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Dirac string. A magnetic monopole with an integer number of flux quanta
in a 3D TI binds half-integer electric charge, which is known as the Wit-
ten effect. However, we analyze the effect of an unquantized magnetic flux
which necessitates an additional boundary condition within a critical angu-
lar momentum subspace. To resolve this, we apply a momentum-squared
regularization in a local flat-space limit that requires states to vanish at the
string, uniquely fixing the boundary condition. This allows us to analytically
determine the spectral flow of the system and it is shown how topological
zero modes continuously form. Because zero modes carry half an elemen-
tary charge, the charge has to fractionalize during the formation of a zero
mode. Thus, we further model the system as an adiabatic quantum pump to
calculate the associated charge transport between the surface and monopole.
By deriving states in the TI bulk, which are bound to the Dirac string, we
demonstrate that during the formation of a zero mode half an electric charge
is pumped between the surface and the monopole by the Dirac string, in ac-
cordance with the Witten effect.
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Chapter 1

Introduction and chapter overview

This thesis investigates topological insulators (TIs) which are a unique class
of materials first identified two decades ago [1, 2]. They behave as a stan-
dard band insulator characterized by a finite energy gap in its bulk electronic
spectrum. However, in contrast to ordinary insulators, this gapped bulk is
accompanied by gapless conducting states confined strictly to the material’s
physical boundaries, which are symmetry protected. Consequently, TIs have
garnered attention as promising materials for advancing a broad range of
technologies such as spintronics and quantum computation [3].

Specifically, this thesis mainly treats the Bernevig-Hughes-Zhang model
(BHZ) for three-dimensional topological insulators (3D TIs) [1]. The surface
states in the BHZ-model are described by a massless two-dimensional Dirac
Hamiltonian and are influenced by the underlying geometry of the surface.
While the Dirac equation originally emerged in particle physics to describe
fundamental fermions [4], its realization here bridges the gap between high-
energy physics and condensed matter making 3D TIs an ideal testing ground
for exploring Dirac fermions in solid-state systems.

This thesis examines the behavior of the surface states on a spherical ge-
ometry, the Dirac sphere, with a magnetic monopole at the center [5]. To
describe the magnetic flux through this closed surface, we introduce a vec-
tor potential that contains a singularity known as a Dirac string. Standard
frameworks usually impose a quantization condition on the flux to ensure
the string does not affect charged particles [6]. By relaxing this condition,
the Dirac string becomes a physical object with a continuously variable flux.
This allows us to study the spectral flow which describes the continuous evo-
lution of the surface states and their spectrum as the magnetic flux changes.

While the Dirac sphere with a non-quantized monopole has been explored
numerically in Ref. [5], this thesis provides a rigorous analytical treatment of
the system. The most significant result of this configuration is the manifesta-
tion of fermionic zero energy modes whose number is dictated by the integer
part of the flux [5]. An occupied zero mode in a Dirac Hamiltonian carries
exactly half an elementary electronic charge. Under spectral flow, increasing
the flux by one quantum forms an occupied zero mode. If the state is occu-
pied in the beginning of the process, where it has non-zero energy, it carries
an electronic charge but it ends up at zero energy where it carries only half an
electric charge. The remaining half-charge cannot vanish and must relocate.
This fractional charge is suggested to bind directly to the magnetic monopole
at integer flux quanta, a phenomenon known as the Witten effect [7, 8].
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A primary goal of this work is to gain analytical access to the mecha-
nism that transports this fractional charge from the surface to the monopole.
We present a method to solve the spectral flow of the Dirac sphere’s surface
states analytically using a regularization for the singular Dirac string. We
demonstrate how wavefunctions in a critical subspace localize at the string.
Subsequently, taking the bulk into account an effective model for the frac-
tional charge transport is developed.

To systematically develop this analytical description, the thesis is struc-
tured as follows.

In Ch. 2, we lay out the theoretical framework necessary to understand
3D TIs and their surface states. We introduce core topological concepts such
as the Berry phase, Chern number and the Jackiw-Rebbi model to derive
the surface Hamiltonian and understand topological phases. Furthermore,
we provide a comprehensive overview of the influence of magnetic fields in
quantum mechanics. This includes detailed discussions of the Aharonov-
Bohm effect in the context of Berry phases and the notion of spectral flow,
building the physical intuition required for the gauge fields addressed in this
work.

Chapter 3 isolates the mathematical challenge of non-quantized magnetic
flux in the monopole-string configuration by neglecting the spatial curva-
ture of the Dirac sphere. As a local flat-space limit of the North Pole of the
Dirac sphere, we investigate a planar two-dimensional Dirac disc pierced by
a singular Aharonov-Bohm flux at the origin. A central ambiguity arises in
a specific angular momentum subspace, where two mathematically valid so-
lutions exist, necessitating an additional boundary condition at the origin to
uniquely determine the physical states. To resolve this, we establish a rigor-
ous regularization method guided by numerical simulations. These simula-
tions employ a Wilson term to eliminate fermion doublers. By retaining this
term in the continuum limit, we introduce the required physical regulariza-
tion, analogous to the approach developed in Ref. [9].

In Ch. 4, we extend this regularization scheme to the globally curved
space of the Dirac sphere, representing the full 3D TI surface enclosing the
magnetic monopole and Dirac string. Under the assumption that the regular-
ization length scale is small enough so that local curvature can be neglected,
we can directly apply the regularization used for the flat Dirac disc limit to
the Dirac sphere. This allows us to analytically solve the Dirac equation in
the presence of a continuous magnetic flux, granting us analytical access to
the surface states and their spectrum which are then analyzed.

In Ch. 5, we develop a theoretical framework for charge fractionalization
by explicitly incorporating the 3D bulk of the topological insulator. While
a purely two-dimensional surface model describes the formation of a zero-
mode, it fundamentally lacks a direct mechanism for charge transport into
the sphere’s interior. Guided by numerical results [5, 10], we model this
transport as occurring along the Dirac string. Specifically, we treat the sys-
tem as a quantum pump where the spherical surface and an additional inner
spherical surface surrounding the magnetic monopole act as two separate
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leads. These leads are connected by the Dirac string which enables the ex-
change of charge. This construction allows us to employ Brouwer’s frame-
work for adiabatic charge transport, providing a rigorous method to calcu-
late the charge transferred during the continuous increase of magnetic flux
by one flux quantum.






Chapter 2

Foundational concepts

In this chapter we turn to the requisite theoretical framework, to study the
surface states of TIs and their spectral flow under the variation of a magnetic
field in particular.

The following sections introduce the core concepts needed in the course
of this thesis, drawing primarily from [5, 6, 11, 12]. While we refer the reader
to these works for a comprehensive treatment of the subjects, the overview
in this chapter provides all derivations and concepts to the extent necessary
for the scope of this thesis.

2.1 Geometry and the Berry phase

In this section, we establish the mathematical foundations required to un-
derstand topological phases, starting from the geometric properties of wave-
functions, the Berry phase.

The goal is to understand how a system that depends on a set of exter-
nal parameters evolves under changing these parameters. Thus, we ana-
lyze the adiabatic evolution of a quantum state using the time-dependent
Schrodinger equation

in (1)) = HR() [9() 1)

Here, the Hamiltonian H(R) depends on a set of time-dependent parame-
ters R(t) = (R1(t), Ra(t),...), that vary slowly along a path C in parameter
space.

We introduce the instantaneous groundstate |n(R)) which satisfies the
time-independent equation at any fixed configuration of parameters

H(R) [n(R)) = Ex(R) [n(R)). (2.2)

We can assume the system remains in the non-degenerate groundstate as
long as the parameters are varied slowly compared to the energy gap A to
the next excited eigenstate. This is described by

dR;

TS

< A. (2.3)
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Therefore, we propose an ansatz for the time-evolved state |¢(t))

|p(t)) = exp (—% /Ot E, [R(t’)]dt’) o n(t) [n[R(t)]), (2.4)

that includes both a dynamical phase, depending on the energy E,;, and the
geometric phase v, (t). This ansatz governs the adiabatic evolution only in

zeroth order, neglects terms of order % or higher and assumes no mixing
with higher excited states.

Substituting the adiabtic ansatz into the time-dependent Schrodinger equa-
tion and projecting onto (n(R(t))|, the energy terms cancel, leaving an equa-
tion for the geometric phase evolution

T i (R)| & n(R)) = i (n(R) | VR n(R)) - T @5)

Integrating this expression over time, where R(t) traces a closed loop C in
parameter space, yields the Berry phase

Yn = ﬁi(n(R)\ Vi |n(R)) - dR = féAn(R) .dR. (2.6)
Here, the Berry connection
An(R) =i (n(R)| VR |[n(R)) (2.7)

is identified.

While global phases do not matter for quantum states, relative phases
are measurable in interference experiments. Therefore, the Berry phase has
physical consequences which manifests in A, being gauge-dependent, but
the Berry phase over a closed loop being gauge invariant modulo 27r. For
two- and three-dimensional parameter spaces this can be expressed via the
gauge-invariant Berry curvature Q,(R) using Stokes’ theorem

0, (R) = Vg x A,(R). (2.8)

Note that in two-dimensions the Berry curvature only consists of the z-component.
In the specific context of crystalline solids, the relevant parameter space

is the Brillouin zone (BZ), and the parameter vector R corresponds to the

crystal momentum k. However, all possible other parameters are possible,

i.e. magnetic and electric fields or potential energy parameters.

2.2 Topological insulators and surface states

With the mathematical framework for parameter dependent Hamiltonians at
hand, we can proceed with two- and three-dimensional topological insulator
models. We start by introducing the two-dimensional Chern insulator, a sim-
ple system which contains all the distinct features of a topological insulator.
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After this we extend the model to three dimensions.

The simplest realization of a system which supports topological phases,
is the Chern insulator which is a lattice model characterized by two internal
degrees of freedom per unit cell.

To study two-band models in general, we use the reciprocal space descrip-
tion. By factoring the wavefunction into spatial and internal components, we
obtain

$i) = \/—Zelklem ® |a) = [k) @ |a), (29)

where R;, denotes the lattice vectors over N unit cells, and |«) represents
the internal two-level state. According to Bloch’s theorem, this translation-
ally invariant basis block-diagonalizes the full Hamiltonian into momentum-
dependent 2 x 2 Hermitian matrices h; = (k|H|k). Here H is the real-space
lattice Hamiltonian.

Any such Bloch Hamiltonian of a two-band model can be parametrized
by

h(k) =d(k) - t+e(k)L (2.10)

Here, T = (1o, Ty, TZ)T is the vector of the Pauli matrices , describing an or-
bital degree of freedom, and the vector ¢(k) and d(k) contain information
about the hopping and on-site terms. We set ¢(k) = 0 in the remainder of
this chapter. Moreover, k is the crystal momentum in the first Brillouin zone.

For the Chern insulator, the components of d(k) are

dy = Asin(ky), (2.11a)
d, = M + B[cos(ky) + cos(k,) — 2], (2.11¢)

with the parameter M € R and k; € (—r, 7] the dimensionless crystal mo-
menta in the first Brillouin zone, using the lattice spacing a = 1. We use a
unit system so that the parameters are dimensionless and to simplify matters
we also set B = 1 here.

The two-band spectrum of the Chern insulator is obtained as

Ei(k) = +ld(k)| = j:\/A2 [sin? (k) + sin?(ky)] + [M + cos(ky) + cos(ky) — 2]2.

(2.12)
Notice, that the first equality holds for arbitrary choices d(k).

The critical points of the spectrum, where the gap closes and thus de-
scribes a conductor, correspond to the ky = ky, = 0 for M = 0, the two points
ky = 0,ky = mand ky = 7,k, = 0 for M = 2 and the equivalent points
ky = ky = 7 for M = 4. For all other values of M the spectrum is gapped
and thus describes an insulator. Therefore, the parameter M can only be de-
formed in intervals between the aforementioned values without closing the
gap and determines the topological phase for this model.

As we have a two-dimensional parameter space k € BZ we can determine
the Berry curvature from (2.8) using the groundstate of (2.10) which then
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yields

1, (od od

O (k) = Eol- (@ X B_ky> , (2.13)
with the unit vector d = d/|d| [13]. Using this to calculate the Berry phase for
a closed loop around the first Brillouin zone’s edge, denoted by dBZ, gives
us

1 1 od od

(1):l:_f AR — - 2. 7. 24 . 94
W= = aBZA(R) dR = . Bzd kd <akxxaky> (2.14)

defining the Chern number ), Varying the crystal momentum k through
the entire Brillouin zone, the vector d(k) traces out a surface. The Chern
number counts how many times this surface contains the origin. Note that it
only makes sense to calculate the Chern number for a gapped system, so at
values M # 0, 2,4, because this assumption is made in the derivation of the
Berry phase the Chern number is defined with.

Performing the integral for the Chern number results in

1, 2<M<4
CW={-1 0<M<2. (2.15)
0, otherwise

Consequently, the Chern number is quantized to integer values. It informs in
which topological phase the system is and changes at the values M = 0, 2,4,
where the spectrum is gapless and undergoes a non-trivial transition.

If the system has zero Chern number it is in the topologically trivial phase.
The Berry connection has no singular points which would give rise to a non-
zero Chern number in the integral (2.14). Similarly, a zero Chern number
means that the surface traced out by the vector d(k) does not contain the
origin as k is varied through the first Brillouin zone.

In the parameter regimes M > 4 or M < 0 we can adiabatically deform
the system to M — oo respectively which is a simple decoupled two-level
system, hence we call this the trivial phase. However, for non-zero Chern
numbers this is not the case. We cannot adiabatically deform the Hamiltonian
to M — £oo without going through M = 0, 2 or 4, so without closing the gap.
Therefore, these regimes are in the topoligical phase.

Now that we have understood how the different topological phases ap-
pear for the example of the Chern insulator we we want to derive how edge
states emerge. We consider a Chern insulator with a spatially varying pa-
rameter M = M(x) such that the spectrum is ungapped at some point in
space.

For this we use an arbitrary profile M(x) which fulfills M(x — o0) =
Mg < 0, M(x — —o0) = My € (0,2) and M(0) = 0. Thus, for x = 0 the
gap closes at k = 0. This means we have a system with an infinite edge in
the y-direction at x = 0. Therefore, the system is translationally invariant
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along y so that k, remains a good quantum number. Moreover, we expand
the Hamiltonian around k = 0, where the gap closes for M(0) = 0 which
yields

Hy = M(x)T; — iATy0y, (2.16)

leaving out the term Ak,
The edge Hamiltonian has a zero energy eigenstate

Hoo(x) = 0, (2.17)

which is found to be

1[)0(x) = Ngfox M(x")/ Adx’ ( 1 ) (2.18)

—i

with some normalization constant N. This is known as the Jackiw-Rebbi
model [14]. The state decays exponentially into both regions x < 0 and x > 0.
It is maximally localized at x = 0 making it exponentially confined to the
edge. Note, that this state does not depend on the exact profile M(x) but
only on the fact that it transitions from a topological to a trivial phase at
some point in space.

The full Hamiltonian at the edge reads Hy + Ak,T,. If we project this
Hamiltonian into the edge state subspace we get the effective Hamiltonian

Hedge = /_o:o dxv,bo(x)Jr (H() + ATyky) Po(x) = —Aky, (2.19)

which describes the edge modes of the system. The spectrum is given by
Ecqge = —Aky for ky < 1. For large ky the edge state spectrum merges with
the bulk spectrum again. This means that the edge states provide gapless
modes for the otherwise insulating gapped bulk spectrum making the Chern
insulator only conducting at the edge. Moreover, the edge state is chiral as it
only moves in one direction along the boundary.

Lastly, we can extend the occurrence of edge states to the low-energy con-
tinuum model of the Chern insulator. This is achieved by expanding d(k)
around k = 0 which yields

d, = Ak, (2.20a)
dy = Ak,, (2.20b)
d, =M+ B [ki n kﬂ ) (2.200)

where we flip the sign of B for convenience. Consequently, reciprocal space
is now k € R2. The resulting Hamiltonian corresponds to a massive con-
tinuum Dirac Hamiltonian in two dimensions with an additional quadratic
term, namely

he(k) = At -k + (M + Bk2) z. 2.21)

For this Hamiltonian we can proceed in the exact same fashion as for the
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lattice version and find the zero-energy edge states using a mass profile M(x)
that changes sign at x = 0 from M > 0 for x < 0 to M < 0 for x > 0. This

gives rise to the edge model Hegee = —Aky. Note, that we also ignore terms
klz for this derivation, similar to the lattice model which can also be described
setting B = 0.

Additionally, we can also calculate the Chern number via equation (2.14)
which holds for arbitrary d. If we consider a simplified model with B = 0 we

get

c) = —%sgn(M). (2.22)

Although the original model has a non-zero quadratic term, the essential
change of the Chern number is contained in the linear model as well [5].

The Chern number itself is not quantized because we are considering a
continuum model for which the reciprocal space R? is not compact as for
the case of the Brillouin zone, but there is still an edge state if M changes
sign because |AC(Y)| = 1 remains an integer. The change of the Chern num-
ber is important because it governs the number of edge states between two
regimes. Instead of having multiple regimes for the Chern number as in the
lattice model (2.15) we only have two phases governed by the sign of M.

Therefore, the low-energy continuum model suffices to capture the ap-
pearance of surface states we are interested in. This is the reason why we use
continuum models in the following, while keeping in mind that they emerge
from the low-energy continuum limit of a lattice description.

2.3 3D Bernevig-Hughes-Zhang model

We introduce the three-dimensional Bernevig-Hughes-Zhang (BHZ) model
described by the low-energy continuum Hamiltonian

Hgtiy = (M n Bk2> T+ Ak - 0T (2.23)

with k € R. Here 7 is the orbital degree of freedom and ¢ is the spin degree
of freedom, whereas both are vectors of the Pauli matrices. To simplify the
notation we omit the tensor product symbol and write ;7; instead of 0; ® T;.

Rather than calculating the Chern number, we try to find the zero-energy
surface states of this model for a varying mass profile. This means we have a
model which undergoes a transition between a trivial and topological phase,
similar to the Chern insulator, but now in three dimensions. Instead of edge
states, we have surface states because of the additional dimension.

We define a single two-dimensional surface with surface normal vector
fi. Similar to the calculation of the edge states in the continuum model of
the Chern insulator (2.20), we set B = 0 because the linear term suffices to
capture the essential physics [5].

For an arbitrary vector x we define the quantities x, = #i-x and x| =
x — xfi. The in-plane momentum k|| remains a good quantum number and
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we ignore the terms proportional to k| in the Hamiltonian for now. The mo-
mentum k;, is not a good quantum number, so we replace it by k,;, — —idj,.
Then we get the Hamiltonian

HO — MTZ - iAananTx. (2.24)

Proceeding similar to the Chern insulator, we use a mass profile M =
M(r,) which changes its sign from M > 0 forr, < wto M < 0 for r, > w.
The zero-energy state ¥y is obtained from eigenvalue equation

Ho¥, = 0. (2.25)
Multiplying the equation by 7, from the left yields
(M + Adyo,7y)¥o = 0. (2.26)

To get exponentially decaying solutions, ¥ has to an eigenstate of ¢, 7, with
eigenvalue —1. We decompose the solution into the combined spin-position
part and the orbital degree of freedom part as

Yo+) = [¢p+) ® |1y = F). (2.27)

Here the spin-position part ¢4 (r,,) is found as
Yo (1) = (ralips) = Nebo' M/ |, = ) (228)

and the +1 eigenstates of ¢;, and 7, are denoted by the repsective kets in the
equations above.

In contrast to the Chern insulator we now have a two-dimensional zero-
energy subspace because we have the additional spin degree of freedom.
Projecting the full Hamiltonian Hy + Ak 0 Ty into the two-dimensional zero-
energy subspace yields

Hsurface - A(U' X kH) -fi, (2.29)

where the surface structure enters through 7 into the model. In the projected
surface subspace, there is a one-to-one correspondence between the spin ori-
entation and the orbital composition due to the state’s structure given in
(2.27). Thus, the orbital degree of freedom becomes redundant information,
allowing us to label the basis states solely by their spin.

The resulting surface Hamiltonian in (2.29) is a massless Dirac Hamilto-
nian in two dimensions, namely the in-plane surface dimensions, with the
Dirac velocity determined by the parameter A. For example, a flat surface
with 71 = e, yields the spectrum

Epr = Ak, (2.30)

which is a Dirac cone.
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The surface states exhibit a property referred to as spin-momentum lock-
ing. For a fixed energy ¢, the momentum magnitude is constrained to |k;/| =
e/ A, leaving its polar angle ¢ as the only degree of freedom. In this repre-
sentation, the surface Hamiltonian becomes

Hgurface = &0 (2-31)

where 0y = — sin ¢oy + cos ¢oy,. Since the physical state is an eigenvector of
0y with eigenvalue +1, the spin orientation is uniquely determined by the
momentum direction ¢. If the direction of the momentum is inverted this
leads to 0y — —0p which means the +1 eigenstate has the opposite spin of
the original direction. Therefore, the spin direction is locked to momentum
direction and the surface states are also referred to as helical surface states.

Finally, we discuss the time-reversal invariance of the BHZ model which
is the critical ingredient responsible for the emergence of the Dirac cone spec-
trum. The BHZ Hamiltonian is invariant under the time-reversal operator
T = ioyK, with the complex conjugation operator K. The time-reversal oper-
ator satisfies 72 = —1 for fermions. Due to Kramer’s theorem, there must be
a time-reversed partner with opposite spin and momentum for the surface
state.

Furthermore, at the time reversal invariant momentum kH = 0 the T-
symmetry gives rise to a degeneracy which enforces a crossing point in the
surface spectrum. Therefore, the gapless surface modes are protected by
the 7-symmetry and remain robust against any perturbation respecting the
T —symmety. This symmetry can be broken, for instance by an external mag-
netic field.
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2.4 Magnetic fields and spectral flow

In this section we treat the framework of magnetic fields in quantum me-
chanics, introducing core concepts and using simple examples which we can
leverage in the course of the subsequent chapters.

In quantum mechanics, magnetic fields have a different effect than in clas-
sical mechanics. Similar considerations can be made for electric fields, but
for the purpose of this work we are solely interested in magnetic fields. The
magnetic field B does not enter directly in the Hamiltonian. Instead it enters
via its vector potential A which fulfills B = V x A. For a particle of charge
g we use minimal coupling substitution p — p — gA into the Hamiltonian
without any magnetic field.

At first it might seem unphysical to use the vector potential because the
magnetic field remains invariant under gauge transformations, whereas the
vector potential transforms as A + V x, thus changing the Hamiltonian. How-
ever, let us consider an arbitrary time independent Hamiltonian with some
time independent vector potential A. The Hamiltonian depends on the com-
ponents of the momentum operator p; and any other degrees of freedom as
position or spin {x;, S; }. We denote the Hamiltonian as H({p; — qA;}, {xi, Si}).
The eigenstates fulfill the time-independent Schrodinger equation

H({pi —qAi}, Axi, Si}) [$) = E[) . (2.32)
If we now perform a gauge transformation A — A’ = A + Vx we have
H'({pi —qAi} {xi. Sib) [¢") = Ely"), (2.33)

where the Hamiltonian and the states transform under the gauge, but the
energies have to remain the same as we still describe the same magnetic field
B.

Simply using that the gauge transformation function x(x) only depends
on the position, implies its commutation with all the degrees of freedom in
the Hamiltonian, except for the momentum. From the operator relation

[pi, f(x)] = —iAV;f(x) (2.34)
it follows that
(pi — in)ei%X = elix (pi —qAi +9Vix) . (2.35)

Thus, we can show that the state |¢’), that solves the gauge transformed
system (2.33), is related to |¢) by

') = eliX |p) . (2.36)

This shows that the gauge transformation only leads to a local phase fac-
tor for the wavefunction. Moreover, physically relevant expectation values,
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FIGURE 2.1: Spatial and magnetic field configuration for the
derivation of the Aharonov-Bohm effect. The field-free region
is denoted by W and the solenoid region by M. The particle at
position r is restricted to a box with center position R € W by
a confining potential V(r — R).

such as (| p — gA |¢) and (| x |¢) remain invariant under gauge transfor-
mations. Here, we introduce the kinetic momentum = = p — gA which is
known from the classical description of a particle in a magnetic field and
is related to the velocity of the particle by v = 7r/m, unlike the canonical
mkomentum p. Additionally, the kinetic angular momentum is defined via
L =7 x .

With the knowledge on gauge transformations at hand we treat the Aha-
ronov-Bohm effect effect, an effect which only occurs in quantum mechanics.
For simplicity, we restrict the description to a particle of charge g4 in a two-di-
mensional plane. For the setup, we consider a solenoid in some region M, in
which the magnetic field in z-direction B is non-zero. Outside the solenoid,
in the region W, we have B = 0. The region W is where the particle is
allowed to move in. However, we restrict the particle to a box in the vicinity
of R € W which is described by a confining potential V(r — R), with the
particle’s position r. This setup is depicted in Fig. 2.1.

The Hamiltonian without a magnetic field reads

2

H(R) = 5—m +V(r—R). (2.37)

The groundstate of H(R) is denoted by

(rlp(R)) = ¢(r — R) (2.38)

with eigenenergy E.

If we place the box at some R, and therein the particle, the energies are
described by the free Hamiltonian H(R), without any magnetic field. This
is not only the case due to the particle moving in the field free region, but
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due to the confining potential it cannot move in a closed loop around the
solenoid. Therefore, the particle does not “feel” the magnetic flux caused by
the solenoid because it does not enclose it. The latter can be compared to the
example of a particle on a ring, enclosing a magnetic flux which we treat in
the next section.

Although the Hamiltonian H(R) yields the correct energies, it does not
capture the magnetic field via minimal coupling which the actual Hamilto-
nian for the setup

2
H'(R) = % +V(r—R) (2.39)

does. Therefore, we have not found the eigenstates yet.

To obtain the solution to H'(R), we use the fact that the field vanishes for
the region outside of the solenoid, so that A = V A with some scalar poten-
tial A(r). The particle is restricted to the box which is a simply connected
region, allowing the use of a scalar potential. Thus, we can use the gauge
transformation x(r) = A(r) in equation (2.36) to obtain the groundstate of
H'(R) from the groundstate of H(R). Putting this together, the groundstate
of H'(R) in the position basis reads

¢'(r— R) = ¢ y(r — R). (2.40)

We emphasize that the gauge transformation cannot change the energy spec-
trum. Therefore, it is crucial to start from the field free case which correctly
describes the energies as argued above, and incorporating the magnetic field
only via a phase.

The scalar potential is given by

Alr) = /R dr' - A(). (2.41)

Choosing the reference point R makes sure the phase of ¢’ (r — R) does not
change if we move the box around the solenoid, so the state returns to itself
without picking up a phase. If we choose a fixed reference point the state
picks up a phase but the overall result which we obtain below, is the same.

Suppose the box is moved adiabatically in a circle C around the solenoid.
Following the framework of section 2.1, we can calculate the Berry phase
accumulated by the wavefunction for this path. In this case, the parameter of
the Hamiltonian is the position of the box R(t). Using equation (2.6) for the
Berry phase of the groundstate |'(R)) of H'(R), we have to calculate

W/ (R)| Vi |4/ (R)) = — & (9(R) p [p(R)) ~ TAR).  (42)

The expectation value of the momentum in the steady state |(R)) van-
ishes and therefore we obtain for the Berry phase

7 =i R YR Vely'®) =1 [ ds-B=T2 @4
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In this setup the Berry phase is called the Aharonov-Bohm phase which the
wavefunction picks up as it follows the path C.

We can also choose any open path we want and the particle picks up a
phase corresponding to the Berry phase.

Finally, we want to introduce the notion of spectral flow. For this we
consider a simple example of a particle of charge g on ring of radius R with an
infinitesimally thin solenoid at the origin. This magnetic field configuration
is called Aharonov-Bohm field and is given by

B = —96?(r)e. (2.44)

with the magnetic flux ® and the d-dimensional delta function 5(¥)(r). The
corresponding vector potential reads

P
A=—— 2.45
2mr’ (245)
using cylindrical coordinates r, ¢, z.

The Hamiltonian with minimal coupling reads

2
H= W, (2.46)

where the only degree of freedom is the polar angle ¢ with corresponding
canonical momentum py = —ift/Rd.

It is simple to show that the Hamiltonian is symmetric under rotations
around the z-axis, namely [H,L,| = 0. Here L, = Rpy is the canonical an-
gular momentum which only has a single component because the system is
two-dimensional. Therefore, the eigenstates of the Hamiltonian are given by
the eigenstates of L, which are ¢ with magnetic quantum number ! € Z,
making the eigenstates single-valued. From this, we obtain the correspond-
Ing eigenenergies

2 hz
Ei(g) = mR2 (I+8)°= W‘?n(g) (2.47)

with ¢ = ®/®Py, where the flux is in units of the magnetic flux quantum

The particle is always in a region with B = 0, so it is not directly in-
fluenced by the local magnetic field but rather it is influenced by the mag-
netic flux ® it encloses. Therefore, it is important that the region the particle
moves in encloses the magnetic flux for its energy levels to be influenced by
the magnetic field. This stands in contrast to the aforementioned Aharonov-
Bohm configuration, in which the energy spectrum remains invariant under
the magnetic field because the particle is restricted to a domain that does not
enclose the magnetic flux.

With the spectrum calculated, we can study how the energy levels and
states evolve under variation of the magnetic flux ®. This is depicted in
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FIGURE 2.2: Dimensionless energies ¢, (g) for the angular
momentan = —3,—2,—1,0,1 as a function of the
dimensionless magnetic flux g € [0,2]. It can be observed that
the spectrum is periodic in ¢ € Z so the respective states are
mapped onto each other.

Fig. 2.2. First, it can be seen that the overall spectrum does not change if a
flux quantum is inserted, so ¢ — ¢ + 1. In contrast to the overall spectrum
remaining the same, the underlying states undergo a systematic rearrange-
ment during this process, e.g. smoothly mapping each state to its adjacent
energy level starting from ¢ = 0. The state itself remains unchanged but is
now associated to a different energy, namely it flows in the spectrum. This
can be described by E;(g + 1) = E;11(g) and marks the spectral flow.
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Chapter 3

Dirac disc in an Aharonov-Bohm
field

In this chapter, we determine the 3D TI surface states and spectral flow for
a planar disc pierced by a continuously variable Aharonov-Bohm flux. As
shown in Ch. 4, this is the local flat-space limit of the Dirac sphere problem
which is studied numerically in Ch. 4.3 of Ref. [5]. The goal is to identify
the central problem that occurs for fractional flux values for a singular flux
string and resolve it by finding a regularization procedure. By studying this
simplified planar model, we establish the regularization to analytically solve
the surface states and spectral flow for the Dirac sphere in Ch. 4.

3.1 Model setup

To describe the surface states of the 3D BHZ model we use the Dirac Hamil-
tonian given in Eq. (2.29) which we derived for arbitrary surfaces in Ch. 2.
The Dirac Hamiltonian of a massless particle with electrical charge g > 0 on
a planar surface with normal #i = e, is given by

Hp = o[ x (p - qA)] -, G3.1)

where v is the velocity, p the canonical momentum and ¢ = (0, 0y,03)7 is
the vector of Pauli matrices because the particle has spin-3. The magnetic
tield is included via minimal coupling using the vector potential A.

The magnetic field of the Aharonov-Bohm flux is given by

B = —®5@(r)e,, (3.2)
where @ is the magnetic flux. The corresponding vector potential reads

P
A= 7rt (3.3)
using cylindrical coordinates r, ¢, z.

We have already encountered this vector potential in Ch. 2, studying a
particle on a ring. The difference for the Dirac disc is that it includes the
origin and therefore the Dirac delta function’s divergence. In the next section,
we see how this becomes problematic when solving the eigenvalue problem
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FIGURE 3.1: Depiction of the Dirac disc model. A
two-dimensional circular plane of radius R which the particle
is restricted to via the hard-wall boundary condition given by
Eq. (3.10). The disc is pierced by an Aharonov-Bohm flux of
strength —® indicated by the red arrow. The magnetic field
points towards the negative z-direction for —® < 0.

for Hp due to the emergence of an additional solution in a specific angular
momentum subspace.

Rewriting the Hamiltonian Hp in position space, using p = —ii'V and
polar coordinates, we obtain

0 e~ (3, —i/1dp + g/r)) (3.4)

Hp = o (ei‘l’ (=0, —i/rdp+ g/7) 0

with the dimensionless flux § = ®/®Pp € R in units of the magnetic flux
quantum, which is defined as &y = h/g.

As we are describing a spin-1 particle, the total angular momentum op-
erator is given by | = L, + S,. Here L, = ypx — xXpy is the z-component
of the canonical angular momentum and S, = %0’2 the z-component of the
spin. Thus, the total angular momentum quantum number is quantized with
j=+3,43,. ...

The Hamiltonian Hp is symmetric under rotations generated by the total
angular momentum so we have [Hp, J] = 0. Thus, we can write the eigen-
states of Hp as simultaneous eigenstates of |. The eigenstates of | with eigen-
values 7ij are given by

_ L G-z (1
C(CP) \/Ee J (el(p) : (35)

In the following, we use the quantum number n = j —1/2 € Z to label
the different total angular momentum sectors. This is the quantum number
of the canonical angular momentum of the spin-up component. This implies
the general form

Pu(r, ) =™ (ijg“f{e)@) (36)
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for eigenstates of Hp, absorbing the normalization into the radial spinor com-
ponents.

The particle is confined to a disc of radius R which maintains the rota-
tional symmetry we have identified. To include the finiteness of the disc, we
employ a hard-wall boundary condition. This is known from, e.g., a particle
in an infinite potential well in one dimension and leads to the wavefunc-
tion vanishing at the left and right boundary. However, in the case of the
Hamiltonian Hp the hard-wall leads to a non-trivial condition for the radial
spinors.

The hard-wall boundary condition is achieved by adding a potential term
to the Hamiltonian (3.1) which reads

Hp — Hp + A(1)0%. (3.7)

The potential is A(r) = A®(r — R), where O(x) is the Heaviside stepfunction
and A — co. The additional term gaps out the modes for r > R and preserves
the symmetry with respect to the total angular momentum J. To see how the
additional term influences the states, we write down the eigenvalue problem
forr > R:

(Hp + Aoz) 9 (r, ¢) = Ep°(r, ). (3.8)

Using Eq. (3.4) and A — oo, we obtain the radial equations
93" (r) = =Bx™(r), (39a)
=" (r) = x5 (r), (3.9b)

which yield the radial spinor

X%t (r) = e o’ G) . (3.10)

The limit A — oo has not been performed yet. Keeping A finite, it can be seen
that the upper and lower spinor component must be equal. The exponential
factor cancels when taking the ratio of the two components, so this condition
remains valid for A — co.

By matching the radial eigenspinors of Hp for r < R with x°"(r) atr = R,
the hard-wall boundary condition is obtained as

x1,1(R) = x2,u(R). (3.11)

3.2 Spectrum and eigenstates

In this section, we want to solve the eigenvalue problem for Hp inside the
disc. To obtain the spectrum of the Hamiltonian, we calculate the eigenstates
of Hp of arbitrary energy E which is then quantized by applying the bound-
ary condition (3.11). The eigenvalue equation reads

HDII)n = Enlpn/ (3.12)
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for arbitrary n € Z. Here, we have used the ansatz (3.6) due to the symmetry
with respect to J, allowing us to solve the eigenvalue problem in each total
angular momentum subspace n separately.

From Eq. (3.4), we obtain the coupled equations for the radial part given

by

n+1+
<8r + %) Xon(r) = kx1n(r) (3.13)
n+g
(<0 + "8 ) xun(r) = kaal?) (3.14)
with the wavenumber k = %, dropping the index n. For the following

derivation the index 7 for the energy and wavevector is omitted. Decoupling
the two equations yields Bessel’s differential equation

1202 x1,n(r) + 10rx1,0(r) + (P = (n+8)*)x1,a(r) =0.  (3.15)

A brief review of the Bessel functions and the corresponding differential
equation is given in App. A.
In the case of ¢ € Z, we obtain the solution

X1 (1) = Anutg ([K[1) + Bu] (1) ([K[7)- (3.16)

Here, J,(x) is the Bessel function of the first kind of order v € R, defined in
App. A. The solution for x»(r) can then be obtained using Eq. (3.14) which
then yields

Xon(r) = AnJuigia(Ik[r) = BuJ—(nsg41)([k|7). (3.17)

From now on, we focus on positive energy spectrum E > 0. The solutions for
E < 0 exhibit qualitatively similar behavior and offer no additional insights.
Restricting our focus to E > 0 thus allows for a more concise presentation.

To obtain physically acceptable solutions, the radial spinor must be nor-
malizable. In particular, we require that the radial spinor’s components van-
ish sufficiently fast at the origin. Using the limiting behavior of the Bessel
function for small arguments yields

lim 7 [Ty (1)]? o #1142, (3.18)

where the factor r stems from the polar integral measure. The latter is only
integrable at » = 0 if v > —1 which is the constraint we apply to the general
solutions (3.16) and (3.17).

To complete the discussion, we turn to the case of g € Z. In this case,
the radial spinor solution contains Yy (kr) which is the Bessel function of the
second kind of order v € Z, see App. A. These are non-normalizable so they
have to be discarded. If we set ¢ € Z in our solution obtained for ¢ ¢ Z, we
can use the property J_,(x) = (—1)"],(x) for n € Z. Thus, we see that the
solution for ¢ ¢ Z is also valid for the case ¢ € Z.
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8

FIGURE 3.2: Dimensionless energies of angular momenta
n=-3,-2,-1,0,1,2 as function of the magnetic flux ratio

g € [0,2]. The higher the energy for a fixed n, the higher is the
corresponding radial quantum number z. Here, we observe
that the energies increase and decrease approximately linearly
with the magnetic flux g, whereas the spectrum is periodic in
g € Z. The states with n > n* increase with g, whereas the
states with n < n* decrease with g.

Turning back to ¢ € Z, we decompose the dimensionless flux g = [ +
into its integer part | € Z and its fractional part v € (0,1). Consequently, we
obtain the solutions

Pu(r,¢) = Nye'"? (—]_]n__nl__ll__yv((kl:r)) ei¢) Jforn < —1—-1 (3.19)

and (k)
r,d) = N, oine < Jnt 14 (K1 . ) ,forn > —1—1. 3.20
Yulr,g) " Jnt1tiy(kr)e? (3.20)
However, in the angular momentum subspace n* = —I — 1 two solutions
are admitted by the normalization constraint and the spinor reads

i AJ 14 (kr)+ BJ1_o(k
P (r,) = Ny 1000 (AL 8BRS EN) G

This state differs from the other angular momenta n # n* because it is
square-integrable at the origin, but divergent in both components which means
the particle is localized around the Aharonov-Bohm flux. Therefore, we call
n* the critical angular momentum subspace.

For n # n* we can calculate the spectrum of the Hamiltonian for § ¢ Z
by using the boundary condition (3.10). This yields

Jon—1—4(kR) = =] __1-1—(kR),forn < =1 —1, (3.22a)



24 Chapter 3. Dirac disc in an Aharonov-Bohm field

We define the dimensionless energy ¢ = kR. For given n and g the roots
of the respective equation in (3.22) yield the dimensionless energies €, -(g).
Therein, z € N labels the distinct roots which we define as the radial quan-
tum number. The energy is then given by E,, .(g) = %snlz( ¢) which reveals
the scaling E < 1/R.

In Fig. 3.2, the dimensionless energies are shown for a few angular mo-
menta n # n* and their first radial quantum numbers z = 1,2. High-energy
states are omitted for clarity, as the number of energy levels increases with
energy, making the plot visually crowded.

Here, we observe that the energies increase and decrease approximately
linearly with the magnetic flux g. For a fixed integer part of the flux [ we see
that all states n < n* decrease in energy, whereas all the states with n > n*
increase in energy.

Aside from the direction of the energy shift, this behavior reflects how the
flux effectively shifts the total kinetic angular momentum

]kin:(rx[p—qA])'ez+Sz:]+hg- (3.23)

For example, as g increases from 0 to 1, the total kinetic angular momentum
quantum number j + g smoothly shifts from the integer j towards j + 1. This
results in a continuous evolution of the energy levels that resembles moving
into the next higher total angular momentum channel. This concept can be
extended to arbitrary evolutions ¢ = [ to ¢ = | 4 1. Therefore, the spectrum
returns to itself and is periodic in g € Z. We expect this periodicity, similar
to the particle on a ring with an AB-flux treated in Sec. 2.4.

We know that the critical state n* also has to obey this periodicity. As the
flux is increased adiabatically from ¢ = [ to g = [ 4- 1, the respective critical
state in that regime turns from n < n* at the beginning to n > n* at the
end, while inbetween n = n*. Consequently, the corresponding energy has
to transition from decreasing to increasing with g in the process. Thus, we
have made a prediction about the critical subspace’s energy evolution with ¢
without any calculation so far.

Next, we consider the critical subspace n*. In this case the hard-wall
boundary condition does not yield the energy because we still have two in-
tegration constants left in the spinor given in Eq. (3.21).

To solve the problem of not being able to determine the energy, it is nec-
essary to impose an appropriate boundary condition at » = 0 for the ra-
dial spinor in the critical subspace where n = n*. This boundary condition
uniquely determines the ratio A/B. The determination of such boundary
conditions can be treated using the theory of self-adjoint extensions (SAEs),
as demonstrated in Ref. [15]. Therein, the same model is treated, but with a
mass term mo, included.

In this thesis, we do not explicitly deal with SAEs and rather refer the
interested reader to Ref. [15]. This is because the problem with the SAE ap-
proach is that it yields an infinite set of possible boundary conditions at 7 = 0,
continuously parametrized by an SAE parameter. Consequently, each SAE
parameter choice and its associated boundary condition yield a distinct set of
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energy eigenvalues for the critical subspace. However, in reality only a single
choice must be fixed by physical constraints. Therefore, the SAE parameter
encodes all relevant physical information, yet it remains undetermined.

To eliminate this ambiguity and single out the unique, physically permis-
sible boundary condition, we turn to numerical methods. Because the energy
spectrum of the critical subspace has not yet been determined analytically, we
compute the system’s energies using a discrete lattice model implemented in
Kwant [16]. Unlike the continuum model, the lattice model naturally yields
an unambiguous energy spectrum. By extracting the energies from this nu-
merical lattice model, we aim to derive a corresponding regularized model
for the continuum theory. This physically grounded regularization will allow
us to uniquely determine the boundary condition at the origin.

3.3 Lattice model

To be able to simulate the system using Kwant, a lattice version of the Dirac
Hamiltonian (3.1) is required. We use a regular square lattice in two dimen-
sions with constant lattice spacing a. We start by deriving the lattice version
of the Hamiltonian given by (3.1) with magnetic vector potential A = 0.

For this purpose, we replace p; = —ihd; with j = x,y and discretize the
derivative. Only considering nearest neighbor couplings we obtain

1
9jp(x) ~ o ((xn + aejlp) — (xu — aejlp)) , (3.24)
yielding
1
9 — ZZ(|xn><xn—|—aej| — |%u) (%0 — aej]) . (3.25)

Thus, the Hamiltonian on the lattice reads
A
HEt = 215 (ox|xn + aey) (x4| — oy |xn + aex) (xu]) + hec,, (3.26)
n

where A = fiv/a.

Due to the periodicity of the lattice we can employ Bloch’s theorem to
diagonalize (3.26). The lattice Hamiltonian is invariant under the transfor-
mation

Xn = Xy +aej, j=XY. (3.27)

Therefore, for the Bloch state in discrete space the ansatz

P = Y e* M g [xy,) (3.28)

with uy, € C? is chosen. Here, the crystal-momentum is restricted to the first

Brillouin zone k]- € (—%, ﬂ . Thus, the lattice Bloch Hamiltonian is obtained
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as
HBoM = A [0y sin(kya) — oy sin(kya)] (3.29)

with the corresponding spectrum

Ex (k) = A\ /sin? (kya) + sin? (kya). (3.30)

When using the lattice Hamiltonian to approximate the continuum Dirac
model, we encounter the problem of fermion doubling. Besides the Dirac
pointat k = 0, there are three additional Dirac points at k = (7t/4,0), (0, 7t/ a),
(7t/a, t/a). Atall points, the spectrum is linear and resembles a Dirac fermion,
resulting in a total of four Dirac cones. The additional Dirac cones which are
not at k = 0 are called fermion doublers.

This doubling phenomenon is a well-known artifact of discretizing the
Dirac equation. To circumvent this, we add another term to our Bloch Hamil-
tonian on the lattice. The modified Bloch Hamiltonian reads

HEoM = A [0y sin(kya) — oy sin(kya)] + Bo [2 — cos(kya) — cos(kya)]
(3.31)
with the corresponign spectrum

Ei(k) = j:\/A2 [sin?(kya) + sin?(kya)] + B2 [2 — cos(kxa) — cos(kya)}z.

(3.32)
Expanding the Hamiltonian around k = 0
B
HBoM = Aa(ovky — oyky) + EaZUZ(ki +ky). (3.33)

The additional term vanishes in the continuum limit for B « 1/a. Therefore,
the Dirac cone at k = 0 is retained in the continuum limit.

However, it is also necessary to expand the Hamiltonian around the other
Dirac points to examine their behavior in the continuum limit. The expansion
of the Hamiltonian yields

2,2
HBloch — Aaloy(ky — kpy) — 0y (kx — kp x)] + Bo: (const. - k%) , (3.34)

where kp € {(7t/4a,0),(0,7t/a),(7t/a,t/a)}. Thus, the constant term B «
1/a diverges in the continuum limit which means the fermion doublers ac-
quire an infinite mass and are gapped out. Therefore, we are only left with
the Dirac cone at k = 0 in the continuum limit. This is known as the Wil-
son fermion approach for putting Dirac fermions on a lattice. Note that this
works both for massive and massless fermions.

Because our numerical results inherently rely on finite lattices rather than
the strict continuum limit, the Wilson term is always present. We hypothesize
that this term acts as a physical regularization for the Dirac Hamiltonian,
naturally yielding the unique boundary condition at the origin for the critical
subspace.
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Therefore, in contrast to the standard Wilson fermion approach, we con-
sider a continuum limit where the quadratic term retains physical signifi-

cance by setting BT”Z — f‘ﬂ—z, where the mass m is some arbitrary parameter.
This allows to explicitly introduce a k?c; dependence in the analytical con-
tinuum description of the surface model and regularize it. Moreover, it still
ensures fermion doublers are gapped out in the corresponding lattice picture.

However, we require the linear Dirac term to remain dominant at the rel-
evant energy scale iv/R. For characteristic momenta |p| ~ 11/ R imposed by
the boundary condition, the quadratic contribution remains a small pertur-
bation provided that

h
<L (3.35)

To quantify this regime, we introduce the characteristic length scale for the
quadratic term, r* = 11/ mv which simplifies our validity condition to r* < R.

Next, we proceed with the lattice description to obtain numerical results.
For this, we have to find the real space lattice contribution of the cosine term
from the Wilson regularization (3.31). This is done by using the continuum
limit which yields 54?k?0,. Replacing the k}? — —8‘]?' allows for using the dis-
cretized version of the derivative. Proceeding similar to the single derivative
given in (3.24) we obtain

1
5 = D (o et aey] + ) (xo — gl 2} (mal) . 336)

Finally, we obtain the lattice version of the Hamiltonian (3.1) which reads

1A B
Hiat = Y { (7@ - EO'Z) |xn + aex) (x|

n
iA B
+ (—7% — EO’Z) X + aey) (xn| + h.c} (3.37)

+22Baz|xn>(xn|.
n

Moreover, the magnetic vector potential has to be accounted for in the
lattice model which is achieved by using the Peierls substitution

Xptae;
X + aej) (xu| — exp (z%/ A dﬁ) X + aej) (xul, (3.38)
Xn

where the prefactor is called Peierls phase. We approximate the integral by

xn+aej a
/ A-dl~ A (xn + Eej> - ae;. (3.39)
Xn

The Peierls phase that a particle picks up by going around a single plaquette
on the lattice is equal to the magnetic flux that penetrates the plaquette. A
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convenient gauge to implement the vector potential given in (3.3) is
a
Ay = — D5 <y - E) O(x), (3.40)

because it allows for a constant phase applied to a single line of links.
The disc shape defined by the boundary condition (3.7) is implemented
using a smoothed profile. Instead of a sharp step function, we use

Ar) = % {1 + tanh (%)} , (3.41)

where A is the boundary potential, R the radius of the system, and w controls
the width of the smoothed boundary region. The step function is recovered in
the limit w — 0. The boundary term only contributes to the on-site potential
in the lattice Hamiltonian (3.37), as it is diagonal in the position basis. The
smoothing over a width w around the boundary helps to preserve rotational
symmetry which would otherwise be broken due to the underlying square
lattice used in the simulations. The specific choice of the smoothened step
function is arbitrary.

Although the simulations are performed on a square lattice, we explic-
itly shape the lattice into a disc geometry by including only the lattice sites
within the radial distance R + s from the center. The extension of the lattice
disc by an additional radial length s, in units of lattice spacing 4, is added
to ensure that the wavefunctions can decay properly into the region » > R.
This extension avoids artificial cutoffs of the wavefunctions at the boundary,
allowing for exponential decay as expected in the continuum model if A is
kept finite. Moreover, it is important that the center of the disc is a plaquette
and not a site, such that the origin can be penetrated by the magnetic flux.

To compare our lattice results with the continuum model, we must ap-
proach the continuum limit a/R = 1/N — 0. In all simulations we fix
the lattice spacing to 4 = 1 and use the lattice radius R,y = N as the pa-
rameter controlling the continuum limit. In this unit system we approach
the continuum model using A = 1 and B = Ry,/f with some constant
f which parametrizes the mass parameter m. Then we have fiv = 1 and
h?/m = Ry/2f. Due to the boundary condition the energies are scaling as
1/ Rjat, so we need to multiply the numerical energies by its inverse to get the
scale invariant energies.

In the continuum limit, the lattice regularization length r{,, = Ba*/2Aa
diverges. However, the physical validity of the model depends on the dimen-
sionless ratio */R. By maintaining the ratio r{,,/Rj;s = 1/2f as a constant,
we ensure the regularization remains well-behaved. The condition7*/R < 1
is satisfied by choosing f > 1.

Moreover, 2w = A = 1 and s = 4 are used, which is a natural choice
for units of 2 = 1. This means the mass profile is smeared over only two
sites, and the states decay outside the system with an inverse decay length A
of one site. With fixed lattice spacing we must satisfy A > 1/Rj,; in order
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FIGURE 3.3: Lattice fora = 1, N = 5,s = 2. Black sites are
within r < R, blue sites are within R < r < R + s where the
hard-wall boundary condition is employed. The links colored
red have a Peierls phase of e~27%8, the black ones have zero
Peierls phase. A plaquette is defined by the smallest rectangle
possible, constructed with four sites and links.

to apply the continuum boundary condition. This condition is satisfied by
taking N sufficiently large which is in any case required to obtain a good
approximation of the continuum limit. In the following, we only vary the
parameters N and f, whereas all other parameters are as stated above if not
explicitly annotated differently.

An example of the resulting lattice model is shown in Fig. 3.3, using a
small number of sites to illustrate the main features.

The resulting spectrum is shown in Fig. 3.4. Unlike in the analytical re-
sults in Fig. 3.2, we do not distinguish the angular momentum sectors by
color. We focus only on the low-energy part of the spectrum, as the accuracy
of the numerical results decreases at higher energies, because more lattice
sites are required. This is due to discretization errors, where shorter wave-
lengths become poorly resolved on a fixed lattice spacing.

Despite these limitations, we find perfect agreement between the numer-
ical and analytical results in the low-energy regime for the angular momenta
n # n*. In addition, the numerical results reveal a distinct non-linear depen-
dence on g of the energy, corresponding to the critical state withn = n* = —1
for ¢ € (0,1) which is not found in the analytical results yet. This curve
matches the prediction made in section 3.2, qualitatively showing the ex-
pected behavior of a decreasing energy for v < %, tollowed by an increase as
1/2 <y <L
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FIGURE 3.4: Analytical and numerical dimensionless energies
as function of the magnetic flux ratio g € [0, 1]. Numerical
parameters: N = 100 and f = 100.

3.4 Analytical treatment of the critical subspace

In this section, we consider the regularized continuum model for the surface
states analytically. As stated in the prior section, we add the squared mo-
mentum term (3.33) to the linear model of the surface Hamiltonian given by
(3.1). Moreover, we keep in mind that we work in the regime r*/R < 1.

Furthermore, we expect that the quadratic momentum term has a negli-
gible effect on the non-critical angular momentum sectors, where the linear
model already yields the correct energies as can be seen in the numerical re-
sults in Fig. 3.4. It is expected that the additional term regularizes the critical
angular momentum sector, introducing the necessary boundary condition at
r = 0. Thus, throughout this section we fix n = n* and v € (0,1) unless
stated otherwise.

Adding the quadratic momentum term to our original linear Hamiltonian
yields the modified Hamiltonian

re 1
Hp® =vo x (p—qA)] - ez + " (p—qA)’0; (3.42)

for the surface states. The superscript indicates that this model is a regu-
larized version of the original linear model, see Eq. (3.1). This is exactly
the massless version of the Hamiltonian encountered in Chpt. III of Ref. [9],
where massless means that there is no constant term Mo,. Although, the
ansatz to solve for the eigenstates is technically similar, the absence of mass
alters solution, necessitating a separate derivation.

The regularized Hamiltonian maintains the symmetry with respect to the
total angular momentum, namely [H]ge &, J] = 0 and we can make the ansatz
(3.6) for the eigenstates. From this we can derive the radial spinor equations
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for the eigenenergy E which are

<h_2 {_ag — %ar + (7;—21)2}) X1n(r) +ho <8r + %) Xon(r) = E x1,n(7)

m
(3.43a)
hz 1 2 - 1
<_% [—az — 3+ Z—ZD Xon(r) + o (—ar + %) Xi(r) = Exon(r).
(3.43b)

We denote the operator that acts on the LHS of the equations as the radial
Hamiltonian hp,® (7).
For the radial spinor we make the ansatz

x(r) = (aflgzgg )) (3.44)
and L ()
A = (ch—(rr

g(r) ( d%yr) ) (3.45)

which are suggested by the modified Bessel differential equation appearing
in (3.43a), (3.43b). Here I,(x) and K,(x) are the modified Bessel function
of order v of the first and second kind, respectively, see App. A. This is the
same ansatz as presented in Ref. [9]. Here 4, b, c, d, x,  are to be determined
by the radial equations. Plugging in the Ansatz (3.44) and (3.45) into the ra-
dial equations (3.43a), (3.43b) reduces the problem to an algebraic eigenvalue

problem.
For x(r), we get
—r*'k> —x\ (a a
(5 r2) )=+ () 649
and analogously for &(r)
* .2
—r*'n® c\ _,[c
(57 ) (@) =+(2): 047

which are both obtained using recurrence relations and the differential equa-
tion of the modified Bessel functions given in appendix A.

The energy appearing in k = E /v, is the only constant left undetermined
so we can solve the eigenvalue equations for x, 4, b and 7, ¢, d, respectively, as
a function of k. For this, we solve the determinant equation

det (M — k) =0, (3.48)

where M is the matrix on the LHS of 3.46. This yields

1 1+ /1+ 2k )2
Ki:r—*\/ ;F( )’ (3.49)
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where only the positive roots are kept. The same solution applies to the de-
terminant of Eq. (3.47) which gives #+ = x4. This shows how the regularized
Hamiltonian introduces the length scale r* = /1/mv, we have already seen in
the numerical solution in Sec. 3.3.

Now we can determine the ratios b/a and d/c, leaving each solution only
with an overall normalization constant. With Eq. (3.46), we obtain

b K+
-] =— 3.50
<a> L k—rud (3:50)
and Eq. (3.47) yields
%2
<é> — ﬂ (3.51)

Now we have four solutions, as expected from our coupled second order
differential equation, and the full solution is denoted as

XE(r) = ) [xi(r) +&i(r)]. (352)
i=+

As of now, no approximations have been applied and the solution is still
exact. Moreover, the result is similar to that of Ref. [9] with the mass set to
zero, but we have kept the I, (x) solutions.

In our model, we introduce the hard-wall boundary condition Eq. (3.11)
at radius R, from which we can determine the energies and introducing the
scaling k = ¢/R. The dimensionless energy ¢ is of O(1) which can also be
seen by the numerical results in Fig. 3.4. Combining this result with r* < R
yields

Ny =ky =~ 1/1" (3.53)

and
- = k- ~ —ik. (3.54)

Subsequently, the ratios are approximately given by

b b .
<E>+ ~ —1, (E)_ ~ —1 (3.55)
d d .
(E)Jr ~1, (E) ) ~ 1. (3.56)

First, we have to discard the 74 solution because I, (r/r*) diverges in the
limit of ¥* — 0 and is not normalizable. In contrast, the #_ solution can be
kept because the imaginary argument makes the function well-behaved, see
App. A. Thus, we are left with the solution

and
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fwom(?dgﬁg)+“(ﬁﬂﬂﬁ3)+c(zﬂééggw

with a4, c_ being constants. Note that we used K, (x) = K_,(x).
After employing properties of the Bessel functions, the final solution is
obtained as

g o (Kia(r/P)Y (B (kr) + ATt k)
= (S ) (Ve Yaiin ) 69

with redefined constants A, B, C.

This is the exact same solution as for the linear Hamiltonian from Eq. (3.1),
given in Eq. (3.21) but with an additional solution given by the modified
Bessel function of the second kind K, (x). Thus, the linear solutions remain
valid for the regularized model in the regime r* < R. This is stressed by

defining
_ (K (r/17)
q = Y
xX'(r)=C (—Kﬂr/r*)) (3.59)
as the solution arising from the quadratic term and
i _ B ]1_7(1{7’) + A]_1+7(k1’)) 60
20 = () 2 ah o 660

as the two solutions of the linear model. Consequently, we can write

X"8(r) = x'(r) + x'(r). (3.61)

To determine the energy E from the hard-wall boundary condition at r =
R, we have to determine the constants up to a normalization factor first. In
order to do this an additional boundary condition at the origin is needed.
The asymptotic behavior of K, (x), given in App. A, yields

lim x7(r) o ”71_1’*8_12/7* ~0 (3.62)
r—R! 2R ’

which implies that the quadratic solution only governs the behavior at the
origin, but has no effects far away at r > r*.

Finally, it is worth noting that we can extend this solution method for the
regularized model to arbitrary angular momenta n # n*. For these, we also
obtain the same solution as for the linear model and an additional solution
arising from the quadratic momentum term. However, due to the normaliza-
tion constraint we are only left with one of the solutions of the linear model.
Thus, we get the same energies both for the linear and the regularized model
which matches with the expectation formulated in the beginning of this sec-
tion. Therefore, it is justified to only consider the regularization in the critical
angular momentum subspace.
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The regularized Hamiltonian introduces the boundary condition at the
origin which is needed to determine the energies. To derive the boundary
condition, an arbitrary radial spinor ¥(r) is considered. For the state to be
physical, a finite energy expectation value

/O A () B (¥ (r) < oo (3.63)

is required. It can be easily checked that this requires the behavior

limy;(r)=7+", v>0 (3.64)
r—0
for the radial spinor components. Now, the separate solutions in x™8(r) do
not fulfill this condition, but if we discard all of them we have no solution
at all in the critical angular momentum subspace. This cannot be the case as
this would imply there is no state at all in the critical subspace and hence no
corresponding energy in the spectral flow.
The solution to this problem is that we can impose the regularity in terms
of a boundary condition on the full state

X"8(0) =0 (3.65)

which spans the critical subspace, such that the condition (3.64) is fulfilled.
Here, regularity means that the wavefunction does not diverge. The possibil-
ity to impose this condition arises from the fact that the additional solution
x7(r) carries the same divergence as the divergent components of the linear
solution x'(r). Thus, the constants can be determined to cancel the diver-
gent behavior. The quadratic solution is therefore essential for the behavior
at the origin because there are no components that diverge at the origin r = 0
anymore.

This boundary condition is the same as found in Ref. [9] which the au-
thors derive using an AB-field smeared out into a finite radius that is sent
to zero in the end of the calculation. Moreover, it also seems to be a sensible
boundary condition as it aligns with the regularity of the radial spinors in the
subspaces n # n*. Thus, we have found a regularized version of the original
linear model. The boundary condition is also understood as a specific SAE
of the Hamiltonian (3.42) as shown in Ref. [17]. However, we have found the
boundary condition from the physical assumption, given by Eq. (3.63).

Finally, by imposing the boundary conditions at r = 0 and r = R, we de-
termine the energies. Applying the boundary condition x*8(0) = 0 reduces
to the equation

) q
lim 1 (") _ Jim X;(r) . (3.66)
r—0 XZ(r) r—0 7(2(7)
Consequently, we need the small argument limiting behavior of the Bessel
and modified Bessel functions, given in Egs. (A.7) and(A.16), respectively.

This yields

flyv. k) = % = (kr*)' 727, (3.67)



3.4. Analytical treatment of the critical subspace 35

where the ratio defines the function f(+, k). Moreover, applying the bound-
ary condition yields the following result

2 S —

such that only an overall normalization constant is left in x™8(r). The final
result for the regularized radial spinor is

oo T Kioy (t/7) o (Ti (k) + £ K)oy (k)
w0 =8 | =500 () + (P s 23}6'9

Since the quadratic solution decays exponentially according to (3.62), the
boundary condition at r = R is governed exclusively by the linear solution
XZ (r), whereas the influence of the quadratic solution enters via the ratio A/ B
containing the scale ration r*/R. Then, applying the boundary condition
(3.10), we obtain the equation

Fiy (kR) + F(7,K)] 11 (kR) = ] (kR) + f(7, k) [, (kR)  (3.70)

which determines the energy by solving for the dimensionless energy ¢ = kR.
The intersections ¢, , have the angular quantum number n = n*, depending
on the integer part / of the magnetic flux due to n* = —I — 1, and the radial
quantum number z € IN that labels the solutions of this equation.

The regularization in the r < R regime weights the solution in x/(r) with
weaker power-law divergence at the origin stronger, compared to the other

solution. For instance, for v < 3, the function J_, diverges more weakly than

J-14++, whereas for v > % the situation is reversed. For the special case y = %,

we have the unique case of both linear solutions exhibiting the same degree
of singularity at the origin. As a result, both solutions contribute equally. All
of this is reflected in the behavior of f(+, k) which is the relative weighting
factor between the two distinct solutions (3.69). In the regime r* < R, the
quadratic term is still present, providing the regularization on a scale r* that
is negligible compared to the system size R, but still finite.

In the limit r* — 0, the regularizing spinor x7 coming from the quadratic
term vanishes by virtue of (A.15), but the ratio f(7,k) remains well defined
and becomes an exact selector of the two linear solutions

0, v<1
frk)=»<1, y=1, (3.71)
o, >3

independently of k. In this case the less singular solution is chosen uniquely
and the other is discarded. For r* < R the same mechanism persists only as
a strong weighting, i.e., f(y, k) is a smeared out step function and the energy
equation (3.5) reflects this smoothened selection. Figure 3.5 illustrates how
f (7, k) sharpens toward the r* = 0 behavior as r*/R decreases. Moreover,
we can see the invariance of the energy at v = 1/2 which remains the same
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FIGURE 3.5: Analytical result for dimensionless energies of the
critical subspace state determined with equation (3.70) as
function of the magnetic flux ratio ¢ € [0, 1]. Comparison of
the limit case r* = 0 and finite but small ratios r* / R.

for all values of r*/R because f(3,k) = 1.

Our result can be directly compared to the self-adjoint extension approach
in Ref. [15], specifically their Eq. (11) which gives the ratio of the integration
constants of the two solutions in the critical subspace. Since the mass and
SAE scale therein were chosen to coincide, the mass in their expression must
be replaced by our regularization scale r* in the massless limit that we want
to study. By evaluating both models at half a flux quantum, where all prefac-
tors and the scale drop out, we find that our result (3.67) corresponds to the
SAE parameter 6 = 0.! Thus, rather than treating 0 as a free mathematical pa-
rameter, our physical regularization procedure determines 6 while keeping
r* finite and relating it to an actual regularization term in the Hamiltonian,
namely the mass m.

Lastly, we want to mention here that Ref. [9] suggests that the r* is given
by the atomic lattice spacing of the TI. In turn, this fixes r*/R < 1 but finite
for system sizes much larger than the atomic lattice spacing.

3.5 Comparison of numerics and analytics

In this section, we compare the numerical with the analytical results. Both
results are shown in Fig. 3.6, where the focus is placed on the energy of the
critical state n = n* = —1 colored blue which is its lowest positive energy
and hence radial quantum number z = 1. This is motivated by the fact that
the lattice model already reproduces the energies of the other states, colored
red, with sufficient accuracy to confirm our analytical results for the angular
momentum subspaces n # n*.

! Any remaining factor differences arise because in Ref. [15] o - p is utilized rather than
(o x p) - e; which are simply related by a unitary transformation V = ¢~#%/27,
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FIGURE 3.6: Numerical and analytical results for
dimensionless energies ¢, as a function of the magnetic flux
g € [0,1] for the parameters specified in panel captions (A)
and (B). The numerical energies are represented by black dots,
while the analytical energies are shown as solid lines. The
critical state has n = n* = —1 and the radial quantum number
z = 1is considered here. Its energy is calculated using

Eq. (3.70) with r*/R = 1/(2f) and R = Ryy;.

It can be seen that the numerical energies for the critical state do not per-
fectly coincide with the respective analytical curves, but follow them with
good qualitative agreement. As this is the case, it confirms that the numer-
ical results exhibit the trend of a sharpening step function with increasing
f in agreement with the analytical result. This implies that in the limit of
r*/R — 0, we obtain a sharp step as expected.

The deviations can be traced back to the fact that the simulations cannot
tully reach the continuum limit, since this would require Rj,; — oo, while
here Ry, is only moderately large. Still, we can see that for increasing Rj,;
the deviations become less pronounced as predicted, comparing Fig. 3.6a to
Fig. 3.6b. This implies that the results are expected to match exactly in the
continuum limit.

Moreover, it can be observed that the deviations are most pronounced
around v = 1/2, but the least strong for v — 0,1. This follows from the
behavior of f(7y,k) = (kr*)' 7 which rapidly approaches its limiting values
r*/R < 1land R/r* > 1for v — 0 and v — 1, respectively. Additionally,
at v = 1/2 the expression is independent of r*/R. This suggests that due
to the finiteness of Rj,; which controls the continuum limit, the identification
of r*/R = 1,/ Riat is not perfectly exact but only approximate. This leads to
the most pronounced deviations from the analytical results for values around
v = 1/2. In the continuum limit Rj,; — oo, this difference vanishes. More-
over, the lattice only approximately models the circular geometry which also
leads to deviations between numerical and analytical results. Keeping the
approximate nature of the comparison in mind, we can conclude that the
numerical results confirm the analytical model.

Lastly, we verify that the squared momentum term indeed regularizes the
divergence of the critical state at the origin. To this end, we use B = R/ f
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FIGURE 3.7: Comparison of analytical and lattice result for the
radial spinor amplitude |x™8(r)|? for g = 1/2. Numerical
parameters: R, = 200,f = 25.

to tune the regularization scale r{;, = B/2 = Ry,;/2f. Choosing parameters
so that r{,, < 1 corresponds to a regularization scale smaller than the lattice
spacing a = 1 which is not resolvable. Therefore, we must choose Rj,;; and
f accordingly to observe the effects of regularization, while maintainig that
the ratio 7}, /Ryt = 1/2f is small.

Figure 3.7 shows the resulting radial density for r{,, = 4, where excel-
lent agreement between the numerical and analytical result is observed. The
remaining amplitude mismatch near the origin stems from the fact that the
lattice cannot resolve the origin r = 0, as also visible in Fig. 3.3. Although the
ratio 1/2f is not very small for this choice of parameters, it is still sufficient
to keep the validity of the approximations and it shows the regularization of
the state. Again, the actual approaching the continuum limit Rj,; — oo re-
solves this problem, because it allows for large values of f while maintaining
e > 1
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Chapter 4

Dirac Sphere with a magnetic
monopole

The goal of this chapter is to analytically obtain the surface states and spec-
tral flow of the Dirac sphere with a magnetic monopole-string configuration
placed at its center. This is the model studied numerically in Ch. 4.3 of Ref.
[5]. We begin by introducing the Hamiltonian on the Dirac sphere which in-
cludes curvature terms. Moreover, we mathematically introduce the concept
of the magnetic monopole and the Dirac string for unquantized magnetic
flux. With the Hamiltonian and vector potential at hand, we aim to solve
the eigenvalue equation for the Dirac sphere to obtain the surface states and
spectral flow for arbitrary magnetic flux values.

4.1 Dirac sphere Hamiltonian and magnetic mo-
nopole field

The model of the Dirac sphere is presented first in the absence of a magnetic
monopole. Mathematically, this requires us to derive the Dirac operator on
the Riemann sphere which is achieved using the framework of differential
geometry, as demonstrated in Ref. [18]. However, the surface Hamiltonian
can also be obtained through the derivation of surface states of the 3D TI's
bulk Hamiltonian, similar to the derivation seen in Sec. 2.3. This derivation
is shown in Ref. [19], specifically for the spherical geometry.

It is important to note that in Ref. [19] a surface Hamiltonian is obtained
which has the same structure as the surface Hamiltonian in Sec. 2.3. It differs
by a unitary transformation to the Hamiltonian in Refs. [5, 18]. In this thesis
we are going to use the convention of the latter.

Thus, following Refs. [5, 18], the Hamiltonian for the Dirac sphere reads

0,
Hps = _Zh_’(} |:(Txag + sin?@) (8¢ — l.CoszﬂO'Z)} 4.1)
with the radius R and velocity v. The Pauli matrices ¢; occur due to the par-
ticle being spin—%. In App. B of Ref. [5] it is explained that this Hamiltonian
acts in the so called local spinor basis. In this basis the {6, ¢, r }-component of
the Pauli vector ¢ are the operators {0y, oy, 0% }, respectively. Here, spherical
coordinates are denoted by 7, ¢, 6.
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Moreover, the total angular momentum operator components in the local
spinor basis are given by

1 = —ind, (4.2a)
() _ 43, +ig : Uz
1V = the (ae i cot(0)y £ 5 ( 9)) . (4.2b)

For a detailed derivation, the reader is referred to Ref. [5].
Finally, the form of Hpg suggests to define the momentum operator on
the sphere for a spin—% particle as

ih d 1 J i
-R {39% —|—e¢m <% — 50z cos(@))} : (4.3)

Next, we want to describe how to include the magnetic monopole into
the Dirac sphere Hamiltonian. The field of a magnetic monopole in three
dimensions is described by

P

. CImCDO
B, = 1o € 44)

similar to an electric point charge. Here, ®, = /1/e is the magnetic flux quan-
tum and

® = / S By = 4uPo (4.5)
S

is the magnetic flux through the sphere’s surface.

While a magnetic monopole field can be defined mathematically, the con-
cept initially appears to contradict classical electromagnetism, as it violates
Gauss’ law for magnetism V - B = 0. However, this problem can be resolved
by trying to describe the magnetic field using a vector potential B = V x A.
In addition to that, the vector potential A is needed to incorporate the mag-
netic field via minimal coupling into the Hamiltonian.

Following Ref. [20], the vector potential is found to be

_ gm®Po 1+ cos(0)
A= 47tr - sin(6) ¢¢- (46)
Applying the rotation to this vector field, the magnetic field
D
B=VxA=1"0 _ 0 .0,0(z)5?p)es (4.7)

47ty

is obtained which consists of the monopole field B;;, and the Dirac string
contribution
B, = —qu®0(2)5® (p)e.. (4.8)

The Heaviside step-function is denoted by ®(z) and we use the two-dimensional
Dirac delta function in the x, y-plane § (2)(p with p = xe, + yey. The overall
magnetic field configuration together with the Dirac sphere is depicted in
Fig. 4.1.
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FIGURE 4.1: Field lines of the magnetic monopole B;;, and the
Dirac string B for g,, > 0 colored in black and red,
respectively, indicating the opposite magnetic flux.

The Dirac string emerges from the singularity of the vector potential along
the semi-infinite line for § = 0, piercing the North Pole of the sphere. We
can see from the form of B that it describes an infinitesimally thin solenoid
carrying a magnetic flux

/C dS - Bs = —qu®; (4.9)

through any surface C on the sphere that contains the North Pole. This di-
rectly implies that the magnetic flux of the total magnetic field is

dS-B =0, (4.10)
S2

namely Gauss’ law is not violated.

This distinction is precisely where our description differs from that of a
physical magnetic monopole for which the net flux through a closed surface
must be non-zero. In the presence of a Dirac string, the total flux remains
zero because the string carries the inverse flux of the monopole back into
the closed surface. Consequently, to model a physical monopole, the Dirac
string must be rendered unobservable so that it exerts no physical influence
on particles. There are several derivations which show how to achieve this,
and all of them lead to the Dirac quantization condition.

The simplest derivation of the Dirac quantization condition is using Aha-
ronov-Bohm effect, introduced in Sec. 2.4. If a particle is moved slowly coun-
terclockwise around the Dirac string in a loop the wavefunction acquires a
phase due to the magnetic field which is e*??7n. Thus, if we demand the
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Dirac string to have no effect so that it is unobservable, we immediately con-
clude that g,, has to take integer values.

Contrary to the Dirac quantization, we are interested in varying the mag-
netic flux continuously, so that g, is arbitrary. In turn, this requires us to con-
sider the Dirac string as a physical object. This perspective allows for an al-
ternative interpretation of the magnetic field configuration given in Eq. (4.7).
In this framework, the monopole field effectively emerges from the semi-
infinite solenoid’s end, providing a physical mechanism to simulate the ef-
fects of a magnetic monopole. In the remainder of the thesis the monopole-
string configuration is simply referred to as a magnetic monopole.

Finally, to incorporate the magnetic field into the Hamiltonian Hpg, min-
imal coupling P — P + eA is used. This yields the Hamiltonian

which implies the magnetic monopole is introduced by the transformation

This Hamiltonian possesses a chiral symmetry {Hpg, 0>} = 0, implying
that the spectrum is symmetric around E = 0. Moreover, the Hamiltonian
satisfies

UHps (4)U ™" = —Hps(—qu) (4.13)

for U = 04K with the complex conjugation operator K. Applying U to the
eigenvalue Eq. (4.15), we can determine the effect on the energy spectrum as

Hps(—qm)¥r = —E¥g, (4.14)

where ¥/ = UYE = 0, ¥}, using the fact that the energy E is real. The result
shows that transforming g, — —¢;; inverts the energy spectrumto E — —E,
rendering it point-symmetric.

4.2 Solution to the eigenvalue problem
We want to solve the eigenvalue problem

Hps(qm)¥e (6, ¢) = E¥E(6,9) (4.15)

for the energy E = E(g,) analytically in contrast to the numerical results
for this model obtained in Ref. [5]. Reformulating the eigenvalue problem in
dimensionless terms, multiplying Eq. (4.15) by R/hv, gives

Hps(qm)¥A (0, ¢) = A¥ (6, ¢). (4.16)

First, the solution of the eigenvalue problem for g, € Z which corre-
sponds to the Dirac quantization condition, is given in App. B of Ref. [5] and
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can be fully done by exploiting the symmetries of the system. In this case the
dimensionless energy eigenvalues of the system are given by

_ 1\’ _ 4

with a degeneracy of 2x + 1.

1 . .
Here, x = %, q’”; 3, ... represents the quantum number associated with

the square of total mechanical angular momentum which is denoted as K(gy,)-
The latter is given by applying the replacement (4.12) to the total angular mo-
mentum components (4.2a), (4.2b). This spectral structure arises from the full
spherical symmetry of the system with respect to the total mechanical angu-
lar momentum operator

[Hps(9m), Kz(qm)] = [Hps(qm), K+ (qm)] =0, (4.18)

see appendix B of Ref. [5].

It is important to note that this symmetry holds strictly for integer flux
gm only. For these values the components of K(gy,) form an SU(2)-algebra.
While the physical existence of the Dirac string breaks the symmetry with
respect to the total angular momentum J(), the system retains invariance
under the total mechanical angular momentum K(g,,) for integer flux val-
ues q,;. This can also be explained by the Aharonov-Bohm phase associated
with the Dirac string becoming trivial, effectively rendering the string unob-
servable. This condition is not satisfied for non-integer flux. Therefore, we
concentrate on the values g, € R\ Z, for which this symmetry argument
cannot be exploited and no analytical solution has been provided.

For q,, being non-integer, we closely follow the solution of the eigenvalue
problem for g, = 0 which is done in detail by Abrikosov in Ref. [18]. Es-
sentially, the magnetic monopole transformation given in Eq. (4.12) can be
applied to the differential equations for the g,, = 0 problem, so a similarly
modified solution ansatz can be used.

To begin with, we can simplify the eigenvalue problem by exploiting the
remaining symmetries of the Hamiltonian. For the Hamiltonian Hps(gm),
this is the rotational symmetry around the z-axis with respect to the total
angular momentum, namely

Hos(qu), 11| = 0. (419)

Therefore, the eigenstates of the Hamiltonian can be chosen as simultaneous
eigenstates of ]él) which implies

_ elme D‘Am(e) _ elme
100 = (70 = (@) 620
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where X, ,,(0) is the polar spinor. The eigenvalues of the z-component of the
total angular momentum are iim with m € {£1/2,£3/2,...}.

Inserting this ansatz into the dimensionless eigenvalue equation yields
the coupled differential equations

: cotf m— o
—i (39 + (L= gm) + ) Bam(0) = Aarn(6), (4.21a)
Cifa+ < 4 )_m_qu (0) = ABam(6) 4.21b
1 0 T dm sin @ XAm - ﬁ)xm . ( . )

Decoupling the equations and using the coordinate transformation x = cos(6)
yields
d (1—9(2) d (m_qu)z_(U'z"‘Qm)(m_qu)x‘f‘}I ocAm(x)
dx 1—x2 Bam (x)
1\ [« (x))
=—(AZ—— ) (). 422
(2=3) (s 62
These are the same decoupled differential equations obtained as for q,, =
0 case in Ref. [18], but with the replacements given in Eq. (4.12) applied.

This suggests that we use a similar ansatz for the polar spinor as for q,, = 0,
namely

(“Am(x)> — <(1 _x)?(1+x)l/:2“€Am(x)> (4.23)
Pan®)) -\ (1= )2 (14 2) T ()
with the parameters
ag, = || — %sgn(ﬁi) (0% + Gm), (4.24a)
Bo. = | + % sgn (1) [0z + Gin)- (4.24b)

Here, 1 = m — %" is the quantum number associated with the total mechan-
ical angular momentum z-component K; (g ).
Then we arrive at the equations

L= [ o) = il +20x] =} (S()) =

I Mam (X
(4.25)
where { = |m|(|m| +1) — ()\2 - 411) Using the coordinate transformation
z = 15X, we can rewrite the differential equation for each component into

2

{2(1 - z)% + (0o, +1— (g, + Bo, +2)7] diz + @} YE (z) =0 (4.26)
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defining the reduced polar spinor

_ (Sam(2)
Yn(z) = (”im (Z)) . (4.27)

To keep the notation simple, we do not rename the functions ¢ and 7 after
the coordinate transformation, despite the formal mathematical requirement
to do so. From now on, we use the 0, = 1 index notation to indicate which
component of the polar spinor differential equation we consider.

The differential Eq. (4.26) is of the hypergeometric type which is discussed
in the corresponding App. B, including its solutions. Generally, the hyperge-
ometric differential equation reads

2
x(l—x)%+[c—(a+b+l)x]C;—Z—abwzo (4.28)
with parameters 4,b,c and the hypergeometric function is denoted by
oF; (a,b;c; x). To make use of the general results to the solution of this dif-
ferential equation discussed in App. B, we have to identify the parameters
a,b,cin Eq. (4.26).
The parameter c is readily obtained as

co, = &, + 1. (4.29)

The parameters a and b are be obtained by reading off the relations ab = {
and a + b = a,, + By, + 1. These values can be substituted into the quadratic
equation

> —(a+b)t+ab =0, (4.30)

which is solved by t; = aand t_ = b. Solving the quadratic equation yields
2

tiz”l;bi\/c“;b) —ab:|m|+%i|A|, (4.31)

which are independent of the component o;. It is useful to express the fol-
lowing combination of parameters in terms of a,, and B,,, namely

Co, —a—b=—Pg,. (4.32)

The solutions to the hypergeometric differential equation are defined by
pairs of functions centered at its singular points. Since the physical interval is
restricted to z € [0, 1], we omit the point at z = oo and focus on the North Pole
(z = 0) and the South Pole (z = 1). As detailed in App. B, the general solution
to (4.26) can be expressed using either of the following linearly independent
basis sets.

Near the North Pole (z = 0), the basis functions are

w1 (z) = 2F (a,b;¢co,; 2) (4.33a)

wy(z) =z F (14+a—co,1+b—co;2—cp;2). (4.33b)
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Alternatively, near the South Pole (z = 1), the basis functions are given by
ws(z) =oF (a,b;a4+b—co, +1;1 —2) (4.34a)

wy(z) = (1 - z)C‘fZ_“_thl (o, —a,cq, —b;ce, —a—b+1,1—2z). (4.34b)

The general solution Y7, (z) is then a linear combination of either {w;, w}
or {w3, w4}, with the choice determined by the criterion of normalizability of
the wavefunction. Namely, we are searching for a solution that fulfills

/ " 40in(0) xm(8) xam(8) = ¥ / " d0sin(0) |x %, (0)] < 0. (4.35)
0 oo—+ 0

We focus on the the power-law behaviour for & — 0 which corresponds
to z — 0, of the possible polar spinor solutions (4.23). This determines if
the function is square integrable at the North Pole. We keep in mind that
the hypergeometric series is not necessarily convergent for arbitrary param-
eters, so after determining the normalizable solution we fix either the first
or second argument of the hypergeometric functions to be a negative integer
so that the series terminates. This yields the Jacobi polynomial functions as
solutions, see App. B, similar to the g,, = 0 solution examined in Ref. [18].

The powers of the different solutions are determined by the parameters
(4.24a) and (4.24b) which depend on g;,.

We can limit the monopole charge to positive values due to the point
symmetry stated in Eq. (4.14). The dimensionless flux is parameterized as
gm = |+ 7, with the integer part | € Ny and the fractional part v € (0,1)
which is similar to Ch. 3. Note that we only focus on non-integer fluxes. Us-
ing an arbitrary but fixed integer part /, four cases of possible solutions can
be determined which are selected via the criterion of normalizability given
by Eq. (4.35). These are shown in the Tab. 4.1.

Sector Angular Momentum Xy, Bo.  Solution YT (z)

I m>I1+1/20rm <0 >0 >0 wi(z)
II 0<m<I+4+1/2and2m > 1 <0 >0 wy(z)
I O<m<I+4+1/2and2m <1 >0 <0  wa(z)
IV m=I+} €(-1,1) >0 wi(z)&wy(z)

TABLE 4.1: Parameter sectors and corresponding normalizable
solutions of Eq. (4.26) for arbitrary but fixed integer part
I € Ny of the monopole charge g,,.

From Tab. 4.1, it can be seen that for all values m # [ +1/2 we are left with
a single solution and hence the parameter fixing to obtain Jacobi polynomials
can be used. However, for m = [ + 1/2 the normalizability criterion leaves
us with two solutions so it is treated seperately in the next section and the
focusis onm # [ 4+ 1/2 here.
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Using the solutions from Tab. 4.1, there are three free constants left unde-
termined. Two of them are the integration constants for each ¢, component
of the solution Y, (z) and the third is the dimensionless energy A.

To relate the two integration constants we use either of the coupling equa-
tions (4.21a) or (4.21b). This calculation is provided in App. C, so the final
polar spinor is stated in the following.

The energy on the other hand is independent of the coupling and deter-
mined by requiring that the hypergeometric series terminates, as discussed
above. This ensures the regularity of our solutions. We go through each sec-
tor defined in table 4.1 separately to determine the dimensionless energy.

Starting with sector I, we require a = —n with n € INj to terminate the
hypergeometric series. Thus determining the dimensionless energy

A==

1
n+pm+§w (4.36)

Note that in this case the requirement 2 = —n applies to both components
YT (z) similarly. The corresponding polar spinor for sgn(m) = +1 reads

<mm(x)> N (1—x) 3 (14 x) 3 prsBr) ) .
Bam(x) ’ %(,BH +n)(1— x)'x%l (1+ x)ﬁ%lP,S“_l’ﬁ_l)(x)

and for sgn(m) = —1 it reads

(omm(x)) _ Ny, 1-x) 31+ x)ﬁzilP,(l““’ﬁ“)(x) (438)
Bam(x) ’ _%(“—H +n)(1 - x)a%l(l + x)ﬁ%lpiglx—llﬁ—l)(x)

with normalization constant Nj 1, Ny ». Here P,S'X’ﬁ ) (x) denotes the Jacobi poly-
nomials as defined in App. B.

For sector Il we require 1 + b — ¢,, = —n,, being a negative integer. Here
the requirement is different for each component. However, it can be shown
that

—ny— (—n-1) = a1 —a_y =sgn(i) = +1 (4.39)

which implies choosing 141 € INg so that n_; € IN is properly fixed as well.
Thus, both components have a finite series by imposing a single condition.
Defining n.1; = n we calculate the dimensionless energy for this sector

A:i]n+1+’%’“. (4.40)

The corresponding polar spinor is determined as

ocAm(x) — Np; . (1 - x)ia%l(l + x)TRgiaH“BH)(X) (4.41)
il

=2

Pam(x) n+1)(1 —x)~ T (1 + x) 2 pe-rA-) )

with normalization constant Nj;.
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For sector Il we can proceed similar to sector II. We require c,, —b = —ny,
while fixing n = ny1 € Np. In turn, this also fixes n_; so both components
yield a finite series. The dimensionless energy turns out to be the same as for
sector II, in Eq. (4.40). In addition to that, the polar spinor is also similar and
determined as

(Wx)) - N (1= x)3%1 (1 4 2) 2B gt Pl
Bam()) — T\ Z2 (4 1) (1 — x) b1 (14 x) BB plr A0 ()
(4.42)

with normalization constant Nyj;. This spinor is the same one as for sector II

because the signs of a,, and B, change which can be read off of Tab. 4.1.
For sector IV it is not possible to fulfill the condition because out of the

pair of solutions wj(z) and wy(z) both are allowed. By fixing a = —n with

n € Ny the solution w1 (z) is a finite series, but on the other hand this implies

1

cannot be a negative integer due to g, being non-integer. Therefore, the hy-
pergeometric series wy(z) does not terminate. Sector IV is the critical sub-
space, namely m = m* = [ + 1. This problem is similar to the problem in
Ch. 3 which is why it was treated it in the first place. The solution for the
critical subspace is derived in the next section.

4.3 Regularization of the critical subspace

In the prior section the energies E(g;,) for sectors I to III have been derived.
However, the energies are linear in the number of magnetic flux quanta g,.
Thus, they do not yield the energies which continuously evolve into a zero
mode for the subsequent integer of flux quanta, as they are found in the nu-
merical study in Ch. 4.3 of Ref. [5]. This is what we expect to find for the
energies of sector IV, where m = m*. If not explicitly mentioned otherwise,
we have m = m* in this section.

First, we note that the problem is both physically and hence mathemati-
cally similar to the the Dirac disc in Ch. 3. Imagine zooming in on the North
Pole of the sphere essentially yields a flat surface which is pierced by the
Dirac string. Therein, we can ignore the radial monopole field as the contri-
bution of the string is much larger in the proximity of the North Pole. Similar
to the Dirac disc we are left with two solutions in the critical subspace in-
stead of a single one which requires an additional boundary condition at the
origin. Intuitively the boundary condition has to be set for the North Pole be-
cause this is where the Dirac string pierces the surface of the sphere leading
to singular behavior in the Hamiltonian.
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In App. C the relationship of the two integration constants in each com-
ponent of the polar spinor is solved. The result for the polar spinor reads

@ B
(Dé)un(Z)) —A Z%1 (1 - Z)%lel (ﬂ, b; C+1,'Z)
— .o B_
Bam(z) ~¥z 7 (1-2)7 (1- 2)(1 - L)k (abc y;2)
w B
LB z_%l(l—z %12131 (1+a—ci1,1+b—ci1;2—c41;2)
. o B_
—%Z’Tl(l - z)Tl(l —ci1)pFi(l+a—cq,1+b—c_1;2—c_1;2)

(4.44)

with the constants A, B.

Next, the Dirac sphere Hamiltonian Hpg(g,:) given in Eq. (4.11) is con-
sidered in the limit of § < 1 which corresponds to zooming in on the North
Pole. In this limit the Hamiltonian is given by

ihv 1 1 .
HDS(qm) =~ —T |:0'x (89 + %) + O'ya (84, — lqm):| . (445)
We define the new radial coordinate ¥’ = 6R. In the limit # < 1 the radial
coordinate is in a regime ' < Rg, < R. The coordinate #’ serves as a po-
lar radial coordinate for the flat regime around the North Pole. Thus, the
Hamiltonian close to the North Pole reads

) 1 1 .
Hnp = —iho [ax (ar/ + —) +0y (99 — zqm)} . (4.46)

2r
We want to bring this Hamiltonian into the form of the Dirac disc Hp, as
defined in (3.1) which makes the equivalence of the problem to the Dirac disc
in Ch. 3 immediate. This can be done by applying the unitary transformation

U = e~2%(¢+%) to the Hamiltonian Hnp which yields

Hp = UHNPU+ = —ihv {O’r/ar/ + U'(P%(a(p - qu)l . (4.47)

The transformation maps the local to the Cartesian spinor basis. This can

be seen from U]gl) ut = ]Z(C). Specifically, the transformation acts on the Pauli
matrices as

oy = Uo U = 0y cos ¢ + oy sing (4.48a)
Op = LlayUJr = 0y sin¢g — 0y, cos ¢ (4.48b)

resulting in the Dirac disc Hamiltonian Hp as defined in (3.1). Therefore,
the the Dirac sphere model close to the North Pole is unitary equivalent to
the Dirac disc problem, treated in Ch. 3. This implies that the regularization
introduces a term with ¢, which breaks the chiral symmetry with respect to
0, for the critical subspace where m = m™.

Consequently, the regularization of the Dirac sphere model near the North
Pole mirrors that of the Dirac disc, linked via the unitary operator U. It is
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important to note, however, that even though the models are locally con-
nected their underlying differential equations remain fundamentally distinct
on a global scale. The local connection (4.47) only implies that the limiting
behaviour of the solutions for 6 — 0 is the same, namely the power-law be-
haviour of the radial spinor for the Dirac disc and the polar spinor for the
Dirac sphere.

Nevertheless, the regularization of the Dirac sphere model near the North
Pole can be obtained from the Dirac disc through the unitary transformation
U. By applying the relation (4.47) to the regularized Dirac disc model

reg _ 1t rsreg
H8 = utHSU, (4.49)

we can infer that the regularized solution for the sphere is expressed as a
linear combination of the original unregularized solution of Hpg(g,;) and an
additional quadratic component. Namely, the regualrized solution takes the
form of Eq. (3.61).

The quadratic spinor in the regularized solution is exactly of the same
form as for the Dirac disc, up to the transformation U, assuming the scale
separation r* < Rgy. If the quadratic solution only exists on the scale r* <
Rpat, the curvature of the sphere is negligible, justifying the use of local, flat-
space momentum for the regularization term. This allows us to circumvent
the fundamental differences between the Laplace operator on the Riemann
sphere, provided in Ref. [18], and the Euclidean form as the regularization
remains purely local.

Thus, the regularized solution for the polar spinor reads

XA (0) = xam(0) + x7(6) (4.50)

with the quadratic solution

CePK. (1" /%)
Y (9/ (P) u (_Cez(1+1)¢Kl’Y(r//r*))

im K (QR/F*)
R
= Ne <iK177(9R/r*))

= eim¢xq(6) (4.51)

with constants C and N. Here, r* = 1/ mv with the mass m from the squared
momentum term in the regularized Hamiltonian given by Eq. (4.49).

The first equality relies on the quadratic solution of the Dirac disc (3.59),
evaluated at the radial coordinate 7’ for a negative charge ¢ = —e < 0. In-
troducing this negative charge has two immediate effects. It interchanges the
modified Bessel functions between the spinor components, and it shifts the
critical subspace from n* = — — 1 for g > 0 to n* = [ for g < 0 which is re-
flected in the angular momentum. Furthermore, the unitary transformation
U' changes the angular momentum representation. Consequently, while the
critical subspace in the Cartesian basis is labeled by n* = [ (the Léc) eigen-
value of the upper spinor component), it is identified in the local spinor basis
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by m* =1+1/2 (the ]Z(l) eigenvalue).
In Ch. 3 we deduced the boundary condition

x"8(0) =0 (4.52)

for the regularized model which also applies here following the discussion
of equivalence. Rewriting the boundary condition as

0
60—0 Xam2(0)  0—0 x1(6)

>
—

(4.53)

we find the ratio of the constants

r* 142y
£(7,0) %z—%(l—cm (K) S sy

As in the case of the Dirac disc in Ch. 3, the ratio r*/R with the power-law
governed by the fractional part of the flux oy shows up in the expression.

Now it is left to determine the energy of the state. This can be achieved
by imposing regularity of the solution, namely that it has no divergences.
This is essentially what is achieved for the sectors I to III by requiring the
hypergeometric series to terminate, leading to Jacobi polynomials. However,
in the case of a linear combination of two hypergeometric functions given in
(4.44) we have to consider the other singularity point of the hypergeometric
functions, namely the South Pole 6 = mor z = 1.

Thus, the asymptotic behavior of the polar spinor (4.44) has to be consid-
ered. Asz — 1, see App. B, the hypergeometric function behaves as

lim i (a,b;¢;z) = I'(c)l(c—a—D) + [(c)T(a+b—c)

— 7 c—a—b )
z—1 ['(c—a)T(c—Db) T(a)[(b) (1 ) , (4.55)

where 4, b, c are arbitrary parameters. In turn, in the South Pole limit each of
the four hypergeometric solutions contributes a term

(1 . Z)Cg—z—ll—b — (1 _ Z)Z_C(TZ_(1+a_cffz)_(1+b_c‘72) — (1 —_ Z)_ﬁgz, (4.56)

which arises from the second term in (4.55). In the polar spinor (4.44) this
implies an overall limiting behaviour (1 — z) ~F=/2 for each component. That
leads to a divergence at the South Pole because B, > 0. Therefore, the pref-
actor of this contribution has to vanish which then determines A. Proceeding
in this manner, we obtain the condition

T(cyq) [(2—c41)
f(ly'/\)r(a);zb) I'l+a-— c+1)1“(Jil+ b—cy1)

=0, (4.57)

leaving us with an implicit equation for the energy A. It can be shown that
the condition is independent of which component is considered and is the
same for both.

In Eq. (4.57) it can be seen that the energy depends on the magnetic monopole
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charge g, and also on the regularization scale r* /R which is contributed by
f (v, A). This result is similar to the Dirac disc regularization in Ch. 3, where
we also found an implicit equation for the energy in terms of the magnetic
flux strength and the regularization scale, see Eq. (3.70).

Not only does this relationship determine the energy, but it also provides
us with a way to rewrite the solution (4.44) into a simpler form, where the
regularity at z = 1 becomes more apparent. For this, the linear transforma-
tion

T(a+b—c+1)I(1—c)
I'l+a—c)I(1+b—c)

2GRl +a—c,1+b—c2—cz), (4.58)

oFi(a,bja+b—c+1;1—2)= 2Fi(a,b;c;z)

r2—col(a+b—c+1)
+ T(a)T (D)

which maps from the z = 1 basis into the z = 0 basis is needed, see App. B.
Applying this relation to the polar spinor (4.44) together with the condition
(4.57) and the reflection identity I'(z + 1) = zI'(z) we obtain

(“/\m<z)> =A< 21 (1= )ﬁélel(ﬂb”+b—C+1+11 z)
2i

Bam(z) zaTl 1— z)Tl(cH—a—b)zFl (a,b;a+b—c_1+1;1

In this form it can be seen that the condition (4.57) which determines the
energy, provides the regularity of the solution at the South Pole.

4.4 Results

The full spectrum of Hpg(gs) is shown in Fig. 4.2, following the solution of
the prior section.

First, the energies for integer g, given by Eq. (4.17), are derived in Ref. [5]
with a degeneracy of 2k + 1. It can be seen that the analytical results for frac-
tional magnetic flux reproduce this behavior in the limit of v — 0, namely
integer fluxes q,,. For example, the lowest positive energy state splits into
two states for g, > 0, owing to its double degeneracy for g, = 0. Moreover,
at integer fluxes the spectrum is symmetric E = 0 which corresponds to the
chiral symmetry. This chiral symmetry is restored only in the non-critical
subspaces for non-integer flux values g,;,, whereas it is broken for the critical
subspace m* due to the regularization term.

Turning to fractional flux values g;;, the most striking feature is that the
lowest positive energy in the critical subspace m* = I + % continuously forms
a zero mode for v — 1, whereas all other energies in this subspace merge
with the non-critical linear spectrum. Both of these transitions in the crit-
ical subspace take place around ¢ ~ 1/2, independent of the integer part
of the flux. The energies in the critical subspace are determined by the con-
dition (4.57). Therein, the function f(7, A) contains the regularization scale
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FIGURE 4.2: Dimensionless energy spectrum of Hps (g )
plotted against the monopole charge g,, for r* /R = 1071 The
curves correspond to different total angular momentum
quantum numbers m which are color-coded and explicitly
annotated. The different energies labeled by 1 belong to the
same m so they share a uniform color scheme for either
positive or negative values. Notably, the lowest positive
energy level in the critical subspace descends to a zero mode,
while the higher positive energies and all negative energies
within this subspace merge with the non-critical spectrum.

ratio 7* /R that governs the sharpness of these transitions. For r*/R — 0 the
transition becomes a sharp step function. However, similar to the Dirac disc
result from Ch. 3 the energy at v = 1/2 is independent of the scale ratio.

This continuous formation of a single zero mode towards the next in-
teger flux g, for each interval is exactly what is numerically predicted in
Ref. [5]. Finally, we can connect the spinors in the critical subspace forming
a zero mode to the zero modes analytically calculated in Ref. [5] for integer
monopole charges g, € Z. For dimensionless flux g, € IN, the zero modes
are given by spinors of the form ¥ = (0,4,)T where the component ¥, is
obtained as

i(mx+qm/2)$ ON™ (. O\ am
1P2(9,<P)=€ KT m COSE smi (sm@)z .

NI—

(4.60)

Here, m, represents the quantum number of the kinetic total angular momen-
tum z-component K;(g,,) and takes on values m, = — q’”z_l, e, q’”z_l which
corresponds to a number of g, zero modes. For g,, between two integers, the
number of zero modes remains at | g, | with the exact same m, as for | g |
but with fractional values | g, | — gm inserted.

Consider, for example, the transition g,, = 1 — 2. The state with m, = 0
which forms the single zero mode at g, = 1, remains at zero energy, evolving
into the m, = —1/2 mode due to my = 1/2 — q,;/2. Simultaneously, the
state with m = 3/2 which belongs to the critical subspace m* in this regime
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(A) State with lowest positive energy for m = —1.
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(B) Regularized state (4.50) in the critical subspace with lowest positive energy for
1

m=m"= ;.
FIGURE 4.3: Polar probability density |x|? for different flux
values g, with | = 0 and different subspaces m, specified in
the panel captions (A) and (B). The scale ratio is chosen as
r*/R = 1071, chosen according to r* < Rg, < R. Note that
while the density is plotted on a ring of finite thickness for
visualization purposes, the particle is physically confined to
the sphere’s two-dimensional surface at radius R.

descends in energy to become a zero mode, ultimately forming the m, =
+1/2 zero mode at g, = 2. This results in two zero modes at g, = 2, namely
My = j:%.

As the flux is further increased from g, = 2 — 3, these two modes remain
at zero energy, while a third zero mode emerges from the critical subspace.
This process continues for each interval, repeatedly adding one zero mode
each time which then remains at zero. The added zero mode always corre-
sponds to the highest possible m,, while the other zero modes” m, decrease
in the process. The zero modes are also plotted in Fig. 4.2.

The physical stability of these zero modes can be understood by examin-
ing the behavior of the wavefunction at the North Pole 8 = 0. Atg, =1,
the wavefunction with maximal m, approaches a constant non-zero value as
6 — 0. As g, increases, this wavefunction develops a node, so the wave-
function vanishes as 8 — 0. This pattern repeats for each interval. For any
integer g,,, the zero mode with the highest m, transitions to having a node at
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the North Pole as g, increases further.

Since the lower m, modes already possess such nodes, the wavefunctions
effectively vanish at the location of the Dirac string piercing at the North Pole,
rendering them physically insensitive to the string’s presence and ensuring
they remain at zero energy.

Turning to the non-critical subspaces m # m*, it can be seen that the
energies decrease or increase exactly linearly with the magnetic flux q,,. The
energies in the subspaces m > I + 3 only decrease linearly because the flux
gm has yet to reach the strength so that the states enter the critical subspace
which forces its lowest positive energy into a zero mode.

Lastly, all the positive energies for all subspaces m < I + % increase lin-
early because they already contributed a zero mode which stays at zero which
implies the non-zero energies cannot enter a critical subspace again for grow-
ing gm. The chiral symmetry dictates the opposite behavior for the corre-
sponding negative energies.

The zero modes in the Dirac Hamiltonian’s spectrum have a special phys-
ical meaning. To understand this we need Dirac’s hole theory of the Dirac
equation. For example, we can consider the spectrum for g, = 0. We have
infinitely many negative and positive energies which are symmetric around
E = 0 due to the chiral symmetry. To define a vacuum, we need to fill the
infinite negative energy states which is called the Dirac sea with the charge
Qvac and energy Eyac.

Technically, both the vacuum charge and energy are infinite but if only
differences with respect to the vacuum are considered the infinities cancel
out. Then, occupied positive energy states correspond to electronic states
carrying a charge —e and energy +E. On the other hand, when removing a
state from the Dirac sea this produces a hole which is also an excited state
with respect to the vacuum. The hole carries the opposite charge Qyac —
(—e) — Qvac = +e and positive energy Eyac — (—E) — Eyac = +E.

However, if the energy of a state is at E = 0, as it is the case for g, = 1, the
state belongs both to the electronic states and the Dirac sea [21]. Suppose the
state has some undetermined charge gg. If the state is occupied, it has to con-
tribute a charge —e in total because it is an electronic state. If it is unoccupied,
the hole carries the opposite charge —g¢ because the state also belongs to the
Dirac sea. Therefore, we have Qyac + g0 — (Qvac — J0) = —e which means
the zero mode carries a charge g0 = —e/2. However, this means that in the
continuous formation of such a zero mode the charge —e the state originally
carries has to fractionalize.

The numerical results for the critical subspace state’s probability density
in Ref. [5] hint at an explanation to resolve where the other half of the charge
goes in the process. In the simulation the critical subspace’s surface states are
not only localized at the Dirac string but also coupled into the bulk along the
Dirac string because the simulation is done on a spherical shell of finite thick-
ness. It is supposed that once the full sphere is taken into account the critical
subspace surface states couple to the bulk and carry —e/2 to the magnetic
monopole along the Dirac string during the process of y = 0 — 1.
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If the critical subspace’s state is occupied in the beginning of the process
it carries a charge —e, but as it has formed a zero mode at the end of the
process it only carries —e/2. The charge transport to the magnetic monopole
would explain the half charge that is missing from the surface. A similar
continuous fracitonalization process is also numerically simulated in Ref. [9]
for a spherical TI and in Ref. [10] for a monopole in a cubic TI. Moreover,
this observation is consistent with the Witten effect, which predicts that a
magnetic monopole carrying an integer flux quantum in a 3D TI binds half
an electronic charge [7].

To compare these results we also look at the probability density associ-
ated to the eigenstates. In Fig. 4.3 it is shown how the probability density
associated to the lowest positive energy for m = +1/2 changes for g, away
from zero. Note that both states start with the same probability density for
gm = 0, namely a constant distribution.

For m = 1/2, shown in Fig. 4.3a, the probability density develops a zero-
node at the North Pole which means the particle avoids the Dirac string for
non-zero 4. The size of the node increases with ¢,.

Conversely, for the critical subspace m = —1/2 shown in Fig. 4.3b, the
probability density exhibits a peak close to the North Pole where it approaches
zero because of the regularization and the corresponding boundary condi-
tion. This peak emerges from the regularized solution and the behavior is
similar to the regularized state on the disc, shown in Fig. 3.7.

The peak intensifies as the fractional flux part v — 1/2, where it reaches
a maximum before subsequently decreasing. Note that this effect is indepen-
dent of the integer part of the flux. This indicates that the particle is localized
along the Dirac string, with the strongest confinement occurring at y = 1/2,
similar to the the result in Ref. [5].

It is natural that our analytical result does not reflect the coupling to the
bulk because we only consider the surface in our model. However, the local-
ization at the Dirac string, which is strongest at fractional flux value y = 1/2,
does hint at this fractional charge transport that is suggested to take place
around the rapid transition for y ~ 1/2 [5].

While fully confirming this requires incorporating surface-bulk coupling,
the current analytical framework already demonstrates strong agreement with
the numerical results from Ref. [5]. Especially, the spectral flow of the sur-
face states in Fig. 4.2 agrees with the numerical prediction and thus shows
we have found an analytical framework that extends to arbitrary flux values

qm-
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Chapter 5

Fractional charge pumping in the
Dirac sphere

The preceding chapter established the analytical framework for the topolog-
ical surface states of a Dirac sphere hosting a central magnetic monopole.
Within this framework, we demonstrated that the formation of a zero mode
necessitates charge fractionalization, resulting in the relocation of —e/2 away
from the surface. However, this purely two-dimensional surface model fun-
damentally does not yield a direct description of the charge transport into
the sphere’s interior as suggested by numerical results [5, 9, 10].

To fully capture the charge transport into the sphere’s interior, we must
now extend our theoretical description into the three-dimensional bulk of the
topological insulator. This chapter develops a corresponding bulk Hamilto-
nian model to investigate the coupling between the surface and the interior
along the Dirac string. By analyzing the bulk states localized at the Dirac
string, we aim to explicitly describe the continuous transport mechanism that
carries half an electron charge from the surface to the magnetic monopole in
the process of increasing the dimensionless magnetic flux by an integer.

5.1 Dirac string bound states

In this section we consider the bulk Hamiltonian of the 3D BHZ-model
2 1
Hppz = |Mv” + ﬁP T + 0l plTy, (5.1)

established in Sec. 2.3. Here, M and y have dimensions of mass and v is the
surface state velocity. Moreover, the topological regime of this Hamiltonian
is given by M < 0, while y > 0 is fixed in the remainder of this section.
Conversely, the trivial regime is then given by M > 0.

A remark regarding the surface model derived from Eq. (5.1) is in order,
as it remains essential for the remainder of this chapter. In Sec. 2.3 the surface
model is derived from Eq. (5.1), but with the quadratic momentum term set
to zero. However, accounting for the quadratic momentum term introduces
the characteristic length scales r, = /pv and ry = I/ Mo for the localized
surface states [22]. In the topological regime, —0.25 < r,,/ry < 0 is required
for exponential localization of the surface states. In addition to this, for a
sphere of radius R it can be shown that r,, [rp| < R has to hold so surface



58 Chapter 5. Fractional charge pumping in the Dirac sphere

states are localized strong enough to avoid overlap between opposite sites of
the sphere.

Numerical results strongly suggest the existence of bulk states bound to
the Dirac string [5, 9, 10]. We therefore focus our analysis on the local region
immediately surrounding this singularity. In this vicinity, the radial mag-
netic field contribution from the monopole itself becomes negligible. The
dominant field is entirely dictated by the singular flux string. This local iso-
lation is completely analogous to the flat-space limit analyzed for the surface
model of the Dirac sphere in Ch. 4.

This localized gauge field is described using the pure Aharonov-Bohm

flux
()

2r Y
which we have already established for the Dirac disc model in Ch. 3. As we
want to connect the results of the bulk model to the surface states from Ch. 4,
the same notation for the dimensionless magnetic flux g,, = ®/Pg =1+ 7y is
employed.

Including the vector potential via minimal coupling into Hgpyz yields the
Hamiltonian

(5.2)

1
Hsring = [Mv2 + EHZ] T, + oo - 1y, (5.3)

with the kinetic momentum II = p 4 eA. From now on, p; is set to zero
in Hgying because we aim to find bound states in the x, y-plane. Then, the
Hamiltonian Hgying, With p; # 0, can be projected into the subspace of the
bound states to find an effective Hamiltonian for the z-direction.

To solve for the bound states, we make use of the symmetry

[Hstring/ ]z] =0, =L:+65; (5.4)

with z-component of the total angular momentum denoted by J. In contrast
to the prior section, we solely work in the Cartesian spinor basis, similar to

Ch. 3, so we drop the superscript on the operators.
The symmetry allows to separate the eigenstates into an angular and ra-

dial part
Ug,=+1,1,=+1 ér))

_ ing | Po=+11=—1

OO = () | ©9)
el(PvUz:*l/Tz:*l (7’)

where r = y/x? + y2. Similar to Ch. 3, n is the quantum number of the canon-
ical angular momentum of the spin-up component. In general, the radial
function depends on the component with respect to 7, and ¢, which is de-
noted by the subscripts. In the following, only the critical subspace with
n = n* = | is considered because the surface states in the corresponding crit-
ical subspace m = m* show localization along the string and descend to zero
energy, thus leading to charge fractionalization.
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The basis can be reordered so the Hamiltonian has a block structure. This
is achieved by using the basis

{1 tete) [ dedo), [ dete) | Tedo) } (5.6)

with the product states of the +1 eigenstates of 7, and 0. In this basis, the
Hamiltonian reads

M(II) oIl 0 0
| e —M(ID) 0 0
Hstrmg - 0 0 —M(H) oIl ’ (57)
0 0 oll,  M(II)

where I} = Iy +ilIl, and M(IT) = Mo* + %H? The upper block and lower

block basis are defined by the first two and last two entries of the set given
in Eq. (5.6), respectively.

The Hamiltonian possesses a chiral symmetry {Hstrmg, Ty} = 0. The oper-
ator T, maps between the upper and lower block basis. Thus, we only have to
solve for the bound state in the upper block and immediately get the solution
of the lower block via

HstringTy |1P> = _ETy |lIJ> ’ (5.8)

where [¢) is the eigenstate of the upper block with energy E.
The upper block Hamiltonian can be written as

1
H, = (Mv2 + EHZ) w, + va - 11, (5.9)

with & = (ay, ay, ocZ)T being the vector of Pauli matrices which act in the up-
per block basis. The Hamiltonian H}, has the same form as the regularized
Dirac disc Hamiltonian (3.42), up to a unitary transformation and an addi-
tional constant mass term M. This particular model is studied in Sec. III of
Ref. [9] which is referred to for a detailed solution. The solution is mathe-
matically similar to the method used for the regularized model in Ch. 3 as
well.
Following the results obtained in Ref. [9], the eigenstate for H}, reads

7

, 7
0 eild (% +k— rsz,) (’;—j) Ky (x_r) — (% +k— rwci) K, (kyr)
’ — TxT L 0
N ie'¢ [— (ﬁ—f) K_Ky_o(x_1) +K+K1_7(K+1’)}
(5.10)
with normalization constant N. The vector is expressed with respect to the

upper block basis.
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This state fulfills the regularized boundary condition ¢*°%(r — 0,¢) =0
derived in Ch. 4. The constants are found as

Ky = — > (5.11)

1| +2r /) + \/(1 + 21 /1)? — 4(1/ 73 — K272
-

Therein, the length scales r,, 7)1 appear and the energy E = hwve/|ry| = hvk
is introduced. The state is strongly localized on the scale of r;, around the
string but avoids the location r = 0 of the string itself.

Moreover, the eigenenergy is determined by the implicit equation

(r K+)1+5 _ (7, K)1+5 r
=L+, (5.12)
(rur)1+o — (rux_ )i+ M

where the fractional part of g, is parametrized by ¢ = %. Here, the ratio
—0.25 <r,/rpm = M/p < 0 enters. This ratio is negative due to the TI being
in the topological regime but its absolute value depends on specific material
parameters so it is kept arbitrary.

Note that in contrast to the Dirac disc case, we only obtain two solutions
with x4+ for the model treated here. Therefore, the boundary condition at the
origin is enough to determine the energy and there is no additional boundary
condition needed.

Finally, the state given in Eq. (5.10) expressed in the basis (5.6) reads

¥) = ¢ (r, @)| Tto) + W, @) drdo). (5.13)

From the state |¥) we also obtain the eigenstate of the lower block using the
chiral symmetry. It is given by

IA) = i (r, )| Leto) — i8] Tdo), (5.14)

with the the energy determined by equation (5.12) but with ¢ — —e.

The bound state energies for the the upper and lower block eigenstates
are plotted in Fig. 5.1. The energies lie within the range &|M|v?. That is, they
lie in the gap of the BHZ Hamiltonian’s spectrum given by

1 \2
Ei = \/vzpz - (MU2 + —pz) —— £ | M| (5.15)
1 lp|—0

The spectrum is directly obtained from diagonalizing the Hamiltonian (5.1).
This property renders the states [¥),|A) as bound states. Hence, these are
the bulk states bound to the Dirac string we have searched for.

The sharpness of the transition which takes place around § = 0, or v =
1/2, is governed by the ratio | M /| and becomes a step function in the limit
IM/u| — 0. However, as the masses M, y are material parameters for a
real 3D TI and thus can vary, we use an arbitrary but fixed finite ratio in the
following.
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FIGURE 5.1: Dimensionless bound state energy ¢ of the upper
and lower block eigenstate. The energy is determined by
equation (5.12) and shown against § for the arbitrary ratio
ru/rm = —0.01, see main text. For half a flux quantum

v = 1/2, the string supports a zero-energy bound state
whereas it converges to £1, or with dimensions attached
+|M|v?, for § — +1.

Furthermore, the bound state energy is degenerate aty = 1/2 withe(1/2) =
0.

The states |¥),|A) span the orthonormal subspace of bound states we
want to project the Hamiltonian Hgying, given in Eq. (5.3), into. With this
projection we obtain an effective model for the z-direction which only takes
the states bound to the Dirac string into account, as suggested by the results
of Refs. [5, 9, 10]. Note that p, is not set to zero from here on.

The projected Hamiltonian is given by

H. = ), (il Hsting |7} 1) (jl- (5.16)
i,j=¥,A

Calculating the matrix elements yields

H, = [E(v) + @pz} Az —opshy (5.17)
with , )
win = [ ||k o) - e 5.18)

and the upper block bound state energy E(y) = hv/|rple(y) where e(v)
is given by Eq. (5.12). Here, the dependence on the fractional part of the
dimensionless magnetic flux v is explicitly denoted.

A new degree of freedom within the bound state subspace is introduced.
Therein, the Pauli matrices acting in this two-dimensional subspace are de-
noted by Ay, Ay, A;. In this subspace [¥) = (1,0)T and |A) = (0,1)T are
identified.

As discussed in the next section, we focus on the low-energy regime p, <
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h/ru,/|rm| so the quadratic momentum term can be ignored. This yields
the linear model
H, = E(7)A; —vpzAy, (5.19)

describing the z-direction model. For an infinitely long string, the spectrum

reads
E, = £1/E(7)? + v?p2. (5.20)

The energy gap of the spectrum is given by £|E(-y)| and varies with the
magnetic flux of the string. Hence, the gap vanishes exactly for half a flux
quantum in the system, namely v = 1/2. Thus, our model predicts a gapless
mode along the Dirac string similar to Ref. [10]. In Ref. [10] this gapless mode
is responsible for the “wormhole effect” and transports the charge that accu-
mulates at the surface of the TI to the magnetic monopole which is confirmed
by numerical simulations. It is also worth noting that the gapless mode is still
exact when considering the quadratic term with W(vy) which can be shown
to be zero at y = 1/2, so that the spectrum remains gapless at that point.

5.2 Effective scattering model

Having derived the Hamiltonian H, for states propagating along the Dirac
string, we now aim to explicitly quantify the charge transported along it.
To this end, we employ an effective 1D scattering model which is directly
motivated by Brouwer’s scattering approach to adiabatic charge pumping
[23]. While the formal details of this framework are deferred to Sec. 5.3, its
scattering-based setup provides a method for calculating the pumped charge
for our system. In the following, we derive the scattering model for the sys-
tem which consists of the outer surface, the Dirac string and the magnetic
monopole.

Given the z-rotational symmetry of the surface states discussed in Ch. 4,
the azimuthal part of its wavefunction is separable, allowing us to focus ex-
clusively on the polar part of the spinor given by Eq. (4.59). By applying
the mapping 6 = /R for a sphere of radius R near the North Pole, the polar
part can be decomposed into radially incoming and outgoing 1D modes. The
incoming and outgoing modes propagate towards and away from the North
Pole, respectively which is depicted by corresponding arrows in Fig. 5.3a
in two separate directions to indicate the rotational symmetry. This repre-
sentation is analogous to expressing a standing wave as a superposition of
counter-propagating traveling waves, i.e. the bound states in the infinite po-
tential well.

However, finding an explicit analytical decomposition of the surface states
into these individual 1D modes is not strictly necessary for our calculation.
Instead, we make the simplifying assumption that the incoming and outgo-
ing modes of the surface states map directly onto the asymptotic scattering
states of the Dirac string described by H; = —vp;A,. The Hamiltonian Hj is
equivalent to the Hamiltonian H, but with a vanishing gapping term because
the surface states are not bound to the Dirac string. Then, the transmission
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FIGURE 5.2: The dimensionless energy ¢ = %X of the inner and
outer surface state in the critical subspace m = m* =1/2
which descend to zero energy, shown for g, € [0,1] and

r*/R = 10719, The inner surface radius is set to R = 10R; so
the energy of the inner surface is rescaled compared to the
outer surface. The inner surface state energy has opposite sign
to the outer surface state energy as discussed in the main text.

and reflection properties of the Dirac string are rigorously described by the
scattering matrix S that can be calculated via the Hamiltonian H,.

Moreover, an inner cavity with radius R; that closely surrounds the mag-
netic monopole is added, which the Dirac string connects the outer spherical
surface to. This inner boundary models the magnetic monopole, allowing
for bound states that bind the pumped charge. Furthermore, as shown in
Ref. [9], the magnetic monopole naturally creates this additional domain wall
for the inner boundary. We consider a small inner spherical cavity R; < R
such that the length of the Dirac string L = R — R; can be approximated as
L ~R.

This inner surface supports surface states governed by the Hamiltonian

: _ iho 0y _ gm _ .cos(0)
Hps,i(qm) = R {0x89+ 5in(0) [84, i~ i (024 qm)| ¢. (5.21)

This expression matches the outer surface Hamiltonian Hps(gm) given by
Eq. (4.11) but introduces an overall negative sign and replaces the radius R
with the inner surface radius R;.

The sign inversion originates from the opposite surface normal vector
i — —f which enters for the surface Hamiltonian derived Sec. 2.3. Con-
sequently, the energy spectrum matches that of the outer surface but is in-
verted. Furthermore, the condition R/R; > 1 implies that these inner sur-
face energies are significantly larger than those of the outer surface.

The only exception is the lowest energy mode of the critical subspace m =
m*. This specific mode descends toward zero energy and is the sole state that
approaches the Fermi energy Er = 0 of the outer and inner surface. We focus
on the Fermi energy because it is the energy at which the the scattering model
for the charge pumping in Sec. 5.3 has to be considered. The comparison
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FIGURE 5.3: The effective model for the charge transport along
the Dirac string before and after unraveling the surface states
in Panel (A) and (B), respectively. Panel (A) depicts the radially
ingoing and outgoing states on the outer spherical surface as
well as the states that travel along the string in z-direction in
two directions. The Dirac string is visualized by a dashed line
which is connected to the inner spherical surface that
surrounds the monopole. Panel (B) shows the unraveled 1D
model of the outer surface states coupled via the Dirac string,
with scattering matrix S, to the inner surface with a constant
reflection phase Q) € [0,27) visualized by the closed arc.

between the critical subspace energy, descending to zero energy, for the inner
and outer surface is shown in Fig. 5.2.

The inner surface is incorporated into the model through a bound state
Eg = Ep(y) < 0 it hosts, which the scattering states of the outer surface
and the Dirac string interact with. The bound state is spatially located at
z = 0, where the inner cavity connects to the Dirac string. As discussed, the
bound state energy Ep is identified with the specific inner surface mode that
approaches zero as vy transitions from 0 to 1. This state naturally lies in the
critical subspace which has to be considered.

The influence of the bound state on the scattering process is described
through a reflection matrix of the Breit-Wigner form

o E—Ep—i%
—elPg— 2 2

S]gw(E,’)/) e E_Ep+ zg (5.22)
with an additional constant background phase shift ¢, which is not fixed
yet. Here, I' denotes the resonance width. The scattering matrix depends on
the magnetic flux through the bound state energy Eg. However, the Dirac
string is strongly gapped away from v = 1/2 in the low energy regime con-
sidered for H,. Thus, the outer surface state can only scatter towards the
inner cavity in the vicinity of v = 1/2. Consequently, the effect of Spw for
the charge pumping most important at v = 1/2. Thus, for the remainder of
this section Eg = Ep(y = 1/2) is considered, if not stated otherwise.

The absolute squared value of the coupling matrix element between the
Dirac string and the inner surface determines the resonance width I' > 0.
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In the following section, it is shown that the specific nature of this coupling
does not influence the total pumped charge. Furthermore, one can argue that
I' < |Eg| because the coupling depends on the overlap of the wavefunctions
on the surface and within the Dirac string.

This coupling is approximately determined by the overlap of the inner
surface wavefunction and the Dirac string state at their intersection on the
North Pole of the inner surface. The wavefunction of the Dirac string state
is localized along its length L, yet only its two dimensional intersection of
area « ri contributes. Due to rn < R = L, as argued in Sec. 5.1, the
overlap is strongly suppressed. More precisely, the ratio is approximately
I'/Ep ~ r,/L < 1. Additionally, the wavefunction of the inner surface state
is localized at the North Pole, but not exponentially. It remains spread out
across the surface, which further minimizes the overlap. This can be seen
from the surface state in the critical subspace given in Eq. (4.59).

We fix the background phase shift by considering the scattering matrix at
E = Er = 0. Because of the narrow resonance limit, where I' < |Eg|, the
Breit-Wigner approximation simplifies to Sgy(0) & €. Since the bound
state energy Ep is negative and has a narrow resonance I' the scattering at
zero energy remains far from resonance and cannot effectively scatter into
the inner surface. Consequently, the inner surface is modeled as a hard wall
at this energy. A calculation similar to the hard wall boundary condition
detailed in Sec. 3.1 yields a background phase of ¢, = —71/2.

The scattering phase shift is defined by the expression

Q(E,v) = arg(Spw(E)) = —g — 2arctan (EIY;B) . (5.23)

Here, Eg = Eg(7y) can have arbitrary values y again. Note that we abbreviate
the notation with QO = Q(E, 7).

Thus, we established an effective model constructed from the outer sur-
face, the Dirac string and the inner surface. The setup of the effective model
is shown in Fig. 5.3a and Fig. 5.3b before and after mapping it to one dimen-
sion, respectively, which we also call unraveling.

To derive the scattering matrix for the Dirac string at Fermi energy Er = 0,
we calculate the transfer matrix T which relates the in- and outgoing states
at z = 0 and z = L. The stationary Schrodinger equation for H; in position
space reads

[ihvd. Ay + E(7)A:]¢(z) = 0. (5.24)

From this we gain access to the spatial evolution operator which is deter-
mined by the differential equation

9-9(z) =~ E(1)Aep(2). (5.25)

This is solved by
P(0) = Tep(L) with T = eXF, (5.26)
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E(7)

where K = 52 A;. The matrix exponential evaluates to
T = cosh(yL)I + sinh(yL)A, (5.27)
using 17 = () = 52 = {10,

To gain access to the scattering matrix, the action of the transfer matrix on
the in- and outgoing states of the surface has to be determined. As discussed,
the scattering states are defined by the free Hamiltonian H; = —vpA,. In the
coordinate system depicted in Fig. 5.3b the in- and outgoing states corre-
spond to the right- and left-moving states, respectively. Thus, at Fermi en-
ergy Er = 0 the states have the form xr ; which are the A, eigenstates with
eigenvalue *£1, respectively.

Using Axxr = ixr and Ayx, = —ixr, we obtain

Txr = cosh(yL)xr + isinh(yL)xz, (5.28)
TxL = cosh(L)xL — isinh(yL)xr- (5.29)

This yields the matrix elements in the (xg, x)” basis

Trr = cosh(yL), (5.30)
Trr = cosh(yL), (5.31)
Trr = isinh(yL), (5.32)
Tri = —isinh(yL). (5.33)

To derive the effective reflection amplitude R for a system closed by
a wall at z = 0 with a reflection phase (), the scattering states outside the
string have to be determined. For a wave incident from the left z > L, the
spinor at the interface z = L is a combination of the incoming right-mover
and the total reflected left-mover, expressed as ¥(L) = xr + Regrxr. At the
interface z = 0, the state is composed of right- and left-moving components
¥(0) = Axr + Bxr.

The inner surface at z < 0 imposes a boundary condition. That is, given
the reflection phase () from Eq. (5.23), the reflected wave B is related to the
incident wave A by B = A exp(iQ}). This is depicted in Fig. 5.3b by the closed
arc.

Using the transfer matrix relation ¢ (0) = T(L) in the (xr, x1)" basis

yields
0] = . 5.34
(Aelﬂ) < Tir Tin) \Rest 539

Solving this system of equations for R gives

e YTrr — Trr

Reff = B .
T — e OTry

(5.35)
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Finally, by substituting the explicit matrix elements for T, we arrive at the
full explicit form for the effective reflection amplitude

e’ cosh(yL) — isinh(yL)

cosh(yL) + iei®? sinh(yL)’ (5:36)

Regf =

which depends on the dimensionless flux  through 7 = (7).

As constructed by closing the system, we have a purely reflective scat-
tering with |Reg| = 1 restricted to the unit circle in the complex plane. The
phase of the reflection is given by

cos(Q) tanh(nL)
1 —sin(Q) tanh(yL)

Peit(E, ) = arg (Regr) = Q) — 2 arctan ( ) . (5.37)

5.3 Dirac string as charge pump

With the effective scattering model established, it is possible to calculate the
pumped charge using Brouwer’s scattering theory of parametric pumping
[23], which was already announced in the prior section. In this framework,
adiabatic charge pumping is driven by the cyclic variation of an external con-
trol parameter X, such as a gate voltage or magnetic field which slowly alters
the scattering properties of the system connected to leads. Therein, the scat-
tering matrix is evaluated at the Fermi energy and is the reason we focused
on this energy in the prior section. The change of the scattering properties
can then be converted to a formula to determine the charge pumped out of
a lead through the scattering region. For a detailed description, the reader is
referred to Ref. [23].

However, our setup is purely reflective and thus solely described by a
reflection matrix 7(X). Then, the general Brouwer formula for the charge
pumped by the system simplifies directly to

0= [V ax-L logdet(r(x)) (5.38)
o 2mi Jx, ax 8 ' .

as given in Ref. [24, 25]. Here, X; and X are the initial and final parameter,
respectively.

In our case the driving parameter is the dimensionless magnetic flux X =
v which is varied over a single cycle from 0 to 1. Moreover, the reflection
matrix only has a single entry rendering it a scalar and the formula simplifies
to

Lo d
Q=5 || @7 guuEr, ). (539

To evaluate the charge transported in the process of v = 0 — 1, using
Eq. (5.39), we need calculate how the phase ¢, evolves in this process. For
this we analyze 1 (y)L = (L/|rp|)e(7y). The length |rp| < L = R due to the
decay length of the surface states into the bulk, as discussed below Eq. (5.1).
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FIGURE 5.4: Phase evolution and corresponding R trajectory
in the complex plane for different values of (). The parameters
are chosen as 7, /7y = —0.01 and L/|ry| = 10. Panel (A) [(B)]
shows the evolution for the phase ¢ as a function of

v € (0,1) for arbitrary Q € Q4 = (—7t/2,71/2)

[Q € Qp = (—371/2, —1t/2)], winding from what shows to be
m/2to —m/2[-3m/2 to —7mr/2]. See main text for a further
discussion of the limiting values. The phase shows a sharp
transition around <y = 1/2 which is where the Dirac string
becomes gapless. Panel (C) shows the evolution of R for (A)
and (B) in the complex plane. This demonstrates that the phase
winding is exactly opposite of each other for the two phase
choices 04, 0.

The evolution of the effective phase ¢.¢ during the pumping cycle is illus-
trated in Fig. 5.4 for two representative intervals of the bound state reflection
phase Q € Oy = (—7n/2,71/2) and Q € Qp = (—37/2, —7/2). Note that
in contrast to Q(E,y) given in Eq. (5.23), Q) is chosen as a constant in the
process. This is because we want Fig. 5.4 to show that the total phase wind-
ing is strictly governed by which interval () lies in and only the transition at
v = 1/2 depends on the specific value.

The effective phase ¢ is 27t-periodic in () which means the phase wind-
ing always falls in either of the two categories. Moreover, from Eq. (5.37) it
can be inferred that for all (3 = 71/2 + nm with n € Z the phase ¢ = )
is independent of 7. Thus, there is no phase winding and consequently the
pumped charge vanishes.

The properties of the phase winding align with the description of the
phase Q)(E, v) via a bound state resonance effect. In Brouwer’s formula, we
consider the scattering at Fermi energy E = Er = 0 and thus Q(E = 0, ) has
to be implemented. Then, using Eq. (5.23) we obtain

O0,v) = —% — 2 arctan (

T
2|EB\> € Qp (5.40)

for Eg < 0 which is the case for all v € (0,1) during the pumping process.
Thus, the phase winding and direction of pumped charge is fixed.

This result is completely independent of the specific resonance width
I' > 0 and consequently the specific coupling of the Dirac string to the in-
ner surface. It is also independent of the specific bound state energy, as it
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only depends on the overall sign. It is simply the bound state energy of
the inner surface fixing the direction of the charge pumping. Moreover, the
scattering never hits a resonance for fractional flux values because the inner
surface energy always fulfills Eg # Er = 0. Therefore, the pumped charge is
non-zero.

In addition to this, a sharp transition around 7y = 1/2 can be seen for
all choices of (), being slightly shifted for different values in the same set.
The sharpness of the transition is determined by L/ |ry| and becomes a step
function in the limit L/ |ry| — oo.

The Brouwer formula (5.39) implies that changes in the phase lead to
charge pumping. This suggests that the charge pumping process takes place
around 7y = 1/2 because away from that value the phase stays approxi-
mately constant. This is due to the Dirac string supporting gapless modes
for v = 1/2 but away from that value the Dirac string is strongly gapped.
The dimensionless strength of the gapping in ¢e¢ depends on L/ |rps| which
explains why the transition becomes sharper when this ratio becomes large.

This implies that the dependence of () on 7y through the bound state en-
ergy is only important for v = 1/2. However, away from v = 1/2 the
limiting values of the effective phase become independent of the bound state
energy as long as Ep < 0. As this is the case, there is no dependence on the
flux away from y = 1/2.

Furthermore, this confirms that it is the Dirac string which is responsible
for the charge transport. This result is in accordance with the “wormhole”
effect described in Ref. [10].

While the effective phase evolutions shown in Fig. 5.4 visually suggest a
precise phase difference of A¢og = £ 7, this quantization is only exact in the
limit L/ |rps| — oo. For a finite system, the winding acquires an exponential
correction governed by the ratio L/|rp|. To see this explicitly, we consider
the case () = —7 where the expression for the effective phase simplifies to
$ets(EF,v) = —m + 2arctan(tanh(yL)) as Q = —rr is fixed. Recalling that
the argument scales as 17(y)L = (L/|rp|)e(7y), the phase is evaluated at the
boundaries of the pumping cycle, corresponding to ¢(y — 0) = —1 and
e(y —>1)=1.

The surface states decay rapidly compared to the system size with
L/|rpm| > 1, so we can expand the hyperbolic tangent for large positive ar-
guments as tanh(x) ~ 1 — 2¢~2*. The phase at the upper boundary then
evaluates to

7T

Gett(y — 1) = —7 + 2arctan (1 — 26‘2L/VM|> ~ — = —2e7 2L/ Iml - (5.41)

Similarly, at the lower boundary, the odd symmetry of the hyperbolic tangent
yields

Pei(y — 0) &~ —7m + 2arctan (—1 + 26‘2L/|’M‘) R~ —32—7T +2e7 2 Irul (5 .42)
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FIGURE 5.5: Evolution for the effective phase ¢ei(Er, 7), given
in Eq. (5.37), with Q(0, ), given in Eq. (5.40), in the interval

v € (0,1). The bound state energy Eg(7y) is determined for an
inner surface of radius R; = R/10 and r*/R = 10719, The
parameters are chosen as L/ |rpr| = 50 and 1, /7y = —0.01.
The evolution shows the expected A¢ess ~ 7 phase jump, as
discussed in the main text. A sharp transition at y = 1/2 can
be seen, corresponding to the Dirac string being gapless at this
point.

Taking the difference, the total accumulated phase over the complete cycle is
Aogs ~ 7T — 4o~ 2L/ Iml (5.43)

This demonstrates that any deviation from a perfect 7-winding is ex-
ponentially suppressed. This can be explained using results from Ref. [9].
Therein, the wavefunction for the full system of a spherical 3D TI with a mag-
netic monopole and associated Dirac string is analytically calculated at v = 1.
The wavefunction of the zero mode, which is expected to show charge frac-
tionalization, is partitioned into two exponentially localized surface states at
the outer and inner surface. Thus, a residual overlap between these states
remains due to their exponential tails preventing a perfect separation of the
wavefunction and thus charge.

Finally, applying the charge pump formula given in Eq. (5.38) in the limit
L/|rpm| > 1, the phase winding for Q(Er, v) € Qp yields a fractional pumped
charge of Q ~ —e/2 up to the aforementioned finite-size corrections in L/ |rpy].

Furthermore, the phase winding of @eg(Ef,y), using Q(Ef,y) from
Eq. (5.40), is shown in Fig. 5.5. Therein, the y dependence through the bound
state energy is explicitly accounted for, instead of choosing a constant Q).
This confirms that while the process generally depends only on () remaining
within the interval Q)p, its precise value becomes critical at y = 1/2, where
the Dirac string becomes gapless. It can be seen that the effective phase
starts to shift close to v = 1/2 and reaches ¢of ~ —71/2 at v = 1/2, thus
completing the phase shift.

The process of charge pumping can now be clearly understood. For ¢y <



5.3. Dirac string as charge pump 71

1/2, the wavefunction within the critical subspace accumulates at the North
Pole of the outer surface where the Dirac string pierces it, as shown in Ch. 4.
When < approaches 1/2 the effective phase from our model begins shifting.
Then, at v = 1/2, the Dirac string becomes gapless. This allows the outer
surface state to couple with the magnetic monopole, or the corresponding
inner surface, via the Dirac string. During this process, the effective scatter-
ing phase in our effective model completes shifting to ¢.¢r =~ —71/2 because
of off-resonance scattering at the bound state, residing on the inner surface,
which acts as a hard wall.

This phase shift dictates that half an electronic charge is pumped by the
Dirac string to the magnetic monopole. Subsequently, for v > 1/2, the Dirac
string becomes strongly gapped again, keeping the effective phase constant
for the rest of the process.

Numerical results from Sec. VII of Ref. [9] present the evolution of the
wavefunction, which belongs to the critical subspace, for ¢ € [0,1] and inte-
ger part | = 0 on a lattice. Therein, the full spherical 3D TI with the magnetic
monopole and associated Dirac string is simulated so we can compare our
findings to the numerical results. The results demonstrate that the relevant
wavefunction from the outer surface at v = 0 penetrates the bulkasy — 1/2,
which initiates the effective phase shifting in our model. Then aty = 1/2, the
gapless modes of the Dirac string allow the leaked surface wavefunction to
localize along the full length of the Dirac string as it supports gapless modes.
In turn, this completes the phase shift of the effective phase. For v > 1/2, the
transition to a gapped Dirac string divides the leaked wavefunction between
the inner and outer surfaces and leaves a charge deficit of ¢/2 at the surface
relative to the monopole.

Coming back to the analytical model from this chapter, the scattering ini-
tially occurs at a Fermi energy Er = 0 where |Eg| > T. Consequently, the
inner surface acts as a hard wall for the state still residing in the Dirac string.
As v — 1, the bound state energy Ep approaches Er = 0 and additionally
|Eg| ~ I'. Ultimately, this limit allows the wavefunction to leak into the in-
ner surface, or its respective bound state, at the end of the process because
of the resonance. This result aligns with the analytical findings of Ref. [9].
The initial wavefunction splits equally between the monopole and the outer
surface, resulting in each component carrying a charge of —e/2 as predicted
by the zero modes and the Witten effect [5, 7]. Thus, we have established an
effective model that captures the charge fractionalization and formation of
the monopole bound state.
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Chapter 6

Conclusion and outlook

This thesis has examined the surface states of a spherical 3D TI, described by
the BHZ model, and their spectral flow and charge fractionalization under
the variation of a magnetic flux introduced by a monopole-string configura-
tion.

In Ch. 2, the core foundational concepts were established. We demon-
strated how surface states arise in two- and three-dimensional TIs via the
Jackiw-Rebbi model and derived the respective surface Hamiltonian used to
describe the spherical 3D TI. Additionally, the fundamental effects of mag-
netic fields in quantum mechanics were reviewed through illustrative exam-
ples to support the analytical treatments in subsequent chapters.

In Ch. 3, we explored the local flat-space limit at the North Pole of the
Dirac sphere with a magnetic monopole and its associated Dirac string, re-
sulting in the Dirac disc pierced by the Dirac string. We addressed the emer-
gence of an ambiguous extra solution within a specific angular momentum
subspace when the magnetic flux is given by a fraction of the magnetic flux
quantum. To uniquely determine the energy spectrum, we established a new
boundary condition at the origin by introducing a regularized continuum
model with a quadratic momentum term akin to the Wilson fermion ap-
proach on the lattice. This regularization yields a highly localized solution
decaying at a characteristic length r* and forces the radial spinor to vanish at
the origin. Consequently, the spectral flow in this critical subspace depends
on the ratio /R and acts as a smoothed step function that continuously
weights the unregularized analytical solutions.

Building on this flat space framework, Ch. 4 analyzed the surface states of
the Dirac sphere with a central magnetic monopole and attached Dirac string.
Requiring normalizable solutions revealed the same critical subspace ambi-
guity found in the Dirac disc where an extra solution necessitates a boundary
condition at the North Pole. Applying the quadratic momentum regulariza-
tion from the Dirac disc, we identified the same highly localized solution and
boundary condition at the North Pole, forcing the wavefunction to vanish.
This resolved the overall spectral flow and detailed how robust zero energy
modes continuously evolve at fractional fluxes. Our analysis demonstrated
that these zero modes carry half an elementary charge upon occupation. Fi-
nally, we showed that the wavefunction in the critical subspace become lo-
calized around the Dirac string and reach maximum localization exactly at
half a flux quantum.
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In Ch. 5, we extended the Dirac sphere model into the 3D TI bulk to inves-
tigate the observed charge fractionalization of the surface states in the critical
subspace from Ch. 4. By deriving an effective one-dimensional Hamiltonian
for states bound to the Dirac string, we demonstrated that the string sup-
ports gapless modes exactly at half a flux quantum, while remaining strongly
gapped at all other fractional values. Modeling the magnetic monopole as an
inner surface that supports a bound state, we established that a charge of
—e /2 is pumped using Brouwer’s framework for adiabatic charge pumping.
The transport sign depends on the inner surface orientation via its bound
state energy Ep, and not on the specific coupling between the inner sur-
face and the Dirac string, entering via the resonance width I' of the bound
state. Furthermore, we showed that the pumping occurs along the Dirac
string at half a flux quantum, where the string becomes gapless. Finally, we
demonstrated that the wavefunction localized at the inner surface binds to
the monopole at the end of the flux variation, as the bound state energy ap-
proaches zero and the scattering closes in on the resonance, comparing this
to analytical and numerical results of Ref. [9].

This thesis is a good starting point to explore and compare alternative reg-
ularization procedures beyond the momentum-squared approach used here.
A central question for future study is how various regularization schemes
lead to the continuous formation of zero modes for the Dirac sphere, allow-
ing for a systematic comparison of their physical effects.

Moreover, it would be interesting to quantify the resonance width I' from
the model in Ch. 5 through the overlap of string and surface wavefunctions.
An exact calculation beyond scale comparisons would pinpoint the thresh-
old and regime where the wavefunction leaks from the Dirac string onto the
inner surface.

Going further, a natural extension is to derive the exact eigenstates for
the complete 3D TI model of the Dirac sphere for fractional magnetic flux.
This explicitly incorporates the outer surface, the inner boundary enclosing
the monopole, and the Dirac string simultaneously within a single mathe-
matical framework. Building upon the full 3D model, a detailed theoretical
analysis of the exact coupling between the 2D spherical surface states and
the 1D bulk states bound to the Dirac string would be possible. This also
gives access to exactly determine the precise evolution of the wavefunction
during the charge pumping process, showing how it splits into two parts and
subsequently binds to the monopole and the outer surface.
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Appendix A

Bessel functions

This appendix provides a concise reference for the properties of Bessel and
modified Bessel functions utilized in this work. The formulas are taken from
[26], specifically chapter 10.

Bessel functions

The Bessel differential equation reads
2y +xy + (2 —v?)y = 0. (A1)

For v ¢ Z the two independent solutions are [+, (x), whereas for v € Z they
are J,(x), Yy (x). The Bessel function of the first kind is defined as

e (yr e
]v(x) - mZ::O m!l—'(m-l—l/—l-l) (E) ! (A.2)

with the Gamma function for R(z) > 0 defined as
I(z) = / 1ot g, (A3)
0

The Bessel fuention of the second kind is defined as

o) cos(vm) — ] u(x)

Yu(x) sin(v7r)

, (A4)

where the latter only holds for v ¢ Z and for n € Z we use the limit

Yy (x) = lim Y, (x). (A.5)
Moreover we have J_,(x) = (—=1)"],(x) for n € Z, which shows why in
the integer case we need both the Bessel function of the first and second kind
to get two linearly independent solutions.
Another important property are the recurrence relations

Co1(x) +Cya (%) = %"cv(x) (A.6a)
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Cy-1(x) = Cyy1(x) = 2C;(x) (A.6b)
Cor(x) — gcy(x) — () (A.60)
~Cua (%) + =Cu(x) = C)(x) (A.6d)

which hold for arbitrary index v and C, (x) denotes either ], (x) or K, (x).
When v is fixed and x — 0 we have

S, fervezs

!
J(x)~ 4 A2 (A7)
T(v+1) (E) , else
and
I'(v) (%x)iv, forv >0
Yy(x) ~ —| . -
cos(|v|m)T (|v]) (%x) , forv<Oandv#—3,-3,...
(A.8)
Modified Bessel functions
The modified Bessel differential equation reads
2y +xy — (2 + 1)y =0, (A.9)

For arbitrary v the two linearly independent solutions are the modified Bessel
function of the first kind I, (x) and the second kind K, (x). The first one is
defined as

L, (x) = i7"y (ix) (A.10)

and second one is defined by

7oy (x) — Iv(x)

Kv(x) = 2 sin(vn)

= K_y(x), (A.11)

where the latter only holds for v ¢ Z. For n € Z we use the limit

Ky (x) = lim K, (x). (A.12)

v—n

The recurrence relations read

2v

Z,1(x) — Z,01(x) = sz(x)' (A.13a)
Z,1(x) + Zy11(x) =22 (x), (A.13b)
Z, 1(x) — %Z],(x) = 2! (x), (A.13c)

2o (%) + 2 (x) = Z)(), (A.13d)
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which hold for arbitrary v. Here Z,(x) denotes either of I,,(x) or e""K,(x).
For the latter the phase factor is important to get the correct phases in the

recurrence relations.

Moreover we have the asymptotic behaviours for x — oo

=

e

V2mx

[ 7T _
Ky(x) ~/ Ee x-

When v is fixed and x — 0 we have

n(3)-

I,(x) ~

=

Ky(x) ~

with the Euler-Mascheroni constant .

(A.14)

(A.15)
ifvr=20

(A.16)
ifv >0
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Appendix B

Gaussian hypergeometric function

This appendix provides a concise reference for the properties of the Gaus-
sian hypergeometric function, or just hypergeometric function, utilized in
this work. The formulas are taken from [26], specifically chapter 15. Regard-
ing Jacobi polynomials, we refer to chapter 18 of [26].

The Gauss hypergeometric differential equation is a second-order linear
ordinary differential equation given by

d?w(z) - (a+b+1)] dw(z)

z(1-2) dz2 dz

—abw(z) =0, (B.1)
where 4, b, and c are complex parameters. This equation possesses three reg-
ular singular pointsatz =0,z =1, and z = co.

For the singular point at the origin z = 0, the two linearly independent
solutions, assuming c is not an integer, are

wi(z) =2k(a,b;cz) = i (a)(z)(b)"i—;: (B.2)
n=0 n :

and

wy(z) =z F(a—c+1,b—c+1;2—c;z2) (B.3)

where (7), is the Pochhammer symbol defined as

1 n=20
(q)n:{q(q+1)...(q+n—1) n>0 (B4)

The function »F (a,b;c;z) denotes the hypergeometric function or Gaussian
hypergeomteric function.

By shifting the variable to t = 1 — z, the solutions around the singularity
z = 1, assuming ¢ — a — b is not an integer, are

w3(z) = F(a,b;a+b—c+1;,1—2) (B.5)



80 Appendix B. Gaussian hypergeometric function

and
wy(z) = (1—2) "% (c—a,c—bjc—a—b+1;1—2). (B.6)

We do not discuss the solution set around the singularity z = oo, follow-
ing the variable transform t = 1/z, because we do not need it in the main
text. The relationship between the solutions at z = 0 and z = 1 is described
by the linear transformation

I'(c)['(c—a—Db)

I'(c—a)l(c—Db)

[(c)l(a+b—c)
['(a)T'(b)

oFi(a,b;c;z) =

F(a,bja+b—c+1;1—2)

(1-2)"Y%F(c—a,c—byc—a—b+1;1—z). (B7)

Using the series representation (B.2) it can be seen that for arbitrary pa-

rameters a,b, c we have
2F1 (a, b,‘ C;O) =1. (B.S)

Combining this result with equation (B.7) we can also deduce the limiting
behaviour of »F; (a,b;¢;z) forz = 1.

The hypergeometric function is also connected to the Jacobi Polynomials.
The hypergeometric series, defined in (B.2), terminates if either the first or
second argument is a negative integer

m
2B (mbieiz) = Y (-1 () (B.9)
n=0 n (C)”
with m € Ny and the binomial (). Similarly this works for b = —m. The

connection to the Jacobi polynomials Pﬁ""ﬁ ) (z) is

PR @) = ()R (cnmr e p s E). @0

They fulfill the orthogonality relation on the interval x € [—1,1]

1
/ (1—x)*(1+ )PP (x) PLP) (x) dx
—1

2L Tn4+a+1)I(n+p+1)
S 2n+a+pB+1 Tnt+a+pB+1)n!

Spm  (B.11)

for o, B > —1. The Jacobi polynomials can also be defined by the Rodrigues
formula

~ L (1—2)"%1+ z)_ﬁﬁ (1—2)*"(1+2)P*"| . (B.12)
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Appendix C

Polar spinor for the Dirac sphere

In this appendix we provide the calculation that determines the polar spinor
@ B
(mm<x>> _ (=0 F 140 P o) )
Pan()) = \(1= ) (14 1) T (0)

which is defined in (4.23).
In the corresponding section 4.2 we determined the solutions to the com-
ponents of the reduced polar spinor

Yym(z) = (CM(Z)) : (C.2)

Ham(2)

and also the dimensionless energy A. Now we use the coupling equations
(4.21a) and (4.21b) to relate the integration constants of each component of
the polar spinor to one another. Then we have the final solution only leaving
a normalization constant. Similar to the calculation of the energies we use
the sectors defined in table 4.1.

Sector I
The components of the reduced polar spinor are
Y%, (2) = AvoFi (a,b; ¢ 2) (C.3)

with a = —n, dimensionless energy A(g,,) = £

n-+m-+ %‘ and integration
constants A, , which we aim to relate.

To express the hypergeometric series in terms of a Jacobi polynomial us-
ing equation (B.10) we note that

&g, + Bo, +1—a=2|m|+1+n=>h. (C4)

Absorbing the constant factors from equation (B.10) into the integration con-

stant we obtain
Eam(x) = A PP () (C.5)
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for the upper component and
() = AP () (C6)

for the lower component. The formulation in terms of the Jacobi polynomials
naturally formulates the spinor in terms of the variable x = cos (6).
Using the second of the coupling equations (4.21b), with x = cos(8), we

get

B g
V1 - 22 <_ (1) % - §<1 +qm) = msin92 ) ) = A )

(C.7)
For sgn(m) = +1 the LHS can be rewritten into

—iA+1 41 B
——1—-x) 7 (14+x) 7 X
o T )
d
{_ﬁﬂ(l —x) - (1 - x2> E} PP () (C8)
and for sgn(m) = —1 the LHS can be rewritten as
—iA+1 Xy B41

m(l —x)7 (14x) 2 x

{—aﬂu +x)— (1 - xz) %1 PP (). (C9)

This form allows for using the recurrence relations of the Jacobi Polyno-
mials

(=) P P () = (@ m PP o
1—x

= 1 (BB — (P,

which can be obtained from chapter 18.9 of [26]. Thus, the expressions (C.8),
(C.9) can be rewritten as

—(Br1+n), sgn(m) = +1

. “q P (a1,61)
—iA11(1— 1 p, P .
iAn(l=x)2 (1+x)7 (x) {(a+1 +n), sgn(m)= -1

Finally, comparing this to the RHS of equation (C.7) we obtain

A

i =(Byatn), sgn(m)=+1
A=Ay {(oc+1 +n), if sgn(m)=—1" (C11)
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Sector II and II1

Following the approach for sector I we rewrite the solutions into Jacobi poly-
nomials first.

The components of the reduced polar spinor are
YKZm (z) = Ao'zzl_C‘TZZFl (1+a—cp,1+b—cp;2—co;2) (C.12)

withl+b—-cyy =-n=-ny,1+4b—c 1= —-n—1= —n_q, dimension-
less energy A(qy) = + |n + 1+ 4| and integration constants A,,, which we
aim to relate.

To express the hypergeometric series in terms of a Jacobi polynomial us-
ing (B.10) we note that

—ag, + B, +1—=(1+b—cp) =1+a—cg,. (C.13)

Absorbing the constant factors into the integration constant we obtain

Sam(x) = A+1P(_a“’/3”) (x) (C.14)

nyq

for the upper component and

Tam(x) = AP0 7P1) () (C.15)

for the lower component.
Again, using the coupling equation (C.7) we get for the LHS

—iA LS Bi1
ﬁ(l—X) 2 (1—|—x) 2
_ _ 42 i_ _ (—ay1,841)
x| = (1=22) 2= = (a1 + o) +x(Bar — i) | PP (1) (C6)

This corresponds to the backward shift identity

d _18—
{ (1-52) = +1(B—a)— (a+ ﬁ)x]} PP (x) = —2(n+ )P ()
(C.17)
which can be found in chapter 18.9 of [26].
After applying the backward shift identity and applying algebraic manip-
ulations we can rewrite (C.16) as

B_1

—iAg(1—x)" T (14x) 72+ )PP () (Ca8)

Finally, comparing this to the RHS of the coupling equation (C.7) we obtain

:
A= —A+1Xl(n +1). (C.19)
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The procedure for sector III is similar to that for sector II and also makes
use of the backward shift identity. The result for the relation of the integration
constants is also the same as given in (C.19).

Sector IV

For sector IV we proceed similar to sector I to IIl. The components of the
reduced polar spinor are given by

Yijﬂ(z) = ApoF (a,b;¢0;2) + Bgzzl_c‘fzzFl (1+a—co,14+b—cs;2—cp;2)

(C.20)
Applying the coupling equation (C.7) we get for the LHS terms proportional
to A_|_1

d
A {—22(‘1 +b—ci1)+2z(1— Z)E oFi(a,b;c4152), (C.21)

and for the terms proportional to B

d
B4 [z(l—z)E—i—l—cH—(1+a—c+1—|—1—|—b—c+1—1)z

XoF (I1+a—cy,1+b—cy1;2—c41;2), (C22)

where we leave out all prefactors of any powers of z and 1 — z to avoid
crowded expressions and isolate the contiguous relations.
Using the contiguous relations

d
z(1—z)d—zzFl(a+1,b—|—1;c+1;z)+ [c—(a+b+1)z]pF(a+1,b+1;c+1;2)
= cF(a,b;c;z), (C.23a)

c(1-— z)%zﬂ(a, b;c;z) —c(a+b—c)Fi(a,b;c;z)
= (c—a)(c—"0b)F(ab;c+1;z) (C23b)

we can simplify the LHS of the coupling equation to

b | B
—2iA (1 - L)(l - —)le(l - Z)leFl (a,b;c_1;2)
C+1 C+1
a_ B_
—2iB;1(1— c+1)z*Tl(1 - Z)leFl (14a—c1,1+b—c_1;2—c_1;2),
(C.24)
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now including all prefactors and powers of z and 1 — z. Comparing the ex-
pression to the RHS of the coupling equation (C.7) we finally obtain

2i a b
Ar=—5(1~- a)(l - a)AH, (C.25a)
2i
B_1 = ——(1 - C—H)B-l-l' (C25b)

A
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