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Abstract

This thesis studies Bloch osciallations in a Josephson junction op-

erating in the phase-slip regime. We discuss the emergence of dual

Shapiro steps of constant current in the current-to-voltage charac-

teristic, when an additional AC voltage is supplied. We obtain an-

alytical and numerical results for the phase-locking on the step. As

different kinds of noise occur in a real phase-slip junction, we ex-

amine the effects of quasiparticle poisoning and Landau-Zener tun-

neling on the dual Shapiro steps as two types of noise.
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Chapter 1

Introduction

In 1962 Brian David Josephson predicted the Josephson effect [1], which was

experimentally observed in 1963 by Sidney Shapiro via steps of constant volt-

age, when a microwave tone is applied [2]. The physical dual effect is the Bloch

oscillations in small Josephson junctions [3]. Bloch oscillations describe the pro-

portionality of current and frequency via I = ωBe/π with the Bloch oscillation

frequency ωB. This effect may be a missing element by closing the quantum

metrology triangle as further discussed in [4], which is shown in Fig. 1.1.

Bloch oscillations can be observed in a phase-slip junction, which is realized

Figure 1.1: Quantum metrology triangle [4]. This triangle allows a self-
consistent definition of current, voltage and frequency. The missing link be-
tween the current and the frequency may be provided by the Bloch oscillations.
Representation according to [5]
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2 CHAPTER 1. INTRODUCTION

by a small Josephson junction, operating in the phase-slip regime. Through-

out duality arguments for voltage and current, the emergence of dual Shapiro

steps was predicted as the dual counterpart to the known Shapiro steps. Dual

Shapiro steps are one way to observe Bloch oscillations by adding an AC drive

to the supplied voltage. This leads to steps of constant current, when the Bloch

oscillation frequency ωB reaches an integer multiple of the driving frequency ω0.

This thesis deals with the characterization of the dual Shapiro steps and we

study the effects of noise on these steps. Therefore we introduce the phase-slip

junction and its operating regime in Ch. 2. Out of that we obtain a equation of

motion, with wich we can describe the Bloch oscillations and the dual Shapiro

steps. After that we solve this equation in order to describe Bloch oscilla-

tions. Furthermore we gain an analytical understanding of the dual Shapiro

steps, without effects of noise (Ch. 3). Finally in Ch. 4 we study the impact

of Landau-Zener tunneling and quasiparticle poisoning on the steps, as two

different kind of noise.



Chapter 2

Phase-slip junction in an ideal

setup

2.1 Josephson junction in the phase-slip regime

This chapter introduces the theoretical background of phase-slip junctions in

order to understand dual Shapiro steps. A phase-slip junction can be imple-

mented by a small Josephson junction with a Josephson energy EJ = Φ0Ic/2π

and a finite capacitance C, where Φ0 = h/2e denotes the superconducting flux

quantum, with h the Planck constant and e the electron charge. Ic is the critical

current, the drive current has to overcome [5]. The realization of the phase-slip

junction is shown in Fig. 2.1.

Subsequently it is possible to determine an eigenvalue spectrum by construct-

ing the Hamiltonian of this system and solving it [6]. Figure 2.2 displays the

resulting energy spectrum. This spectrum is 2e-periodic in the charge Q on the

Figure 2.1: Realization of a phase-slip junction with a Josephson junction of
energy EJ and a finite capacitance of energy EC connected to an ideal current
source I. Throughout the Josephson junction there is Cooper pair tunneling.

3
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Figure 2.2: Sketch of the energy spectrum of a phase-slip junction for EC . EJ ,
which is 2e periodic in the charge Q. The band gap scales with the Josephson
energy EJ and the energy of the phase-slip junction Es indicates the height of
the lowest band.

capacitor plates. We only consider the regime where EC = e2/2C . EJ . For

EC � EJ the periodicity of the energy spectrum is negligible and the band

structure can be approximated as an harmonic potential. This is the regime,

where the Josephson effect can be observed [7]. If EC � EJ , the influence of the

Josephson junction is negligible, the energy bands will correspond to the bands

of nearly free electrons. In the regime, which is more precisely called phase-slip

regime, where EC . EJ , the energy bands are well separated as the energy gap

is proportional to EJ [8]. For this reason, we can describe the junction only

on the first band of the energy spectrum. In this case, we can approximate the

lowest band as an cosine, which yields in

E = Es cos(
π

e
Q) + Es. (2.1)

The phase-slip energy Es is the height of the lowest energy band. By deriving

the energy spectrum according to the charge, we obtain

V =
dE

dQ
= Vc sin(

π

e
Q) (2.2)

as the equation, which describes the dynamics of the phase-slip junction. The

critical voltage Vc = Esπ/e is a voltage, which corresponds to the critical cur-
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Figure 2.3: Circuit diagram of the system with a real current source, which is
implemented by a ideal voltage source, supplying the voltage V0, and a resis-
tance R. Vc sin(πQ/e) describes the dynamics of the phase-slip junction.

rent Ic of the Josephson junction. Furthermore, a phase-slip junction is the

exact dual of the Josephson junction. Therefore, a phase-slip event in a super-

conducting nanowire changes the phase difference over the wire by 2π, which

is the dual process to Cooper-pair tunnelling in a Josephson junction. [9]. The

dynamics of the classical Josephson junction model can be described by

I = Ic sin(φ), (2.3)

where the duality of the Josephson junction and the phase-slip junction is evi-

dent.

2.2 Phase-slip junction with a real current source

To realize a phase-slip junction in an ideal setup, we take a real current source.

This consist of an ideal voltage source and a resistance R, which are connected

in series, as shown in Fig 2.3.

Additionally we have to introduce a loop charge operator

Q̂ =

∫ t

−∞
dt′Î(t′), (2.4)

which indicates the charge going through the junction up to a time t [6]. In

order to suppress quantum fluctuations, the resistance R has to be much greater

than the quantum resistance RQ = h/4e2. Therefore the loop charge operator

Q̂ can be treated as his expectation value Q in a classical way [10].

Subsequently we can derive the equation of motion

RQ̇ = V0 − Vc sin(
π

e
Q) (2.5)
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Figure 2.4: Sketch of the tilted washboard potential for V0 = Vc. In this case,
the voltage V0 is exactly high enough to overcome the potential barrier.

of this system via Kirchhoff’s law, where V0 is the voltage supplied by the

voltage source. By integrating over the charge Q, we obtain a result for the

potential in the phase-slip junction

U = −V0Q− Vc
e

π
cos(

π

e
Q). (2.6)

This potential is called ”tilted washboard potential” which refers to its charac-

teristic shape and is displayed in Fig. 2.4.

From the potential it can also be seen, that there are two different cases,

which are interesting to examine later on. Since a voltage V0 which is below Vc

can not overcome the potential barrier, there can not go a current through the

phase-slip junction unlike for V0 > Vc.

We now transform Eq. (2.5) into a dimensionless form. For this purpose we

introduce q = πQ/e as our dimensionless charge. Furthermore we write the

voltages in units of Vc, which leads into the notation vi = Vi/Vc. Additionally

we define a new timescale by introducing a reference frequency

ωR =
πVc
eR

=
1

RC
, (2.7)
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which is equal to a RC time in which the motion of the charge is damped. This

yields to the non dimensional equation of motion for the charge

q̇

ωR
= v0 − sin(q), (2.8)

which will be discussed and solved in detail in the following chapter.
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Chapter 3

Emergence of dual Shapiro

steps

3.1 Appearance of Bloch oscillations

This chapter deals with the analytical and numerical manner of understanding

dual Shapiro steps. Dual Shapiro steps occur in the current-to-voltage charac-

teristic (IV curve) of the phase-slip junction while adding an AC drive in oder

to observe Bloch oscillations. But before that we turned towards the differential

equation in Eq. (2.8)

q̇

ωR
= v0 − sin(q),

where the voltage source only supplies a DC voltage v0. Solving this equation

results in obtaining the Bloch oscillations.

We now can separately consider the case in which |v0| < 1, so the voltage

is below the critical voltage Vc. In this case there are two possible solutions for

the differential equation given by

q = arcsin v0 + 2πn, n ∈ Z, (3.1)

q = π − arcsin v0 + 2πn, n ∈ Z. (3.2)

As we treated in App. A, only the second solution is a stable one. Therefore

the charge remains constant over time after an initial response, as shown in

Fig. 3.1. Therefore there is no current flowing through the junction in the

domain |v0| < 1 , because the voltage is too low to overcome the potential

9
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Figure 3.1: Numerical results for the charge over time for different v0. (1) The
figure corresponds to v0 = 0.5, which is below the critical voltage Vc. The curve
is approaching a constant value of π + arcsin v0, plotted with the dashed black
line. There is no current flowing through the junction. Figure (2) corresponds
to the case where v0 =

√
2 > 1. The blue curve shows the numerical result, as

the orange one shows the analytical result.

barrier, as shown in Fig. 2.4 by the tilted washboard potential.

Subsequently, we consider the case |v0| > 1. We can solve the equation by

separation of variables. Therefore we obtain

q(t) = −2 arctan

[
1

v0

(
1−

√
v2

0 − 1 tan

(
ωBt+ Θ0

2

))]
(3.3)

as result for the dimensionless charge. Here, ωB = ωR
√
v2

0 − 1 is the Bloch

oscillation frequency. In order to fulfill the initial conditions, we introduce a

phase Θ0 of the Bloch oscillations. We again discuss the stability of the solution

in App. A. Figure 3.1 displays the numerical as well as the analytical solution.

To get a physical result, it is needed to continue the solution analytically over

more than one period. In this case the charge, which passed the junction, is get-

ting continuously higher, which does not allow a jump in the analytical solution.

Furthermore it is useful to perform an approximation for a large driving

voltage v0 � 1. In this domain we get

q(t) = ωBt+ Θ0 −
1

v0
cos

(
ωBt+ Θ0

2

)2

(3.4)

for the dimensionless charge and

q̇(t) = ωB

(
1 +

1

2v0
sin (ωBt+ Θ0)

)
+ Θ̇0 (3.5)
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Figure 3.2: Numerical results of the current flowing through the junction over
time for v0 =

√
2. The current is oscillating with the Bloch oscillation frequency

which is equal to ωB = ωR in this special case. The dashed line shows the DC
current. This illustrates the current-to-frequency relation q̇DC = ωB/ωR of the
Bloch oscillations.

for the dimensionless current. The current oscillates with the Bloch oscillation

frequency ωB. Figure 3.2 displays the current as well as the corresponding DC

current by taking the mean over the time. We obtain the DC current of the

Bloch oscillation IDC = wBe
π , as shown in figure 3.3.

The numerical results are calculated via the forward Euler method. This

is based on discretizing the time into appropriate steps and choosing an initial

value X0 = X(t = 0). After that, the nodal values can be determined via the

following algorithm [11]:

Xn = X0 +

n∑
k=1

f(tk−1, Xk−1)(tk − tk−1), (3.6)

where f(X, t) is the derivative of X, which we obtain from the differential

equation.

3.2 Phase-locking with an AC drive

The previous section dealt with a DC biased phase-slip junction. We now add

an AC drive, which corresponds to the influence of microwaves on the junction.
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Figure 3.3: IV curve of the phase-slip junction without an AC drive. In the
domain below VC there is no DC current in the junction, as the voltage is
too low to overcome the potential barrier. For v0 � 1 the current-to-voltage
dependence approaches the linear ohmic law.

Therefore the current and the drive can synchronize with each other. This

leads to steps of constant current in the IV curve. They occur when the Bloch

oscillation frequency ωB is an integer multiple of the driving frequency ω0, as

shown in figure 3.4.

We characterize these dual Shapiro steps and determine their width in this

section. For this purpose we obtain

Ṽ0 + ∆V0 + V1 sin
(
ω0t
)

= Vc sin

(
π

e
Q

)
+RQ̇ (3.7)

as the new differential equation describing the system, where the voltage source

supplies the voltage V = V0+V1 sin(ω0t). ∆V0 = V0−Ṽ0 indicates the deviation

from the voltage

Ṽ0 =

√
ω2

0

ω2
R

− 1, (3.8)

corresponding to the DC current where ωB = ω0, when the voltage source only

supplies a DC voltage. V1 characterizes the AC drive with driving frequency

ω0. We study the regime of weak driving V1 � Vc, because this allows us to
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Figure 3.4: IV curve of the phase-slip junction with an additional AC drive
of frequency ω0 = ωR and V1 = 0.3Vc (orange curve) in comparison to the IV
curve without AC drive (blue curve). The dual Shapiro steps occur at multiples
of IDC = e

πω0.

perform a perturbative expansion for the charge Q = Q0 +Q1, where Q1 � Q0.

This yields to two different equations

V0 = Vc sin

(
π

e
Q0

)
+RQ̇0, (3.9)

∆V0 + V1 sin
(
ω0t
)

= Vc
π

e
cos

(
π

e
Q0

)
+RQ̇1 +R

Θ̇0

ω0
Q̇0, (3.10)

from which we solved the first one in the section above, so we can plug in Q0

from Eq. (3.4) with ωB = ω0, as we want to calculate the behavior on the first

step. Furthermore we add a time dependence on the phase Θ0, as we absorb

variation of the frequency into the phase. Due to this we get the last term in

the second equation via the chain rule. The time dependence of Θ0 is very slow

in comparison to the driving frequency ω0. Therefore we can assume Θ̇0 as

constant in the following calculations. Θ̇0 can be understood as an deviation

from the frequency, which leads to a deviation from the current. Furthermore

we use the approach, that Q1 is a linear response with frequency ω0

Q1 = Re
[
|δQ1| ei(ω0t−Θ1)

]
. (3.11)
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|δQ1| is the amplitude of the response and Θ1 is the phase shift between the

driver and the response.

In order to understand the dual Shapiro steps and to calculate their step

width, it is not required to solve the differential equation, but only determine

the range in which ∆V0 is located on the step.

To perform the calculation, it is beneficial to take a mean over the time via the

formula

〈f(t)〉ω′ =
ω0

2π

∫ 2π
ω0

0
f(t)eiω

′tdt. (3.12)

By evaluating this mean at ω′ = 0 and ω′ = ω0 and performing a high voltage

limit v0 � 1, we obtain two equations

∆V0 = R
e

π
Θ̇0 + Vc

π

e

|δQ1|
2

cos(Θ0 + Θ1), (3.13)

|δQ1| = −
V1

Rω0
eiΘ1 . (3.14)

As |δQ1| is a positive and real number, we can now specify

Θ1 = (2n+ 1)π, n ∈ N. Out of this, we get an expression for

∆V0 = R
e

π
Θ̇0 −

VcV1π

2Rω0e
cos(Θ0). (3.15)

On the dual Shapiro step there is a synchronization of the Bloch frequency

ωB with the driving frequency ω0, which yields in ωB = ω0 on the first step.

That means that the additional frequency coming from the phase Θ̇0 has to

vanish.

Via Θ̇0 = 0, we are able to conclude a relation between the position on the

step ∆V0 and the phase Θ0. The stability of the solution ist determined by

δΘ̇0 = sin(Θ0)δΘ0 (3.16)

as equation for a small perturbation in the phase on the first step. Out of that

we determine the range of the phase Θ0 on the step to −π ≤ Θ0 ≤ 0 to reach

a stable solution. With this relation, we get an analytical understanding of the

phase-locking on the dual Shapiro step. The beginning of the step is connected

to Θ0 = −π, where the current and the AC drive are out of phase. This results

in the maximal negative power and the junction generates power, which yields

in an additive current. For Θ0 = 0 the drive and the current are in phase, which
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is related to the end of the step and results in the maximal positive power. In

this case, the junction consumes power and there is a deficit in the current.

Figure 3.5 displays the phase relation for three different spots on the step.

With this phase relation, the total step width can be determined to

∆V = V1
ωR
ω0
. (3.17)

Furthermore, we can see that the step is symmetrical around the center Ṽ0.

Subsequently we want to verify our analytical result from Eq. 3.17 with numer-

ical analysis. To determine the step width numerically, we use the method of

interval nesting. Therefore we review whether the middle point of a chosen in-

terval lays on the step or not and then bisect the interval. With this method we

obtain a result for the left and right end of the step from which we can calculate

the step width. Figure 3.6 displays the numerical results for the dependence of

∆V and V1.

As we can see, there is a non-linear dependence between ∆V and V1, in contrast

to the linear behavior in Eq. (3.17). The deviation from our analytical result is

due to our approximation for V1 � Vc. For V1 ≥ Vc, the AC drive can overcome

the potential barrier by itself, which modifies the step width.
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Figure 3.5: Visualization of the phase-locking between the current (blue curve)
and the AC drive (orange curve) of frequency ω0 = ωR and V1 = Vc after
transient response. (1) Current at Θ0 = −π, which corresponds to the left end
of the step. At this point the junction generates the maximal power. (2) The
middle of the step corresponds to Θ0 = −π

2 . (3) At the end of the step the
junction consumes the maximal power. At this point the phase is Θ0 = 0.
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As we see in the figure, our calculations for the step width are only reasonable
for the regime of weak driving V1 � Vc.
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Chapter 4

Effects of noise on dual

Shapiro steps

The previous chapter is based on ideal conditions to observe dual Shapiro steps.

Different kinds of noises, which destroy the dual Shapiro steps or change its

behavior, were neglected in the previous examinations. In the following chapter,

the influences of noise along with its effects on the steps will be analyzed.

4.1 Landau-Zener tunneling

The first type of noise we consider is Landau-Zener tunneling. Landau-Zener

tunneling describes the probability of a transition between two separated energy

states. This effect and the analytical solution to that was published by Lev

Landau [12], Clarence Zener [13], Ettore Mayorana [14] and Ernst Stueckelberg

[15] separately at 1932. Therefore it is a non vanishing probability of the system

going over to the upper energy level

PLZ = exp

[
−πe∆E

2

4~ECI

]
(4.1)

for the tunneling event from the first to the second band [16]. ∆E denotes the

band gap between the first two energy bands and is approximately equal to EJ .

In order to quantize this phenomena, we use the approach that the second

band is from the same form as the lowest energy band, beside of a negative

sign. Therefore we obtain

E = −Es cos(
π

e
Q) + 3Es + EJ . (4.2)

19
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Figure 4.1: Effects of Landau-Zener tunneling on the dual Shapiro step for
different probabilities. The AC drive is characterized by V1 = 0.3Vc, and (1)
ω0 = 10ωR as well as (2) ω0 = 2ωR. The Landau-Zener tunneling destroys the
steps in dependence of the probability p.

for the second energy band, as we sketched in the Fig. 2.2. The equation of

motion on the second band is calculated analogously to Eq. 2.5 to

q̇

ωR
= v0 + sin(q). (4.3)

This results in a kick of q′ = q + π for a transition between the two energy

bands, as it flips the sign in front of the sine. Since the transition probability is

anti proportional to the energy gap, we allow a transition only at the maxima

of the lower band, respectively the minima of the higher band. To implement

the Landau-Zener tunneling numerically, we allow a transition at sin(q) = 0

and rising edge to the higher band and at sin(q) = 0 and falling edge back to

the lower energy band with a chosen probability p.

The effects of Landau-Zener tunneling for different probabilities are dis-

played in Fig. 4.1.

We can see, that the Landau-Zener tunneling has a huge impact on the

steps. The effect of the noise is strongly dependent on the probability p, of

which we are poisoning the system. A greater probability leads to a greater

deviation from the initial dual Shapiro step. Every event contributes a small

additive current, which corresponds to the second half of the step, or a current

deficit, which corresponds to the first half of the step. When there is a poisoning

event, the system tries to relax into the steady state. Therefore the poisoned

system is ahead of the driver and tries to synchronize again in the first half

and vice versa. The middle of the step, which is equivalent to Θ0 = π/2, is

the voltage, where the behavior flips. After this point, the relaxation is in the
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Figure 4.2: Relaxation of the phase at different position on the step. The step,
which is characterized by the driving frequency ω0 = 2ωR and the AC current
of V1 = 0.3Vc, is poisoned with a probability of p = 0.01. The left figure shows
the relaxation for −π ≤ Θ0 ≤ −π/2 and the right one for −π/2 ≤ Θ0 ≤ 0,
where the relaxation goes in the opposite direction. Furthermore the poisoned
current is behind the unpoisoned one in the first regime and ahead in the second
one.

opposite direction than before this point. Figure 4.2 displays the relaxation at

different positions on the step.

Furthermore, there is the goal to gain an analytical understanding of the

relaxation. Therefore, we start at Eq. (3.15) and add a kick δΘ0 onto the phase

Θ0. This is since a kick on the charge q is related to a kick on the phase Θ0 via

Eq. (3.3). This results approximately in

δΘ̇0 =
V1ω

2
R

Vcω0
sin Θ0δΘ0 (4.4)

as a differential equation for δΘ0, which we can solve to

δΘ0(t) = δΘ0(0) exp

(
V1ω

2
R

Vcω0
sin Θ0t

)
. (4.5)

As we have seen in Fig. 4.2, there is the changing of the additional phase δΘ̇0

that leads to a deviation of the current IDC ∝ 〈ω0 + δΘ̇0〉 = ω0 + ∆ω, where

we take the mean over 1/ωR.

Therefore we obtain approximately

∆ω = δΘ0(0)ωR

(
V1

Vc
√
v2

0 − 1
sin Θ0

)
(4.6)
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Figure 4.3: Analytical results of the effects of Landau-Zener tunneling for dif-
ferent probabilities and their corresponding numerical results. The AC drive is
characterized by ω0 = 2ωR and V1 = 0.3Vc and we calculated with the proba-
bilities of p = 0.03 and p = 0.01.

for ∆ω. We can now plug in our result for Θ0 on the step from Eq. (3.15),

where Θ̇0 = 0, because of the synchronization on the step. This results in

∆ω = δΘ0(0)ωRv1

√√√√√ 1

v2
0 − 1

−

(
v0 −

√
ω2
0

ω2
R

+ 1
)2

v2
1

(4.7)

for ∆ω, which is only dependent of parameters, we used in our numerics. For

the poisoned current we therefore obtain

IDC = IDC,0 ± p
π

e
∆ω. (4.8)

This result only includes small probabilities as we used the approach, that

we only allow one tunneling event within the relaxation time.

Figure 4.3 displays the analytical solution to the effects of Landau-Zener

tunneling. As our approach only allows small probabilities, the analytical re-

sults differ more from the numerical ones, when going to higher probabilities.

To get a better analytical understanding, we had to take account of higher

orders, we neglected through our calculation.

In order to minimize the effects of Landau-Zener tunneling we have to max-

imize the energy band gap to keep the Bloch oscillations on the lowest band.
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On the other hand a large Josephson energy EJ � EC results in exiting the

phase-slip regime and Bloch oscillations will disappear. Therefore it is needed

to find the perfect regime in which Bloch oscillations occur, but the probability

of Landau-Zener tunneling is suppressed.

4.2 Quasiparticle poisoning

After considering the effects of Landau-Zener tunneling, we examine the effects

of quasiparticle poisoning. Quasiparticles can arise in a phase-slip junction from

the absorption of Cooper-pair-breaking photons [17]. Furthermore there is a

chance of single-electron tunneling. This effect occur, since there is no perfect

superconductor [8]. This kind of noise is probability dependent once again.

Therefore there is the Poisson distributed chance of a quasiparticle entering the

system with a rate of

Γ ∝ ∆E/e2

exp(∆E/kT )− 1
, (4.9)

where ∆E denotes the difference between the initial and the final state, k the

Boltzmann constant and T the temperature [16]. Quasiparticles own a charge of

one elementary charge e in contrast to Cooper-pairs with a charge 2e. Therefore

we gain a additional charge, which leads to a shift in the energy spectrum. As

our energy spectrum is 2e-periodic, which we can see in Fig. 2.2, this shift is

equivalent to q = q + π again. The difference between Landau-Zener tunneling

and quasiparticle poisoning is the dependence on the charge, wether a event is

allowed or not. This is because quasiparticle poisoning can take place at every

time, whereas Landau-Zener tunneling is only allowed at charges, where the

energy gap is as low as possible.

We can calculate the effects of quasiparticle poisoning numerically in the

same way as we done with the effects of Landau-Zener tunneling. Figure 4.4

displays the numerical results, we obtain for quasiparticle poisoning. The prob-

ability p indicates thereby the probability of an event within one period.

Out of that we can see, that the poisoning of quasiparticles has a larger

impact on the step than the Landau-Zener tunneling. This is because there is a

higher probability of a poisoning event within the relaxation time of a previous

one. This leads to longer relaxation times and stronger deflection from the

initial curve. Figure 4.5 shows the relaxation after an quasiparticle poisoning

event.

The relaxation is very similar to the relaxation after an event of Landau-

Zener tunneling. However, the analytical way to understand the effects of quasi-
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Figure 4.4: Effects of quasiparticle poisoning on the dual Shapiro step for differ-
ent probabilities. The AC drive is characterized by V1 = 0.3Vc and ω0 = 10ωR
for the left plot as well as ω0 = 2ωR for the right one. The quasiparticle poi-
soning destroys the steps in dependence of the probability p.
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Figure 4.5: Relaxation after the poisoning of quasiparticles with a probability
of p = 0.01. The AC drive is characterized by V1 = 0.3Vc and ω0 = 2ωR. The
left plot shows the behavior in the regime −π < Θ0 < −π/2 and the right one
for the regime −π/2 < Θ0 < 0. For the second regime, the relaxation goes into
the opposite direction analogously to the effects of Landau-Zener tunneling.

particle poisoning is more difficult. That is due to the charge-to-phase relation,

we used in our calculation in the chapter before. As Landau-Zener tunneling

takes place at predefined charges, we attain a non-ambiguous related phase, by

which the system is shifted. This is different via poisoning with quasiparticles,

as events have the probability to take place at any given time.

In order to minimize quasiparticle poisoning, we can lower the temperature,

as this would lower the temperature dependent rate in which quasiparticle poi-

soning occurs. Furthermore, it would reduce the number of quasiparticles due

to better superconductivity at lower temperatures.



Chapter 5

Conclusion and Outlook

This thesis has dealt with the effects of different types of noise on dual Shapiro

steps. In order to understand dual Shapiro steps, we first introduced the Joseph-

son junction operating in the phase-slip regime in Ch. 2. Out of that we realized

a phase-slip junction in an ideal setup and derived the equation of motion of

this system.

Furthermore we have studied the appearance of Bloch oscillation in the phase-

slip junction with an DC voltage applied in Ch. 3. Under the influence of mi-

crowaves, realized via an AC drive, we observed the emergence of dual Shapiro

steps. We have gained an analytical understanding of the relation of the phase

throughout the step and determined the step width.

In Ch. 4 we studied explicitly the effects of two kind of noises. At first we

concerned ourself with the impact of Landau-Zener tunneling. We have gained

an understanding of these effects due to our numerical results. Furthermore

we determined a solution for the deviation of the current by mentioning the

relaxation of the phase. After that, we have determined the influences of quasi-

particle poisoning. We obtained a numerical way to understand the effects, but

our analytical correction from the calculation of Landau-Zener tunneling did

not fit the poisoning with quasiparticles well, as the system is less predictable.

As our analytical results for the effects of noise did not match very well with

our numerical results due to higher orders, which we neglected throughout our

calculation, this may be an interesting subject for future research. Especially

higher orders of the probability may lead to a better characterization of the

impact of noise. Futhermore the effect of quasiparticle poisoning is analytically

25
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still undetermined. Therefore it may be interesting to research the relation

between the charge and the phase more in detail in the future.



Appendix A

Proof of stability

In this appendix we proof the stability of our solutions for the charge q, while

the voltage source is only supplying a DC-voltage of v0. In order to proof the

stability we add a small deflection δq onto our original solution. Therefore we

get

q̇ + δq̇ = f(q + δq) = f(q) + δqf ′(q), (A.1)

with f(q) = ωr(v0 + sin(q)), as equation for δq via a Taylor expansion around

δq = 0. Out of that we obtain two differential equation for v0 < 1 by plugging

in our solutions for q out of Eq. (3.1) and Eq. (3.2)

δq̇ = ωR cos(− arcsin v0) δq = ωR

√
v2

0 − 1 δq, (A.2)

δq̇ = ωR cos(π + arcsin v0) δq = −ωR
√
v2

0 − 1 δq. (A.3)

Since only in the second equation the factor in front of δq is negative on the

whole domain, this is the stable solution of the two.

Analogously we proof the stability of the solution for v0 > 1. This results in

δq̇ =
1

ωR
cos

[
2 arctan

(
1

v0

(
1−

√
v2

0 − 1 tan

(
ωBt+ Θ0

2

)))]
δq (A.4)

as differential equation for δq. In this case f ′(q) seems to be periodical around

zero, which implies that there is neither a relaxation to a stable solution nor

an unstable solution. In order to verify that, we calculate the integral over one

period T = 2π/ωB. For that, we calculate a root of f ′(q)

t0 =
1

ωB

[
2 arctan

(
v0 + 1√
v2

0 − 1

)
−Θ0

]
(A.5)
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and shift the whole function by t0, because the shifted function is odd at t = 0.

Subsequently we can take advantage of the periodicity of f ′(q) and move the

limits of the integral by T/2, which leads to symmetrical limits. Therefore we

get zero for the integral we have to determine. This proves, that δq stays a

constant deflection.
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