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Abstract

This thesis investigates the emergence of dual Shapiro steps in the
1V-curve of a single Josephson junction in the phase-slip regime. In
particular, we analyze the detrimental effect of the parasitic capac-
itance between the biasing lines and how it can be remedied by an
on-chip superinductance. We obtain an explicit analytical expres-
ston for the height of dual Shapiro steps as a function of the ratio of
the parasitic capacitance to the superinductance. Using this result,
we provide a quantitative estimate of the dual Shapiro step height.
Our calculations reveal that even in the presence of a parasitic ca-
pacitance it should be possible to observe dual Shapiro steps with

realistic experimental parameters.
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Chapter 1

Introduction

1.1 Introduction and chapter overview

This thesis deals with the topic of Bloch oscillations in small Josephson junc-
tions. First proposed in 1985 [1], these Bloch oscillations have important appli-
cations in metrology since their frequency is proportional to the current flowing
through the junction. Indeed, they could provide the last link between current
and frequency needed to close the quantum metrology triangle [2] shown in
Fig. The completion of this triangle would allow a self-consistent definition

of voltage, current and frequency in terms of fundamental constants.

In order to observe Bloch oscillations, the Josephson junction needs to be oper-
ated in the phase-slip regime, where the Josephson junction effectively realizes
a phase-slip junction [3]. The voltage drop Vp across a phase-slip junction de-
pends on the charge @ flowing through the junction via Vp = V.sin(wQ/e),
with V, the critical voltage of the phase-slip junction. It is clear that a constant
current, () = Iyt, flowing through the junction causes an oscillating voltage —
the so-called Bloch oscillation — with frequency wp = mly/e. These oscillations
can be measured by introducing an additional, small AC-drive. Inserting the
resulting charge dynamic, Q@ = Iyt — I, cos(wot)/wp, into the voltage relation
of the phase-slip junction leads to voltage steps at constant current in the IV-
curve. These steps occur when the Bloch oscillation frequency wp is an integer
multiple of the drive frequency wg. Then, the incident radiation phase-locks
with the Bloch oscillations in the junction resulting in dual Shapiro steps at

constant current Iy = newy/m, n € Z\ {0}.

However, first attempts to demonstrate dual Shapiro steps [4, 5] did not re-

veal clear current steps in the IV-curve. Unlike conventional Shapiro steps, a
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Figure 1.1: Quantum metrology triangle [2] between voltage, current, and fre-
quency. Josephson oscillations and quantum Hall effect link constant voltage to
frequency and current, respectively. The last needed link between current and
frequency could be provided by Bloch oscillations via the observation of dual
Shapiro steps. The completion of this triangle would allow a self-consistent
definition of voltage, current and frequency in terms of fundamental constants
of nature.

measurement of dual Shapiro steps is impeded by the presence of a parasitic
capacitance between the biasing lines [6]. This capacitance shunts the junc-
tion, suppressing the amplitude of the Bloch oscillation. It is known that the
detrimental effect of the parasitic capacitance can be remedied by an on-chip
superinductance [6]. However, there has not been a theoretical study on the
quantitative influence of the parasitic capacitance on the dual Shapiro step

height in presence of the superinductance.

In this thesis, we combine an on-chip superinductance, screening the parasitic
capacitance, with a large off-chip resistance, dissipating the excess energy. For
this setup, we provide analytical results for the height of the dual Shapiro steps
and verify our findings using numerical simulations. Hopefully, our predictions
can help to advance the current experimental efforts towards observing dual

Shapiro steps.

This thesis is organized as follows. In Ch. [2, we introduce the concept of
phase-slip junctions and discuss the conditions necessary to turn a Josephson
junction into such a phase-slip junction. Next, we use an ideal, simplified model
of a phase-slip junction in series with a large resistance and voltage source to
study the emergence of Bloch oscillations and dual Shapiro steps. Then, Ch.

investigates the influence of thermal, resistive noise on the dual Shapiro step
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height. Here, we discuss how the Bloch oscillation frequency and the dual
Shapiro steps are being washed out by thermal fluctuations. Additionally, we
provide an analytical result for the minimum step height needed in order to

observe the steps in presence of thermal fluctuations.

After studying all these properties in an ideal circuit, we add the parasitic
capacitance as well as the superinductance to our system. In Ch. 4] we describe
the resulting system by a Schrédinger equation which is coupled to a classical
equation of motion. Furthermore, we discuss the influence of a small capaci-
tance parallel to the superinductance which can not be avoided in experimental
setups. Building on this characterization of the system, Ch. [5| focuses on the
calculation of the dual Shapiro step height in the extended circuit. We start
by investigating the ideal regime of high impedance where the characteristic
impedance, Z = \/TCP, formed by the superinductance L and the parasitic
capacitance Cp, is larger than the quantum resistance Rg = h/4e* =~ 6.5kS).
Next, we examine the experimentally more relevant regime Z ~ Rg, where
quantum effects play an important role. Finally, we validate our analytical

results by comparing them to numerical simulations.

1.2 Duality of Josephson and Bloch oscillations

A quantum phase-slip junction is the exact dual counterpart to the Josephson
junction. This means that, compared to an ordinary Josephson junction, the
role of the phase ¢ across the junction and the charge @ on the capacitor plates
is interchanged. Additionally, the process of Cooper-pair tunneling is replaced
by its dual counterpart, a 27 slippage of the phase-difference between the two

superconductors composing the Josephson junction [7].

The equations governing the behavior of the phase-slip junction are, therefore,
exactly dual to the usual Josephson relations. For a regular Josephson junc-
tion, the current, I; = I.sin(¢), is a periodic function of the phase, where I, is
the critical current of the junction. The voltage across the Josephson junction
is given by the time derivative of the phase V; = (h/2e)d¢/dt. Dual to this,
the voltage of the phase-slip junction Vp = V_.sin(w@Q/e) is a periodic function
of the charge and the current Ip = d@/dt is only different from zero for time

dependent charge.

Due to these relations, the phase-slip junction exhibits behaviors dual to the
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DC- and AC-Josephson effect. The DC-Josephson effect refers to a Joseph-
son junction maintaining a current without any applied voltage. A phase-slip
junction can, in turn, sustain a voltage without any applied current. The
AC-Josephson effect occurs when a constant voltage is applied to a regular
Josephson junction. This leads to an oscillating current, so-called Josephson
oscillations — the exact dual counterpart to the previously introduced Bloch os-
cillations. If the Josephson junction is additionally irradiated with microwaves
of frequency wq, phase-locking between the Josephson oscillations and the exter-
nal microwaves causes conventional Shapiro steps of constant voltage to appear
at multiples of fiwg/2e.

However, due to the fundamental asymmetry between electric and magnetic
effects in matter, the dual and the conventional Shapiro steps are physically
quite different. In particular, the dual equivalent to the parasitic capacitance
— an inductance of the leads [8] — is, unlike its counterpart, easily reduced in
experimental setups. Thus, Shapiro steps have already been observed in mul-
tiple systems since their first discovery in the 60s [9]. As the step position is
related only to fundamental constants of physics, Shapiro steps can be used in

metrology to define the quantum voltage standard [10].



Chapter 2

Dual Shapiro steps in an ideal

setup

2.1 Josephson junction in the phase-slip regime

In order to understand dual Shapiro steps, we first need to understand the
concept of phase-slip junctions. A phase-slip junction can be implemented by
a small Josephson junction with a Josephson energy E; = ®yl./27 and a finite
capacitance C, where &y = h/2e denotes the superconducting flux quantum and
I, the critical current of the junction. Figure [2.1(a) shows the circuit of such
a Josephson junction connected to an external current source. The Lagrangian
of this system is given by

L= gq52 +E; [cos (27r¢> - 1} — Q, (2.1)

2 D

assuming that there is no external magnetic flux [8]. Here, the first two terms
are due to the Josephson junction and its associated capacitance. They are
described in terms of the node flux ¢, where the derivative of the flux ¢ repre-
sents the voltage across the junction. Multiplying this voltage with the charge
Q transported onto the capacitor plates by the current source yields the last
term of the Lagrangian, guaranteeing Kirchhoff’s voltage and current law. In-
troducing the charge ¢ = 85/8&5, the canonically conjugate variable to ¢, we

can perform the Legendre transformation and obtain the Hamiltonian

H:@;LC?)Z+EJ{1—COS<ZT§§>], (2.2)

5
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Figure 2.1: (a) Small Josephson junction with Josephson energy E; and finite
capacitance C' connected to an external current source. The current source
provides the current I = @. Under the appropriate conditions, the Josephson
junction acts as a phase-slip junction with phase-slip energy Eg. (b) Energy
spectrum of the illustrated system for E; = Ec. The band gap between the
ground state and the first excited state scales with £ ;. The band structure is
2e-periodic in ). The phase-slip energy Fg corresponds to the bandwidth of
the lowest energy band.

~

where the operators obey the commutator relation [¢, ¢] = ih. The eigenvalue
spectrum of the Hamiltonian is 2e-periodic in @ and shown in Fig. u(b) for
Ej;=Ec =¢e?/2C.

For a charging energy Ec much larger than the Josephson energy Ej, the
influence of the periodic potential due to the Josephson junction is negligible.
Here, the energy bands correspond to the bands of the nearly free electron ap-
proximation in solid state physics. Since the band gaps are very small, even

a small external current can cause Landau-Zener tunneling to higher bands [11].

A small charging energy, Fo < FEj, corresponds to a particle of high mass
which always remains close to the minimum of the potential. In this limit, we
can, thus, neglect the periodicity of the Josephson potential and instead ap-
proximate the cosine by a harmonic potential. This results in flat bands spaced

apart equally by the energy scale of the harmonic oscillator /8 ¢ E j, see also
App. [Al

However, we are most interested in the regime Ec < Ej. Here, the first and
second band are already well separated but the energy of the lowest band still
depends strongly on Q. First order perturbation theory for small E;/E¢ finds
that the band gap scales with E; [12]. Dependent on the external current I,
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this results in the Landau-Zener transition probability

E; E
PLZ:eXp <—7TJ J >

2.3
16 Ec hl/2e (23)

between the first and second band [12]. If the system is to remain in the lowest
band, the current has to be restricted to I <« E?]/Ec@o. Under this con-
dition, the Landau-Zener transition probability is small and we can describe
the Josephson junction using only the lowest band of the energy spectrum. A

Josephson junction operated in this regime is called a phase-slip junction.

For Ec < Ej, the ground state energy can be approximated by a single cosine
function, Ep = —Eg cos(mQ/e), where the phase-slip energy Eg corresponds to
the bandwidth of the lowest band. Equivalently, the voltage across the junction
is given by Vp = dEp/dQ = V.sin(7Q/e), with V. = mEg/e the critical voltage
of the phase-slip junction. In App. [A] we calculate the phase-slip energy using

the semi-classical WKB-method. There, we obtain

Eg ~ B EY*e~V3E/Pe. (2.4)

We come back to this relation, when we discuss the influence of the parasitic

capacitance in Sec. 4.1}

For the remainder of this thesis, we always assume that the external current
is small enough such that the Josephson junction can be approximated by a
phase-slip junction. Additionally, we describe the voltage-charge relation of the
phase-slip junction only by a single sine function Vp = V. sin(7Q/e) neglecting
contributions of higher frequencies. For the following calculations, it is also
useful to introduce the capacitance Cs = e/7mV, associated with the phase-slip

junction.

2.2 Emergence of Bloch oscillations

In this section, we consider a phase-slip junction, with critical voltage V., in
series with a voltage source, supplying the voltage V', and a resistance R. The
corresponding ideal circuit is shown in Fig. The voltage source, together
with the resistance R, forms a current source providing the current /. The step
to a quantum description of the problem is performed by introducing the loop
charge operator Q = ffoo dt'1 (t') which denotes the charge that has flown in

the loop up to a time ¢ [8]. Using Kirchhoff’s voltage law, we can derive an
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> 4 Figure 2.2: Ideal setup for the observation of dual
Shapiro steps. The circuit consists of a phase-slip
junction, with critical voltage V., in series with a
resistance R and an ideal voltage source, supplying
the voltage V. The voltage source, together with the
a large resistance R, acts as a current source providing
the current I.

equation of motion for the loop charge
R@+V&m<%@):V@) (2.5)

Here, we include only the noiseless, classical part of the voltage source as we
assume that the system is operated at low temperature. The condition under
which this assumption is justified is discussed in Ch. [3] where we study the

influence of thermal noise on the system.

While the quantum mechanical description becomes important in Ch. [4] in
this chapter, we focus on the purely classical regime. For the ideal circuit, this
regime is easily realized by a large resistances R with R > Rg. In this limit,
the quantum fluctuations of Q are suppressed far below 2e [13], such that the

operator can be simply replaced by its quantum-mechanical expectation value

Q= (Q).

In this section, we consider the case where the voltage source supplies only
a DC-voltage, V(t) = Vygc. First, we examine the case Vpgc < V.. Here,
the drive is too small for the charges to overcome the potential barrier of the
phase-slip junction. Thus, after an initial transient response, no current flows
through the junction. This so-called Coulomb blockade [14] causes a voltage

step at zero current in the IV-curve, as shown in Fig. 2.3]

Next, we study the more interesting case Vp qc > V., where the drive is strong
enough to generate a current Iy, = Qde. In order to simplify the following
calculations, we divide Eq. by V. and introduce the normalized charge
Nge = mQqc/e. We obtain

N,
4 | sin(Nge) = vo.dc, (2.6)
WR

where vg gc = Vo .de/Ve is the normalized DC-drive and wg = 7V, /eR = 1/RCg
the RC-rate with which the motion of the charge is damped. This differential
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Figure 2.3: (a), (b) Time-evolution of the charge Q4. and the current Iy in
presence of a DC-drive. The orange, dashed line displays the result for Vj g. =
0.9V.. The black, solid line shows the result for Vj 4. = 2V.. For Vpq. < Vi,
the charge approaches a constant value below e/2 and no current flows through
the junction. For V4. > Vi, the current oscillates around its average value
T4 with the Bloch oscillation frequency wg. (c) Subsequent IV-curve of a DC-
biased phase-slip junction. The Coulomb blockade step at Iy, = 0 is clearly
visible. For Vj 4. > V., the average current approaches an ohmic dependence
on the DC-drive, as indicated by the green, dotted line.

equation is separable and can be solved with the resultﬂ [15]

] — 2
Nac(t) = 2arctan{ 0 tan [WB (t—to) +m/ ] } - E, (2.7)
vo,de — 1 2 2

-2
15 Ve
—. 2.8
V0,dc T sin[wB (t — to)] R ( )

Idc(t) =

Here, ig = I4.R/V, = (vadC — 1)'/2 is the normalized, average current and
wp = wpriy = ml4e /e the Bloch oscillation frequency. The initial condition can

always be fulfilled by choosing an appropriate time-shift tg. The current Ig.

!Note that the solution for Ng. needs to be analytically continued to obtain a physical
solution over more than one period.
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can be decomposed into its Fourier components

[e'S) .
. V
Ia.(t) = T kaB(t—tO)’ I = -k %o C‘ 2.9
dc( ) E k€ k=1 (i() UO,dc)|k| R ( )

k=—00

Figure [2.3] displays the time-evolution of charge and current as well as the
subsequent IV-curve. We can clearly see that the DC-drive causes the current
to oscillate around its average value with the Bloch oscillation frequency wp.
For large enough drive vgq. > 1 the average current approaches an ohmic

dependence on the DC-voltage Iq. = Vp.ac/R.

2.3 Phase-locking with an AC-drive

After considering the case of a pure DC-drive in the last section, we now com-
bine the DC-drive with an additional AC-component, V (t) = Vi + Vjc sin(wot).
The microwaves can phase-lock with the Bloch oscillations caused by the DC-
bias. This leads to voltage steps at constant current in the IV-curve, so-called
dual Shapiro steps. For the system described by Eq. , phase-locking is
only possible if the Bloch frequency wp is an integer multiple of the drive
frequency wp. Consequently, the steps appear at multiples of Ig = ewp/7
(is = IsR/V. = wy/wR).

We want to calculate the height of the dual Shapiro steps. Analogously to

the previous section, we consider the equation of motion

i\; +sin(IV) = vy + vac sin(wot), (2.10)
with vae = Vac/Ve. In the following, we assume that the amplitude of the AC-
drive is much smaller than the critical voltage v, < 1. In this case, we can
expand the solution to Eq. in a Taylor series N = Ngc + VacNac. Ad-
ditionally, we need to take into account that phase-locking between the Bloch
oscillations and the AC-drive can change the average voltage. Therefore, we
formally expand the DC-drive vg = vg gc + Vac 0,ac in a Taylor series, too. Here,
Up,ac corresponds to the change of the DC-voltage on the step due to the AC-
drive. In order to estimate the dual Shapiro step height, we, thus, have to

calculate vg ac.
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Substituting both expansions into Eq. (2.10)) yields the system of equations [15]

N,
4 1 sin(Nge) = vo.de, (2.11)
WR
2 + c08(Nge) Nac = 10 ac + sin(wot). (2.12)

WR

The first equation is identical to Eq. and has already been solved for
vp,dc > 1 in the previous section. The second equation is a differential equation
for N,.. However, this equation does not need to be solved in order to obtain
the dual Shapiro step height. Instead, we have to take into account that the
average current on the step remains constant. Therefore, we have to require
that the AC-drive does not add a DC-component to the current, ﬁac =0. We

make the substitution
Noc = Njge oo cosNaelI — Ry, (2.13)

where the last step can be obtained by differentiating Eq. (2.11)) with respect to
time. Since Ny is a periodic function, the constraint Nae =0 directly translates
to the same constraint for N/ . Inserting Eq. (2.13) into Eq. (2.12), we obtain

the condition

[10.ac + sin(wot)] /Nge = 0, (2.14)

which only depends on the DC-solution. To obtain the height of the first dual
Shapiro step, we set the Bloch oscillation frequency wp equal to the drive

frequency wp and calculate the time average. We receive an equation for vg ac

cos(wot
V0,ac = — ( 0 0)-

2.15
2'UO,dc ( )
Dependent on the position on the voltage step, v ac and, thus, the phase shift
to between the Bloch oscillations and the AC-drive varies. This means that,
for all voltages on the step, the system compensates the changing DC-bias by

adjusting the phase shift between the oscillations.

Figure [2.4] shows a typical IV-curve of a phase-slip junction under microwave
irradiation. At the bottom of the first step, the Bloch oscillations and the drive
are completely out-of-phase. In our calculation, this corresponds the case tg = 0
with Vo = Vp dec — Vac/2v0 4. For tg = m/wp, both oscillations are perfectly in-
phase which corresponds to the top of the step at Vo = Vj gc + Vac/2v0 dc. The
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Figure 2.4: IV-curve of a DC-biased phase-slip junction under microwave ir-
radiation with V,. = 0.5V, and wyp = wpg (black, solid). For comparison, the
IV-curve of a solely DC-biased phase-slip junction is included as an orange,
dashed line. Dual Shapiro steps develop symmetrically around the DC-biased
curve at multiples of Ig = ewg /7. At the first step the drive frequency wy and
the Bloch frequency wp are identical. The inlay displays the phase shift be-
tween the AC-drive (blue, solid) and the current at the bottom (green, dotted)
and at the top (red, dashed) of the first step. At the bottom of the step, the
drive and the current are out-of-phase. At the top of the step, both oscillations
are in-phase.

total dual Shapiro step height is, thus, given by

V= Voo (2.16)

1+ (wo/wr)?’

valid to first order in V,./V.. Here, we used the relation voq. = (i% + 1)1/2

which we derived in the previous section. From this it also follows that the

voltage around which the step is centered can be written as

Vs = Ver/1 4+ (wo/wr)?. (2.17)

If we wanted to calculate the height of the second or third dual Shapiro step,
we would have to include higher orders of V,./V.. However, since the first step
is the largest and, therefore, the easiest to measure, we are going to focus on

this step for the remainder of this thesis.

In order to check our results, we have calculated the step height and step
position numerically by solving Eq. (2.10)). The results can be found in Fig.
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Figure 2.5: (a) Dual Shapiro step height as a function of the drive frequency
wp for V,e = 0.1V.. The black, solid line displays the numerical solution of
Eq. . The orange, dashed line shows the analytical result of Eq. .
The analytical result fits the numerical data well, except for small wy/wgr where
the numerical step height is smaller than the predicted height. (b) Dual Shapiro
step position as a function of the drive frequency wg for Vae = 0.1V,. The black,
solid line displays the numerical result while the orange, dashed line shows the
analytical result in Eq. . The green, dotted lines indicate the positions
of the lower and upper corners of the Shapiro step. As long as the entire
step appears at voltages above the critical voltage V., the analytical result fits
the numerical data well. Below that point, higher order effects decrease the
numerically calculated step height.

together with the analytical results. We find that the analytical results fits the
numerical data well as long as the entire step appears at voltages above the crit-
ical voltage V.. Due to the additional AC-drive, it is possible to obtain average
currents different from zero even for DC-biases V{y smaller than the critical volt-
age V., as predicted by the analytical results. However, in this regime, there are
no initial Bloch oscillations caused by the DC-bias which can simply phase-lock
with the AC-drive as we assumed throughout our calculations. Instead, the AC-
drive is needed to overcome the Coulomb blockade and cause Bloch oscillations.
These higher order effects cause the step height to decline. Thus, Eq.

is no longer valid in this limit and the maximum step height V,. is never reached.

In addition, we used numerical simulations to show how the step height de-
pends on the amplitude of the AC-drive V.. An exemplary result for a drive
frequency wp = 2wpr can be found in Fig. [2.6] In the regime V,. < V,, the step
height increases linearly with the amplitude as predicted by the first order ap-
proximation. For V,. 2 V., the AC-drive is no longer a small perturbation that
phase-locks with the nearly undisturbed Bloch oscillations caused by a much
larger DC-bias. Instead, the AC-drive itself is large enough to overcome the

potential barrier set by the phase-slip junction and can, thus, cause a current
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0 2 4 6
Vae/ Ve

Figure 2.6: Dual Shapiro step height as a function of the AC-drive amplitude
Vac for wg = 2wpgr. The black, solid line displays the numerical solution of
Eq. (2.10). The orange, dashed line shows the first order approximation in
Eq. (2.16)). The analytical result corresponds very well to the numerical data
for Ve < V.. A maximum step height is reached for V,. ~ 4V,, where the step
height starts to decrease again.

to flow through the junction. This, in turn, influences the Bloch oscillation
frequency leads to a maximum step height at V. = 4V,. For higher amplitudes

the dual Shapiro step height starts to decrease again.

Next, we want to investigate the behavior of the system close to the dual Shapiro
step. As evidenced by Fig. [2.4] the first dual Shapiro step resembles qualita-
tively the shape of the Coulomb blockade step at Iy = 0. The reason for this

resemblance is as follows.

Instead of setting the Bloch oscillation frequency exactly equal to the drive fre-
quency as before, we now consider frequencies wp # wq (ip # ig). Away from
the step, the phase shift ¢g is no longer important and we neglect it in the follow-
ing calculations. However, we are still interested in the behavior of the junction
close to the first step. When performing the time averaging in Eq. , we,
therefore, average over time scales At with wal, wgl < At < Jwg —wp|™t. We
obtain
__cos|(wo —wp)t] _ cos[r(Qs — Qo)/€]

- _ — . 2.18
“0.ac 200 de 200 de (2.18)

In the last step, we have introduced the average, cumulative charges Qg = Igt
and Qo = Ipt. Here, Qg corresponds to the charge flowing through the system
at the step, while )y corresponds to a general average charge away from the step

position Ig. Next, we expand the relation Iy = Qp = VC[(Uo—vangyac)Q— 1]1/2/R
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to first order in g »c and insert Eq. (2.18]). We obtain

R;!
Qo= "o fog 14— T s [T (s - Qo) (2.19)
= /v — —(Qs — ; :
CTRV YT RAZ 1 2v0ac e ’
To AV/2

where R; = dVp/dIy is the differential resistance at the step in absence of an
AC—driveE| [15]. Next, we rewrite Eq. (2.19) to obtain a differential equation

o] 6Q = Qo — Qs + ¢/2
Ry 60 + % sin (géQ) — Vo — Vs, (2.20)

with ffo[s} = Ryly[s). This result coincides with Eq. , for an imaginary DC-
biased phase-slip junction with critical voltage AV/2 and normal resistance Rg.
Here, the relevant DC-voltage is the difference between the voltage at the center
of the step Vg and the applied voltage V. We, thus, find that the behavior of
the system close to the first dual Shapiro step can be mapped onto a phase-slip
junction at the Coulomb blockade. This property becomes useful when we ex-

plore the influence of thermal noise on the step height in the next chapter.

We comment on the experimental parameters of the discussed setup. Nowadays,
it is possible to fabricate Josephson junctions with E;/h, Ec/h ~ 10 GHz [16],
which results in critical voltages V. of the order of 10 uV (Cs ~ 5f{F). In order
to avoid Landau-Zener processes, the drive frequency wy/27 should, thus, re-
main well below 10 GHz. Therefore, the dual Shapiro steps appear at currents
of the order of nano-amps. In this context, note that a current standard formed

by Shapiro steps is readily parallelizable in order to achieve larger values [2].

2Note that here Iy and Ry take into account the full DC-current Vp instead of Vo, dc
3Note that the term e/2 is only added in order to reproduce the sine function in Eq. (2.5).
It has no physical significance.
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Chapter 3

Influence of thermal

HAuctuations

3.1 Introduction to noise

In the previous chapter, we have discussed the emergence of Bloch oscillations
and dual Shapiro steps at zero temperature. Here, we treat the case of finite
temperature and investigate the influence of thermal noise on the dual Shapiro
step height. We start by discussing some general properties of noise and the

Johnson-Nyquist formula.

A general noise signal £(¢) with (£(¢)) = 0 can be characterized by the auto-

correlation

((€()¢(0))) = (£()&(0)) = £(), (3.1)

where (-) denotes the ensemble average. The spectral density of the noise S(w)

is given by the Fourier transform of the auto-correlation
00 . 1 [ ;
S(w) = / dt e™" f(t), ft) = / dwe 'S (w). (3.2)
NS 2 J_

Since the auto-correlation is an even, real function, the spectral density is even
and real, too. Additionally, the spectral density can be expressed in terms of

the correlation of the noise signal in Fourier space

21 S(w)d(w + w') = (£ (w)E(w)))- (3-3)

In this and the following section, we focus on thermal, white noise. Colored noise
is treated in Sec. White noise has a constant spectral density S(w) = S(0)
and, thus, the correlation is given by f(t) = S(0)d(t). The strength of the

17
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Figure 3.1: Circuit representation of a resistor at
finite temperature shunted by an inductance. A re-
sistor with resistance R at finite temperature 1" can
be represented by a resistor at zero temperature in
series to a voltage noise source £y (t). The resistor
is shunted by an inductance L. The current flowing
through the resistor is denoted by I.

fluctuations is determined by the Johnson-Nyquist formula [17,18]. In order to
derive this formula, we have to take a closer look at a resistor at finite temper-

ature.

The thermal motion of electrons in a resistor gives rise to fluctuating resis-
tance values and, therefore, produces a fluctuating voltage across the resistor.
It can be shown that a resistor at finite temperature 7' can be represented by
an ’ideal’ resistor R at zero temperature in series to a voltage noise source
&v(t) [18]. Additionally, the spectral density of this voltage noise does not
depend on the individual impedance connected to the resistor [18]. For the
purpose of the following derivation, we can, thus, choose to shunt the resistor
by an inductance L [19], as shown in Fig. [3.1] The equation of motion for the

fluctuating current I in the loop is given by
LI+ RI =&y (t). (3.4)

This first order differential equation can be solved for a general £y (t) to obtain
I /
) = = / it e=RE=1)/L g, (1), (3.5)
L —00

The average current is zero and the calculation of the variance of the current
((I(t)%)) = (I(t)?) is straightforward

1 ! t 1 g1
<<I(t)2>> — L2/ dt// dt"e_R(Qt_t —t )/L <<§V(t/)§v(t/l)>>
Sy (0) 8(t'—t")

L? 2RL

Additionally, the potential energy stored in the magnetic field of the inductance,
LI?/2, determines the kinetic energy of the thermal motion of the charges and
vice versa. Due to the equipartition theorem, we know that (LI%/2) = kpT/2,

with kp is the Boltzmann constant. By comparing the result of the equipartition



3.2. IMPACT OF NOISE ON THE DUAL SHAPIRO STEP HEIGHT 19
theorem to Eq. (3.6]), we obtain the spectral density
Sy (0) = 2REkpT. (3.7)

This solution is widely known as the Johnson-Nyquist formulaE and demon-
strates the fluctuation-dissipation theorem. The resistor dissipates electrical

energy, turning it into heat, which in turn causes the fluctuations.

3.2 Impact of noise on the dual Shapiro step height

In this section, we discuss the influence of thermal, white noise on the height of
the dual Shapiro step. Analogously to Ch. [2| we consider the ideal circuit of a

phase-slip junction in series with a resistor and a voltage source, described by

Eq. (2.6) and depicted in Fig.

To begin with, we calculate how resistive noise washes out the Coulomb block-
ade step centered around zero voltage. Thus, we set vg g = 0 and only consider
the influence of the fluctuations &y (). For sufficiently small noise, we can
additionally linearize the sine-function in Eq. and obtain

&+Nf _&v(®)

3.8
o i (3-8)

This differential equation is of the same form as Eq. (3.4). For thermal, white
noise, we can, thus, take steps equivalent to Eqgs. (3.5) and (3.6) to calculate
the variance of the normalized charge fluctuations with the result

kT

((N7) = B = (3.9)

where we used the Johnson-Nyquist formula in Eq. . This result can be
interpreted as follows. For vy < 1, the deviations of the charge are small and
the average charge is still subject to the periodic potential of the phase-slip
junction. Here, the thermal energy is not large enough to overcome the poten-
tial barrier set by the phase-slip energy. The Coulomb blockade step is clearly
visible. For =y 2 1, the thermal energy is larger than the phase-slip energy.

Therefore, the deviations are of the scale or larger than the periodicity of the
potential. The Coulomb blockade step is washed out. Figure displays the

!Note that the spectral density for the Johnson-Nyquist noise is often taken as Sy (0) =
4RkpT. Here, we defined the spectral density for both positive and negative frequencies, while
other authors define the spectral density only for physical (positive) frequencies. This causes
the additional factor of 2.
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Tch/ch

Figure 3.2: Coulomb blockade step at zero current under the influence of ther-
mal, white noise. The results were obtained by solving Eq. numerically
and including thermal fluctuations with different values of the effective noise
parameter ~y. For vy = 1, the step is completely washed out by thermal fluc-
tuations.

Coulomb blockade step for different values of the effective noise parameter 7.
As predicted, the step is completely washed out for g =~ 1, where the fluctua-

tions are of the same scale as the periodicity of the potential.

Next, we investigate the influence of noise on the first dual Shapiro step. Anal-

ogously to Eq. (3.8]), we can rewrite Eq. (2.20]) as
eRy

™

A
SN + 7V5N =&, (t), (3.10)

with &, (t) the effective noise around the first step with frequency components
close to the Bloch frequency. This noise term is obtained by averaging Eq. (2.14))
with the original noise term &y (¢)

&y (t) = &y (t) sin(wpt) /vo de, (3.11)

where the averaging is over time scales At with w l,w;

< At < |wy —
wB|_1,F1_1. Note that here we have introduced the linewidth I'y of the cur-
rent spectral density around the Bloch frequency wp, as displayed in Fig. [3.3
Before we continue with the calculation of the effective noise parameter ; for

the first dual Shapiro step, we want to explain the origin of this linewidth.

The fluctuations &y (t) with spectral density Sy (0) induce current fluctuations
&1 (t) with some frequency spectrum Sy(w). Since the Bloch oscillation frequency

wp = mly/e depends on the average current, it is forced to fluctuate around
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Figure 3.3: Current spectral density of a DC-biased phase-slip junction under
the influence of thermal, white noise for Vj gc = 1.4V, and vy = 5 x 1073. The
black, solid line shows the numerical solution of Eq. . The orange, dashed
line displays the analytical result for the first peak in Eq. (3.14]). Due to thermal
noise, the spectrum exhibits Lorenzian peaks of finite width at integer multiples
of wpB.

its average value wp — wp + 7¢;(t)/e. This so-called phase- or frequency-
noise causes the spectra of the total current to exhibit peaks of finite width
at integer multiples of wp instead of the d-shaped singularities predicted by
Eq. [15]. As we are only interested in the first dual Shapiro step, we are
going to focus on the linewidth I'y of the first peak at wp. As before, we assume

the case of small fluctuations, when the linewidth is small in the sense I'1 < wp.

Due to the definition of the spectral density in Eq. , we can relate the spec-
tral density of the current I(t) to the spectral density of the normalized charge
N(t) via the relation between their Fourier transforms N(w) = inl(w)/ew. We
find

T2

Sn(w) = ‘a Sr(w). (3.12)

Since the phase fluctuations are growing as w2

as w — 0, the lower frequency
components of I(t) cause the largest phase perturbations and are, thus, respon-
sible for the fluctuations around the first dual Shapiro step and the linewidth

Iy [15].

For wide-band noise, we can take the spectral density Sr(w) to be constant

in the relevant regime 0 < w < I'y, far away from the first peak at wp. The
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linewidth I'; can be determined by calculating the spectral density of the single
oscillation Ih(t) = 2|I1| cos[wpt + ffoo dt'w&r(t') /e + ¢1] [15]. Here, the ampli-
tude I is given by Eq. and 7 is an arbitrary phase. The auto-correlation
of I1(t) is given by

(I () 11(0))) = |1 [? <<exp [z‘wBt—i-i: /Ot dt’{l(t’)] >> + c.c.
2 gt t
= 2\[1\2(:05 (wpt) exp {— 27;2/0 dt’/o dt//<<fl(t’)§l(t")>>
S(0)8(t'—t/)
= 2|I|? cos (wpt) exp [—;;SI(O)M] . (3.13)

The spectral density is the Fourier transform of this auto-correlation and has a

Lorentzian line shape

AN n AN
(w-wp)?+TT  (w+wp)?+1]

Sh(w) = |Il|2 :| , I't= ﬁS[(O). (3.14)

2e2

The remaining task is to relate S7(0) to the voltage spectral density Sy (0) =
2RkpT. In order to find such a relation, we add fluctuations to Eq. (2.6

N, t
9ol | gin(Naos) = voe + 2.

3.15
o 7 (3.15)

Here, compared to Eq. , we can no longer set vp4. = 0 and linearize
the sine-function as we are interested in the influence of noise away from the
Coulomb blockade step. Assuming the fluctuations are small, we can make the
ansatz Ngcr = Ngc + Ny and linearize the previous equation with respect to
small phase fluctuations Ny [15]. We obtain an equation similar to Eq.

Ny + cos(Nqe) Ny = fv(t).

3.16
o v (3.16)

Thus, we can follow similar steps as in Eq. (2.13) to solve this differential

equation. For the fluctuating current Iy = eN ¢/m, we find

Ii(t) = % [fdc(t) /_ K ZV((?) +ev(h)] . (3.17)

Since we want to relate the current spectral density to the voltage spectral

density, we insert voltage fluctuations at a single frequency &y (t) = Re(V,e~%?)
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into the equation for I;. Then, we use the Fourier decomposition of Iy, in
Eq. (2.9) to obtain a relation between the Fourier components of the current
1, and the voltage V,,

o
Lo= Y Z;'(w—kwp)Vihup- (3.18)
k=—0o0

where the impedance Z(w) depends on the position on the IV-curve and the

system parameters via

k WR /UO,dC itokwp

RZ (w) = 60 +
k ((.U) k,0 ikCU(io—i-’l)O’dC)‘k‘

1 (k—1)wg (k+1)wr

T 94k itokws (319
2iF | (w +wp)(io + voac)*H  (w—wp)(io + vodc) kT ¢ (3.19)

In accordance with the definition of the spectral density, Eq. (3.18)) yields the

general expression

Siw) = > 12 (w — kwp)|*Sy (w — kwp). (3.20)

k=—o00

For w <« wp and Sy (w) = 2RkpT, we can perform the sum over k explicitly
and obtain
Sy(0)

1
Sr(0) =2 S(0) =2RkpT [ 1+ : (3.21)
Ré 2Ug,dc

where R, is the previously defined differential resistance that depends on the
position on the IV-curve [15]. Using this result, we can express the linewidth

I'y as

1+ 208 4 Rq kT
U(2),dc_1 R &k

Ih=n (3.22)
As expected, the linewidth increases with rising temperature and decreases for

large resistances.

At this point, we are in the position to obtain an expression for the variance
of 0N in Eq. and, thus, the effective noise parameter v;. With that,
we predict the point at which the dual Shapiro steps are being washed out by
thermal fluctuations. Intuitively, this point is determined by comparing the

linewidth 'y to the frequency scale w; = TAV/2eR, associated with the height
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of the step. For I'y 2 wy, the steps are being washed out. More rigorously, we
can calculate the variance of § N analogously to the calculation for the Coulomb
blockade step using the effective noise spectral density S}, (0) that we calculated
in Eq. . Both derivations obtain the same result

kT R 1 r
2\\ __ B I
((ON?)) = 2m i <1 + 21%) =L =, (3.23)

21

where vg = [(wo/wr)? + 1]'/2 corresponds to the normalized step position. All

our results are valid for a small AC-voltage V,c < V.

We conclude that we essentially need to compare the height of the step AV
to the temperature scale kgT'/e to determine whether the step is washed out.
In the regime V,. < V., the noise parameter 1 is much larger than 9. There-
fore, the washing out of the first dual Shapiro step takes place at much smaller

temperature than the washing out of the Coulomb blockade step [15].

However, we can be even more precise by including the full formula for the
noise parameter «y; in Eq. (3.23)). This can be done by defining a renormalized
step height AV’ with

-1 U2 -1
N (1 4 ) AV =YV 5 " Ay (3.24)

R 202 T wg 4 1/2vg

Instead of comparing the actual step height AV to the temperature scale kpT'/e,
one can use this effective step height AV’ for a more precise result. A compari-
son between AV and AV’ can be found in Fig.[3.4l Due to the renormalization,
small ratios wp/wr become unfavourable for the measurement of dual Shapiro

steps and a clear maximum step height develops at wg ~ wg.

Our results suggest that dual Shapiro steps smaller than AV’ ~ V. (V. ~ 10 uV)
are suppressed at a temperature of 7'~ 20mK. This would imply that for a
resistor at a realistic temperature of T ~ 100mK even the measurement of
Coulomb blockade is not possible. However, effective filtering methods can be
employed to significantly lower the thermal noise of off-chip resistors. This
has been repeatedly demonstrated in previous Coulomb blockade measure-
ments [4,16,20,21].
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wo/wR

Figure 3.4: Comparison between the renormalized dual Shapiro step height

in Eq. (3.24) (black, solid) and the analytical result at 7' = 0 in Eq. (2.16)
(orange, dashed). In presence of thermal noise, small ratios wg/wr become

unfavourable for the measurement of dual Shapiro steps. A clear maximum
step height develops at wy ~ wg.

3.3 Extension to quantum noise

In the previous sections, we focused on classical Johnson-Nyquist noise. How-
ever, for temperature kT < fwp, quantum fluctuations start to play an impor-
tant role in the noise characteristic. Here, the classical Johnson-Nyquist noise
should be replaced by the more general quantum noise. The corresponding,

symmetrized spectral density is given by [22]

hw
= h
Sy (w) = Rhw cot <2kBT> ,

which simplifies to the Johnson-Nyquist formula in the limit kT > Aw.

(3.25)

In order to include quantum fluctuations in the previous calculation of the
effective noise parameter 1, we have to reevaluate Eq. (3.20]) using the spectral
density for quantum noise in Eq. (3.25). For w < wp, we obtain [15]

S0 1 huw
S;(0) = ;(2)’ S1(0) = 2Rk5T + 5 Rthcoth<2k;F>. (3.26)
d va(O) 0,dc
Sy (wB)

We can clearly see that not only the quantum fluctuations at zero frequency
contribute to S7(0) and, thus, the linewidth I'1, but also fluctuations around
the Bloch frequency. Therefore, the adapted current spectral density remains
finite for 7 — 0 with a value of S3(0) = hwp/2iZR. This special property is
due to the periodic potential of the phase-slip junction that allows a DC-drive

to cause an AC-response, thus, enabling the system to dissipate the excess en-
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Figure 3.5: Zero frequency current spectral density S;(0) as a function of tem-

perature T in presence of quantum noise (black, solid). The orange, dashed

lines correspond to the Johnson-Nyquist approximation at high temperature as

well as the zero temperature limit. At T = T, both approximations provide
the same result.

ergy of the drive at finite frequency. For kT > hwpg, we obtain the original,
classical result in Eq. (3.21]).

The adapted current spectral density is displayed in Fig. together with
the low temperature limit and the classical high temperature approximation.
The temperature 7" marks the transition between the low and high tempera-
ture regime. It can be approximated by the intersection of both approximations
with the result

S S

= . 3.27
4UO,dc +2 kp ( )

We can conclude that the calculations in the classical, white noise limit are
valid for temperature T' > T™. For temperature T < T%, quantum fluctuations
become relevant and the resulting noise is equivalent to the classical noise at
T = T*. In this regime, we, thus, have to substitute the physical temperature

of the system for the effective noise temperature 7* of the Bloch oscillations [23].

The corresponding effective noise parameter at zero temperature is given by

N T hwp
1= :
21)3,/1)% —1 eAV

This result renders filtering below the effective noise temperature useless. For

(3.28)

a realistic drive frequency wy/2m ~ 5 GHz and wy ~ wpg, we obtain an effective
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noise temperature 7" ~ 20 mK which is usually below the temperature of a
typical off-chip resistor discussed in the previous section. Furthermore, for

AV ~ V,., we obtain an effective zero temperature noise parameter

« _ ™ Rq

~ . 3.29
7 vs R ( )

Thus, for R > Rg, the influence of the effective noise temperature of the Bloch

oscillations is negligible and a classical treatment of the noise is sufficient.
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Chapter 4

Screening from parasitic

capacitance

4.1 Need for superinductance

Up to this point, we have considered the ideal situation where the voltage source
together with the large resistance R constitutes an almost ideal current source
with value V' (t)/R. However, in a realistic situation, an unwanted parasitic
capacitance C, tends to shunt the Josephson junction destroying the perfect
current bias, see Fig. a). Such a parasitic capacitance is either due to direct
coupling between the leads caused by insufficient separation or due to indirect
coupling between the leads through a common ground plane. The total parasitic
capacitance is usually of the order of 1pF [6]. Thus, the associated charging
energy Fo, = e?/2C, is very small compared to the charging energy E¢ of the
Josephson junction. Since the charging energies of parallel capacitances add up
inversely, the total charging energy is of the order of E¢,. As we have shown in
Eq. , this leads to an exponentially small phase-slip energy which in turn

causes an exponential suppression of the amplitude of the Bloch oscillation.

An intuitive remedy for this detrimental effect is a large on-chip resistance,
R 2 Rg which protects the junction from the influence of the parasitic capac-
itance. However, placing this resistance close to the junction causes excessive
heating. As demonstrated in the previous chapter, this leads to the washing
out of the dual Shapiro steps [4]. It has been argued that the complementary
requirements — large resistance for good current biasing and small resistance
for small heating — are irreconcilable [6]. Instead, a superinductance L with
characteristic impedance Z = m > Rg has been proposed as a reactive

alternative in order to screen the junction from the influence of the parasitic

29
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Figure 4.1: (a) Realistic setup of a phase-slip junction shunted by an unwanted,
parasitic, off-chip capacitance. This circuit is an extension of the ideal circuit
in Fig. The parasitic capacitance C), causes the part —I, of the current
to flow past the junction. To remedy this unwanted effect, an additional on-
chip superinductance L is introduced. (b) Extended realistic setup with an
additional capacitance C, parallel to the inductance. This capacitance causes
the part I, of the current to flow past the superinductance.

capacitance [24-26].

However, as the system is constantly driven, the energy still has to be dis-
sipated at some point. In Ref. [6], the authors have proposed to implement the
driving as well as the dissipation by a microwave transmission line. Here, we
treat an alternative setup where we combine the idea of the superinductance to
protect against parasitic capacitance in the inner current loop with a resistance
in series with the voltage source. The key point is that the resistance does not
have to be close to the Josephson junction as the superinductance serves to
protect against the parasitic capacitance. Rather, the task of the resistance is
to turn the voltage source into a current source and to dissipate excess energy

so that the system may settle into a stationary state.

The results obtained in this and the following chapter are discussed in the

context of a paper in Ref. [27].

4.2 System parametrization of adapted circuit

The system, we propose in order to observe dual Shapiro steps, is given by
Fig.|4.1(a). In this setup, an inductance L serves to protect against the parasitic
capacitance C},. We denote the current in the outer loop by Iy. The current

in this loop is driven by the voltage source and it is stabilized by the presence
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of a resistance R. The current in the inner loop, denoted by I,, flows without
dissipation. As before, the step to a quantum description of the problem is
performed by introducing the loop charge operators ch[q = f dt' I cl[q]( "
which denote the charge that has flown in the individual loops up to a time
t [8]. Kirchhoff’s voltage law then demands that

RQa=V(1)+ &, (1.1
p
Lt Qo) +Vesin [1(Qa + Q)] + 2 =0, (42)
p

Since the influence of noise has already been discussed in Ch. [3] we include only

the noiseless, classical part of the voltage source.

As discussed in Sec. in the regime R > Rg, the quantum fluctuations
of ch are suppressed far below 2e [13] and we can replace ch by its quantum-
mechanical expectation value Qo = <Qd>. Thus, the current I, can be mea-
sured via the voltage drop over the resistance R. On the other hand, the fluctu-
ations of Qq are suppressed by the characteristic impedance Z = \/TCP. The
motion of Qq is given by Eq. . This equation describes a non-dissipative
dynamics of Qq and can, therefore, be replaced by a Schrodinger equation. The
explicit form of the Hamiltonian that generates the equation of motion for Qq
is given by

. Q2 eVe

ﬁ + o0+ EQuQa -

Z(Qs+Qu)], (43)

where éq is the canonically conjugate variable of Qq with [Qq, i)q] = ¢h. The
equation of motion in Eq. can be obtained via the Hamilton formal-
ism with LQ, = ®, = [®,, H]/ih. Note, that this Hamiltonian is time-
dependent, where the time-dependence is parametrized by Q.. Thus, the prob-
lem reduces to finding the solution of the time-dependent Schrédinger equation
1hoy)(Qq; Qs t) = lﬁhb(Qq; Qa1 t) for the quantum loop charge coupled to the

equation of motion

<¢1qu>

RQq = c,

v (t) (4.4)

for the classical loop charge.

The dynamics of the circuit are governed by three distinct rates: the plasma

frequency of the quantum charge w, = 1/,/LC), the plasma frequency of the
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classical charge w, = 1/4/LCs, and the RC-rate wg = 1/RCgs with which the
motion is damped. The ratio w./wg is the quality factor of the classical charge
dynamics and measures the relative importance of the first- with respect to the
second-order time derivative of QQ¢. For wr > we, the system can show hys-
teretic behavior, which makes it very unfavorable for the accurate observation
of dual Shapiro steps. In Ch. [5] we, therefore, focus on the overdamped regime
with we > wp.

4.3 Influence of capacitance parallel to inductance

In a realistic setup, every inductance L has a parallel capacitance Cp,, as dis-
played in Fig. (b) This parallel capacitance is usually of the order of 1fF
and, thus, much smaller than the parasitic capacitance. Additionally, it does
not shunt part of the current injected by the source and, therefore, does not
cause the same detrimental effects as the parasitic capacitance. Thus, we have
chosen to neglect it in the previous section of this chapter and continue to do
so in most parts of the following chapter. Nevertheless, we are going to give a

short insight into the influence of the parallel capacitance in this section.

Building on the description of the system introduced in the previous section,
we are going to derive a new Hamiltonian for the quantum loop, including the
additional capacitance. Introducing a third loop charge () for the additional
loop, the Lagrangian for the quantum loop is given by

Qr eV, Q7

L . . .
L= §(Qq + ch - QL)2 - E =+ T COS [E(Qq + QCI)] B E’ (4'5)

where ()¢ remains a classical variable analogously to the previous section. In-
troducing the charges Q) = Q, — Qr and Q) = (Q4 + Q)/2, it is obvious
that the state of the system depends only on the current Qfl through the induc-
tance and not on the separate currents through the capacitive branches. The
fact that the Lagrangian does not depend on Q;’ also means that the Euler-
Lagrange equation 0L£/0Qy = d(0L/0Qy)/dt = 0 yields the purely algebraic
constraint
/
"n_ _ CpCr sin |:7r <Qq

p
Qq ‘/C 7

L Cp—=C1 @
Cp+CL

Cp—l-CL 2

+Qy + Qa)] + (4.6)



4.3. INFLUENCE OF CAPACITANCE PARALLEL TO INDUCTANCE 33

For (Cr/Cs)[C,/(Cp + Cr)] =~ C/Cg < 1, this equation has one unique solu-
tion. In this regime, Eq. (4.6)) can be solved to obtain

C,—Cr QI e Cr C. | C.
17 p q p p /
= “o74 b P gin |- (=—2—-Q +Qa)|, (&
g Cp—I—C[ 2 7ICSCp+CLSI e Cp+CL g ! ( 7)

valid to first order in C1/Cg. However, for the following derivation, we are
going to take only the lowest order term into account since we are interested in

the leading order effect of the parallel capacitance.

After reinserting the solution for QZ into the Lagrangian and performing the
Legendre transformation, we obtain the Hamiltonian

512 32

. Dy Qq

H=_-%+

Ay 6VC T C .,
oL m + LQQa — —cos [ ( P Q, + Qd)] , (4.8)

e \Cp+Cy

where (i)fz is the canonically conjugate variable of Q; with | A;, @;] = ih. In the
last step, we additionally applied the gauge transformation ¢ e LQay/ on
in order to obtain a Hamiltonian of a similar form as Eq. . Analogously
to the previous section, the problem reduces to finding the solution of the
time-dependent Schrédinger equation k91 (Qg; Qel, t) = Hy( o Qa1 t) for the

quantum loop charge coupled to the equation of motion

®|Qh/2 + Q)
CP

RQC] = + V(t)a (49)

for the classical loop charge. Here, QZ depends on Qfl via Eq. (4.7)).

Compared to the previous section, we find that due to the parallel capacitance
of the inductance the plasma frequency of the quantum charge is modified to
wy = 1/{/L(Cyp + Cp). In addition, the periodicity of the cosine potential of
the phase-slip junction is slightly modified by the factor (C, + C1)/Cp,. We
continue to discuss the influence of these adjustments within the framework of

the ground state approximation in Sec.
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Chapter 5

Analysis of dual Shapiro step
height

5.1 High impedance regime

In this chapter, we focus on calculating the dual Shapiro step height in presence
of the parasitic capacitance and the superinductance. First, we analyze the
system in the regime of large characteristic impedance, Z > Rg. In this
case, the charge Qq as well as its fluctuations in the parasitic loop remain
small compared to 2e [13]. This allows us to linearize Eq. and treat Qq
classically. Next, we insert the linearized expression for ), into Eq. for the
classical loop charge. In the overdamped regime, we can additionally neglect
the second order time derivatives with respect to the first order time derivative.

We obtain a differential equation for Q¢

Vesin(mQe/e)
14 (Cp/Cg) cos(mQc/e)

RQa + = V(). (5.1)

By expanding this equation up to second order in small Cp,/Cg, we obtain

: o2
i\; +sin(N) — ZCCI’)S sin(2N) + é [sin(N) + sin(3N)] = v(t), (5.2)

where v(t) = V/(t)/V. is the normalized voltage and N = 7Q;/e the normalized
charge in the classical loop. For vanishing C), this reduces to the ideal model
which we already discussed in Ch.

In this section, we want to obtain the step height for finite C}, up to second
order in small Cp/Cg. Analogously to the calculation in Ch. [2 we first need
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to find a solution to Eq. without an AC-drive. Therefore, we make the
ansatz Ng. = Nc(lg) + (Cp/QCS)NC(li) + (Cp/ZCS)QNC(lz) and we also expand the
DC-drive vg gc = v(()?c)lc + (Cp/2CS)v(()713C + (Cp/QCS)QU(()i)ic in the same way. The
result for IV ég) can be found in Eq. . In order to obtain the higher order
contributions, we separate Eq. and arrive at the expression

C
/dec{vé?gc —sin(Nge) + ﬁ {vézc + sin(QNdC)]

2 -1
+ 400172 [”((),230 — sin(Nge) — sin(BNdC)] } = wg(t —to). (5.3)
S
Now, we expand the integrand up to second order in small C),/Cg and perform
the resulting integrals. Then, we can insert the expansion for Ny, and sort the
expression in orders of Cp,/Cg. While the zeroth order term leads to Eq. ,
solving the higher order terms in succession results in analytical expressions
for N C(li) and N (513)- Since both expressions are quite involved, we refrain from

writing them down here.

As a next step, we choose v(()l()ic and vé{ic in such a way that Né?, 'éi) = 0.

This way, higher orders will not contribute to the average current. Our former
relation ig = I4.R/V. = [(U(()Oc)lc)Q — 1])'/2, thus, remains valid throughout the

calculation. By applying the condition to our analytical results, we obtain

=0 54

2 0 0 )3 0 \?2 3/2
e =0le=a (00) +a () -1] - 69

Therefore, the first step at Ig = ewp/7 is centered around the voltage Vg given
by

CQ

0 2

Vs=VE + 2 & vse Ve, (5.6)
with VS(O) = cht()o(}C the step position in absence of the parasitic capacitance.
In order to calculate the step height, we need to use Eq. (2.14) again which
remains valid in the case C}, # 0. Going through the same steps as in Sec.
we finally obtain the height of the first step

C? 29 —2 -3 V.
_ (0) P (0) (0) ac
AV = AV + o {1+ - (vih) +o0 [(vo,dc> ]} (5.7)
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Figure 5.1: (a), (b) Logarithmic plot of the dual Shapiro step height and position
in the high impedance regime as a function of the parasitic capacitance C),. The
black, solid line shows the numerical solution of Eq. for V,c = 0.1V,. The
orange, dashed line corresponds to the analytical results in Eqgs. and .
For large Cg/Cp, the analytical results approximate the numerical solution very
well.

with AV©) = v, / véogc the step height in absence of the parasitic capacitance.
The result is valid to leading order in V,./V, and C,/Cs. We conclude that
in the high impedance regime the presence of a small parasitic capacitance

increases the height of the dual Shapiro step.

5.2 Ground state approximation

Experimentally more relevant is the regime Z ~ Rg. In order to obtain ana-
lytical results in this regime, we assume the plasma frequency of the quantum
charge w, to be large. In particular, we demand that the parasitic capacitance
is small enough such that the relations w, > wo and wy > eV./h ~ wprR/Rg
hold. Under these conditions, the quantum loop charge stays in the ground
state of the Hamiltonian in Eq. during the course of the evolution, given
the system is initially at sufficiently low temperatures with kgT" < hw,. Specif-
ically, as wy > wo and hw, > eV,, we can neglect the last two terms in Eq. .
Then, the ground state wave function is that of a harmonic oscillator and is

given by

ZMY a2 —iwgt/
wO(qucht)zme q et/ e (5.8)

Next, we need to approximate the expectation value of Qq /Cp. Since we as-
sume C), to be a small parameter in our expansion we can not simply take the

expectation value of Qq in the ground state and divide the result by C),. Instead
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Figure 5.2: Circuit corresponding to the ground
state approximation in Eq. (5.11)). Compared to the
original circuit in Fig. 4.1{(a), the parasitic capac-
itance has vanished as a circuit element. Instead
the influence of the parasitic capacitance is incor-
porated via a renormalization of the critical voltage
V — e—wRQ/ZZV

we express Q,/C, in terms of the commutator [H, ®,]

o L2 10— Vesin [T(@ + Qu)] . (5.9

Within our approximation, the Hamiltonian describes only the harmonic oscil-

lator. Thus, the expectation value of the commutator in the ground state of

this harmonic oscillator is zero and we only have to calculate the expectation

(4o

If we insert both results in Eq. (4.4), the equation of motion of the classical

value of

sin [2(Qq + Q)] [vo) = e/ sin (£Qa) (5.10)

charge reduces to
LQC] + RQCI + e_ﬂRQ/zz‘/; sin (de) = V(t)7 (511)

valid to lowest order in eV./fiw, and wp/wy.

This equation corresponds to the circuit in Fig. Here, the sole effect of the
parasitic capacitance is to reduce the critical voltage of the phase-slip junction
V. by a factor e~™1@/2Z  This implies that the effect of the parasitic capaci-
tance is shielded by the inductance as long as the characteristic impedance Z
is larger than mRg/2 ~ 10k(2. The factor is caused by charge fluctuations. As
indicated by Eq. - the width of the wave function in charge space is given
by AQq = \/W The periodic potential due to the phase-slip junction is 2e
periodic. This potential term is treated as a perturbation to the harmonic os-
cillator. The perturbation only depends on the average charge flowing through
the junction, if the width of the wave function is of the order of or smaller than
the periodicity of the potential. The ratio AQ,/2e ~ \/W, thus, determines
whether the classical charge ’feels’ the periodic potential, which is responsible

for the emergence of Bloch oscillations.
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Following similar steps, we can also derive an effective equation of motion in
the presence of the small capacitance parallel to the inductance as discussed in
Sec. We insert Eq. into Eq. and calculate the resulting expecta-
tion value analogously to Eq. using the adjusted Hamiltonian in Eq. .
To lowest order in Cf,/Cyg, we obtain an equation identical to Eq. with

a renormalized impedance

3/2
7 -z <CP+CL> > 7. (5.12)
Cp

Thus, a small capacitance parallel to the inductance increases the effective char-

acteristic impedance and, in turn, the effective critical voltage.

In order to calculate the height of the dual Shapiro step, we again consider the
overdamped regime. Since the exponential factor also influences the time scales
of the system, the condition for the overdamped regime is slightly loosened
to we > e ™Fe/4Zn  In this regime, we can again neglect the second-order
time derivative and calculate the step height analytically, analogously to Ch.
Assuming that Vp g > e~ ™Q/22Y/ the first step at the current Ig = ewo/m
appears at the voltage Vg =V, [e‘”RQ/Z + (wo/wR)Q] /2 The height of the step

at constant current is on the other hand given by

Vac

AV =
1+ emRelZ (uy fup)?

, (5.13)

valid to first order in V,c/ e~™Q/22Y/,  Since there is no qualitative difference
between the overdamped system in the ground state approximation and the
ideal system in Ch. 2| Figs. and are still valid for our current system.

~mRQ/2Z which results in a

We only need to make the substitution V. — V_ e
renormalization of the RC-time wr — wre ™@/2Z  Additionally, all of the
calculations done in Ch. [3| regarding the influence of thermal, resistive noise

can also be mapped onto our current system using the same substitutions.

However, for wg < e~ ™R@/4%Z 5 the second-order time derivative in Eq.
becomes important. While we can not calculate the step height analytically
in this regime, we can solve the differential equation numerically in order to
better illustrate the dependence of the step height on all relevant parameters.
Figure displays the height of the first dual Shapiro step as a function of

the quality factor and the drive frequency. Here, we can clearly see that the
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Figure 5.3: Height of the first dual Shapiro step in the ground state approxi-
mation as a function of the quality factor and the drive frequency. The figure
was obtained by solving Eq. numerically for V,. = 0.1e~™@/22V, The
largest steps appear in the overdamped regime wq > e ™F@/4Zy 5 The inlay
displays how hysteresis can change the position of the dual Shapiro step. The
curves were obtained by solving Eq. numerically for we = 0.5e~"1e/4Z
and wy = e~ ™@/2Z,; with two different initial conditions.

maximum step height can only be achieved in the overdamped regime. In the
underdamped regime, the step heights becomes smaller and hysteresis begins to

occur, making it very unfavorable for a precise measurement of the step position.

One might think that the exponential factor does not influence the maximum
possible step height and instead only the drive frequency that we need to apply
in order to reach the maximum height. This is not the case for two reasons:
First, our theoretical calculations are only valid for V,. <« e~™Ra/2Z V. and,
as we have discovered in Sec. the maximum step height is reached for
Vac = e~™Rq/2Z V.. Thus, the optimum drive V. is reduced by the exponential
factor. Since the step height scales with the drive, the effective maximum step
height is similarly reduced. Second, going to smaller and smaller drive frequen-
cies in order to reach the maximum possible step height is not experimentally
feasible. A smaller drive frequency wg causes the dual Shapiro steps to appear
at smaller currents Ig = ewp /7. Since it is not possible to measure currents far

below the nano-amps range [2], the effective maximum step height is reduced.

Modern fabrication techniques allow for on-chip inductances of the order of

500nH [26,28,29]. For our purposes, we would, thus, require a parasitic capac-
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itance of the order of 100fF in order to obtain an impedance Z = /L/C) of
about 3k(. This seems to be an achievable order of magnitude [6] and given the
many groups in different fields working on the fabrication of superinductances,

we are confident that this limit will be reached soon.

Lastly, we are going to discuss the influence of thermal excitations in the LC-
circuit composed of the parasitic capacitance C}, and the superinductance L.
If we include thermal excitation of higher energy levels in our ground state
approximation, Eq. has to be rewritten in terms of the trace with the

density operator p [30] and we obtain
5o [T (A _ —mRq(1+2n)/2Z . (T
Tr 4 p sin e (Qq + ch) =e @ S e Qcl (514)

where 7 = 1/(ea/k8T — 1) is the average number of photons in the LC-
resonator given by the Bose-Einstein statistic. For a realistic resonance fre-
quency of the order of w,/2m ~ 1 GHz and a temperature of 7' ~ 20 mK, we
obtain n ~ 0.1. Thus, the influence of charge fluctuations in the LC-resonator

is negligible.

5.3 Simulation of the quantum system

In order to confirm the results of this chapter, we solve the coupled system
between the Hamiltonian in Eq. and the equation of motion in Eq.
numerically. The Schrodinger equation is implemented as follows. The numer-
ical evolution of the quantum mechanical state from time ¢ to tx11 = tx + At
is performed using the Crank-Nickelson method [31] also known as Cayley’s ex-
pansion of the time-evolution operator U(tkH, t) = e~IAtH(t)/h - This method
conserves the unity of the time-evolution operator by expanding the exponential

function for small At using the simple trick

i A (t) /T _ e_mtf](t’“)/% _1- iAtf:I(tk)/Qh
e A (tR)/2h 1+ (AtH (ty,) /2R

+0 (Af). (5.15)

Using this approximation, we can perform a time step with U (41, )[4 (t)) =
|t)(tk+1)). Since the approximation is unitary, the state will remain normalized

throughout the entire evolution.
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Figure 5.4: Height of the first dual Shapiro step as a function of the charac-
teristic impedance Z for wq = 2wgr, wy = 3wr, wo = 1.1wg, and V,c = 0.1V.
The solid, black line displays the result obtained by a numerical calculation of
the coupled system in Eqs. (4.3)) and . The dotted, green line shows the
numerical solution of Eq. valid in the high impedance regime Z > Rg.
The dashed, orange line represents the numerical result of the ground state
approximation in Eq. . The ground state approximation provides a good,
conservative approximation for the results of the quantum simulation, espe-
cially for Z < Rg. The inlay shows the occupation of the harmonic oscillator
states for different values of Z/Rg. For Z > Rg, the higher states become
more occupied which leads to a larger discrepancy between the ground state
approximation and the full solution.

The Hamiltonian is expressed in the basis of the harmonic oscillator with plasma
frequency wgy. This is useful, since we want to compare the behavior of the full
system to the effective equation of motion in the ground state approximation
derived in the previous section. For the numerical calculation, however, we have
to make sure to include enough states of the harmonic oscillator for the simu-
lation to converge. The chosen representation then allows us to easily check for

which parameters the ground state approximation breaks down.

After calculating one time step of the wave function, we need to calculate the
expectation value of Qq /Cp. To increase numerical accuracy, we use Eq.
to rewrite the expectation value analogously to the previous section. Next, we
use a standard backward Euler method [32] to solve the resulting equation of
motion and obtain a value for the classical charge Q). at time ¢;41. This result

can then be reinserted into the Hamiltonian to calculate the next step in time.
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In Fig. we compare the numerical results of the quantum simulation to
our numerical solutions of Egs. and . As expected, we find that the
approximation in the high impedance regime provides an upper limit to the
quantum simulation, valid for Z > Rg. The ground state approximation gives
a good, conservative approximation for the height of the step in the quantum
simulation, especially for Z < Rg. In this regime, the condition for the ground
state approximation wy > eV./h ~ wcl\/m is better fulfilled. This is also
evidenced by the occupation of the harmonic oscillator states for different val-
ues of Z/Rg. For Z > Ry, the higher states become more occupied which
leads to a larger discrepancy between the ground state approximation and the

full solution.

Naturally, the simulation of the full system is much more involved and time-
consuming than solving the single equation of motion in the ground state ap-
proximation. As the approximation works quite well over a wide range of pa-
rameters, especially for Z < Ry, it is often useful to initially calculate the step
height and position using the ground state approximation. The obtained results
can then be used as initial values for the full simulation to find the step position

and height more efficiently.
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Chapter 6

Conclusion and Outlook

This thesis has dealt with the topic of dual Shapiro steps in the presence of a
superinductance and a parasitic capacitance. In Ch. [2| we have discussed the
concept of phase-slip junctions and introduced an idealized circuit for the mea-
surement of dual Shapiro steps. Using this circuit, we have studied the emer-
gence of Bloch oscillations with Bloch frequency wp = 7l4./e in a DC-biased
phase-slip junction. Additionally, we have shown how phase-locking between
the Bloch oscillations and a small AC-drive leads to dual Shapiro steps at con-

stant current in the IV-curve.

The influence of thermal fluctuations on these dual Shapiro steps has been
examined in Ch. [3| There, we have first treated the case of classical, resistive
noise and discovered that the step height needs to be compared to the tem-
perature scale kgT'/e to determine whether the dual Shapiro steps are being
washed out by thermal fluctuations. By extending our analysis to quantum
noise, we have learned that even at zero temperature the linewidth of the Bloch
oscillation is finite, which renders filtering below this effective temperature of

the Bloch oscillations useless.

After studying all these properties in an ideal circuit, we have added the para-
sitic capacitance as well as the superinductance to the ideal system in order to
make it more realistic. In Ch. [4] we have described the resulting circuit by a
Schrédinger equation which is coupled to a classical equation of motion. With
this, we have finally been able to analyze how the parasitic capacitance and
the superinductance influence the dual Shapiro step height in Ch. |5l First, we
have focused on the high impedance regime where the characteristic impedance
Z = \/TCI, is much larger than the resistance quantum. In this regime, we

have calculated the step height perturbatively for a small parasitic capacitance.
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We have discovered that such a small capacitance even increases the step height
at high impedance. Next, we have taken a closer look at the limit of high plasma
frequency wy > wo, eV, /h, where the quantum system remains in the ground
state and only the classical equation of motion has to be solved. Here, the
leading effect of the parasitic capacitance is a reduction of the critical voltage
of the phase-slip junction V, by a factor of e ™#@/2Z Thus, the effect of the
parasitic off-chip capacitance can be remedied by an on-chip inductance, as
long as the characteristic impedance Z is of the order of mRp/2 ~ 10k2. In
this context, we have also discussed the influence of a small capacitance par-
allel to the superinductance which slightly increases the effective characteristic
impedance. Finally, we have performed numerical simulations to validate the

analytical results.

Even though Bloch oscillations in small Josephson junctions have been known
for more than 30 years, many open questions still remain to be answered. The
most significant appears to be the question about the realization of the superin-
ductance. Recent experiments indicate three promising candidates: Josephson
junction arrays [26], nanowires [5], and geometric coils [29]. All implementa-
tions offer different advantages and drawbacks and it is not yet clear which one
is the most suitable for the observation of Bloch oscillations. Another question
related to the experimental implementation that requires further theoretical
analysis is finding the optimal filtering. As indicated in Ch. [3] filtering is a
necessary ingredient for the measurement of Bloch oscillations. How different
filtering schemes effect the washing out of the dual Shapiro steps remains an
important question for future research. In addition, Bloch oscillations do not
necessarily have to be measured via dual Shapiro steps. They can also be
measured dispersively via the frequency shift to the resonance frequency of a
microwave readout resonator [6]. We are curious to find out how our results

can be adapted to this different measurement setup.

Of course, there are also some smaller questions regarding our theoretical discus-
sion that still need to be answered. For example, how Landau-Zener tunneling
or contributions of higher frequency to the periodic band structure influence
the height of the dual Shapiro step. Throughout our work we have neglected
both influences since Landau-Zener tunneling can be made small by working
at small currents and the higher frequency contributions can be reduced by a
large ratio of E;/E¢c. Nevertheless, they are still interesting subjects for future

research.



Appendix A

Derivation of the phase-slip

energy

We want to give a derivation of the semi-classical approximation of the phase-
slip energy Eg¢ which corresponds to the bandwidth of the lowest energy band
of a Josephson junction with Josephson energy Ej; and capacitance C'. This

Josephson junction can be described by the Hamiltonian

~

H=T+V =4Ecn?+ E;[1 — cos (¢)], (A.1)

which we already derived in Sec. In order to simplify the following calcula-
tions, we have introduced the normalized operators 7 = §/2e and ¢ = 27r<5/ Py,
with [n,¢] = i. The bandwidth of the lowest energy band can be approxi-
mated by the tunneling amplitude between two adjacent minima of the cosine
potential. Using the well-known WKB-approximation to the tunneling ampli-
tude [33], we obtain

Eg ~ hwe®, (A.2)

where w is the attempt frequency and S the tunneling action. The attempt
frequency can be approximated by the oscillation frequency of the flux around
a minimum of the cosine potential. For this reason, we expand the cosine

potential up to second order for small ¢
. E
H = 4Ech® + 7‘%2 (A.3)

and, thus, obtain the Hamiltonian of a harmonic oscillator with oscillation fre-

quency w = /8EcE;/h.

!Note that the external current source is not important for the calculation of the phase-slip
energy and we have, therefore, set @ = 0.
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Figure A.1: Periodic Josephson potential as a function of the normalized node
flux ¢ = 2m¢/ Py (black, solid). The orange, dashed line indicates an exemplary
ground state energy with the classical turning points ¢, and .

Next, we calculate the semi-classical tunneling action given by an integral of
the classical momentum — in our case the normalized charge n(yp) — over the
classically forbidden tunneling region from ¢, to ¢, as displayed in Fig. [A1]
We obtain

S = /% den(p) = i/% dp\/[V () — Eol [4Ec = iSo, (A.4)

Pa

a

with V(¢) = Ej[1 — cos(y)] and Ey = hw/2 the ground state energy of the
harmonic approximation in Eq. . Here, Sy can be interpreted as the semi-
classical action of the tunneling trajectory obtained by mirroring the potential
in Fig. on the axis of the ground state energy. As a rough approximation,
we can assume Fy = 0 and consequently set the classical turning points ¢, = 0,

pp = 2m. This leads to a tunneling action of the form

21
So= [ de /By 11— con(p)] /i = \/3Ey /. (A.5)
0
VE1/2EC sin(p/2)

Together with the previously calculated oscillation frequency, we, thus, obtain

the 0" order result valid to exponential accuracy
Eg ~+\/EcEje V 8E;/Ec (A.6)

To improve our approximation, we can take into account the ground state energy
FEy = +2EcE;. The integral boundaries can be approximated by the turning
points of the harmonic oscillator in Eq. (A.3]). We obtain ¢, = \/2Ey/E; and
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©p = 27— pg. This leads to a correction of the tunneling action of the form [34]

ASy = / do/V () — Bol JEc — /0 " dp V(@) Bo (A7)
—— [ oV VB B | do(VEIVA ~ Bal + VEV ()

Pa

This integral can be simplified if we assume the ground state energy Ey to be
small compared to the potential barrier F;. In this regime, we can neglect

terms of the order O(y/Ey/E ) and approximate sin(yp,/2) ~ \/Eo/2E;. We,

thus, obtain

Pa ™ -1
A=~ [ dov/Esf2Eey ~ B | do(2vEVS) ~VEoEw/2VT(5)
0 Pa
o1
~ —/ dgp§ sin ™! (g)
@ %/_/
~1/p
1 Ec
~ —1 A.
e <EJ> (A.8)
where we additionally neglected any constant terms which do not contribute to

the scaling of the phase-slip energy with Ec and Ej. As a final result for the
phase-slip energy, we find

Es~+\/EcE; <§J> e V8BiEe — plA 3/t e—/8Es /B (A.9)
C

The same result can also be obtained via wave function matching with quadratic
connection formulas for a barrier as explained in Ref. [35]. Our result shows
that the band gap scales exponentially with \/m Consequently, a large
parasitic capacitance decreases the phase-slip energy and, thus, the amplitude

of the Bloch oscillations exponentially, see Ch. [4
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