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Abstract

This thesis investigates the existence of spectra of a class of non-Hermitian op-
erators. We consider Hamiltonians of the form H = p? 4 ipf(q) + g(q), which
can be transformed into a standardized representation H = p? + V(q) and ana-
lyzed under complex deformations. The numerical computation of spectra and
eigenfunctions in a truncated Hermite basis can produce spurious eigenvalues
and non-convergent eigenfunctions due to the basis cutoff. To distinguish phys-
ically meaningful eigenvalues from numerical artifacts, quantitative criteria for
spectral validity are introduced. The numerical results are combined with an
analysis of the asymptotic behavior of the wave functions. By examing the
associated Stokes and anti-Stokes structure, we find that well-defined spectra
exist away from the Stokes lines, while spectral definitions break down on the
Stokes lines themselves.
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Chapter 1

Introduction

In conventional quantum mechanics, quantum systems are typically described
by Hermitian operators H which satisfy Hf = H, where H' denotes the adjoint
of H. Hermitian operators have real eigenvalues and corresponding orthonor-
mal eigenfunctions. This ensures unitary time evolution and the conservation
of probability [1]. For closed quantum systems, this framework provides a con-
sistent and well-established mathematical foundation.

However, many physically relevant systems cannot be described adequately us-
ing Hermitian operators alone. Non-Hermitian operators arise naturally in the
effective description of open quantum systems. Unlike Hermitian operators, the
eigenvalues of non-Hermitian operators can be complex and the eigenfunctions
are no longer orthogonal [2]. Despite these differences, non-Hermitian quantum
mechanics has been shown to admit physically meaningful and mathematically
consistent structures. In particular certain classes of non-Hermitian systems,
for example, PT-symmetric Hamiltonians can have entirely real spectra and
well-defined eigenfunctions [3]. Computing the eigenvalues and eigenfunctions
of non-Hermitian operators can pose significant numerical challenges, [4,5] mak-
ing it a central difficulty in studying such systems. Similar to the Hermitian
case, one often expands the problem in a truncated basis of Hermite functions.
These form a complete basis in L?(R) [6] and are well suited for polynomial
Hamiltonians. For Hermitian operators, computations in this truncated basis
are generally well behaved. However, in the non-Hermitian setting, this ap-
proach frequently leads to numerical instabilities, particularly for eigenvalues
associated with higher basis indices. As a result, spurious eigenvalues or non-
convergent eigenfunctions may appear [5].

This is why, in this thesis, we will focus on the computation and interpre-
tation of spectra and eigenfunctions of various non-Hermitian operators within
the Hilbert space of square-integrable functions. We aim to establish a method
to test the existence of spectra. As a starting point, we consider the harmonic
oscillator Hamiltonian as an example of a Hermitian quantum system. Build-
ing on this reference case, we introduce a complex deformation of the form
p — pexp(i¢) and ¢ — gexp(—i¢) to define a class of Hamiltonians. Within
this framework we are going to compute the spectra of those Hamiltonians and
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investigate how the existence of spectra depends on the asymptotic behavior of
the eigenfunctions. To quantify this behavior, we introduce suitable quantities
to discuss the spectral existence. In particular, we will introduce the system of
Stokes and anti-Stokes lines, which governs the exponential growth or decay of
solutions at infinity [7] and discuss the existence of spectra within the structure
of those. Finally, we extend these insights to a broader class of non-Hermitian
Hamiltonians of the form H = p?+ipf(q) + g(q), where f(g) and g(q) are poly-
nomial functions. We will show that by applying a transformation these can be
brought into a standardized form, involving polynomial potentials. The results
of the analysis of the complex deformed system are a powerful tool for deter-
mining the existence of spectra in this class. We therefore will cover several
examples.



Chapter 2

Non-Hermitian Harmonic
Oscillator

In this chapter we investigate the harmonic oscillator as a reference system for
both analytical and numerical studies. We first review the exact solutions of
the time-independent Schrédinger equation and introduce the harmonic oscil-
lator eigenfunctions as a natural basis for functions in L?(R). Based on this,
we discuss a numerical approach for computing eigenvalues and eigenfunctions
using a truncated basis.

Then, we extend the analysis to a complex deformation of the harmonic oscil-
lator Hamiltonian, which makes the system non-Hermitian, and examine how
this modification affects the numerical spectrum and eigenfunctions.

2.1 Analytical Solutions of the Harmonic Oscillator

We start this chapter by discussing the time-dependent Schrodinger equation
in one dimension. In real space it is given by

H(q,1) = [+ V(a)] (g 1) = i 5-0(a,0), 2.1)
where H = p? 4+ V(q) denotes the time-independent Hamiltonian of the system
and U(q,t) € H is the wave function with H € L?(R). These operators satisfy
the canonical commutation relation [¢,p] = i. The operators p and ¢ arise
from a rescaling of the physical position and momentum operators [1]. This
yields a one-dimensional Hamiltonian of the form H = p? + V(q). For a time-
independent potential V(q), we can choose the separation ansatz

U(g,t) = e "P(q). (2:2)
Substituting into the time-dependent Schrodinger equation, see Eq. (2.1)), yields
Ey(ge " = [=¢"(q) + V(g)9(q)] e " (2.3)

Multiplying both sides by e’*, we obtain the time-independent Schrédinger
equation

EvY(q) = HY(q). (2.4)

3
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The original differential equation is thus reduced to an eigenvalue problem for
the Hamiltonian operator. The wave functions ¢(q) are eigenfunctions of the
Hamiltonian H with corresponding eigenenergies E. For the dimensionless
harmonic oscillator with Hamiltonian

2
+, (2.5)

H=r+a=-g2

the time-independant Schrodinger equation, Eq. (2.4), yields the differential
equation

—¢"(q) + ¢*¥(q) = EY(q). (2.6)

This is a second-order differential equation, so it has two linearly independent
solutions. The general solution can be written as

W(g) = ¢ (q) + ¢ (q) = Af(q)e T/ + Bg(q)e? /2. (2.7)

with A, B = const. The wave-function belongs to the Hilbertspace H € L?(R)
if it is square-integrable
oo
| vl <. (28)
—00
where [¢(q)|*> = ¥*(q)¥(q) and ¥*(q) denotes the complex conjugate of the
wave function. For |g| — oo the exponential part dominates both terms. Con-
sequently, ¢T(q) is not square-integrable and does not belong to L?(R). To
ensure a normalizable wave function, we therefore set B = 0. However, ¢ will

be relevant in the discussion of the non-Hermitian case, see Sec. Substi-
tuting ¢~ (¢) into the Schrodinger equation (2.6)) yields

(@) = 2¢f"(a) + (E = 1)f(q) = 0, (2.9)
which can be solved using the Hermite polynomials, defined as
2 d\" 2
Huy(q)=e= <q - dq> e7. (2.10)

The solution reduces to a Hermite polynomial with eigenenergies F, = 2n + 1,
where n € Ng. Therefore, the eigenfunctions can be written as

U(q) = A" H,,(q) =t dula), (2.11)

which satisfy the eigenvalue equation H¢,(q) = Enén(q). Normalizing ¢, (q)
to unity yields the Hermite functions

b(q) = ——H, (q)e /2. (2.12)

V2rnl/T

The Hermite functions form a complete orthonormal basis of the Hilbert space
L?(R) with

/_ 61 (@)6n () = Sum. (2.13)
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This implies that any function f(g) € L?(R) can be expressed as

f(q) = Z Cn¢n(Q): (2'14)
n=0
with expansion coefficients

e — / " dg 6n(@) (). (2.15)

—00

We have thus obtained the analytical solutions for the wave functions of the
harmonic oscillator Hamiltonian, see Eq. ([2.5)).

2.2 Numerical Implementation in the Hermite Basis

For the numerical computation we choose the basis of the Hermite functions.
Therefore, we first discuss the expansion of eigenfunctions a little bit more
precise. As an illustrative example, we consider the function f(q) = ¢4 with
a € R and seek to expand this function in the Hermite basis. The expansion
coefficients ¢,, can be calculated as

& —1/ & 1 2
o= [ dqdn(a)f(a) = = " dge” 27 H,(q). (2.16)
— o vV2rn! J s

The Hermite functions ¢2,(q) are even, whereas ¢o2,+1(q) are odd. Since f(q)
is even in this example, it follows immediatly that co,+1 = 0 for all n € N. The
even Hermite polynoms can be written in the form of E]

= 2n)!
Hon(q) = _1)s(2q)20—e) 2.1
2n(q) SZ::O( )% (2q) CEETRIE (2.17)
Substituting into (2.16) yields
22n=s)p=1/4 2L (=1)%(2n)! [ 12
= (n=s)o=(3-a)a*, 2.1
n = ol 2 (2 2e) | ot (2.18)

The integral appearing here is a Gaussian integral which converges for o < %
and evaluates to

[ G k) T

= 23—V a2 o)

Substituting this result into (2.18]) and simplifying by using the binomial iden-
tity

(a+b)" = Zn: <"> a*ons, (2.20)

S
s=0

L8, see Eq. (13.9)]
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then yields

Tl/4 (2n)! % + a "
= . 2.21
n 2nn) % — % -« ( )

n

Using Stirling’s approximation, n! o v/2mnn""e™", it can be shown that

1 n
5t
Cop X <% > n~1/4 (2.22)

5—04

for large n. Consequently, the expansion coefficients converge only if o < 0
which is equivalent to exp(ag?) being square-integrable. But formal expansion
of the Hermite coefficients is possible for o < 1/2.

The distinction between formal expansions and convergence in L?(R) becomes
relevant for non-Hermitian Hamiltonians, which arise in the complex-deformed
systems studied in the next section. For a non-Hermitian operator H # HT,
one must distinguish between right and left eigenfunctions ¥ r(q) and ¥ (q),
defined by

Hyr(q) = EYr(q),  H'¢w(q) = E*Yr(q), (2.23)

where E* denotes the complex conjugated of E. This includes that the eigen-
values E do not necessarly have to be real. Square-integrability is expressed
through

(o9}
| davitante) <. (2:24)
—0o0

In this setting, it is not required that the individual expansions of the left
and right eigenfunctions converge term by term, as long as their product is
integrable

/wdwz(q)mq): /oodq (Zcmn(q)) (de¢m<q>><oo. (2.25)
—00 o] n=0 n=0

We will revisit the definition of left and right eigenfunctions in subsequent sec-
tions of this thesis (see Sec. . However, these observations show that in
terms of f(q) = exp(ag?®) a formal representation in the Hermite basis is pos-
sible for @ < 3, even though the series converges in L?(R) only if a < 0. For
the left and right eigenfunctions, it is sufficient that the product 7 (¢)¢¥r(q) is
integrable. However, as long as the overall inner product remains integrable,

the individual expansions may converge more slowly.

We now turn to the numerical computation of eigenvalues and eigenfunctions
of the harmonic oscillator. To this end, we formulate the problem in the ba-
sis of the Hermite functions, introduced in Sec. We introduce the ladder

operators

1 .
a=—(q+ip), dl=

7 (g —ip), (2.26)

Sl
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which satisfy the commutation relation [a, aT] = 1. Consequently, the harmonic
oscillator Hamiltonian, from Eq. (2.5)), can be written as

H=2a"a+1=2N+1, (2.27)

where N = a'a denotes the number operator. Its eigenstates |n), also called
Fock states, are defined by

N|n) = n|n), n=0,1,2,... (2.28)

and are simultaneously eigenstates of H. The ladder operators act on the Fock
states as

aln) = v/nln — 1), a'ln) = vn+1jn +1). (2.29)
All eigenstates can therefore be generated from the ground state |0), defined by
al0) = 0, via
(al)"
n) =
vn!
In position space, the corresponding eigenfunctions ¢, (q) = (¢ | n) are obtained
by solving

0). (2.30)

ad(q) = ;5 <q ; jq) d0(q) = 0. (2.31)

This yields the well-known Hermite functions

Pn(q) = — L 02, (2.32)

NI

with eigenvalues E,, = 2n + 1.

We now aim to compute the eigenvalues and eigenfunctions of the harmonic
oscillator numerically. To do this, we formulate the problem in the Hermite
basis, which is an infinite-dimensional basis of L?(R). Since it is not possible
to compute an infinite number of eigenvalues and eigenvectors, we approximate
the problem using a truncated basis of Hermite functions of dimension N. In
this basis the ladder operators are represented as N x N matrices with elements
determined by their action on the Fock states. This means that

0 v1 0 - 0
0 0 v2 0 0

a=|" S ' ' 2.33
: : N —2 0 ( )
N | 0 N —1
0 o . ... 0

and a' = a”. The position and momentum operators are then given by

qg= 1 (aT +a), p= (aT —a). (2.34)

S
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Substituting these expressions into the Hamiltonian yields its matrix repre-
sentation in the truncated Hermite basis. The eigenvalues and corresponding
eigenvectors of this matrix can then be computed numerically. The eigenvalues
are sorted in order of increasing absolute value. For a truncated basis of dimen-
sion N, this procedure yields N eigenvalues F,, and corresponding eigenvectors

Up, with m =0,1,..., N — 1. Each eigenvector v, consists of N components
o
o)
1
()
CN=-1

which define the expansion of the nth eigenfunction in the truncated Hermite
basis. In the real space, the corresponding approximate eigenfunction is given
by

N—-1

vn(g) = Y " eilg). (2.36)

i=0
In the following, we will refer to N as the basis size or cutoff of the basis. This
representation implies that the eigenfunctions can only be computed up to the
chosen cutoff N. For the harmonic oscillator, the nth eigenfunction is exactly
given by the nth Hermite function. Accordingly, the numerical eigenvector v,
is expected to have a single nonvanishing component at index n. In general,
the computation of eigenvalues and eigenfunctions, in the truncated Hermite
basis, can be performed for Hermitian and non-Hermitian operators.

2.3 Complex Deformation of the Harmonic Oscilla-
tor

In the previous section, we developed a numerical framework for computing
eigenvalues and eigenfunctions of operators in the truncated Hermite basis.
Building on this framework, we now extend the analysis to include a complex
deformation of the harmonic oscillator Hamiltonian from Eq. (2.5). Specifi-
cally, we investigate its behavior under a rotation in the complex plane. The
transformation is defined by

p— €p, q— e g, (2.37)
with ¢ € [0,27). The commutator relation is preserved with
[e*id’q, ei‘bp} = e Pqetp — epeq = [q,p] = i. (2.38)
The Hamiltonian becomes

H = p?e?® 4 g2e 219 (2.39)
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which is in general no longer Hermitian.

The computation of eigenvalues and eigenvectors can be performed as described
in the previous section. The computed eigenvalues are shown in Figure for
¢ € ]0,2m). Several energy eigenvalues are plotted as functions of ¢, for a cutoff

N = 200. As described in Sec. the eigenvalues are ordered according to in-
creasing absolute value. Therefore Fy denotes the eigenvalue with the smallest

L0 T pre— TRRE [— ;}_} -
5] — f.ﬁl
5 ‘ = I E,)
1.5 |
0.0 | I ‘ E_ 04 ! ] 1
L:-E

<L L A | |

2010 T [ Ji =1 004 — ’ 7
g T

Ey(e)

101 1 |

10

—20

Eylo
I
|
s

Figure 2.1: FEy, E1, F19 and Fsg plotted as functions of the angle ¢ for N =
200. For ¢ = W a sharp transition between the positive and the negative
eigenvalue of F,, = 2n+1 is observable. With increasing index of the eigenstates
this transition becomes increasingly less steep.

absolute value in the spectrum. Figure shows an oscillatory dependence of
the eigenvalues on the deformation angle ¢. For ¢ = 0 the eigenenergies take
the expected harmonic-oscillator values F,, = 2n 4+ 1 and remain constant with
increasing ¢. At ¢ = 7 however, the low eigenvalues undergo a sharp transition

to negative values. Additional discontinuous changes occur at ¢ = W with
k = 0,1,2,3. While similar behavior is observed for higher eigenvalues, the
corresponding transitions become increasingly less steep and appear to "smear
out”. This is a consequence of the truncated Hermite basis.

To gain a better understanding of this we discuss the Hamiltonian of Eq.
with ¢ = %, which remains in the area where F,, is positive. The resulting
computed energy spectrum, of this particular angle, for three cutoff values N,
is shown in Fig. We observe that the lowest eigenvalues remain on the real
axis and appear at similar positions for all three cutoffs. In contrast, higher
eigenvalues exhibit significant shifts in their imaginary parts. Higher-index
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eigenvalues deviate from the real axis. In this context, for smaller cutoff values,
such as, N = 10 the number of eigenvalues F,, on the real axis is significantly

smaller than for larger cutoff values such as N = 100.

. N=2() . N=50 . N=100)

*
.
-

"]
..
.

L1
)
.

|
s
.

il 20 10 G0
Re(E)

Figure 2.2: Energy spectrum of the
rotated harmonic oscillator for ¢ = ¢
for several N. Shown are all E,, for
N = 20, the first 32 eigenvalues for
N = 50, and the first 48 eigenvalues

for N = 100.

—— Re(BEyw) - By Rel{ Eq)

40

25 Afﬂ \/1‘//\”a

20 10 60 80 100

Figure 2.3: Real parts of the eigenval-
ues F19 and FEi9 as functions of the
Hamiltonian’s basis size N, showing
clear convergence to the correspond-
ing eigenvalues E, of the untrans-
formed Hamiltonian.

Exemplarly, Fig2.3] displays the real parts of two eigenvalues as functions of
the Hamiltonian’s basis size N. As N increases, the eigenvalues converge to
the corresponding eigenvalues E,, = 2n + 1 of the untransformed Hamiltonian.
From these observations, we conclude, that the basis size affects the number of
eigenvalues that converge.

Figure 2.4 shows the distributions of the components ¢; of the right eigenvectors
vy, for N = 100, plotted as a function of the basis index i. For low eigenstates,
the eigenvector components are concentrated near small basis indices and de-
cay rapidly toward higher indices. In contrast, eigenvectors associated with
higher-index eigenvalues are increasingly dominated by components at large
basis indices. The components remain significant or even increase near the cut-

off.

These behaviors reflect numerical effects that arise when computing the spec-
trum and eigenfunctions of non-Hermitian Hamiltonians, using a truncated Her-
mite basis. In such systems, the computed eigenstates may become strongly
localized near the highest-index basis states. Due to the truncation of the basis
high-indexed eigenvalues and eigenvectors deviate from the actual eigenvalues
and eigenvectors of the spectrum. Therefore, they become spurious and can-
not be reliably identified as part of the spectrum. In contrast, eigenvalues and
eigenvectors that are localized within the low-index portion of the basis remain
largely unaffected by the basis size. Increasing the cutoff N enlarges the num-
ber of stabilized eigenvalues and eigenvectors, as illustrated in Fig.

Motivated by these effects, we address the question of how to quantify whether
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Figure 2.4: Structure of the eigenvectors of the rotated harmonic oscillator for
¢ = g and N = 100. Higher-index eigenvectors retain significant components
near the cutoff.

an eigenvalue and its corresponding eigenvector can be reliably considered part
of the spectrum. In the following section, we introduce two quantities that
allow us to discuss the stability and authenticity of the computed spectra.

2.4 Verification of Spectral Existence

We aim to make a quantitative statement about which eigenvalues of the non-
Hermitian Hamiltonian of Eq. can be considered part of the spectrum. To
this end, we define two quantities that characterize the stability and convergence
of the corresponding eigenvectors.

As a reminder, for a non-Hermitian Hamiltonian, the right and left eigenvectors
can differ, and the standard orthonormality of Hermitian systems no longer
holds. The right and left eigenvectors |w,) and |w,) satisfy

H|w,) = Ep|w,), (| H = (0, |E & HT|iw,) = E*|iy). (2.40)

When represented in real space, the right and left eigenstates are reduced to
the right and left eigenfunctions ¢, (q) and ¥r, ,(g), introduced in Eq. (2.23).
One numerical effect, arising from the truncation of the Hermite basis, is the ac-
cumulation of eigenvector weight in the high-index part of the basis, as shown
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in Fig. For eigenvalues that do not depend on the basis size and there-
fore belong to the stable part of the spectrum, the eigenvector components are
mostly localized in the low-index region.

To quantify this behavior and evaluate the stability of the corresponding eigen-
value E,, we compare the weight contained in the lower- and higher-index parts
of the eigenvector. Therefore we define the quantity y by

2N 7
. d;id;
Yn = Zz:N| ‘ (241)

Zz’]\io ‘didi‘ 7

where d; and d; denote the components of the right eigenvector w,, and the
left eigenvector w, respectively. The total vector length is 2N. The quantity
yn compares the weight of the nth eigenvector contained in the first N basis
components with the weight contained in the second half of the vector. A small
yn indicates that the eigenvector is concentrated in the low-index portion of the
basis. Conversely, large y, signals accumulation near the cutoff are indicating
a numerically unstable eigenvalue. For this reason, vy, is referred to as the tail-
weight ratio. Consequently, if F, is part of the spectrum, y, is expected to
decrease and approach zero as the cutoff IV is increased.

Figure [2.5] shows the tail-weight ratio y plotted as a function of the cutoff
N, for ¢ = §. Exemplary, the first three and the ninth eigenstate are shown
here. We observe that with increasing N, y,, increases towards a signifiant small
numerical value. Therefore we can conclude that for ¢ = g the eigenvectors

remain predominantly localized in the low-index region of the basis.

Next, we want to compare how the right and left eigenvectors of the non-
Hermitian Hamiltonian change, when the size of the basis is doubled. There-
fore, we calculate two sets of left and right eigenvectors. The right and left
eigenvectors corresponding to the eigenvalue E, in a basis of length 2N are
again denoted by w, and @, with components d; and d;, respectively, while
v, and v, with components ¢; and ¢; denote the corresponding eigenvectors
obtained in a basis of length V.

For that to remain unaffected by the truncation of the basis, we expect the first
N components of the eigenvectors w,, and v, to coincide, while the additional
N components of wy, should be small. To quantify this similarity, we use the
Cauchy—Schwarz inequality, which for two complex vectors x and y is defined

to be
N N N
D w0 k) el (2.42)
k=0 k=0 k=0

where y* denotes the complex conjugated of y. Equality holds if and only if
these two vectors are linearly dependent. We define x; = d;d; and yi = ¢;¢;
and the quantity z, is introduced as

| vazoﬂidz‘(cz‘éi)*IQ _
SN o ldidi[2 SN o Jeid|?

(2.43)

n =
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The quantity z, should increase with increasing cutoff N and approach unity
in the limit of convergence. In conclusion, z, is a measure for the similarity
of eigenvectors obtained with different basis sizes. In the following, z, will be
referred to as the truncation fidelity.

"] » . . . s N

102 = . K]
==
1074 ¥ o
10=%4

10 26 1 L

10 2 10 80 160 320 10 20 10 80 160 320

Figure 2.5: Tail-weight-ratio y, as
a function of the cutoff N, for the
complex deformed harmonic oscillator
Hamiltonian with ¢ = %. The first
ten eigenvectors show significant con-

vergence.

Figure 2.6: Truncation fidelity z, as
a function of the cutoff N, for the
complex deformed harmonic oscillator
Hamiltonian with ¢ = %. 2z, shows
siginificant convergence to unity for
the first ten eigenstates.

Figure illustrates the truncation fidelity z, as a function of the basis cutoff
N, for ¢ = 5. We observe that z, converges to unity for the first ten eigen-
states. As discussed this indicates that these eigenvectors are insensitive to the
basis size once N > 80. Consequently, the corresponding eigenvalues can be
considered as part of the spectrum.

The quantities y, and z, establish a practical criterion for testing the stabil-
ity and convergence of eigenstates of non-Hermitian Hamiltonians. Eigenstates
that satisfy both of these criteria are unaffected by effects arising from the trun-
cated Hermite basis. Therefore they can be identified as belonging to the stable
part of the spectrum. Moreover, as the cutoff is increased an increasing number
of eigenstates exhibits convergence of y,, and z,. With increasing N more and
more eigenstates will converge. In particular, for ¢ = g, this indicates that
the computation of eigenfunctions and eigenvalues in the Hermite basis yields
a well-defined and physical spectrum.

In Fig. we have seen that sharp transitions appear at the deformation
angles ¢ = %%1)” with £ = 0,1,2,3. Examplarly for those angles, we investi-

gate the behavior of y, and z, for the angle ¢ = 7. This behavior is shown in
Fig. and Fig. The values of y,, appear to converge. This indicates that
for ¢ = 7 the eigenvectors remain predominantly localized in the low-index
region of the basis. However for the truncation fidelity in Fig. it is observed
that z, converges to a value of order 107!, In this case, the eigenvectors wy,
and vy, respectively, do not appear to coincide in their components, regardeless
the basis size. From the previous statements, we can therefore conclude that in
the case of ¢ = 7 there are no converging eigenvectors and thus no physically
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Figure 2.7: Tail-weight-ratio as a Figure 2.8: Truncation fidelity as a

function of the cutoff N for ¢ = function of the cutoff N for ¢ = 7. No
7. The eigenvectors exhibit signifi- convergence towards zero is observed
cant convergence. and therefore no spectrum exists.

stable spectrum exists.

The test of tail-weight-ratio and truncation fidelity can be performed for sev-
eral angles in the unit circle. The result is always the same. Correct converging
values can be found everywhere except for the angles of ¢ = W

The numerically computed energy spectra for N = 200, for several values of ¢
in the first quadrant of the unit circle, are shown in Fig. For ¢ € [O, %)
the real part of E is positive while for ¢ € (%, %] Re(E,) < 0. At ¢ =0 and
¢ = 5 the Hamiltonian reduces to H = +(p? + ¢%) and all N eigenvalues lie on
the real axis. Examining the number of stable eigenvalues on the real axis, we
observe that as ¢ approaches 7, this number gradually decreases. At 7 itself,
it appears that no significant number of eigenvalues have Re(E,) = 0. This is
consistent with the observation and discussion of tail-weight-ratio and trunca-
tion fidelity. For ¢ = 7 all eigenvalues and eigenvectors are strongly affected
by the truncation of the basis. The computation of spectra yields no physically

meaningful eigenvalues. Therefore no spectrum exists.

We have thus discussed the verification of spectra from a numerical perspec-
tive. In the next section, we will investigate the wave functions of the complex
deformed Hamiltonian in Eq. and study the existence of decaying or
oscillatory solutions of the wave functions.

2.5 Asymptotic Behavior and Stokes Sectors

In Fig. in Sec. we have observed that the angles (2k 4 1)7/4, with
k=0,1,2,3, exhibit sharp transitions between the positive and negative value
of F,. In this section, we aim to analyze this behavior in more detail. In
particular, we will focus on how the complex deformation of the harmonic os-
cillator modifies the asymptotic behavior of the eigenfunctions. Depending on

2Examples for this are attached in the Appendix (see Fig. ,,@
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Figure 2.9: Numerically computed energy spectra for N = 200 at various angles,
in the first quadrant of the unit circle.

the deformation angle ¢, solutions may be oscillatory or exponentially decay-
ing, which directly affects their normalizability and the convergence of their
expansion in the Hermite basis.

As shown in Sec. the general solution of the untransformed harmonic
oscillator consists of two linearly independent solutions, see Eq. . For the
wave function to be normalizable, its asymptotic behavior is crucial. For large
q, the solutions are dominated by their exponential terms, and therefore the
terms of the wave function satisfy

b xen (+5). o9 xen (L), (2.44)

The sign in the exponent is determined by the requirement of normalizabil-
ity. Applying the complex deformation ¢ — ge™*®, p — pe’® from Eq. (2.37))
transforms the wave function ¥ (q) =x ¢+(q) to

¥(q) x exp (:l:clz?e_zi‘b) = exp (j:q; cos(2¢>)> exp (:qu; sin(2¢)> . (2.45)

eRrR eC

The first factor of the wave function is purely real, while the second factor is
complex and oscillatory. In general, a decaying solution exists if and only if ¢(q)
decays for ¢ — oo, so that the wave function is normalizable. This condition
is controlled by the real part of the exponent. In case of the transformed wave
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function, converging solutions occur when + cos(2¢) < 0. Then the real part of
the exponent is negative. For cos(2¢) < 0 or cos(2¢) > 0, one can always find
the appropiate sign in the exponent to ensure that [¢)(q)| decays at infinity. The
coefficient of the other linearly independent solution is then set to zero to ensure
normalizable behavior. For sin(2¢) = 0 the complex part of the exponent is
zero. No oscillatory part of the wave function exists.

For cos(2¢) = 0 the first factor the wave function becomes pruely oscillatory,
thus no decaying solution and exists. Figure illustrates the regions on

1).100) 4

cos(2d)

0.25 A
0.50 1

0,75 A cos(20) =0

08(2g1) < |
—1.00 4 cos{Zg) !

ol
S

Figure 2.10: cos(2¢) plotted as a function of ¢. The green regions show parts
where cos(2¢) > 0 and in the pink regions cos(2¢) < 0.

the unit circle in which decaying solutions of the wave function exist. In the
pink regions, the decaying part of the wave function takes the form 1(q) o
exp(— cos(2¢)q?/2) which requires cos(2¢) < 0 as shown in Fig. [2.10[ The
green regions correspond to solutions of the form (q) oc exp(+ cos(24)q?/2)
for which cos(2¢) > 0. The boundaries between these regions are given by
cos(2¢) = 0, where no decaying solutions of the wave function exist. For the
harmonic oscillator they are located at

T 3 b Tw
¢st:|: :|7

-, —, — 2.46

4° 47 47 4 ( )
and will be referred to as Stokes lines in the following sections. In contrast, the
directions for which the wave function is purely exponential (i.e., the oscillatory
part vanishes) and a ”perfectly” decaying solution exists are called anti-Stokes
lines. For the harmonic oscillator they are located at

(2.47)

T 3
Dast = [0, §a7T> 2]

From Sec. we already know that no spectrum exists along the Stokes
lines; we have now established that this is directly connected to the non-
normalizability of the wave function. The Stokes and anti-Stokes lines are
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Figure 2.11: Stokes and anti-Stokes structure of the harmonic oscillator on
the unit circle. The shaded regions represent sectors in which the real part of
the exponent of the asymptotic wave function is negative, leading to decaying
solutions, whereas the Stokes lines correspond to purely oscillatory behavior.

illustrated in Fig. The area between two Stokes lines is called Stokes sec-
tor [7]. The jump between +FE,, and —E,,, shown in Fig. can be understood
by looking at the turning points of the system. Turning points are defined as
the points where the potential equals the energy: V(¢q) = E. In the case of the
transformed harmonic oscillator , these satisfy

Qe = E. (2.48)

In the following, we will focus only on real turning points. Solving for g gives

: —ip+km E>0
q o \/Ee-2i = {e k=0,1. (2.49)

etk B
Requiring the turning points to lie on the real axis (¢ € R), yields the corre-
sponding values of ¢:
[0, 7] E>0
o= { [W 3 (2.50)

2,32 E<O.

In Fig. the turning points of the Hamiltonian are also shown. We ob-
serve that for the harmonic oscillator, they lie directly on the anti-Stokes lines.
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Specifically, the turning points with £ < 0 are located in the pink regions while
those with E > 0 lie in the green region.

Comparing the behavior along the Stokes and anti-Stokes lines with the re-
sults obtained in the previous section leads to the conclusion that a well-defined
spectrum exists everywhere except on the Stokes lines. Along these lines, the
wave function exhibits oscillatory behavior for large ¢q. This is connected to
the non-existence of a physical spectrum. Since the asymptotic form of the
wave function on the Stokes lines is not normalizable, an expansion in terms
of Hermite functions is no longer meaningful. For the harmonic oscillator, the
eigenvalues of the spectrum are real. As shown in Fig. we observe that
in the Stokes sectors containing a turning point with £ > 0, the correspond-
ing eigenvalues satisfy F,, > 0. Conversely, in Stokes sectors associated with a
turning point at £ < 0, the eigenvalues of the spectrum are negative. EL

Using the example of the complex-deformed harmonic oscillator, we have gained
insight into the conditions governing the existence and non-existence of spectra
for this class of Hamiltonians. In the following chapter, we apply these insights
to a more general class of Hamiltonians and analyze the corresponding spectra
and wave-function solutions.

3To gain a deeper understanding of this behavior, a detailed discussion of PT —-symmetry
would be necessary. However, such an analysis lies beyond the scope of this thesis. We will
come back to the discssion of turning points and stokes sectors in the subsequent chapter.



Chapter 3

Spectra of General
Non-Hermitian Operators

In this chapter, we extend the analysis of the harmonic oscillator to a broader
class of non-Hermitian Hamiltonians. We derive general expressions for the
Stokes, anti-Stokes lines and turning points. In this context, we will discuss the
existence of real and complex eigenvalues, calculated in the truncated Hermite
basis.

3.1 Standardization of Non-Hermitian Operators

In this section, we will consider the general class of Hamiltonians of the form

H =p®+ipf(q) + 9(q), (3.1)

where ¢ and p are the dimensionless position and momentum operator satisfying
[q,p] =i with p = —id%. We now consider a transformation of the left and right

eigenfunctions of the form Wp(q) = eDipp(q) and ¥1(q) = ¥ (g)e 9. Under
this transformation square-integrabiltity remains, because

/Oo dg V7, (q)Pr(q) = /OO dg (q)e "D eMDapp(q) < oo, (3.2)

—00 —00

provided that h(q) does not alter the asymptotic decay of the right eigenfunc-
tion. We can also examine how the operators transform under this map. For
the position operator ¢, we have

e M@ geh(@) = =MD (@) g = ¢ (3.3)

since ¢ commutes with any function of itself [¢, f(¢)] = 0. For the momentum
operator, we use the standard commutator relation [p, h(q)] = —ih/(¢) to obtain

¢ (@) peh(@) — o~hia) <_id

dqeh(q) 4 eh(q)p> — oM la) (p—ik'(q)). (3.4)

19
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This shows that, under the transformation, the momentum operator effectively
undergoes an additive shift proportional to the derivative of h(g). The commu-
tator relation still holds with

[g,p — il'(q)] = [q,p] —ilg, W' ()] = [g,p] = 3. (3.5)

Let us now apply the previous transformation of the wave function to the general
Hamiltonian of Eq. (3.1)). Then, the transformed Hamiltonian can be written
as

H = [p—ih(q))* +ilp—ih'(a)] f(q) + 9(q)

= p* = 2iph'(q) + h"(q) + ipf(q) + 1'(a) f(q) + 9(a) — W'(a)” 3.6)
=p” +ip[=2h'(q) + f(q)] + [W"(q) + W' (a) f(a) + g(q) — 1 (9)?] '
= B+ V(a),

where we have once more employed the commutator relation [p, h(q)] = —ih/(q).

In the last line of Eq. we indicate our intention to express H in the form
of a standard Hamiltonian with potential V' (¢). For this to hold, however, we
must have g =1 and

~20(g) + f(a) =0 & W() = 5 (@) (37)

The potential V' (g) then can be written in the form of

Vig) = 5 (a) + 3 F@? + (o) (39)

where we have used h”(q) = 4 f'(¢). By applying a transformation of the form
"LZ}R( = exp [ 9 f( dq] Yr(q ), we thus can bring the Hamiltonian of Eq.
into a standardlzed form H = p? + V(q). In the following, we restrict
ourselves to polynomial functions, i.e. f(q) o aq¢”™ and g(q) o bg* with a,b € C

and n, k € N. In this case, the Hamiltonian can be standardized into a form of
H = B(p* + V(q)), where V(q) o ag™.

In Ch. 2.1} we showed that for the harmonic oscillator, corresponding to the
polynomial potential V(q) = ¢?, the definition of a spectrum and the compu-
tation of eigenfunctions are possible everywhere except on the Stokes lines. In
the present section, we have demonstrated that general non-Hermitian Hamil-
tonians of the form of Eq. can be mapped to a standardized form with a
polynomial potential. This mapping allows the spectral problem to be analyzed
within the same framework. In the next section, we additionally formulate the
Stokes and anti-Stokes lines for general polynomial potentials.

3.2 WKB-Approximation and Stokes Sectors

In Ch. we showed that, in the case of the harmonic oscillator, the time-
independent Schrodinger equation admits two asymptotic solutions for large ¢
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behaving as 1(q) o« exp(+q?/2). We now aim to generalize this asymptotic
behavior to polynomial potentials of the form V(gq) o v¢"™. To this end, we em-
ploy the semiclassical approximation for the one-dimensional time-independent
Schrédinger equation in the limit of large quantum numbers n, known as
WXKB-approximation. In the WKB approach, the wave function is written in
exponential form as

¥(g) = Ae™@), (3.9)

where S(q) is a rapidly varying function. In the present analysis, we restrict
ourselves to the case of a constant amplitude A. The second derivative is given
by

d & .S (q) " S (q) 1 N2 ,15(q)

— (2 — s (2 (2

d—qu)(q) = d—QQAe 9 =4A5"(q)e”'Y — AS'(q)*e™'?V. (3.10)
Substituting this equation into the time-independent Schréodinger equation ([2.4))
and multiplying by %e_"s (@) yields

E=—iS"(q) + S'(q)* + V(q). (3.11)

The WKB approximation is valid if S(gq) varies slowly, such that S”(¢q) < S(q)?.
This results in the differential equation

S'(q) = £VI[E - V()] = £p(q). (3.12)

Therefore, the wave function can be written in the form of

W(q) = Ay exp (H’ / h pdq> + A_exp (z / h pdq> , (3.13)

—00 —00
with p = \/E — V(q).
In order, to be considered as part of the physical spectrum, the correspond-
ing wave functions 1(q) must be normalizable, which requires that they decay
sufficiently fast for large ¢, so that

/MMW@P<W- (3.14)

—0o0

Consequently, the coefficient of the non-decaying term in Eq. (3.13)) are set to
zero, leaving a wave function that decays asymptotically.

We now consider standardized Hamiltonians of the form

H =p*+7q", (3.15)
with v € C. As in the case of the harmonic oscillator we apply the transfor-
mation of the form p — ¢*®p and ¢ — e~%q with ¢ € [0, 27). The transformed

Hamiltonian then reads

H = p?e¥® 4 yqe ™9, (3.16)



22CHAPTER 3. SPECTRA OF GENERAL NON-HERMITIAN OPERATORS

We use the WKB approximation of Eq. (3.13)), to determine for which angles
¢ decaying solutions exist and for which the wave function is purely oscillatory.
Equation (3.12)) can be written as

P22 4 e~ — | a0, (3.17)

where, for simplicity, we have set the constant energy to zero. Solving for the
squared momentum yields

The constant « is generally complex and can be written in polar form as y = %,

where r denotes the modulus and # the argument of the complex number.
Taking the square root gives

.0—(n+2)¢
2

b= \/_anez[e—¢(n+2)1 — i g2 T (3.19)

and the cooresponding WKB-approximated wave function, see Eq. (3.13]), reads

¥(q) x exp <:t\/Zq"/26i9<n2+2)¢>. (3.20)

The Stokes lines are defined as the points where the wave function is purley
oscillatory which occurs when

exp (9*”“)(25) —ti e oo <9‘<”+2>‘f’> ~0

29 +2, 2j+1 : (3.21)
n 2 .
:>2 5 = T ,57=0,1,2,...,n+ 1.
Solving for ¢ yields the general calculation of the Stokes linesﬂ
0—7n(2j+1)
= ——= +2m. 3.22
qbst n+2 + 27 ( )

Thus, a polynomial potential V' (q) o< v¢™ has n + 2 Stokes lines. The number
is even for even n and odd for odd n.

The anti-Stokes lines are determined the same way. They occur when the
exponent is real, i.e.,

0—(n 60— 2
619 e =41 < sin <(nz+)d>> =0

g 49 (3.23)
n . .
375 o=gm ,7j=0,1,2,..,n+1.
Solving for ¢ yields the general calculation of the anti-Stokes lines
0—2jm
ast = 2. .24
Past o T (3.24)

!The addition of 27 is performed to ensure that the condition ¢s; € [0,27) is satisfied.
However, for certain values of # and ¢, this addition may not be necessary. The same
principle applies to calculating the anti-Stokes lines and turning points.
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As for the Stokes lines, there are n + 2 anti-Stokes lines.

The turning points are defined as the points where E = V(q). Focusing on
real turning points (E € R), we have

E=V(q) =" " = rg"e'®9), (3.25)

where we have, once again, used the polar representation v = re’®. Solving for

q gives )
1/n
q = exp <z (z6+nd+ 27rk)> (E) . (3.26)

n r

For E > 0, the turning points satisfy

Otnp+ 2k =0 g _n%k, (3.27)

and for ¥ < 0, they are given by
—9+n¢+27rk+7r=0<:>¢:9_(22+1)7r, (3.28)
where we have used ¢™ = —1. For general potentials of the form V(q) = y¢"

we have thus determined the locations of the Stokes and anti-Stokes lines as
well as the turning points. In the upcoming sections, we will discuss several
illustrative examples of such potentials.

3.3 H=7p>’+ig
We now want to discuss the Hamiltonian of the form
H— p2 + z'q3 . p262i¢ + iq3e_3i¢’. (3.29)

The potential can be written in the form of V(q) = re!® "9 ¢" with r = 1,
¢ = 5 and n = 3. Substituting these values into the general expressions for the
Stokes and anti-Stokes lines, see Eqs. (3.22)) and (3.24]), yields five lines in each
case

37 7m 117 3w 197
gum [B1,10 1 o1 10

(3.30)
oy = | & O 18w 1w
@t~ 110°2"10" 10 10 |
The turning points are given by
z 3 E>0
d’turning = { 76r’ 76;_’ 1217|_ ' (331)
3, %], E<O.

Figure illustrates the Stokes and anti-Stokes structure of the ig3-potential
with the turning points indicated. Since n = 3 is odd, the total number of
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Figure 3.1: Stokes and anti-Stokes structure of the ig3-potential on the unit
circle. The green regions represent the region in which spectra with energy
values F, € R are found.

Stokes and anti-Stokes lines, n + 2 = 5 is also odd. Consequently, each anti-
Stokes line lies opposite to a Stokes line. Turning points are located between
two Stokes lines, and in each Stokes sector, exactly one real turning point is
present.

The eigenvalues and eigenvectors of the Hamiltonian of Eq. are computed
following the same procedure as for the harmonic oscillator. The calculation
is performed in the basis of Hermite functions, truncated at a cutoff N. The
resulting eigenvalues F,, are sorted according to their absolute value. Figure|3.2
shows the computed eigenvalues as a function of the angle ¢. In contrast to the
harmonic oscillator (Fig. , most eigenvalues are complex. Real eigenvalues

occur only within the intervals ¢ € (—%, %) and ¢ € (%, 111—[?) Apparent
discontinuities appear at ¢ = (Qkfgl)ﬂ with & = 0,1,2,... At higher eigenval-

ues such as E7 and E1g, the corresponding transitions become increasingly less
steep. This reduces the intervals of ¢ over which the eigenvalues remain ap-
proximately constant.

From the harmonic-oscillator example we know that these discontinuities occur
at the Stokes lines, and that their apparent smoothing is a numerical artifact
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Figure 3.2: Ey, E1, E; and Ejg of the ig3-potential plotted as functions of the
angle ¢ for N = 200. Sharp transitions appear on the Stokes- and anti-Stokes
lines. Due to the cutoff of the Hermite basis, with increasing basis index i, the
sharp lines are increasingly less steep. Around ¢ = 0 and ¢ = w, the eigenvalues
are real.

resulting from the truncation of the Hermite basis. Eigenvalues near the Stokes
lines are particularly sensitive to this cutoff, which reduces the number of eigen-
values that can be reliably regarded as part of the physical spectrum compared
to regions farther from the Stokes lines.

For the ig3-potential, such discontinuities appear not only on the Stokes lines
but also on the anti-Stokes lines. As shown in Fig. the Stokes and anti-
Stokes lines lie opposite to each other. Consequently, the behavior along the
anti-Stokes lines mirrors that along the Stokes lines. Given that, the eigenval-
ues of Eq. are no longer entirely real, it remains necessary to determine
which eigenvalues can be considered part of the spectrum and which cannot.

Figure [3.3]shows the tail-weight ratio y, plotted as a function of the basis cutoff

N. Shown are four different angles in the first stokes sector: ¢ = 0, ¢ = 5

on the first anti-Stokes line, ¢ = ?2’—’6 and ¢ = %r on the first Stokes line. No
significant differences in the tail-weight ratios are observed between these an-
gles. This indicates that the first ten eigenvectors are localized in the low-index
region of the Hermite basis, and that ¥, converges reliably both on and off the

Stokes lines.

For a more quantitative evaluation, Fig. shows the truncation fidelity z as
a function of the cutoff N, plotted for the same angles as in Fig. Within
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the Stokes sector (¢ = 0 and ¢ = %) z appears to converge to unity, indicating
that increasing the basis size yields essentially the same eigenvectors. However,
for the ig>-potential z, does not converge on the Stokes line ¢ = %r. More-
over, even on the anti-Stokes line ¢ = {; where the WKB-approximated wave
function exhibits purely decaying behavior, no significant convergence of the

truncation fidelity is observed.

These results are consistent with the observations shown in Figs. and
The anti-Stokes lines effectively act as Stokes lines because they lie opposite to
them. Away from these lines, a set of eigenvalues can be identified that can be
regarded as part of the spectrum, even though these eigenvalues are not neces-
sarily real. A group of spectral regions with real eigenvalues E,, > 0 is found
around the real axis, within an angular range A¢ = +7/10. This behavior can
be understood in terms of the turning points of the system. Within the green
region of Fig. it is possible to draw a straight line connecting one Stokes
sector containing a positive turning point to another Stokes sector containing
a positive turning point. Consequently, the eigenvalues are real and positive
within this region. P

In summary, the analysis of the ig3-potential yields the expected results. Along

the unit circle, well-defined spectral regions can be identified everywhere except
on the Stokes lines.

3.4 H=p>+(
Let us now consider the Hamiltonian of the form

H=p>+¢5 — p2e?® 4 ¢Se 009, (3.32)
In this case the potential V(q) = ¢% is of the form e?¢™ with # = 0 and n = 6.

Substituting into Egs. (3.22)) and (3.24)) yields eight Stokes and eight anti-Stokes
lines located at

7w 37 bw 7w 97 11w 137 16w
but = | oo, o SO ST T 2T

3.33
p 0 T T 37 om 3w I ( )
t = — Ty Ty A
as ) 47 27 4 b ? 4 ) 2 ) 4
20ne may ask why no negative real spectrum is found within the angular intervals ¢ =
[g, %} and ¢ = [37”, 117—5] In these intervals, it is also possible to draw a straight line

connecting one Stokes sector containing a negative turning point to another Stokes sector
containing a negative turning point. Following the argument above, one would therefore
expect the eigenvalues in this region to be real with E, < 0. However, Fig. [3:2] shows that
this is not the case. Addressing this question requires a detailed discussion of P7T-symmetry
which is beyond the scope of this thesis. Briefly, the spectrum of non-Hermitian operators
with PT-symmetry are entirely real [3]. For the ig>-potential potential, this symmetry is
realized around the real axis [3,7].
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The turning points follow from Eq. (3.28) and are given by

0,55 % 5], E>0
d’turning - { [ 373 373 ] (334)
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Figure 3.5: Stokes and anti-Stokes structure of the ¢®-potential along the unit
circle. Turning points with positive energy are marked in green, while turning
points with negative energy are marked in pink. In the green regions, a positive
spectrum is found, whereas in the pink regions the eigenvalues are negative.
In all other regions, which contain two turning points of opposite sign, the
eigenvalues are complex with Re(E,) = 0.

Figure [3.5] illustrates the Stokes- and anti-Stokes structure of the sextic poten-
tial. The location of the turning points is also specified. Since n = 6 is even,
the number of Stokes and anti-Stokes lines is also even, and consequently each
Stokes line lies opposite to another Stokes line. This example exhibits four
Stokes sectors containing two turning points of opposite sign, as well as four
Stokes sectors that contain only a single turning point. In the Stokes sectors

[—%, g] and [7—” 9—”] only a single real positive turning point exists, whereas

)
8 s 857r 11w 137w

in the sectors [3§, §] and [T? T] only a single real negative turning point

occurs.

Figure shows the behavior of the ground state energy as a function of ¢.
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Figure 3.6: Ground state energy of the ¢%-potential as a function of the angle

®.

In the cases of the harmonic oscillator (Sec. and the cubic potential (Sec.
, we have already discussed how this behavior changes numerically for higher
states, due to the cutoff of the basis. The same considerations apply to the ¢°-
potential. Therefore, this case will not be discussed further. The structure of
Ey(¢) is in agreement with the Stokes structure, shown in Fig. [3.5| Discontinu-
ities appear on the Stokes lines. In the green sectors, which contain one turning
point with £ > 0, the eigenvalues are real and positive. In contrast, in the
pink sectors, which contain a real turning point with E < 0, the eigenvalues are
real and negative. In the sectors with two turning points, the energy is purely
imaginary.

Figure shows the tail-weight-ratio and truncation fidelity for two differ-
ent values of ¢. For ¢ = 0, which lies in the first Stokes sector, y, and z,
exhibit significant convergence for cutoff values N > 320. On the Stokes-line
¢ = §, however, the truncation fidelity does not fully converge to unity. Con-
sequently, the corresponding eigenvalues F, can not be considered as part of
the spectrum. A meaningful definition of the spectrum on the Stokes line is not
possible. This observation is once again fully consistent with the theoretical
expectation that the spectrum is well-defined under rotations of the form given
in Eq. , except on the Stokes lines.

This behavior can be observed for a wide class of Hamiltonians of the form
H  v¢" and always leads to the same conclusion. For potentials V(q) = —¢*
and V(q) = —ig® Figures illustrating the Stokes structure and plots of the
ground-state energy Ey(¢) are provided in the appendix (see Figs. E |§| and
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Figure 3.7: Tail-weight-ratio y,, and truncation fidelity z, in dependence on the
basis cutoff N. Shown are the first four states for ¢ = {5z and on the Stokes
line ¢ = 3.

. In some sectors of non-Hermitian Hamiltonians, it is even possible to define
a real spectrum. This appears to depend on the arrangement of the turning
points within the sector. Sectors that contain a single real turning point and lie
opposite another sector with a single real turning point of the same sign seem
to support a spectrum with real eigenvalues, despite the Hamiltonian being
non-Hermitian. In the Figures showing the Stokes and anti-Stokes structure
of the potentials considered here (see Fig. and , these sectors
are marked in green for positive turning points and pink for negative turning
points. However a detailed interpretation of this behavior requires a discussion
of PT-symmetric Hamiltonians [7].

3.5 H=7p>’+ipg®
Let us now consider the Hamiltonian of the form
H=p*+ip(Bq — ¢*) = p* + ipf(q), (3.35)

with f(q) = B¢ — ¢ and 8 € C. In Sec. we have shown that by applying
a transformation of the form exp(h(q))yr(q) or p — p —ih'(q), we can rewrite
this problem into a standardized problem of the form V' (g) o< v¢™. Substituting

f(q) into Eq. (3.8) yields

Vi(g) = : (ﬁ - [3 - ﬁ;] ¢ — B + ;«;6) : (3.36)



3.5. H=p>+ipg 31

We consider the case g = 0, for which the potential reduces to

6
V_(q) = % <—3q2 + g) : (3.37)

Since the position operator ¢ is Hermitian, all integer powers of ¢ are also
Hermitian

(") = (") =q" (3.38)

Consequently, the resulting Hamiltonian H = p? + V(q) is Hermitian. We have
thus transformed the non-Hermitian Hamiltonian of Eq. into a, in this
example, Hermitian form. The eigenfunctions and eigenvalues of the Hamilto-
nian with the potential given in Eq. , as well as of the non-standardized
Hamiltonian in Eq. , can be computed using Hermite functions as a ba-
sis. Figure shows the calculated spectrum for both the standardized and

e ® general
100 o standardized
®
L ]
50 4
®
L ]
E 0 G000 0 000 O 0 0 @ 0 000 DO * B 00 e & @&
- e
®
—50) 1
-]
[ ]
—100
@
L

T T T
0 25 50 75 100 125 150 175
Re(E)

Figure 3.8: Spectrum of the standardized and the general Hamiltonian of basis
size N = 320. For eigenvalues within the stable part of the spectrum, the
eigenvalues of both Hamiltonians coincide.

the general Hamiltonian with a basis size N = 320. In the general case, the
Hamiltonian is non-Hermitian, which leads to numerical instabilities in the
eigenvalues for large quantum numbers n. For these high-energy states, the
eigenvalues of the general and the standardized Hamiltonian do not coincide.
Nevertheless, for states that are not influenced by the cutoff of the Hermite
basis, the eigenvalues F,, of both Hamiltonians agree. This demonstrates that
the standardization procedure preserves the spectrum, yielding identical eigen-
values.

Now, we want to look at the Hamiltonian of the form

H = p? +ipg® (3.39)
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and compare it with the negative case discussed above. Applying the standard-
ization procedure using Eq. (3.8) yields the potential

Vi(g) = % (3q2 + q;) : (3.40)

which again gives a Hermitian Hamiltonian. Calculating the eigenvalues of this
Hamiltonian in a truncated basis of Hermite functions gives the first ten quan-
tum states, shown in Tab. 3.1. In comparison, Tab. 3.2 shows the eigenvalues
obtained for the negative case (p? —ipg®), , which, as discussed above, coincide

in both the general and standardized forms. In case of Tab. 3.1, the ground
state of the standardized problem is missing.

P> +ipg® | p* + Vi(q) P’ —ipg® | p* +V_(q)
Eo 0 1.368593 Eo 0 0
Fy | 1.368593 | 4.453709 By | 1.368593 | 1.368593
By | 4.453709 | 8.259694 By | 4.453709 | 4.453709
Fs | 8.259694 | 12.758070 Es | 8250604 | 8.259604
By | 12.758070 | 17.857702 Ey | 12758070 | 12.758070
Es | 17.857702 | 23.494408 Es | 17.857702 | 17.857702
Ee | 23.494409 | 29.621418 Eg | 23.494409 | 23.494408
Er | 29.621417 | 36.202388 By | 20.621417 | 29.621418
Es | 36.202419 | 43.208015 Es | 36.202419 | 36.202388
Ey | 43.208014 | 50.614022 Eo | 43.208014 | 43.208015

Table 3.1: Comparison of the first ten
eigenenergys calculated in the trun-
cated Hermite basis, in the general
version standardized version, for N =

Table 3.2: Comparison of the first ten
eigenenergys calculated in the trun-
cated Hermite basis, in the general
version standardized version, for N =

320. In the standardized case, the
ground state is missing.

320. The eigenvalues completeley co-
incide.

The absence of the ground state in Table 3.1 can be understood from the struc-
ture of the Hamiltonian. The left eigenfunction of the ground state is given
by

Higr(q) = (0° +ipg®) vr(q)
= (»* Fig’p) ¥r(q)

2 (3.41)
= <—CZ]2 ¥ q3;q> Ur(q) =0
= ¢L(Q) = 17

where we have used p! = p,q" = ¢ and (pg®)T = ¢>p. For zero-energy mode, the
corresponding right eigenfunction of p? — ipg> is

4

Un(a) oc exp(—g). (3.42)
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where we have used h'(¢) = f(q)/2 from Sec. In this case, square-
integrability still holds because

/ R / Tdge ' < . (3.43)

—00 —0o0

In contrast for H = p? + ipg?, the right eigenfunction is

Yr(q) o exp <q84> ; (3.44)

which is no longer square-integrable. Consequently, the ground state does not
belong to the Hilbert space L? on which the standardized Hamiltonian H =
p?+V,(q) is defined. Although the eigenvalue equation H1g(q) = 0 is formally
satisfied, the corresponding eigenfunction fails to meet the required boundary
conditions. The ground state is therefore excluded from the physical spectrum.
Despite not belonging to the physical Hilbert space, the zero eigenvalue can still
appear in numerical calculations performed using a truncated Hermite basis.
Consequently, when applying the standardization procedure, it is essential to
carefully examine the resulting eigenstates with respect to boundary conditions
and normalizability. In particular, the existence of a formally exact eigenvalue
does not guarantee that the corresponding eigenstate lies within the physical
Hilbert space.
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Chapter 4

Conclusion and outlook

In this thesis, we investigated the properties and spectral behavior of several
non-Hermitian quantum systems. The primary aim was to understand how
non-Hermiticity affects eigenvalues, eigenfunctions, and the existence of phys-
ical spectra. We therefore developed a numerical framework to analyze these
effects using a truncated Hermite basis. This allowed us to compute eigenvalues
and eigenfuncions and discuss their stability.

We studied Hamiltonians of the form H = p? + V(q) with V(q) o ~¢" for
large ¢ under a complex deformation. Computing eigenfunctions and spectra
in the truncated Hermite basis led to the appearance of spurious eigenvalues
and non-converging eigenfunctions, which arise due to the cutoff of the Hermite
basis. To distinguish physically meaningful eigenvalues from spurious ones, we
introduced two quantitative measures: the tail-weight-ratio and the truncation
fidelity. These quantities provide a practical criterion to test whether an eigen-
value can be considered part of the spectrum. By comparing their behavior
with the asymptotic properties of the wave functions, we were able to identify
regions with existing spectra.

Analyzing the asymptotic behavior of the wave functions in terms of Stokes
and anti-Stokes lines showed that a spectrum exists in all sectors except on
the Stokes lines themselves. Furthermore, a real spectrum can be identified in
Stokes sectors containing a single real turning point that lie opposite a sector
with a real turning point of the same sigrﬂ

We then extended this analysis to a broader class of non-Hermitian Hamilto-
nians of the form H = p? + ipf(q) + g(q) and showed that, by introducing
a suitable transformation, these problems can be brought into a standardized
form H = p? + V(q). For these systems, spectral existence is ensured ev-
erywhere except on the Stokes lines, allowing their spectra to be interpreted
reliably. In particular, the eigenvalues of both Hamiltonians remain identical
provided that the corresponding eigenfunctions belong to the Hilbert space of
square-integrable functions.

An aspect that could be discussed further is the role of PT-symmetry in re-
lation to turning points and the structure of Stokes and anti-Stokes sectors.

"When PT-symmetry is fullfilled [7].

35
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While PT-symmetry was not explicitly analyzed in this thesis, it is known to
play an important role in the occurence of real spectra in certain non-Hermitian
systems [3,7]. A more detailed discussion of the existence of real and complex
turning points within Stokes sectors, and of the connection between these oc-
currences, P7T-symmetry and the emergence of real or complex spectra, could
therefore be undertaken. Also, in this thesis, only linear point transformations
corresponding to straight integration axes were considered. Generalizing the
transformations within the unit circle could lead to different integration con-
tours that connect the Stokes sectors. This discussion could reveal real or com-
plex spectral structures, depending on the turning points within the connected
Stokes sectors.



Appendix

.1 Inverse Gaussian Integral Operator and Canoni-
cal Transformations

The kernel
K(q,q") = exp (ag® + B¢* + ivqd') (.1)

with a, 8,7 € R that defines a linear integral operator acting on functions in
position space. Its action on a function f is given by

r=an@- [ " dd (VK (0, ). (2)

— 00

K(q,q') is assumed to be invertible in the sense of integral operators. Its inverse
K~1(q,q') is defined through

/oo dgd K~'(q",q"\K(q',q) = 6(¢" — q), (:3)

—00

where 0(¢” — ¢q) denotes the Dirac delta distribution. In order to determine the
explicit form of the inverse kernel, we make the Gaussian ansatz

K_l(q//,q/) _ NeXp (_[Aq//2 o Bq/2 _ C’q"q']) 7 (4)

with A, B,C, N € C. Substituting this ansatz into Eq. yields

00 S
/ dq/ K_l(q”, q/)[((q/7 Q) _ Ne—Aq”2+Bq2/ dq/ e—(B—a)q’Q—(C'q”—i'yq)q’
—00 —o0o

A Cq// - 'LVQ)2
- N Aq 2+ﬁq2 ™ 2 A "2 (7
e 5, P ( Ba g+ iB=a) )

where the stndard Gaussian Integral

(-5)

o 2
/ dge~(ag®—bate) — T ig—c
a

—0o0

has been used. Since the right-hand side of Eq. (.3)) is a Dirac delta distribution,
it is convenient to express d(¢” — ¢) as the limit of a normalized Gaussian

1 _( "_ >2
e P (.6)

5(¢" —q) = 1li
(" —q) = lim —-—

37
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This allows for a direct comparison of the exponential terms in Eq. with
the delta distribution. The exponent must therefore satisfy

. 1
Be* — Aq”? + (C*q"™ = 2iCyq"q = 7°¢") = lim —5—5(¢" — 244" + ¢°).

4(B — a) e—0
(7)

Comparing coefficients of ¢2, ¢"’?, and qq” yields three equations for the param-
eters A, B, and C:

2
B S NV R
<B_4(B—a)> =l =5 (:8)
iCy 1
B ms (:9)
2
A mo L (.10)

Solving these equations gives

B e—0
A= —F—— —— 11
20?2 +1 b (-11)
2.2
ey e—0 +
B = _— 0 12
0t s ot (12)
i’Y e—0
= .13
2e2 +1 (-13)

The normalization factor IV is determined by imposing

1 :/ dqdé(d" —q)=N BW / alqef%iz(q//*q)2
o VB—a ) o

T 12 T 2e2 (-14)
=N,/ “320” [ _ezmd? o N ,
B_a°’ 1/2526 "VB-a
Solving for N gives
Y I
=L =0 L 15
2\ 22 + 1 2 (:15)
Collecting all results, the inverse kernel is
_ Y .
K™Nq,q") = 5= exp (—B¢° — (a+07)¢"™ —inqq") . (.16)

2

We now determine the effect of K and K~! on the canonical variables p and g.
Starting with the position operator, the transformed operator is given by

o0
7(q.q) = / dq" K Y(q,4")qd"K(¢",q)
— 00

o
- 76_5(q2—q’2)/ dq" q"e‘0+Q”2+i7(q’—q)q”
27’[’ —00

- 2 2/ 1 2
_ 1y~ 1 - 75(q27q/2)6,w <Zo+Q)

4\ ©(0+)3
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Expanding the function f(q’) = exp(—B(¢> — ¢'?)) around ¢’ = ¢ up to second
order yields

(TF)(g,d)=1-2Ba(d —q) + = (=28 +48°¢*)(d' —a)* + ... (.18)

5

The action on a wave function 1 (q) is defined by

= /_OO dq' ¢'(q,q)¥(d). (.19)

Substituting the Taylor expansion of f(¢) yields

5 zfy wQ(ZJq’)Q -
(@Y)(q \/ 0+ / dq V(g (' —q) (20)

1—2qu —q)+ (28¢* = B)(d —q)* + ...|.

The integrals appearing are of the form

2,7 \2
)

I = (0%)9 / dd(d)(d — q)me

and one can analyze for which powers m the prefactor (07)~%/2 leads to a
vanishing contribution as 0 — 0.

+ 0 A2 ~2(q' —q)2
J = (0+)73/2 (_20/ dq/ ( Y )(ql - q)e_ (40+ : (q/ _ q)mlw(ql)>

2 20+
+y-1/2 72 (' ~q)? o
_ (07)2([((1’ — gl ior d)(Q’)} (:21)
© -2 d
_/_ dg e ior" a [(d' - q)m—1w<q’>])-

Performing partial integration and expanding 1(¢’) in a Taylor series

) =@+ V@ )+ @ P (2)

shows that all higher-order terms vanish in the limit 0t — 0. Consequently,
only the lowest-order contributions survive. Performing the derivation in [
yields

2(0t —-1/2 [e'9) B _2(d—q)?
1= (,Y)z((m—l)/ dq' (¢ — q)™ e a0t 4(q)

e} 2/ 1 \2
[ TG - o))
—0oQ

+)-1/2 + 72 (' ~q)?
=2 (- [ T - i)
+/°°dq I (g = gm0 (@) + (4~ (= )+ ).
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where we have used the Taylor expansion of ¢’(¢') around ¢’ = q. After the
second partial integration (if m > 2), each term acquires an additional factor
of (0)1/2. Therefore, all terms with m > 2 vanish in the limit 0t — 0, leaving
only the lowest-order contributions. Consequently, the only integral terms of
Eq. that survive in the limit 0T — 0 are

N in? 1 o _2%a=d)?
Va.d) =\ [z ([ wi)e T W -0

72 (a—q")?

~280 [ dat oty e 0 - 0?)

\/; / dq[ )—%mﬂ(tf)} Ak (.24)

:W/Oodqé( 9) [¥'(¢) — 2849(d)]
S ) wo= (o220 v
d

where we have used p = —id—q and the properties of the Delta distribution

1 _ 2’ —9)? o0
bo+(d —q) = %\/ﬁe ot / dq' 6(¢' — q)v(d') = ¥(q).

Similarly, the transformed momentum operator is

o0
Y(q,q) = / d¢" K Y(q,¢")W'K(d",q)
—o0

[ _ d
= —2/ dq" K~ (q,q )d ~K(¢",q)

o)
[e] o]
— —Z(QO[/ dql/ K_l(q, q”)q"K(q”,q/) —G—Wq// dql/ K_l(q, (]//)[((ql/’ql)>7
—0 —00

(i’(q,q’) 5(‘1/—‘])
(.25)
and its action on a wave function is
(P')(q) = / dq (—2aid’(q,q’) +7q'6(¢ — Q)) ¥(q')
——zai (L [~ 80| w(@)) + 00 (.26)
v Ldg K ‘
20, 4o
= <zp+ [’v - ﬂ q> ¥(q)
v Y
In summary, the canonical variables transform according to
1 2B 2 . 403
q———p——q ,p— —ip+ ['y—} q- (:27)
Y Y Y Y

and the canonical commutation relation is preserved

4,0 = [—ip, (v — 4?)(1] + [—qu, 232’19] =lg,pl =14 (.28
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.2 Additional Figures
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Figure 1: Tail-weight-ratio of the complex deformed harmonic oscillator for
¢ = ?{—g. Significant convergence is observed.
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Figure 2: Truncation fidelity of the complex deformed harmonic oscillator for
¢ = ?{—g. Significant convergence is observed.
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Figure 3: Tail-weight-ratio of the complex deformed harmonic oscillator for
¢ = ?—g. Significant convergence is observed.
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Figure 4: Truncation fidelity of the complex deformed harmonic oscillator for
¢ = ?—g. Significant convergence is observed.
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Figure 5: Tail-weight-ratio of the complex deformed harmonic oscillator for
¢ = %ﬂ. Significant convergence is observed.
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Figure 6: Truncation fidelity of the complex deformed harmonic oscillator for
o= %’r. Significant convergence is observed.
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Figure 7: Stokes and anti-Stokes structure of the —g*-potential on the unit
circle. The real turnng points with positive energy are marked in green and the
turning points with negative energy are marked in pink. In the green sectors,
the spectrum takes real eigenvalues with £ > 0 and in the pink sectors E < 0.
The real axis is a Stokes line. This is why no spectrum exists here.
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