom freeze out at low temperatures. For temperatures around
T., we can expand the entropy for small m* with the result

NkgT,(T, — 27T)
272

For T' > T,, m* = 0 and we obtain S(T" > T,,h = 0) = NkpIn(2) from N disordered
Ising spins. Overall, we have

S = NkpIn(2) + m*2 + O(m*). (6.41)

= NkpIn(2), T>T,,
S(T,h=0) ¢~ Nkgln(2) — 3Nkg(1 - T/T.), T ST, (6.42)
~ 2NkpT,e 2T/T /T, T<T..

The entropy thus exhibits a non-analytic behavior at T = T, signaling the phase
transition. Similarly, the heat capacity

59 =0, T>T1T,,
Cp(T,h=0)=T <6T) ~ 3 Nkg, T<T, (6.43)
"\~ ANkpT2e20/T T2, T < T,.

exhibits a jump of height %N kp at the phase transition, see Fig. 6.3.

Near the critical point (T, h) = (7¢,0), the behavior of the system is described by
critical exponents. These are

CBO X |T - Tc|_a7 mZ:O X (Tc - T)Bv XT,h=0 X |T - Tc|—’7’ m;‘:Tc X h1/6 :

The results from (6.43), (6.34), (6.37), and (6.36) provide the values & = 0, = %,
v =1, 6 = 3. These are the same values we found for the Van der Waals gas. The
critical exponents do not depend on the system in the molecular field approximation.
In particular, the dimension d of the system only changes T, but not the nature of
the phase transition. However, it turns out that the molecular field approximation is
only valid for d > 4, since the condition (6.23) is not applicable for lower dimensions
near the phase transition. In particular, there is no phase transition for d = 1. In
other dimensions, we find:

d Q I3 ~y 1)

2 0 1/8 7/4 15 (Onsager solution)
3 0.110 0.326 1.24 4.79 (Monte Carlo simulation)
>

4 0 1/2 1 3 (Molecular field approximation)
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0

XT — S/Nkg
- In(2)

0 O_ — 0

Fig. 6.3: Results of the molecular field approximation for the ferromagnetic Ising model
for the magnetization M = Npum, the isothermal susceptibility xr, and the entropy
S. The solid lines represent results for an external magnetic field By = ph. The
dashed curves apply for A > 0. The problem has a critical point at (7, By) = (1¢,0).
The singularities are softened by a finite magnetic field.

These exponents are called the Ising exponents. The liquid-gas phase transition is in
the same universality class and therefore has the same exponents. However, there are
also other universality classes with different exponents. For example, if we consider
classical unit vectors e € R? in the plane instead of Ising spins, then we are in the
XY universality class. Unit vectors in 3D space are called the Heisenberg universality
class, see also the book by Chaikin-Lubensky.

It turns out that of the four critical exponents, only two are independent. In general,
the following inequalities hold:

o +28+4">2 (Rushbrooke),
v > B0 —1) (Widom), (6.44)
where o/,7' indicate the exponents when approaching the critical point from the

low-temperature phase.” For example, the Rushbrooke inequality follows from the
relationship

2 20 2 N 2
5 ~~
65 T (8/\/{) o Np*T <8m > ' (6.45)

T h= = — >
Co(T; 7 =0) xT \ OT = oT

Bo XT h=0

For T < T., Cp, o< (T. — T)~, xr o< (T. —T)~7, mi_o o (T — T)P. From (6.45),
we obtain (as T'— T.")

(T, — T)~~7"=20=1) > const. (6.46)

Thus, the Rushbrooke inequality holds in the form 0 > —a/ —+ —2(8 — 1).

®Such a distinction does not exist for 4 and 4.
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The scaling hypothesis G(A\*t, A\’h) = AG(t, h), which follows from the renormaliza-
tion group theory, reduces all critical exponents to a and b. For example, for the
magnetization, the scaling behavior is obtained as

oG

AM(t,h) o< =\ (E)h)t = XM (X%, A°h) . (6.47)

Setting h = 0 and X\ = (—t)~ /¢ (for t < 0) here, we obtain
M(t,0) o (—t)1=/apr(-1,0). (6.48)

This gives # = (1 — b)/a. Furthermore, choosing t = 0 and A = h~/? leads to the
relationship 1/§ = 1/b — 1. Continuing these considerations to the second derivatives,
we obtain the relationships

1-b 2b—1 b
,  B= ,  v=7= , 0

a a 1o

a=d =2— (6.49)

1
a

Thus, all critical exponents are reduced to a and b. In particular, the scaling
hypothesis requires that « = o/, v = 7/, and that the inequalities in (6.44) become
equations. The exponents a, b are not measurable. Therefore, 3, are usually treated
as ‘free’ critical exponents. Solving the equations in (6.44) for «, d then leads to the
relationship

a=201-8)—v and 5:1+%. (6.50)
It is easy to verify that the critical exponents of the Ising model satisfy these
relationships.

6.5 Peierls’ Argument

We have seen that the results of the molecular field approximation are mostly incorrect
in low dimensions. The reason is that in low dimensions, the coordination number
z = 2d is small, so that the fluctuations (6.23) are important and not negligible.
Therefore, an alternative approach is needed to understand low-dimensional systems.
We discuss the Peierls” argument, which in particular shows that the Ising model
does not exhibit a phase transition in one dimension.

1D: We want to show that in one dimension, for 7" > 0, there is no spontaneous
magnetization. Therefore, at finite temperatures, there is only the paramagnetic
phase without a phase transition. The ground state at T' = h = 0 is the configuration
s; = +1 for all 7; or s; = —1, but the argument remains unchanged in this case. This
spontaneous magnetization also exists at small T' > 0, if typical configurations from
the canonical ensemble are still predominantly aligned. However, it disappears if
large domains of reversed spins become probable.
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Let us now consider the probability of a configuration with a domain wall. The
energy difference is AF = 2J > 0. Thus, the probability of a specific domain wall is
suppressed by the Boltzmann factor e #2¥. However, there are I' = N — 1 positions
for the domain wall. The probability for an arbitrary domain boundary is therefore
(po is the probability of the ground state)

Pwatl = po(N — 1)e P2F = poeFAF (6.51)
with the difference in free energy
AF =AE —kgTIn(N —1)=2J —kgTIn(N —1). (6.52)

The second term corresponds to —T'AS the entropy difference AS = kg In(N —1) due
to the IV — 1 possibilities for the domain wall. In the thermodynamic limit N — oo,
the entropic term dominates. Thus, pywan > po and the spontaneous magnetization
of the ground state is destroyed at any finite temperature.

2D: Also in two dimensions, we consider a domain of — embedded in the ground
state +. The energy difference from the ground state is AE = 2JL with L being
the length of the domain wall. The number I' of domains with a perimeter L is
I' < 4N3L=1. This inequality follows from the following consideration: one can
draw a domain wall by starting at any plaquette (N possibilities) and then going in
any direction (4 possibilities). At each further step, one then has a maximum of 3
possibilities (since one cannot go back the same way).

++++++ A F
e e e e e e e e e S S S S S S S i
e e e e e e e e e e e e S S S S S S
++++++++F+ A+t
+ 4+ - - - - - - -+ +F++++F+F+++F+++
e i I  ala
R i+ ++ - - i+ 4+
++ - - - - - - TS+ 4+t
R e R e e s S S A
e i e e it b ol S S S S S
+H+++++++ - - - - — i+ + o+ +
++++++++§——————§+++++++f§‘c§o§;§’
++++++++'3é"'3é"'3r'"'3r'"¥"'¥+++++“+__‘_/__+++
t+++++++++++++ R+
e e e e e e S S S S S S S e

+4+++++++++++FF++++++ + + (Nposs)

This gives the entropy difference
AS =kplnT <kpLIn(3)+O(InL). (6.53)
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between the ground state and a state with a (large) domain wall with L? oc N. This
results in the difference in free energy

AF > L[2J — In(3)kpT] . (6.54)

For temperatures with kgT < 2J/In(3) ~ 1.8J, AF > 0 and domain walls are
suppressed. Thus, the spontaneous magnetization of the ground state persists even at
finite temperatures. The Peierls’ argument is quite good for simplicity, as the exact
transition point is at kT, = 2.J/In(1 + v/2) ~ 2.27 J.
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Chapter 7

Non-equilibrium and Transport

So far, we have studied systems in equilibrium without considering how equilibrium is
actually reached. In this final chapter, we want to provide a brief overview of systems
that are not in equilibrium. We will focus on systems that have only been slightly
perturbed from equilibrium. In particular, we will assume that there are fast processes
that bring a system into a local equilibrium. Such equilibrium is described by local
equilibrium quantities T'(r,t), p(r,t), u(r,t),.... However, in complete equilibrium,
T, p, u are constants. The achievement of complete equilibrium is facilitated by the
hydrodynamic modes.

7.1 Heat Conduction

We start with heat conduction in a homogeneous system. Away from equilibrium,
the state variables become dependent on position. The system can then be described
by local equilibrium quantities and local state variables, such as the internal energy
density u(r,t), the entropy density s(r,t), ....

Energy conservation leads to the continuity equation

ou

—4+V.-j9=0. 7.1

5 TV (7.1)
Here, u is the energy density ([u] = energy/volume) and j? is the heat flux density
([79] = power/area). Here, j9-n dA is the heat flux flowing through the area dA with
the normal vector n. A spatial dependence of the temperature T'(r,t) leads to a heat
flux density 79. For small temperature gradients, the Fourier’s law holds

j9=—kVT (7.2)

with the thermal conductivity x. The thermal conductivity x must be positive so
that heat flows from the hotter to the colder location.

111
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To obtain a closed system of equations, we still need to use the thermodynamic
relation

du = neydT (7.3)

with n = N/V being the particle density and ¢y the specific heat per particle. Here,
we have assumed that we are describing heat conduction in a solid, so we can neglect
thermal expansion effects (n remains constant). By substituting the relationships
(7.2) and (7.3) into the continuity equation, we obtain the heat conduction equation
(k = const.)

oT
— =DAT 7.4
T (7.4)
with the diffusion constant .
D= —. (7.5)
ney

Starting from a temperature distribution Ty(r) < Tax at time ¢ = 0, the solution of
the heat conduction equation at time ¢ > 0 is given by

1

T(r,t) = W

/d3r’e_r_"/|2/4Dt To(r') . (7.6)

Thus, the following estimate holds for the gradient

1 —|r—r'|?
VT (r,t)] = i DO DY /d37,,/ (! — p)e T/ B/ADE gy ()
Tmax 3 —x2/4Dt __ 2Tmax
< Gmmoriann | 0 0

=4n [dz 23e—2 /4Dt _39, D242

Therefore, diffusion leads to a decrease in the temperature gradient, which vanishes
in the limit ¢ — oco. Thus, the heat conduction equation describes the thermalization
of the system. For a system of size L, heat conduction requires the typical time
Taig = L? /D to compensate for a typical gradient Tiyax/L.

Note: The heat conduction equation is only valid in the hydrodynamic regime for
lengths L > ¢ with ¢ being the mean free path and times > 7 with 7 = vf being
the scattering time (v is the typical speed of the particles). For shorter times and
lengths, a microscopic description, such as the Boltzmann equation, must be used.
A system that is strongly out of equilibrium first reaches a local equilibrium on the
length scale £ and time scale 7. This is followed by the ‘slow’ heat conduction on the
time scale 7gi, which is referred to as hydrodynamic transport.

7.2 Entropy Flow

Heat transport is an irreversible process. Therefore, it is accompanied by a change
in entropy. With the definition du = T'ds (no expansion dv = 0), we find from the
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continuity equation (7.1) the relationship

0s 1 79 1
—=—=V - j1=-V. .= - —457.VT. 7.8
oo~ 1 7 T 127 (7.8)
The term j® = j9/T is the entropy flux density. Entropy is not conserved. Therefore,
entropy does not satisfy a source-free continuity equation, but instead

0s

a—l—V-] =5 (7.9)

with the entropy production rate (per volume)

1 VT () (VT)?
e T e
It is important to note that the local entropy production is always positive, in
accordance with the second law of thermodynamics. In equilibrium, V1 = 0, and
therefore no new entropy is produced. The entropy flux then leads to s = const.. As

a result, the total entropy S = Vs is extensive in equilibrium.

>0. (7.10)

7.3 Omnsager Reciprocity Relations

We now want to generalize the considerations. To do this, we examine a small
subsystem (much larger than ¢ but also much smaller than the system size L). This
is described by the state variables &; = ag; + o4, @ = 1,2,..., f (for example U,
N, ...). In equilibrium, these have the value ag; with entropy Sy. Now consider a
fluctuation «; with entropy change

1
AS=85-8 =7 Z(@QS)ijaiaj, (7.11)
1,

where 925 < 0. The probability density of finding the system in a state with
deviations a; is given by

p(a) = plad,...,ap) = p(0,...,0)e 5k (7.12)
It is helpful to introduce the thermodynamically conjugate quantities

s )
Y= e = Zj:(a S)ijeu (7.13)

In equilibrium, S is maximal and therefore ; = 0. ~; is also called the thermodynamic
forces. This leads to the correlations

Y = /dfa a;vipla) = kp /dfa aiaggj) = —kp /dfa p(a)gZ;
= _kB(Sij . (714)
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It is often easiest to determine the conjugate quantities using the following property:
The entropy production is given by

S _ Z oS dOéi _ Z’}/Z’ dOzi (7.15)

Oai dt E

where da; /dt is the current associated with the force ;.

Example 1: We determine the quantity conjugate to o = U for the heat transport
from Chapter 7.1. Consider two systems in thermal contact. The entropy .S is
given by dU = T'dS (without expansion). The entropy generation is given by,
see (2.5) with U = Uy = Uy,

s_(é_é)U_A<;>U. (7.16)

Thus, the thermodynamic force is v = A(1/T) = 1/T5 — 1/T».

Example 2: In applications, a local version of the last example is often used. Here,
the energy density u plays the role of the local state variable. The entropy
density can change according to (7.9) due to both an entropy flow (heat flow
without temperature difference) and entropy generation s. The local version of
the entropy generation (7.16) is

0) §7-VT 1
¢ 10 I T2V - (VT> 49 (7.17)

The entropy generation is due to a heat flow from a hot to a cold temperature.
A comparison with (7.15) shows that v; = 0;(1/T) are the conjugate forces to
the current densities do;/dt = j7.

In equilibrium, o; = 7; = 0. If the deviations from equilibrium are small, the
quantities «; satisfy linear equations of motion

T 3 L) = 3 Ly (P8 o0 (7.18)

dt -
Jsk

with the Onsager transport coefficients Lj;;.

The Onsager reciprocity relations follow from microscopic reversibility. We first
consider a time-reversal invariant system (By = 0) in equilibrium and assume that
all a;; do not change under time reversal. Then, for microscopic fluctuations (7 > 0),
we have

(T——7)
)

a;(t)oy(t+7 =" a;(t)a;(t—T) ()

aj(t)a;(t+ 1) (7.19)
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Differentiating this relationship with respect to 7 using (7.18) leads to

S Lipaimt+7) =Y Lip (@)t + 7). (7.20)
K K

In the limit 7 — 0%, we obtain the Onsager reciprocity relation with (7.14)

This relationship can be generalized with a similar proof: let ¢; be the parity of the
state variable o; under time reversal, i.e.

1 if i(t) = a4 (—1),
€@=19 i oy(f) = ou(~1) (7.22)
—1, if Oéi(t) = —Oéi(—t).
Then, the reciprocity relation holds
Lij(Bo) = €i€jLji(—Bo) - (7.23)

Note that «; and ; have the same parity, while the current do;/dt has the opposite
parity. This breaks the (macroscopic) equations of motion (7.18) time-reversal
invariance and leads (in general) to irreversible dynamics.

Example 3: (Electrical reciprocity)
Electric transport is described by Ohm’s law

3
Ji = Z oij By . (7.24)
=1

The conductivity tensor o;; relates the electric field strength E to the electric
current density 7. The current generates the electric power density

i=E-j=>Y oxEE;>0. (7.25)
Z"j
At the (fixed) temperature T', this leads to entropy generation (per volume)
U 1
= — = _F-4. 7.26
S=g=5BJ (7.26)
Thus, v; = E;/T is the thermodynamic force for the electric current density
dai/dt = ]1

A comparison of (7.24) with (7.18) shows that the Onsager transport coefficients
are given by
Lij = TO'ij . (7.27)
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For electric transport, the reciprocity relation holds

O'Z'j(B[)) = Uji(_BO) . (728)

For an isotropic material, 0;; = d;;0. Therefore, o is necessarily an even
function of the magnetic field By.

The conductivity o, is determined in an experimental setup where the voltage
is applied in the x direction and the current is measured in the y direction.
Without an applied magnetic field (B = 0), reciprocity requires that the result
is the same when switching the voltage and current measurements (and thus
measuring oy ).

Example 4: (dissipative and reactive transport coefficients)
The generation of entropy takes the form
S=Y Lij(Bo)yiv; = Y Lij(Bo)viv (7.29)
() 1,3
with the symmetric matrix

Eij(BO) = 1 [Ll‘j(Bo) + EiEjLZ'j(—Bo)] . (7.30)

[Lij(Bo) + Lji(Bo)] = 5

N |

In order for the entropy generation (as demanded by the 2nd law) to always
be positive, the matrix L;; must be positive definite. L is referred to as the
dissipative part of the transport coefficients. If the degrees of freedom 7 and j

have the same parity (e;e; = 1), L;; is an even function of the magnetic field
By. In the opposite case, L;; is an odd function. The remaining part

Lij= % [Lij(Bo) — Lji(Bo)] = L

5 [Lij(Bo) — €iejLij(—Bo)] (7.31)

with L;; = iij + i}ij is called the reactive transport coefficients, which have the
opposite parity as a function of the magnetic field By.
Example: (Electric transport in 2D)

The electric transport in 2D is described by the conductivity tensor (By is the
magnetic field strength in the plane)

_ (9s2(Bo)  0uy(Bo)
i <Uym(Bo) Jyy(B0)> : (7.32)

For an isotropic material, o0, = oy, and o,y = —0y,; hold, as only the two
1 1
(real) matrices I = (O (1)) and J =iog = (_01 0) under a general rotation

R = ¢ in the plane remain invariant with R(al + J)RT = ol + 3J.
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With the results from the last example, the longitudinal conductivity o,,(Bp) =
oyy(Bo) is even in By and leads to dissipation. The transverse conductivity
02y(Bo) = —0yz(Bo) (odd in By) is purely reactive. In the perfect Hall effect,
Oz = 0yy = 0 (no dissipation). Thus, this effect can be described in a closed
system with a Hamiltonian function. The quantization of the problem leads to
Landau levels and to 0., = ne?/h with n € Z (Quantum Hall Effect).

7.4 Thermoelectric Effects

We apply the results from the last chapter to thermoelectric processes. We consider
a system of charged particles with charge ¢. Unlike in Chapter 7.1, we now allow for
both energy transport and particle transport. The change in the number of particles
leads to work

SW = Wepem. + 6Weletr, = pdN + ®dQ = (1 + ¢ ®)dN = podN (7.33)

with the electrochemical potential pe = pu+q ®. For charged particles, the electrochem-
ical potential plays the role of the chemical potential. In particular, ue(7) = const.
in equilibrium.

Note: In a metal, the chemical potential p is usually determined by the positive
background charge and cannot be significantly changed. For this reason, in a metal we
can replace the electrochemical force V. = —q& with the electric force ¢gV® = —¢FE.

The change in entropy is described by T'ds = du— pedn (we neglect thermal expansion
effects again). This leads to the relationship

Js Ou on

22 7.34

ot~ ot o (7.34)
The change in particle density is given by the continuity equation

on

—+V.3"=0 7.35

5 TV I (7.35)
with the particle current density j". Analogously for energy, we have

ou

41 VvV-5¢=0 7.36

5 TV (7.36)

with the energy current density j¢. In comparison to Equation (7.1), due to the
electrochemical work, not the entire energy current is a heat current. Rather, we have

39=T3"=3°— pej" (7.37)

due to the fundamental equation T'ds = du — puedn. For a better understanding
of the heat current j9, we consider a particle exchange where each particle carries
energy € = le. In this case, 3¢ = pue3™ and the process occurs reversibly without heat
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exchange. A finite heat current corresponds to the exchange of ‘hot’ (¢ > p.) or ‘cold’
(e < pe) particles.

We use the two continuity equations in (7.34) and obtain

0s 1 .e .n .5 1 .e He .
a_—TV-J tueV gt ==V 3+ Vo 5 =V g (7.38)

$
A comparison with (7.9) shows that the last two terms are the entropy generation
rate. Therefore, we have

1 1
= d = = Ve (7.39)

A S He o
S—VT 7 VT ] —VT

As shown before, the first term corresponds to entropy generation by heat flow from a
high to a lower temperature. The second term corresponds to the Joule heat £ - j with
the electric current density 3 = g3™. It arises from the conversion of electrochemical
work into heat.

A comparison of (7.39) with (7.15) shows that V(1/T) and —(Vu.)/T are the

thermodynamic forces for the currents j9 and j™.! The reciprocity relations (for
By =0) are
) 1 1 L1y Lo
"=—Li1— L —=—— - —=VT
J 17 Ve + L2V 7 VHe = 73 VT,
. 1 1 Lo Loy
U L =z — —==VT. 7.40
J 12TVue + 22VT T Ve T2 v ( )

We now want to relate the three transport quantities Lq1, L12, Loo to already known
quantities. For heat and charge transport, the standard form is

1
j9=—-kVT+11j, 8:;j+eVT, (7.41)

with the Peltier coefficient IT and the thermopower €. The reason for this notation is
that experimentally the electric current 7 = ¢ 3™ and the temperature gradient VT’
can be most easily measured. A comparison of (7.40) and (7.41) provides relationships
between the coefficients. For example, considering the case V1 = 0, we obtain

2L L
o=1 TH and oll = % . (7.42)
Analogously, for Vu, = —g€ = 0, we find the relations
L L
o€ = qT;Q and Kk~ oell = % . (7.43)

! Alternatively, one could consider j¢ and j™ as independent currents. In this case, the forces
would be V(1/T) and —V (ue/T).
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A comparison of the two expressions for Lis yields the reciprocity relation
II=¢€¢T (7.44)

between the Peltier coefficient and the thermopower.

We want to better understand the equations (7.41) with a few examples.

Example 5: (Electrical conduction)

For a system without a temperature gradient VI' = 0, Ohm’s law applies
j=oc&, (7.45)

where £ = FE — (1/q)V uu takes into account the complete electrochemical force.
Note that even without a temperature gradient, heat is still transported with

Ji=117. (7.46)

Example 6: (Heat conduction)
The heat conduction from Chapter 7.1 results in the case where no electric
current /particle flow is flowing, 7 = 0. We then obtain Fourier’s law
j4=—kVT. (7.47)
Note that in this case, the electrochemical force does not vanish but
E=eVT (7.48)
applies. For this reason, the coefficient € is called the thermoelectric power.

Example 7: (Peltier Effect)

We consider two different metals (A and B) at a homogeneous temperature 7.
We drive an electric current j through the contact.

4
J J
=—> conductor A '::>I'::> conductor B =—>

Ja Jb

The heat flow is then given by (7.46). At the contact point, there is a disconti-
nuity of size
j7=jp— 4= (Mg —T4)j. (7.49)

In the steady state system, this heat must be added to the contact when the
current j is driven from conductor A to conductor B. If the direction of the
current is reversed, the sign of j9 also changes. For one direction of the current,
the contact cools down, in the other direction it heats up.
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Example 8: (Seebeck Effect)

conductor A

The Seebeck effect is closely related to
the Peltier effect. However, now an
(electrically) open circuit with 7 = 0 is
considered. Two metals are connected
through two contacts at different tem-
B T B peratures 17, T5. The resulting voltage

® can then be determined with a volt-

+1 - meter at temperature T”.

T, - T

In an open circuit, equation (7.48) applies. The electromotive force is given by

tl):—%E'ds:—j{eVT‘ds:y{TVe-ds. (7.50)

In the last form, the integral only contributes at the contacts.? Therefore, we
have
O =Ti(es—ep)+Talep —€a) = (ep —€a)(To —T1). (7.51)

Example 9: (Thomson Effect)

The continuity equation for energy has the form

&L:_v.jewf)_v.jq_v.(“ej):_v.jq+£-j—uev'j
ot q q ~~

= 0, since stationary

Substituting the relationships (7.41) yields the result

ou 1 dl1

— =V (kVT)+ —52 —— | VT 3. 52

5 (kVT) + I (e dT) J (7.52)
—Tde/dT

The first term describes heating due to sources in the heat flow —kAT, driven
by the temperature gradient. The second term is the Joule heat j - E. The last
term is the Thomson heat

d
0GThomson = TVT - J, Thomson coefficient 7 = Tﬁ ) (7.53)

It occurs when there is both a temperature gradient and an electric current.

Note: The Thomson coefficient 7 is important because it can be directly
measured for a material. The Peltier coeflicient II and the thermopower ¢
can only be determined relative to another material. A typical choice for the
reference material is platinum.

%We assume that the temperature dependence of e within a material is much smaller than the
difference between the materials.
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@ @ Fig. 7.1: Structure of a Peltier Element. It consists

of three conductors. Two columns made of con-

0 i 3l ductor materials A and B connected by a crossbar.

a . The lower end of the columns at z = L is at room

temperature Ty. A current I is driven clockwise

I through the system. We denote the Peltier coeffi-
2T, <N T,

cients of the two contacts as 114, IIg. Due to the
experimental setup (with Iz > I14), the crossbar
@QO is cooled to the temperature T7 < Tp.

Peltier Element: Finally, we consider a Peltier Element as a typical example of a
non-equilibrium problem. Such elements are used as portable cooling devices. The
system consists of two conductors A and B with Peltier coefficients IIg > Il 4, which
are coupled to two contacts on a conductor that is being cooled, see Fig. 7.1. The
system is driven by an electric current I. The conductors have cross-section A with
electric current densities jp = —ja = I /A along the z-axis. We consider the steady
state that occurs after a certain time. We simplify the problem by assuming that the
material constants k,0 and e = II/T are temperature-independent.

The electrical problem is solved by specifying the current density. The thermal
problem is determined by equations (7.52) and (7.41). In the steady state, due to
(7.52) in conductor A, we have

I2
o A2’
The temperature distribution with boundary conditions T4 (L) = Tp and T'(0) = T}
is given by

1
0=V - (kaVT4) + an = kT (z) + (7.54)

(To — Tl)a; 4 I2
L 2420 4K
The same relationship applies in conductor B with o4,x4 — 0B, KkB.

The heat output (o into the heat bath T is given by A[j4 (L) + j%(L)]. From (7.41)
we obtain

Ta(x) =T + (L —x). (7.55)

QO = —AK)ATA(L) + AGATojA — AF.’,BT}B(L) + AEBTQjB

1
= €Tpl + 5RI2 — KAT (7.56)
with
Lot +o5! A
€=cp—€a, R:(UAA—MB)’ K:(HA;_KB)7 AT =Ty —T;.

Analogously, the cooling power is obtained

Or = A[4(0) + j5(0)] = €T T — %RIQ _ KAT (7.57)
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With the first law of thermodynamics, we have
W =Qo— Q1 = RI> + eIAT. (7.58)

This power must be provided by the voltage source that drives the current I. The
electrical power is W = IV. Therefore, we obtain that the voltage

V = RI + eAT (7.59)

drops across the system. The first term is the voltage drop across the resistance. The
second term corresponds to the additional voltage drop due to the Seebeck effect.

The efficiency of the cooling element is given by

Q1 €NI—3RI’-KAT  KR+Teé K 1

W RI24+eIAT  e(RI+eAT) el 2
B 1 _ RI’T + K(AT)?
 Ty/Ti —1  (RI?2+ eIAT)AT

(7.60)

with the average temperature T = %(To + T7). The efficiency has a maximum as a
function of the current. Solving the condition dn/0I = 0 for I, we obtain

I = — (7.61)

R(V1+ZT -1)

with the figure of merit

62

z7=°_ 62
RE (7.62)

At the optimal current I*, the system reaches the maximum efficiency

77*:# 1_M _ (7.63)
To/Th — 1 V14 2T +1

The first term is the optimal result of a Carnot machine. The second term is negative,
so the Peltier element operates with a lower efficiency. For a high efficiency, the
dimensionless figure of merit ZT must be as large as possible. This requires materials
with low resistance and low thermal conductivity.

In metals, the figure of merit is limited by the Wiedemann-Franz law
72 k‘%
3 €2
In realistic situations, K is even larger than the electronic contribution of the

Wiedemann-Franz law due to the contribution of phonons. Overall, we have the
estimate

RK = (7.64)

— 36262 5 2
ZT < 7 4 x 107 (e[uV/K])". (7.65)
B
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Typically, metals have a thermoelectric power € on the order of a few 1V /K. Therefore,
metals are unsuitable as Peltier elements.

In semiconductor heterostructures, the Wiedemann-Franz law does not apply. Al-
though there is no thermodynamic limit for ZT, all known materials have values
< 3. Finding a system with ZT >> 1 is an active research field. This is particularly
important technologically, as a Peltier element can also be operated in reverse (as a
heat engine) to generate electrical power from a temperature difference. The idea is
to use such elements in electrical circuits for heat recovery. However, the problem is
that the efficiency n* depends very weakly (through the square root) on the figure of
merit.

For a cooling element, the minimum temperature 77 = T, that can be reached is
given by the point where n* = 0. We obtain

To  VIT27T, 1

Tin = —F——, or equivalently Trnin = (7.66)
V1+2T z
The current required to reach this minimum temperature is given by
7.61 eAT € T
[N R Tom 1) — }%“m . (7.67)
This current is supplied at a voltage
Vinax = RlImax + €(To — Tmin) = € 1o (7.68)

Instead of maximizing the efficiency, it is often more helpful in practice to obtain a
maximum cooling power () (at given temperatures Ty, 77). The expression (7.57) is

optimized with a current

eT
Ixi, = ?1 (7.69)

It can be seen that this corresponds to expression (7.67) exactly for 71 = Tinin. At
the minimum temperature, the maximum cooling power corresponds to the maximum
efficiency. However, at this point n* = 0, and the cooling power disappears. In
general, at a temperature 77, the maximum cooling power can be achieved as

. . €T3 ZT?
Qmax = Q1],_, = s~ KAT = K( 5 —AT>

62

- 2R (T12 - T2 ) + K(Tl - Tmin) (770)

min

It can be seen that the cooling power is proportional to K and decreases as the cold
temperature approaches the minimum temperature Tiin.
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Notation

dU

ow
(OU/oT)v
W, Q

S

V,U N

p, T p

H F .G, Q
Zas Ga

Z

IN, 2
I'(Z)

X

(6X)?
v=V/N
n = ’Uf1

A

C; = NI/N

125

complete differential

general differential

derivative dU/dT at constant V'

work, heat

entropy

volume, internal energy, number of particles (extensive quantities)
pressure, temperature, chemical potential (intensive quantities)
enthalpy, free energy, Gibbs energy, grand potential

general work coordinate, general equilibrium quantity

all (extensive) quantities (U, Z1, Za, ... ) that define a state
canonical, grand canonical partition function

number of microstates compatible with a macrostate Z
expectation value of X

variance of X

specific volume

particle density

thermal wavelength

concentrations of substance ¢
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