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Abstract

In this thesis, we study a Duffing-oscillator which is parametrically
driven at thrice its resonance frequency. We investigate the period
tripling with the focus on the inductance due to thermal fluctuations.
To this end, we use the rotating-frame approximation as an ansatz,
such that the investigation is reduced to the complex oscillation am-
plitude. Further, we determine the tunneling rate at which period
tripling is induced analytically via the action such as numerically, to
an exponential accuracy. We show that period tripling only occurs
for a driving force that exceeds a certain threshold depending on the
dissipation, the restoring force and the stabilizing force. In the regime
of period tripling, we find that the tunneling rate is exponentially
dependent on the negative inverse temperature, in the limit of small
fluctuations.
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1
I N T R O D U C T I O N

This thesis investigates a parametric oscillator. In general, a parametric
oscillator describes an oscillator with time-dependent parameters. If
these parameters meet the right conditions, this can lead to an excita-
tion of the system, which is called parametric excitation. [4]

An illustrative example of this behavior is the following. We consider
a pendulum made of a massless string and a point mass at the end
of this string. Further, the pendulum is attached to a motor which
changes the length of the string periodically at twice the resonance
frequency ω0 and with the amplitude |A| < 1. This motion can be
described by L(t) = L0[1 + A sin(2ω0t)], where L0 > 0 is the average
length of the string. Further, in the regime of small deflections of the
pendulum, the system can be approximately described by a damped
harmonic oscillator

ϕ̈ + Γϕ̇ +
g

L(t)
ϕ = 0. (1.1)

If we investigate small changes in the length of the pendulum, i. e.
|A| ≪ 1, we can Taylor expand 1/L(t)1 and rewrite Eq. (1.1) as

ϕ̈ + Γϕ̇ + ω2
0ϕ = Fϕ sin(2ω0t), (1.2)

with the resonance frequency ω0 =
√

g/L0 and the parameter which
describes the driving force F = Aω2

0. In this form of the equation, we
can explicitly see that the time-dependent pendulum length can be
expressed as a parametrically driven oscillator, i. e. the driving force
is time-dependent. In this example, the solution ϕ(t) oscillates at the
resonance frequency ω0.

Furthermore, due to the periodicity of the driving force the system
has a symmetry. To understand this symmetry it is beneficial to con-
sider the following example. We choose the initial conditions such
that the pendulum has some constant velocity and zero amplitude.
After a full period of the driving force the pendulum only fulfills half
a period. Now, the pendulum is in the same position but moves in the
opposite direction and the cycle repeats. Thus, there are two different

1 (1 + x)−1 ≈ 1 − x for x ≪ 1
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4 introduction

solutions for the oscillation with a time shift of π/ω0 which show the
same behavior. This phenomenon is called period-doubling [1] since
there are two different periods which describe the same motion.

This brief example provides the intuition of how parametric oscil-
lators work and further introduces period multiplication, which can
be traced back to a symmetry of the system. This thesis analyzes a
parametrically driven Duffing-oscillator with a threefold symmetry
which leads to period tripling.

Chapter overview

In Ch. 2 we qualitatively investigate the Duffing oscillator and the
influence of the driving force, which oscillates with thrice of the reso-
nance frequency. Based on the results, we propose the rotating-frame
approximation as an ansatz, which leads to a differential equation of
the oscillation amplitude. The resulting differential equation is ana-
lyzed in Ch. 3, where we investigate the fixed points, their stability
and finally, discuss the dynamical properties of the amplitude.

After discussing the system at zero temperature, we introduce ther-
mal fluctuations in Ch. 4. There, we introduce a method to numerically
solve stochastic differential equations and investigate tunneling events
due to thermal fluctuations analytically as well as numerically.

In Ch. 5 we revisit the Duffing oscillator beyond the rotating-frame
approximation by analyzing the Poincaré map of the phase space.
Based on the results, we discuss the validity of the rotating-frame
approximation.



2
D E S C R I P T I O N O F T H E S Y S T E M

2.1 the parametrically driven duffing-oscillator

In this chapter, we investigate a Duffing-oscillator which is parametri-
cally driven at thrice its resonance frequency and can be described by
the following differential equation.

ẍ + Γẋ + ω2
0x + F sin (Ωt) x2 + Ax3 = 0 (2.1)

This equation contains five independent parameters. The first three
terms describe a damped harmonic oscillator, with the damping Γ ≥ 0
and the resonance frequency ω0 > 0. Due to the additional cubic
stabilizing force, characterized by the parameter A > 0, this equation
describes a Duffing-oscillator. The stabilizing force is necessary to
dominate the driving force Fx2, with F > 0, for large oscillation am-
plitudes. Without the stabilizing force, the system would be divergent.
Further, this force is parametrically driven, so it is modulated by an os-
cillation with frequency Ω = 3(ω0 −∆). The parameter ∆ ≥ 0 is called
detuning. It describes either a real experimental setup in which it is
not possible to drive at the exact resonance frequency, or it describes
an intentional offset to the resonance frequency. In this investigation,
∆ describes a small perturbation in the oscillation frequency of the
driving force, such that ∆ ≪ Ω.

In order to develop an intuition for this system, it is beneficial to
investigate the energy E = ẋ2/2 + ω2

0x2/2 + Ax4/4, constructed by
the sum of kinetic and potential energy. By multiplying ẋ to Eq. (2.1)
we find the total time derivative of the energy, which we substitute
and therefore, obtain

Ė = −Γẋ2 − F sin (Ωt) ẋx2 = −2Γ · Ekin − F sin (Ωt) ẋx2. (2.2)

In general, if the energy of a system is conserved, it does not change
over time. Therefore, the energy of this Duffing-oscillator is not con-
served, since Eq. (2.2) is not necessarily zero. Furthermore, the first
term is always negative and, therefore, describes an energy loss due
to dissipation. However, the second term describes the energy change
due to the driving force, which can be either positive or negative,

5



6 description of the system

depending on the phase shift between the driving force and the oscil-
lation x(t).

2.1.1 Numerical Solutions and Frequency Spectra

For the further investigation, we numerically examine the system
based on the solution of Eq. (2.1) for two different initial conditions
and the corresponding frequency spectra. This makes it possible to
better understand the behavior of the system.

At first, we discuss what kind of behavior we expect to find. Since
the driving force depends on the amplitude squared we expect that
we find different behaviors for different initial conditions. For initial
conditions that are very close to the center in a x, ẋ-plane, we can
neglect all terms of order O(x2), resulting in a damped harmonic
oscillator. Thus, we expect that in this limit the solution oscillates
with the resonance frequency ω0 and has an amplitude modulated by
the exponential term e−Γt/2 due to the dissipation. Physically, in this
scenario, the driving force has a very small influence compared to the
restoring force and the dissipation, resulting in a vanishing oscillation
amplitude. However, this implies that there can be a certain region in
the phase space in which the driving force overcomes the restoring
force. In this case, the strength of the restoring force has an important
role.

Let us consider the following gedankenexperiment. If the parameter
F, which describes the driving force, is negligibly small in comparison
to the parameter A, which describes the stabilizing force, the driving
force is always dominated. The stabilizing force determines the be-
havior in regions of large oscillation amplitudes and for decreasingly
small oscillations the restoring force has the dominating role. How-
ever, if we now consider the case F ≫ A, the stabilizing force only
influences the system for very large oscillation amplitudes; it stabilizes
the system. This implies that for intermediate amplitudes the driving
force is stronger than both, the restoring force and the stabilizing force.

Thus, for a small stabilizing force and larger initial conditions, we
expect to find oscillations with constant amplitude, such that the four
forces—restoring, friction, stabilizing, and driving force—balance each
other out, resulting in a state of equilibrium.

To analyze the behavior of the system, we investigate two solutions
x(t) and the belonging frequency spectra for different initial conditions.
Furthermore, we make two simplifications. First, we investigate a more
simple version of the system such that we neglect the detuning ∆ = 0
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and afterwards we can generalize the findings. Hence, the driving
force oscillates at exactly thrice the resonance frequency. Second, we
analyze if we find a solution of the form

x(t) = a(t) sin(ωt), (2.3)

where the solution has a time-depending amplitude a(t) and primarily
oscillates with some frequency ω. Therefore, we are looking for initial
conditions such that x(t) either vanishes or oscillates with a constant
amplitude, in the limit of long times. In both scenarios, a(t) converges
to a constant value.

The results of the numerical calculations of the first case we dis-
cussed are presented in Figs. 2.1a and 2.1c. We can see that the os-
cillation amplitude is modulated by the factor e−Γt/2 and due to the
peak at the resonance frequency ω0 in the frequency spectrum1, the
spectrum has the typical form of a damped harmonic oscillator. Thus,
these results match our expectations, and especially, the ansatz we

1 Figure 2.1a presents only one-tenth of x(t) from which we calculated the frequency
spectrum in order to obtain a greater resolution of the spectrum.
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Figure 2.1: Numerically calculated solutions for x(t) for the initial conditions
(10−3, 0) (a) and (10, 0) (b). Additionally, in Fig. (a) the amplitude
is modulated by e−Γt/2 (black solid line). In Figs. (c) and (d) are
the frequency spectra for these initial conditions, respectively.
Note that the solutions x(t) contain so many oscillations that
the graphs appear like continuous areas. These plots are used
to present the behavior of the amplitude which modulates the
oscillations. To calculate the spectrum (c), the solution x(t) is ten
times as long as the one presented in Fig. (a), in order to increase
the resolution. Analogously for Fig. (d), with the addition that
only the region with constant amplitude was considered.



8 description of the system

proposed can be used to describe the behavior of x(t) in this regime.

The results of the second case, in which we investigate larger initial
oscillation amplitudes, are presented in Figs. 2.1b and 2.1d. Here, we
can see that the solution x(t) converges to oscillations with a constant
amplitude. Furthermore, the frequency spectrum was calculated for
the solution x(t) in the limit of the constant amplitude. This means
that we considered the oscillations beyond approximately Ωt = 5000π

in order to exclude the oscillations of the amplitude a(t).

The spectrum has a primary peak at the resonance frequency ω0 and
additional peaks can be found at odd integer multiples of ω0. These
are not shown in Fig. 2.1d because the peak at 3ω0 is more than two
orders of magnitude smaller than the primary peak and further peaks
are increasingly smaller. Furthermore, we can see that the amplitude
a(t) also oscillates and not just converges to the constant amplitude
as in the previous case. However, the oscillation of the amplitude is
significantly slower than the primary oscillation, which is necessary to
separate these cases. Therefore, the ansatz applies in this case as well.

Thus, both cases are approximately in agreement with the expected
form we proposed earlier and additionally, compatible with each other
since both of them primarily oscillate with the same frequency—the
resonance frequency ω0. However, it has to be emphasized that this
ansatz is not necessarily valid for arbitrary sets of parameters. This
will be discussed in Ch. 5.

Furthermore, we want to intuitively understand the obtained results.
To this end, we substitute the ansatz x(t) = a(t) sin(ω0t) in Eq. (2.1).
The first three terms of this equation describe a damped harmonic
oscillator, as already discussed, which reproduces the oscillation at
this frequency, i. e. if we insert the ansatz we only obtain oscillating
terms with the same frequency. However, for the terms sin(Ωt)x2 and
x3 we receive additional oscillation terms with higher frequencies. In
the case of the term sin(Ωt)x2, we can use trigonometric theorems
and obtain three different terms. One of them oscillates with the reso-
nance frequency ω0 and the other two terms oscillate with 3ω0 and
5ω0. Analogously, x3 leads to oscillations with the frequencies ω0 and
3ω0. Thus, the ansatz reproduces oscillation with frequency ω0 with
additional fast-oscillating terms that are odd integer multiples of ω0.

Since the oscillations with the resonance frequency ω0 appear more
often than the fast-oscillating terms, the solution x(t) mainly oscil-
lates at this frequency. Furthermore, due to the appearance of these
fast-oscillating terms, we can explain the small peaks in the frequency
spectrum of the oscillations with a constant frequency. Hence, these
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findings give an intuition for the frequency spectra.

To generalize this examination for ∆ ̸= 0, we have to change one pa-
rameter, which leaves the arguments unchanged, if the limit ∆ ≪ ω0

is investigated. Now, the ansatz x(t) oscillates with the frequency
Ω/3 = ω0 − ∆, such that the oscillation at this frequency is repro-
duced. In the case of large initial conditions, we argued that the terms
oscillating with ω0 would appear more often resulting in a dominant
oscillation with this frequency. Now, this argument works in the same
way since the driving force oscillates with Ω = 3(ω0 − ∆).

However, in the limit of small initial conditions, we claimed that
the differential equation can be approximated as a damped harmonic
oscillator, which oscillates at its resonance frequency. This oscillation
would be approximately independent of the driving force, so in this
case, ∆ has less influence than in the case of an oscillation with con-
stant amplitude.

2.1.2 Period Tripling

At the end of this section, we interpret the results and their physical
meaning. Therefore, we analyze the influence of the periodicity of the
driving force.

0 π 2π
Ωt/3

x

Figure 2.2: Demonstration of how the driving force (black) influences three
different solutions (colored lines), each with a phase shift of 2π/3,
which oscillate at one-third the frequency of the driving force. The
black dashed line represents the zero crossing and emphasizes
the intersections between the driving force and the solutions. For
clarity, the maximal amplitude of the driving force is twice as
large as the amplitude of the solutions.



10 description of the system

If we consider the transformation t → t + n · 2π/Ω of the differen-
tial equation (2.1), with n ∈ Z, we find that the driving force does not
change. For n ∈ {0, 1, 2} we obtain the unchanged differential equa-In general, there are

systems that have a
n-fold symmetry,

which leads to period
multiplication based
on the same concept.

Here, the terms
x2 sin(3ω0t) and x3

have to be
generalized to

xn−1 sin(nω0t),
which reproduces the
oscillation of ω0 due

to trigonometric
theorems, and xn

which ensures the
stability, respectively.

[1]

tion and two different transformations. Every other possible value
of n describes one of those three cases due to the periodicity in time
of 6π/Ω in the solution x(t). Further, if we define the new function
y(t) := x(t + n · 2π/Ω), the form of Eq. (2.1) is left unchanged after
the considered transformation. Therefore, the functions x(t) and y(t)
must have a similar behavior.

This behavior is visualized in Fig. 2.2. We can see that each of the
three colored lines intersects the driving force (black) at x = 0. At
these intersections, the slopes of the driving force and of the respec-
tive solution x(t) have the same sign.2 This holds true for all three
colored functions. Physically speaking, each individual oscillation x(t)
experiences the same force. Thus, there are three solutions with a shift
in time of 2π/Ω, which is called period tripling.

2.2 rotating-frame approximation

After this initial motivation, we choose an ansatz to investigate Eq.
(2.1) in more detail, which is based on the initial approach that we
discussed in the previous section in Eq. (2.3). We use the rotating-frame
approximation[1]

x(t) = ℜ
(

β(t)e−i Ω
3 t
)
=

β(t)e−i Ω
3 t + β(t)ei Ω

3 t

2
(2.4)

to further examine the amplitude of the oscillations, given by the
complex variable β. The introduction of the complex amplitude leads
to a convenient description of the system because the period tripling
transfers to the complex phase ϕ, if we use the polar coordinate repre-
sentation β(t) = r(t)eiϕ(t).

The rotating-frame approximation considers a system with a pri-
mary oscillation—e−i Ω

3 t—modulated by an amplitude—β(t)—which
changes slowly compared to the rotating frame. Therefore, the rate
of change of β is restricted to ω0, which implies β̇/β ≪ ω0 and
β̈/β ≪ ω2

0. Furthermore, we receive restrictions to the parameters. To
obtain these, we summarize the findings of the previous section.

We investigated the limits of small and large oscillation amplitudes.
In the first case, the oscillation amplitude is exponentially decreasing
with Γt/2, which implies Γ ≪ ω0. Further, the system oscillates at
the resonance frequency, which does not match the frequency of the

2 This is not necessarily true, it is used here to provide a clear overview.
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rotating frame, due to the detuning ∆. This difference of the oscillation
is transferred to the complex amplitude. Thus, the detuning is also
small in comparison to the resonance frequency ω0, i. e. ∆ ≪ ω0. In
the case of large initial conditions, we found that the amplitude of
β is constant in the limit t → ∞ while the system oscillates with the
frequency Ω/3 which matches the rotating frame. Hence, we do not
find any restrictions for this case.

After substituting x(t) in the differential equation, we neglect all
terms we discussed above and additionally, all fast oscillating terms
that oscillate at integer multiples of Ω/3. This leads to a complex
differential equation for the amplitude β.

β̇ + (γ + i∆) β − ϵβ
2
+ iαβ2β = 0 (2.5)

Here, we define the parameters γ ≡ Γ
2 , ϵ ≡ F

8ω0
, and α ≡ 3A

8ω0
. Thus, the

number of free parameters is reduced to four, since ω0 only appears
in fractions. To differentiate between the parameters of the Duffing-
oscillator and Eq. (2.5), we name ϵ the driving strength and α the
stabilizing strength. These quantities describe respectively the driving
force and the stabilizing force normalized by the resonance frequency
ω0 which is a characteristic of the restoring force.

This equation is analyzed in detail in Ch. 3





3
R O TAT I N G - F R A M E D Y N A M I C S

In this chapter, we investigate the differential equation

β̇ + (γ + i∆) β − ϵβ
2
+ iαβ2β = 0 (3.1)

which was derived in Ch. 2. First, we determine the fixed points and
their stability based on a first-order perturbation series, and afterwards,
the dynamic of the system is analyzed. The goal is to develop a better
understanding of the overall behavior of the system, before including
thermal noise, which is considered in Ch. 4.

3.1 fixed points

The first step in understanding the system in the rotating-frame is
to calculate the fixed points and their stability. Since Eq. (3.1) is a
first-order differential equation with a damping term, we expect β(t)
to converge to a fixed point in the limit of long times. In order to
calculate the fixed points we set β̇ = 0 in Eq. (3.1) and obtain

(γ + i∆) β0 − ϵβ
2
0 + iαβ2

0β0 = 0. (3.2)

Since we expect to find period tripling, it is convenient to choose
the polar coordinate representation β0 = r · eiϕ, with the restrictions
r ∈ R+ and ϕ ∈ [0, 2π]. The real and imaginary parts of Eq. (3.2) have
to be zero independently, so we receive two equations

0 = r [γ − ϵr cos(3ϕ)] (3.3)

0 = r
[
∆ + ϵr sin(3ϕ) + αr2] , (3.4)

which can be solved for r and ϕ. First, we find the trivial solution
r = 0 and two additional solutions for the amplitude1

r± =
ϵ

α
·

√√√√1
2
− α∆

ϵ2 ±
√(

1
2
− α∆

ϵ2

)2

−
( α

ϵ2

)2
· (γ2 + ∆2). (3.5)

1 Note that −r± also would have solved these equations but this result is neglected
since r ≥ 0.

13



14 rotating-frame dynamics

Based on the solutions for r±, we obtain a restriction for ϵ that
depends on ∆, γ, and α. First, we rewrite the square roots as [x ±
(x2 − y)1/2]1/2 and find that x > 0 as well as x2 ≥ y, in order to
find a real solution for either plus or minus. This is equivalent to
ϵ > (2α∆)1/2 and ϵ ≥ {2α[(γ2 + ∆2)1/2 + ∆]}1/2. Since the term in
the square brackets is always greater than ∆, the first restriction is
implied, if the second one is satisfied. However, if this condition is not
satisfied the only fixed point is r = 0, i. e. β(t) always converges with
e−γt to zero. This is in agreement with the physical understanding; if
the magnitude of the driving strength ϵ falls below a certain limit, it
is dominated by the dissipation γ and stabilizing strength α, resulting
in a vanishing oscillation amplitude of the system.

Thus, to obtain period tripling, the investigation focuses on the limit
∆ = 0 and ϵ2 ≫ γα. In this case, we obtain the restriction ϵ ≥ √

2αγ,
which is always satisfied. In terms of the parameters of the parametri-
cally driven Duffing-oscillation, we find the restriction for the driving
force F ≥ √

24ΓAω0. Here, we explicitly see that the driving force F is
restricted to the damping, the restoring, and the stabilizing force, in
order to find oscillations with a constant amplitude.

Furthermore, in the limit ϵ2 ≫ γα, the Taylor expansion of Eq. (3.5)
up to the second non-vanishing order is given by

r+ =
ϵ

α

[
1 − γ2α2

2ϵ4 +O
((γα

ϵ2

)4
)]

r− =
γ

ϵ

[
1 +

γ2α2

2ϵ4 +O
((γα

ϵ2

)4
)]

.

(3.6)

The second step to obtain the fixed points is to calculate the com-
plex phase ϕ. To this end, we use Eqs. (3.3) and (3.4) to receive the
expression tan(3ϕ±) = −αr2

±/γ. To account for all possible solutions,
we have to recall that Eqs. (3.3) and (3.4) are invariant under the trans-
formation ϕ → ϕ + 2πn/3, with n ∈ Z. Hence, we obtain the three
different phases

ϕ± = −
arctan

(
αr2

±
γ

)
3

+
2πn

3
, n ∈ {0, 1, 2}

≈ −
arctan

[(
ϵ2

γα

)±1
]

3
+

2πn
3

(3.7)

In this result, the period tripling is explicitly visible, since we have
three solutions for both fixed points, each with a phase shift of 2π/3.
Hence, the system is symmetric under a rotation of this phase.
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At last, we can determine the results in the limits γα/ϵ2 → 0 and
ϵ → ϵmin ≡ √

2γα. The first limit describes the case of a vanishing
damping γ and stabilizing strength α in comparison to the driving
strength ϵ. Here, we obtain ϕ+ ∈

{
π
2 , 7π

6 , 11π
6

}
and ϕ− ∈

{
0, 2π

3 , 4π
3

}
, so

the inner and outer fixed points are not aligned with each other. This
changes for the second limit. Here, the radii and the complex phases
are equal, we receive r± =

√
2γ/ϵ = (γ/α)1/2 and ϕ± ∈

{ 7π
12 , 5π

4 , 23π
12

}
.

Thus, the driving strength approaches the minimum value to obtain
any fixed points, besides β = 0. At this critical force, there are only 4

fixed points in total instead of 7.2

3.2 stability

In order to determine the stability of the fixed points, we investigate
the system for small perturbations. Therefore, we use a perturbation
series ansatz of the form β(t) = β0 + δβ1(t), with the stationary solu-
tion β0 and a dimensionless parameter δ ≪ 1.

This ansatz is substituted in Eq. (3.1). In the resulting equation, we
analyze the behavior of β1(t). If the solution converges to zero in the
limit of long times, independent of the initial condition, the investi-
gated fixed point is stable. Also, if β1(t) oscillates around the origin of
the complex plane and, additionally, is periodic, i. e. β(t) describes a
closed path around the fixed point, the fixed point is considered to be
stable. However, if there is one unstable direction, i. e. β1(t) increases
over time, the considered fixed point is unstable.

After defining the ansatz and the different kinds of stability, we start
with the analysis of β1(t). If we substitute β(t) = β0 + δβ1(t) in Eq.
(3.1), we obtain three different types of terms. First, we find the terms
of Eq. (3.2), whose sum is by definition zero. Second, there are terms
of the order O(δ2) that we neglect, because we are only interested in
a first-order perturbation series, so the differential equation becomes
linear. The remaining terms are those of interest; a linear complex
differential equation for β1(t)

β̇1 + C1β1 + C2β1 = 0. (3.8)

The constants are defined as C1 = γ + i∆ + 2iα|β0|2 and C2 = −2ϵβ0 +

iαβ2
0. Since this is a complex differential equation, it can be rewritten

as two coupled differential equations for β1 and β1

˙⃗x + M · x⃗ = 0, (3.9)

x⃗ =

[
β1

β1

]
, M =

[
C1 C2

C2 C1

]
, (3.10)

2 Note that 2π were added to all phases, calculated by Eq. (3.7), which results in a
more clear and equivalent representation



16 rotating-frame dynamics

with the general solution x⃗ = e−Mt · x⃗0 and the initial condition x⃗0 =

(β1, 0, β1, 0)
T. The eigenvalues λ1,2 of the matrix M are crucial for the

behavior of β1(t) and the real parts are decisive for the stability due
to the matrix exponential. There are two possible scenarios that have
to be distinguished:

• ℜ(λ1,2) ≥ 0: stable

• ℜ(λ) < 0: unstable3

It has to be emphasized that a fixed point is considered to be unstable
if it has one unstable direction. Therefore, if the real part of only one
eigenvalue of M is less than zero, the fixed point is considered to be
unstable. The imaginary part of the eigenvalues leads to rotations in
the complex plane and, thus, has no contribution to the stability. The
calculation of the eigenvalues yields

λ1,2 = ℜ(C1)±
√
|C2|2 −ℑ(C1)

2

= γ ±
√

4ϵ2|β0|2 − 3α2|β0|4 + 4αϵℑ
(

β3
0

)
− ∆2.

(3.11)

Here, the only term depending on the complex phase ϕ is ℑ
(

β3
0
)
.

Therefore, the eigenvalues do not depend on the choice of ϕ± due
to the symmetry of 2π/3 rotations, which is in agreement with the
expectations. Now, we have to differentiate between the three cases
r = 0 and r±. The trivial case, r = 0, leads to λ1,2 = γ ± i∆ and there-
fore, ℜ(λ1,2) = γ ≥ 0. Thus, this fixed point is stable. The imaginaryInterestingly, for

γ < 0 the fixed
point β = 0 would
be unstable. This is
in agreement with

the physical
understanding, since

γ < 0 would imply
that the system gains

energy through
friction, thus, the

oscillation amplitude
β would never

vanish.

parts of these eigenvalues describe oscillations around the origin with
the frequency ∆. This oscillation is in agreement with the argumen-
tation of Sec. 2.1; in the limit of small initial conditions, the system
can be approximated as a damped harmonic oscillator, which oscil-
lates at its resonance frequency ω0. Since we choose the rotating-frame
approximation which oscillates at the frequency Ω/3 = ω0 −∆, the os-
cillations with frequency ∆ are transferred to the complex amplitude β.

For the fixed points r±, we analyze the case of ∆ = 0, since the
detuning describes a small perturbation of the resonance frequency
and is in this examination also small in comparison to the other pa-
rameters. Therefore, it has no decisive influence on the behavior of the
system other than the rotation around the point r = 0.

For r±, we can use the first order of the approximation in Eq. (3.6)
and the limit of the complex phases ϕ±. In this limit, for the inner
fixed points we obtain λ1,2 = γ ± γ

√
4 − 3γ2α2/ϵ4. Here, the second

term in the square root can be neglected due to the considered limit.
Thus, we approximately receive λ1,2 = γ ± γ

√
4 such that one of the

3 Note that the appearance of no indices implies that the condition only needs to be
satisfied for at least one eigenvalue.
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(a) Visualization of 4 stable (squares) and
3 unstable (circles) fixed points for the pa-
rameters ϵ = 100α, γ = 10α and ∆ = 0. (b)
Magnification of the region that contains
the three fixed points for r− and the one
for r = 0. (c) Magnification of the region
that contains the top fixed point of r+,
which is sufficient due to the rotational
symmetry, which also can be seen in Fig.
(a) and (b). Here, we used γ = 4 · 103α to
emphasize the inward rotation.a

For these fixed points, we investigated 8

(b) and 4 (c) trajectories that illustrate the
behavior near each point. Furthermore,
the initial conditions are arranged in a
square and marked with red crosses.

a Note that these values for ϵ and γ would
violate the constraint ϵ2 ≥ γα, but in this
case, it does not lead to problems since
the differential equation was linearized.
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Figure 3.1

eigenvalues is less than zero. Therefore, the inner fixed points are
unstable.

The outer fixed points lead to λ1,2 = γ± i
√

3ϵ2/α, such that ℜ(λ1,2) >

0. Therefore, the outer fixed points are stable. The imaginary part de-
scribes an oscillation with frequency ω =

√
3ϵ2/α. Further, in the case

of γ = 0 these fixed points are still stable, but perturbations only lead
to closed paths around the fixed points. These properties of the outer
fixed points are discussed in the next section.

Next to the different types of fixed points r+ and r−, we discuss
the limit ϵ → ϵmin, such that these fixed points converge to the same
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values, resulting in 3 fixed points instead of 6.4 In this case, we obtain
the eigenvalues λ1,2 = γ ± γ. Thus, in this limit, the fixed points
have one stable and one undefined direction. The eigenvalue λ = 0
describes a saddle-point which cannot be analyzed with a linearized
differential equation. However, due to the stabilizing strength which
does not allow diverging oscillation amplitudes, the unstable direction
of the saddle-point results in a trajectory leading to the center.

In order to check the results, we analyze the solution for β1(t) nu-
merically. To this end, β(t) = β0 + δβ1(t) is presented in the complex
plane, with ℜ(β) as the x- and ℑ(β) as the y-axis. This representation
is similar to the phase space outside the rotating frame, which we
discuss in detail in Ch. 5. However, to analyze the behavior of β1(t)
we create a small grid of initial conditions in the complex plane and
calculate the approximated solution β(t) for each initial condition. The
resulting plots are shown in Fig. 3.1. It is visible that r = 0 and the
outer fixed points are stable, while the fixed points for r− are unstable.
Furthermore, we can see the expected rotation around r+ and that r−
is a saddle-point, i. e. it has both stable and unstable directions. Hence,
the analytical results and numerical data are in agreement.

3.3 dynamics of the system

Now, we want to study the dynamical properties of the system. First,
we discuss the stability maps with an included streamline plot for a
given set of parameters and two different values of ϵ, which is pre-
sented in Fig. 3.2. The stability map is constructed of a grid of initial
conditions and each point in that grid has an assigned color. This color
indicates to which stable fixed point the solution β(t) converges for
the corresponding initial condition. The streamline plot (light blue)
represents multiple short trajectories of the solution β(t) for different
initial conditions. The trajectories contain arrows that indicate the
direction of the movement.

We can see that there are trajectories that oscillate multiple times
around all three outer fixed points until they converge to one of the
fixed points r+ or r = 0. Additionally, all three colors are separated by
a small black region, so the trajectories which converge into the center
show similar behavior. Here, the difference is that three different ways
lead to this fixed point—r = 0. Further, the width of the colored
regions decreases with increasing distances from the origin. Thus,
in these regions, the system shows chaotic behavior. For increasing
values of ϵ, this behavior emerges more rapidly (see Fig. 3.2b). At last,
it has to be emphasized that the fixed point r = 0 and its stability are

4 Note that these numbers only refer to the fixed points r± and not the fixed point
r = 0.
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Figure 3.2: Stability map of Eq. (3.1) represented in the complex plane with
axis normalized by r+ and for the parameters γ = 10α, ∆ = 0
such as ϵ = 10α (a), ϵ = 20α (b). Each point represents a pair of
initial conditions (ℜ[β(0)], ℑ[β(0)]) and the colour indicates the
fixed point β(t) converges to. Hence, only the stable fixed points
have a corresponding colour. Additionally, these graphs contain a
streamline plot (light blue), which indicates the dynamic of the
system and furthermore, the fixed points are plotted analogously
to Fig. 3.1.

independent of the driving strength ϵ.

Next, we analyze the rotation around the fixed points r+, which
we found in the last section. The calculation led to a frequency of
ω =

√
3ϵ2/α, in the limit of small distances around r+.

For further investigation, we numerically investigate the frequency
near one of the outer fixed points r+. For simplicity, we set γ = 0 to
obtain closed trajectories, since the inward motion only depends on
the dissipation. Note that the unstable fixed points vanish for γ = 0.
This can be checked by substituting γ = 0 in Eq. (3.6), which yields
r+ = ϵ/α and r− = 0. Furthermore, since the system is symmetric
under 2π/3 rotations, the choice of ϕ+ does not matter. Thus, we
choose the most convenient case, which is given by the fixed point
(0, r+)5.

To calculate the frequency we first have to choose the initial condi-
tions. Due to the rotational symmetry, the logical choice is to start near
the fixed point and increase the distance between this fixed point and
the initial condition radially outward. Hence, the initial conditions
lie on the imaginary axis. For further investigation, we are interested
in the frequency dependence on this distance, which we define as

5 Note that the complex phase for this fixed point is exactly ϕ+ = π/2 due to Eq. (3.7).
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Demonstration of the closed trajectories
for two different initial conditions near the
transition. The distance between the inves-
tigated fixed point and the initial condi-
tions is marked by the black line and the
letter d. The blue dotted line represents
a motion that circulates the upper fixed
point. The initial conditions of the red
dashed curve are slightly far away from
the fixed point, i. e. they are described by
a slightly larger value of d, resulting in a
trajectory around all three fixed points.

Figure 3.3

d ≡ ℑ[β(0)]− r+, with the initial condition β(0).

The resulting solution for β(t) circulates the fixed point in a closed
trajectory in the complex plane, which is visualized in Fig. 3.3. We
obtain the period duration by checking when the real part of this tra-
jectory becomes negative. The time required for this motion is one-half
of the period duration T. Based on the resulting time, we can calculate
the frequency via ω = 2π/T. This process is repeated for multiple
distances d, starting at d = 0 up to d = r+.

Before presenting the results of this simulation, we first want to
discuss what kind of behavior we expect. For small frequencies, we
obtain the limit ωlim =

√
3ϵ2/α due to the analytical calculations. Fur-

ther, we expect to observe a transition between the oscillation around
the investigated fixed point and the oscillation around all three fixed
points for large enough distances d. If d approaches this transition,
the trajectory passes the point r = 0 increasingly closer but never
reaches it because r = 0 is a fixed point. If we now assume there is an
infinitesimally small point, as an initial condition, whose trajectory
would separate the trajectories around one fixed point and all three
fixed points, this trajectory would converge to r = 0. In this case, the
trajectory would take an infinite amount of time to fulfill one period.
Hence, the frequency would be zero at the transition.

In conclusion, we first expect a decreasing frequency that approaches
zero with a diverging derivative6 at the transition between the inner
and the outer oscillations. After that we expect the frequency to in-

6 The frequency has a diverging derivative because the period duration approaches
infinity at the transition and the frequency is given by 2π/T
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Figure 3.4: Oscillation frequency ω of a given trajectory, normalised by the
frequency ωlim =

√
3ϵ2/α, as a function of d/r+, for γ, ∆ = 0

(blue). The black dashed line indicates the limit frequency ωlim.
The frequency ω does not reach zero at the transition because the
period duration diverges to infinity at this point, so the resolution
is limited by the simulation time of the numerical calculation. Due
to the normalization, this curve is independent of the parameters
ϵ and α.

crease again, but we do not have any predictions of the behavior.

In Fig. 3.4 the numerically calculated result is presented. In the
limit d/r+ → 0 the frequency ω approaches ωlim and at the transition,
which is approximately at d = 0.33r+, we find the diverging period
duration. These results match our expectations, which we discussed
earlier.

Further, we find a linear dependency of the distance d in the fre-
quency ω after the transition, in the investigated region. At this point,
we cannot make any predictions about the behavior of the frequency
for d ≫ r+, we can only assume that the frequency continues to in-
crease linearly.

However, it has to be emphasized that the behavior of the frequency
ω strongly depends on γ in the region directly after the transition. For
γ ̸= 0 the solution for β would converge to the neighboring fixed point
of r+, as we can see in Fig. 3.2. Additionally, we expect to find similar
behavior at any transition between the black and the colored regions.
Besides these effects, we expect that Fig. 3.4 describes the frequency
in regions that are not near a transition. Thus, in the limit d ≫ r+ we
expect to find linearly increasing frequency, in those regions.





4
T H E I N F L U E N C E O F T H E R M A L F L U C T UAT I O N S

4.1 properties of noise

4.1.1 Characteristics of White Noise

In the previous chapter, we investigated the system at zero tempera-
ture. To study the system at finite temperatures, we introduce thermal
fluctuations. This leads to the extension of Eq. (3.1)

β̇ + (γ + i∆) β − ϵβ
2
+ iαβ2β = ξ(t), (4.1)

with the complex function ξ(t) = ξR(t) + iξ I(t) that describes the
noise. Before we start the examination of Eq. (4.1), we discuss the
characteristics of noise in order to execute analytic calculations and
numerical simulations. [11]

Since ξ(t) is a complex function, the real and imaginary parts have to
be considered separately. To treat the real and imaginary parts equally
and not create a preferable direction, the real and imaginary parts of
the noise have identical properties and are uncorrelated. Furthermore,
the investigated noise is on average zero ⟨ξ(t)⟩ = 0. In general, noise
is characterized by the auto-correlation function f (t, t′)〈

ξ(t)ξ(t′)
〉
= f (t, t′), (4.2)

where ⟨.⟩ represents the average over an ensemble of noise. The mean-
ing of this definition can be illustrated with the following example. If
we want to determine the average solution ⟨β(t)⟩ numerically, we first
calculate an ensemble of solutions β(t). Due to the noise, all obtained
trajectories are different. Now, to receive ⟨β(t)⟩ we have to average
over all solutions, i. e. for each time t we calculate the arithmetic av-
erage over the ensemble of all points at this time. Therefore, Eq. (4.2)
describes the average of the amplitude squared of the noise at two
times t and t′.

Further, the auto-correlation function f (t, t′) is defined as the Fourier
transform of the spectral density S(ω)

f (t, t′) =
1

2π

∫ ∞

−∞
S(ω)e−iω(t−t′) dω. (4.3)

23
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In this investigation, we consider white noise which has a constant
spectral density. Thus, we define a new parameter κ which describes
the strength of the thermal fluctuations, given by S(ω) = S(0) ≡ κ.
This leads to the auto-correlating function f (t, t′) = κδ(t− t′), with the
Dirac delta-function δ(t − t′). Therefore, the auto-correlating function
is zero for t ̸= t′, which implies that the amplitude of the noise at time
t does not depend on its history, i. e. it is independent of the noise at
the time t − dt, for dt > 0.

We can summarize the characteristics of the considered white noise,
which are necessary for the following calculations:

•
〈

ξ(t)ξ(t′)
〉
= κδ(t − t′)

• ⟨ξ(t)⟩ = ⟨ξR/I(t)⟩ = 0

4.1.2 Fluctuation-Dissipation-Theorem

For a better understanding of the physical meaning of κ, we derive
the fluctuation-dissipation-theorem, which connects the dissipation γ

with the thermal fluctuations κ.

Therefore, we investigate the system in thermal equilibrium such
that the energy is given by the fluctuations. This implies that we
consider oscillations around the origin β = 0 in which the driving
and stabilizing strength have a negligible small influence. In thermal
equilibrium, the energy is given by the equipartition theorem[10],
which leads to Eeq = f kBT/2 = kBT, with the Boltzmann constant
kB, the absolute temperature T, and the degrees of freedom f . Since
we study a one-dimensional oscillator, the system has two degrees of
freedom—the kinetic and potential energy.

In order to associate the energy in thermal equilibrium with a quan-
tity of the system, we first define the energy of the system without
fluctuations. As we already introduced in Sec. 2.1, the energy of the
system is given by the sum of kinetic and potential energy. Therefore,
if the system only has potential energy, the oscillation amplitude takes
its maximum and the total energy is given by E = Es|β̃|2 + Eq|β̃|4,
where |β̃| is the maxmimum oscillation amplitude and Es such as Eq

are constants which define the energy scales of the system.1 Since we
investigate the system for small fluctuations around the origin, we can
neglect the quartic term, which leads to E ≈ Es|β̃|2.

To include the noise, we now consider β as a solution of Eq. (4.1)
and average the energy ⟨E⟩ to take thermal fluctuations into account.

1 Here, the tilde is used to clearly differentiate between classical solution and the
solution which includes noise.
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Furthermore, we have to consider the limit t → ∞ to obtain a state
of equilibrium. Hence, the energy in thermal equilibrium is given by
Eeq ≈ limt→∞ Es

〈
|β|2

〉
.

To calculate
〈
|β|2

〉
, we investigate the simplified differential equa-

tion, in which we set α, ϵ = 0 since these terms have a negligible small
influence. Thus, we obtain the following differential equation with the
general solution β(t)

β̇ + χβ = ξ, χ ≡ γ + i∆

β(t) =
(∫ t

0
ξ(t′)eχt′ dt′ + β0

)
e−χt.

(4.4)

At this point, we can see that the average solution ⟨β⟩ corresponds
to a solution without thermal noise2. This finding is based on the fact
that the noise itself is on average zero, so the solution β(t) describes
random fluctuations around the path at zero temperature. A good
way to explain the effect of the noise ξ is the following analogue. ξ is
like a force pulling or pushing β randomly back and forth. Since the
strength and direction of the force is random, it is possible to obtain
completely new paths, even from one stable fixed point to another.
Nevertheless, if we average over all possible trajectories of β, we obtain
the trajectory without noise.

Now, we continue with the calculation of
〈
|β|2

〉
to achieve the

energy in thermal equilibrium. This calculation leads to

〈
|β|2

〉
=

κ

2γ

[
1 + e−2γt

(
2γ

κ
|β0|2 − 1

)]
. (4.5)

Here we can see that in the limit t → ∞, which describes the state
of thermal equilibrium, only the first term remains. To develop a
better understanding of what this physically means, it is beneficial to
calculate the variance of β, which is given by

Var(β) =
〈
|β|2

〉
−
〈

β
〉
⟨β⟩ = κ

2γ

(
1 − e−2γt) . (4.6)

The second term of the variance vanishes in the limit t → ∞ due to
the form of the solution in Eq. (4.4). Thus, the variance in thermal
equilibrium is given by

lim
t→∞

Var(β) =
κ

2γ
. (4.7)

Therefore, the calculated result shows that the width of the distribution
of β is proportional to the strength of the noise κ and inverse propor-
tional to the dissipation γ. Thus, for increasingly strong damping γ

2 Note that we assume for simplicity that we can interchange the average operation
< . > with the integral.
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in comparison to the fluctuations κ, the trajectory of β fluctuates very
little around the origin in the complex plane because each excitement
by the fluctuations results in a quickly decreasing oscillation ampli-
tude due to the high energy loss. This argument works analogously in
the case of large fluctuations resulting in a larger variance. Thus, the
result of the variance of β matches the physical understanding and
expectations of a system that contains fluctuations.

However, based on the result in Eq. (4.5), we finally can determine
the energy in thermal equilibrium. By comparing this result to EEq =

kBT, we obtain the fluctuation-dissipation theorem

κ = 2γ
kBT
Es

(4.8)

This equation connects the fluctuations described by κ and the dis-
sipation γ. Furthermore, we can see that κ is proportional to the ratio
of the thermal energy kBT and the energy scale of the system Es for
small oscillation amplitudes.

A qualitative example of this theorem is Johnson noise in a resistor.
A current in a resistor creates heat due to the dissipation, which can
be described by fluctuating particles such that dissipation leads to
fluctuations. However, this also works the other way around. If we
consider a circuit at a finite temperature which is not connected to
a voltage source, we are able to measure a current due to thermal
fluctuations of the electrons and atoms. So in this case, the thermal
fluctuations convert heat into electrical energy, which is the inverse of
dissipation. [12]

4.2 brownian motion

Before we analyze the influence of the noise analytically and numer-
ically, we first introduce the discrete properties of the noise and a
method to numerically solve Eq. (4.1).

Analogous to the previous section, we analyze the system in its
simplest form in order to determine the discrete properties of the
noise. Therefore, we investigate the system at r = 0, study how the
variance of β changes over time, and compare the result to the con-
tinuous calculations, which lead to Eq. (4.6). Therefore, we obtain the
differential equation

β̇ = ξ. (4.9)

This equation is a realization of Brownian motion, which describes
the random movement of molecules due to thermal fluctuations [6].
Further, this representation of the Brownian motion is known as a ran-
dom walk—in our case in two dimensions since β and ξ are complex
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functions—which describes random movements due to the noise ξ.

To analyze the Brownian motion we write this equation in a discrete
form by using the Euler-forward-method which defines the derivative
of a discrete function as follows

β̇n =
βn+1 − βn

∆t
, ∆t > 0 and n ∈ N0. (4.10)

Hence, the discrete form of Eq. (4.9) results in a recursive series, given
by

βn+1 = βn + ∆t · ξn. (4.11)

The solution of this recursive series is given by

βn = ∆t ·
n

∑
i=1

ξi , n > 0

β0 = 0,

(4.12)

which describes the expected random walk. Each step of β is a given
by a particular realization of the fluctuations ξn modulated by the time
step ∆t, resulting in a sum of random steps. In general, to describe
the discrete noise of thermal fluctuations a Gaussian distribution with
variance Var(ξn) = σ2 is used. Thus, each summand ξn is a random
Gaussian distributed value.

Furthermore, we proceed similar to Sec. 4.1 and determine the
variance of βn by calculating βnβn and take the average ⟨.⟩.3 This
calculation yields

Var(βn) = n∆t2σ2. (4.13)

Since n describes the number of time steps, we can substitute n = t/∆t
and ultimately obtain

Var(βn) = Dt , D ≡ ∆t · σ2. (4.14)

By comparing this result with equation Eq. (4.6) in the limit t → 0,
we find the variance of the noise〈

ξiξ j
〉
= Var(ξi)δij = σ2δij =

κ

∆t
δij. (4.15)

Since the noise ξn is a complex random variable, it can be written
as ξn = ξR,n + iξ I,n, where ξR/I,n ∈ R are two independent, uncorre-
lated random variables with identical properties. Thus, we obtain the
variance for the real and imaginary parts of the noise

Var(ξR/I,n) = σ̃2 =
κ

2∆t
. (4.16)

This result is used to derive the action and simulate the noise
numerically.

3 Note that the average of βn is zero due to the characteristics of the noise.
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4.3 analysis of the tunneling rate

4.3.1 Stability Maps with Thermal Fluctuations

After having characterized the properties of the noise, we investigate
how the noise influences the system. Therefore, we come back to the
stability maps we introduced in Sec. 3.3 and additionally consider
fluctuations at a finite temperature.

To bring the influence of the noise in the foreground, we do not
include the streamline plot and the fixed points. In Fig. 4.1a we can
see the case of a small thermal energy kBT = 10−3Es/2. Here, the
black lines which separate the colored regions are slightly irregular in
comparison to Fig. 3.2a. The effect of the noise is most visible in the
regions far away from the origin. In these regions, the black lines are
at some points more dense than at other points. However, the overall
effects are light and the system does not change much in the regime
of this strength of noise.

As a contrast, Fig. 4.1b presents thermal fluctuations which are
two orders of magnitude greater than in the previous case. Here, the
black lines dissolve and change into randomly distributed black dots
around the originally solid black line. Thus, between the different
regions emerges a transition, so these regions are no longer clearly
separated from each other. This effect increases for increasing dis-
tances from the origin because the width of the black lines and colored
regions decreases. Hence, in the limit |β| ≫ r+, the influence of the
black lines vanish and the three colored regions completely merge
together. This results in non-deterministic behavior, such that each
of the three outer fixed points has the probability of 1/3 that the
initial condition |β0| ≫ r+ leads to a trajectory that converges to the
considered fixed point.

Furthermore, these maps introduce the concept of tunneling due to
thermal fluctuations. Let us consider the fixed point r = 0 in thermal
equilibrium, as we discussed in Sec. 4.1. There is a probability that
the solution β overcomes the potential barrier of the inner fixed point
and, thus, ends up at one of the outer fixed points, analogous to
quantum tunneling. This process can be very unlikely to happen,
depending on the intensity of the noise, and is, therefore, not directly
observable in the stability maps. However, such a tunneling event can
be characterized by an average tunneling time which describes the
average time a solution β requires to escape the barrier between two
stable fixed points. Therefore, the stability maps in Fig. 4.1 depend on
the coding process which was used to create them.
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To better understand the dependence of the computation process,
we discuss two different approaches to create a stability map that
includes noise. Further, we consider the Euler-forward-method, which
results in a recursive series that is computed numerically, to solve Eq.
(4.1). This process will be discussed in detail in Sec. 4.4.

The first kind of computation consists of two parallel processes. The
first process numerically determines the current value of the solution
βn, while the second process locates this value in the complex plane.
As soon as the solution enters a certain region, which is assigned
to one of the stable fixed points, the simulation is stopped and the
respective color is assigned. This implies that the simulation time is
not a fixed parameter. The second variant, which was used to create
Fig. 4.1, uses a fixed simulation time for which Eq. (4.1) is solved. This
means that the solution β, represented as an array, has for each initial
condition the same number of entries and between every entry, the
same small step in time ∆t is used. In this case, the simulation time
plays an important role since we expect to find a larger tunneling
events for longer simulation times.

Let us consider the example where the tunneling rate of the fixed
point r = 0 is negligibly small compared to the tunneling rate of the
outer fixed points r+. In this scenario, the black regions would vanish
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Figure 4.1: Stability maps at two different finite temperatures for the param-
eter ∆ = 0, ϵ = 10α, γ = 10α such as κ = 10−3γ (a) and κ = 0.1γ
(b). These maps were analogously created to Fig. 3.2; Each pixel
represents an initial condition and the color indicates to which
fixed point the solution β(t) of Eq. (4.1) converges. Each solution
was calculated for the same simulation time t ≈ 30T, where T is
the limit of the period duration we discussed in Sec. 3.3. Further-
more, since the noise is random each stability map only shows
the influence of the noise but it cannot be exactly reproduced.
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in the limit of an infinite simulation time because the tunneling process
happens mostly in one direction; from the inside—black regions—to
the outside—colored regions. However, it has to be emphasized that
this scenario would not show a wrong representation of the system, it
rather has to be considered as an additional physical factor that is a
part of the stability map.

Figure 4.1 represents fluctuation for a moderate simulation time
such that black lines appear blurred but they do not vanish. It is nec-
essary to simulate the solution for a long enough time such that each
initial condition can be reasonably assigned to one of the fixed points.
E. g. the trajectories need increasingly more time to pass a fixed point
as the distance to this fixed point decreases which we discussed in Sec.
3.3. This includes the unstable fixed points r−, which are passed by
some trajectories that lead to the center as well as some trajectories
which lead to the outer fixed points r+. However, this simulating time
is in a regime such that the tunneling events are very unlikely to
happen, which we can see in Fig. 4.1b since the larger areas are mostly
maintained.

4.3.2 Description by the Action

This subsection is inspired by the notes A short tutorial on the path
integral formalism for stochastic differential equations by Dani Martí to
derive the action and the book Many-Body Theory of Non-Equilibrium
Systems by Alex Kamenev to solve the saddle-point equations. [7][8]

Now, we derive the tunneling rate mathematically based on the path
integral formalism. Therefore, we first recall the Hamiltonian princi-
ple and recall the definition of the action which is used in classical
mechanics. Afterwards, we introduce the path integral formalism and
derive the corresponding action for Eq. (4.1).

Firstly, the Hamiltonian principle—also called the principle of least
action—states that a physical system behaves in such a way that the
variation of the action S is stationary. The mathematical description of
this principle is given by

δS[q, p] = 0. (4.17)

The action S[q, p] is a functional4 —denoted by the square brackets—of
the canonical coordinate q and the canonical momentum p, which
satisfy the Hamiltonian equations. Originally, the action is defined via

4 A functional is a function that depends on a function and outputs a scalar. E. g. an
integral is a functional.
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the Lagrange function L, but we focus on the representation via the
Hamiltonian H

S[q, p] =
∫ t2

t1

dt pq̇ −H(q, p), (4.18)

which is equivalent since the Lagrangian and the Hamiltonian are
connected by a Legendre transformation.

Further, the δ-variation describes the differential of a functional,
which considers different paths of p(t) and q(t) in the phase space
at a fixed time. However, the initial and endpoints stay fixed. The
differential acts on Eq. (4.18) as follows

δS[q, p] = δ
∫ t2

t1

dt pq̇ −H(q, p)

=
∫ t2

t1

dt
(

∂(pq̇)
∂p

− ∂H(q, p)
∂p

)
δp +

(
∂(pq̇)

∂q
− ∂H(q, p)

∂q

)
δq

=
∫ t2

t1

dt
(

q̇ − ∂H(q, p)
∂p

)
δp +

(
− ṗ − ∂H(q, p)

∂q

)
δq.

(4.19)

To obtain the result in the third line we partially integrated the term
∂(pq̇)/∂q = p (∂q̇/∂q) where the terms of the initial and end terms
are zero since these points are not varied. [9]

Furthermore, the terms in the brackets have to be independently
zero to satisfy Eq. (4.17), which results in the Hamiltonian equations.
This brief recapitulation of the classical action shows that the principle
of least action is equivalent to the Hamiltonian equations. In general,
δS = 0 describes the saddle-point equations which have to be satisfied
to minimize the action.

In 1942, Richard
Feynman
reformulated the
path integral
formalism as a new
formulation of
quantum
mechanics.[5]

Now, we introduce the path integral formalism and give a brief
overview of what the goal of the following computation is.

The path integral formalism was first introduced by Norbert Wiener
in 1920 to solve problems considering the theory of diffusion and
Brownian motion. In comparison, in classical mechanics, the move-
ment of a particle between two points is described by one trajectory,
while the path integral formalism considers every possible trajectory
between these points weighted with a certain probability. While the
classical trajectory is given by the least action, this formulation con-
siders this path to be the most probable but it is not the only possible
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path the particle can take [5]. This can be described by the probability
density functional5

P[x(t)|x0] =
∫

Dx̃(t) e−S[x,x̃], (4.20)

where x̃ describes the non-classical behavior of the system due to
the thermal fluctuations and Dx̃(t) describes the integration over all
possible paths. Both of these terms are further discussed in the follow-
ing derivation. Furthermore, this definition of the action is motivatedEvery physical field

has a corresponding
action, whose
saddle-point

equations lead to the
description of the

system. For example,
the principle of least

action in
electrodynamics

leads to the Maxwell
equations, or in

general relativity, the
corresponding action

leads to Einstein′s
field equations.

[3][13]

by the exponential dependence of −S. Since we are interested in the
path with the greatest contribution which is given by the minimal
action, we obtain δS[β, β̃R, β̃ I ] = 0, while the contribution of the other
possible paths are exponentially suppressed.

In order to derive the probability density functional, we start by
rewriting Eq. (4.1) in a more general form, which also provides a more
clear overview. In general, stochastic processes can be described by
the Langevin equation

β̇ = f (β) + ξ, f (β) := −χβ + ϵβ
2 − iαβ2β. (4.21)

The Langevin equation describes systems that have determinis-
tic processes— f (β, t)—and, additionally, non-deterministic processes
such as thermal fluctuations.

For further analysis, we change to the discrete representation of the
system because it simplifies the calculations with the noise. We rewrite
Eq. (4.21) by using the Euler-forward-method and obtain

βn+1 − βn − f (βn)∆t − ξn∆t − β0δn0 =: Zn = 0, (4.22)

where δn0 is the Kronecker delta and β0 is the initial condition. Since
we investigate the fixed point r = 0 the initial condition is given by
β0 = 0. Furthermore, we define this equation as Zn = ZR,n + iZI,n, in
which the real and imaginary parts have to be zero independently,
which are denoted by R/I.

Further, to obtain the probability density functional we first de-
fine the joint probability density functional for a complex stochastic
differential equation, which is given by

P(β|ξ; β0) =
N

∏
n=0

δ (ZR,n) δ (ZI,n) , (4.23)

where x = {x0, x1, ..., xN}, ξ = {ξ0, ξ1, ..., ξN}, and the number of
steps N = T/∆t. This joint probability density functional encodes

5 Note that this case describes a one-dimensional system which is used for illustration.
The system described by Eq. (4.1) is two-dimensional since it is a complex differential
equation, which results in two path integrals.
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the differential equation at every point for particular realization of
the noise ξ. Furthermore, Eq. (4.23) can be expressed by the Fourier
transform of the delta function

P(β|ξ; β0) =
∫ ∞

−∞

∫ ∞

−∞

N

∏
n=0

dkR,n

2π

dk I,n

2π
exp [−i (kR,nZR,n + k I,nZI,n)] ,

which we use in the following computations.

Since the goal is to obtain the probability density functional, the
next step is to calculate the joint probability density function P(x|x0),
which we obtain by integrating the noise ξn over each realization of
Eq. (4.23) modulated by the probability density p(ξR/I,n) of the noise.
Since we investigate complex noise, we have to integrate over the real
and imaginary parts of ξ separately.

P(β|β0) =
∫ ∫

P(x|ξ; x0)
N

∏
n=0

p(ξR,n)p(ξ I,n) dξR,n dξ I,n (4.24)

As we already proposed in Sec. 4.2, the discrete noise ξR/I,n are
realized as Gaussian distributed random variables with variance
Var(ξR/I,n) = σ̃2 = κ/2∆t. Therefore, the probability density is given
by

p(ξR/I,n) =
1√

2πσ̃2
exp

(
−

ξ2
R/I,n

2σ̃2

)
. (4.25)

To maintain a clear overview of the derivation, we define the new
variables XR/I,n ∈ R via

Xn := XR,n + iXI,n :=
βn+1 − βn

∆t
− f (βn). (4.26)

Based on this definition we can rewrite equation Eq. (4.22) as Zn =

Xn∆t − ξn∆t. In this definition we separate the deterministic term
Xn∆t and the thermal fluctuations ξn∆t. Since Xn does not depend on
the noise we can interchange the integration over ξR/I,n and the terms
which only depend on XR/I,n in Eq. (4.24).
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Hence, we obtain the following form of the joint probability density
function

P(β|β0) =
∫ N

∏
n=0

dkR,n

2π
exp (−ikR,nXR,n∆t)

∫ N

∏
n=0

dξR,n√
2πσ̃2

exp

(
−

ξ2
R,n

2σ̃2 + ikR,nξR,n∆t

)

×
∫ N

∏
n=0

dk I,n

2π
exp (−ik I,nXI,n∆t)

∫ N

∏
n=0

dξ I,n√
2πσ̃2

exp

(
−

ξ2
I,n

2σ̃2 + ik I,nξ I,n∆t

)
︸ ︷︷ ︸

=∏N
n=0 exp

(
σ̃2(ikI,n)

2

2 ∆t2

)

=
∫ N

∏
n=0

(
dβ̃R,n

2πi

)
exp

[
−∆t

N

∑
n=0

(
β̃R,nXR,n −

κβ̃2
R,n

4

)]

×
∫ N

∏
n=0

(
dβ̃ I,n

2πi

)
exp

[
−∆t

N

∑
n=0

(
β̃ I,nXI,n −

κβ̃2
I,n

4

)]
,

where we solved the integration over dξR/I,n at the first equal sign by
completing the square and after the second equal sign we used the
substitution β̃R/I,n ≡ ikR/I,n.

In the last step, we go back to the continuous limit N → ∞ and
∆t → 0, such that T = N∆t stays constant. Therefore, we use the
following definitions

∆t
N

∑
n=0

−→
∫ T

0
dt

∫ N

∏
n=0

dβ̃R/I,n

2πi
−→

∫
Dβ̃R/I(t)

Xn −→ X(t) = β̇(t)− f (β(t))

β̃R/I,n −→ β̃R/I(t)

(4.27)

where we can now explicitly see how the path integration over Dβ̃R is
defined.

In this limit, we obtain the probability density functional

P[β|β0] =
∫ ∫

Dβ̃R Dβ̃ I exp(−S
[
β, β̃R, β̃ I

]
) (4.28)

where we define the action

S
[
β, β̃R, β̃ I

]
=
∫ T

0
dt β̃R

[
β̇R − fR(βR, β I)

]
− κβ̃2

R
4

+ β̃ I
[
β̇ I − f I(βR, β I)

]
− κβ̃2

I
4

,

(4.29)
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where βR/I and fR/I(βR, βi) are the real- and imaginary parts of β and
f (β), respectively.

For the further investigation, we introduce the vectors q ≡ (qx, qy) ≡
(βR, β I), p ≡ (px, py) ≡ (β̃R, β̃ I), and f ≡ ( fR, f I) , where qx/y describe
the coordinates in the complex plane of the system and px/y encodes
the noise. We choose this representation to emphasize that we can
express the action analogously to the action in classical mechanics
given by Eq. (4.18), but in this case, in two dimensions. The action as
well as the corresponding fictitious Hamiltonian are given by

S[q, p] =
∫ T

0
dt p · q̇ −H(q, p),

H(q, p) = p · f(qx, qy) +
κ|p|2

4

(4.30)

and the saddle-point equations are given by the Hamiltonian equations

q̇k =
∂H
∂pk

, − ṗk =
∂H
∂qk

, k ∈ {x, y} (4.31)

After this derivation, we can start with the calculation of the tun-
neling rate. First of all, we discuss what behavior to expect. To this
end, we revisit the stability map in Fig. 3.2a from Ch. 3. In this figure,
we can see that the shortest possible distance between r = 0 and any
colored region is given by the fixed points r−. Therefore, we expect
that the escape over the potential barrier is most probable over the
unstable fixed points. Based on this idea we can define a tunneling
event at r = 0.

A tunneling event from the inner fixed point r = 0 to one of the outer fixed
points r+ occurs if the trajectory β reaches a point beyond r−, i. e. |β| > r−,
and, therefore, a point beyond the potential barrier.

Furthermore, we can make three simplifications for this problem.
Firstly, we neglect the stabilizing strength, i. e. α = 0. In this approx-
imation, the unstable fixed points r− are given by the first order of
Eq. (3.4) and the outer fixed points r+ are undefined, resulting in a
diverging oscillation amplitude for |β| > r− since the system is no
longer stabilized. However, this description of the system is sufficient
because we are only interested in the region around the center up
to r−. Secondly, we neglect the detuning ∆ = 0, so we do not take
the rotation around r = 0 into account. Finally, we use the rotational
symmetry to our advantage by only investigating the most simple
unstable fixed point β = r−. Since we set α = 0 this unstable fixed
point lies exactly on the real axis. Therefore, the noise in the imaginary
direction, described by py, has no influence on the tunneling rate
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over this point, so we set py = 0. Furthermore, the classical trajectory
between the considered fixed points lies on the real axis, which can be
seen in the stability plots of Ch. 3.3 in Fig. 3.1b. Hence, we further set
qy = 0. After finding the solutions for qx and px we have to confirm
that these assumptions satisfy the saddle-point equations.

For these approximations, we obtain the following fictitious Hamil-
tonian and saddle-point equations

H = px fR(qx) +
κp2

x
4

= px(−γqx + ϵq2
x) +

κp2
x

4

q̇x = −γqx + ϵq2
x +

κpx

2

ṗx = px (−γ + 2ϵqx) .

(4.32)

These equations yield the classical case for px = 0. Since px encodes
the noise, this matches our physical understanding.

At this point, the trick of rewriting the equations in the form of
the Hamiltonian action leads to an advantage. The saddle-point equa-
tions conserve the Hamiltonian, i. e. dH/dt = 0, which leaves the
Hamiltonian constant. Hence, we investigate Eq. (4.32) and find two
lines where the Hamiltonian is zero and, therefore, constant. The
first solution is the trivial case px = 0, which describes the classi-
cal system. Therefore, this solution is not able to describe the es-
cape over the potential barrier. However, the second line is given by
px = −4qx(γ − ϵqx)/κ, which describes the non-classical case where
the noise—described by px—creates a tunneling event. It is easy to
check that this solution solves the saddle-point equations.

In addition to that, we have to check if the solution px(qx) also
satisfies Eq. (4.31) and leads to the solutions py, qy = 0, which we
assumed to find. Indeed, we find an exponential dependence for qy,
which is zero for the initial condition qy,0 = 0 and for the variable py

the solution is constant, which also vanishes for the initial condition
py,0 = 0. Therefore, the assumption led to the correct description of
the system.

Furthermore, due to the form of the action and H = 0, it is beneficial
to rewrite the integral as an integration over the variable qx. Therefore,
we do not have to determine the explicit forms of px(t) and qx(t).
Hence, we can calculate the action

S =
∫ T

0
dt px q̇x =

∫ r−

0
dqx px(qx) =

r2
−
3

2γ

κ
=

1
3

E−
kBT

. (4.33)

Here, the threshold energy E− = Esr2
− describes the oscillation en-

ergy at the unstable fixed points with amplitude r−, which leads to a
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more clear representation of the result.

Finally, we introduce the tunneling rate Γ0, which is a probability
per unit of time. Γ0 is, to an exponential accuracy, given by the path
with the greatest contribution to the path integral in Eq. (4.28). Thus,
we obtain

Γ0 ∝ e−
2
3

γr2−
κ = e−

1
3

E−
kBT . (4.34)

This results matches the findings of the paper of Ref. [2], in which
Josephson parametric down-conversion is studied. This system shows
similar behavior to the parametrically driven Duffing-oscillator in the
region of small oscillation amplitudes |β| ≤ r− .

Furthermore, we can determine the average tunneling time τ to
an exponential accuracy, since τ ∝ Γ−1

0 . Hence, the average tunneling
time has the following proportionality

τ ∝ e
2
3

γr2−
κ = e

1
3

E−
kBT . (4.35)

To physically understand this results, we discuss the limits of small
and large temperatures.

The limit of small temperatures is described by E−/kBT ≫ 1 such
that the average tunneling time τ is very large. This can be physically
motivated. For small fluctuations, we expect that a tunneling event
is very unlikely since the potential barrier large in comparison to the
thermal energy.

In the second limit, E−/kBT ≪ 1, the thermal fluctuations are much
larger than the potential barrier, resulting in a very short tunneling
time.

4.4 simulation of the tunneling rate

In order to check the obtained results, we numerically investigate
the system, simulate the tunneling process, and finally determine the
tunneling rate. To reproduce the analytical result we have to neglect
the detuning, i. e. ∆ = 0, since we expect that the rotation around
the origin influences the tunneling rate. However, we do not neglect
the stabilizing strength α in the numerical simulation to check if the
approximation we made was reasonable.

At first, to calculate the tunneling rate we recall the definition of
a tunneling event of the previous section. A tunneling event occurs
if the numerically calculated solution βn reaches a distance which is
greater than the unstable fixed point r−, i. e. |βn| > r−.
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After this recapitulation, we discuss how we numerically solve Eq.
(4.1) and realize the noise. In Sec. 4.2, we introduced the Euler-forward-
method such that we rewrite the differential equation as a recursive
series of the form

βn+1 = βn + ξn∆t − ∆t
(

γβn − ϵβ
2
n + iαβ2

nβn

)
. (4.36)

The realisation of the noise ξn = ξR,n + iξ I,n is given by the Gaus-
sian distribution of the real and imaginary parts with the average
⟨ξR/I,n⟩ = 0 and the variance Var(ξR/I,n) = κ/2∆t, which also was
derived in this Sec. 4.2. Furthermore, to solve the recursive series we
first have to choose initial conditions. Since we investigate the origin
r = 0 of the system in thermal equilibrium, the initial conditions are
also Gaussian distributed with the variance Var(βn) = κ/2γ, as we
derived in Sec. 4.1.

Furthermore, to obtain the correct description of the system, the
time step ∆t has to be less than the parameter which causes the fastest
change in time of the system. In the region around the origin, the
classical system converges with e−γt to zero, which implies that γ is
decisive for the change of rate of β. Therefore, to obtain a reasonable
solution in this regime we find γ∆t ≪ 1.

Now, we solve Eq. (4.36) and determine the tunneling time for a
particular realization of βn. This computation consists of two parallel

−1 0 1
< (β)

−1

0

1

=
(β

)

κ = γ

(a) (b)

Figure 4.2: Visualisation of the tunneling process by solving Eq. (4.36) for
the parameters ϵ = 10α, γ = 10α, ∆ = 0 and two different
temperatures; κ = γ (a) and κ = 6.5 · 10−2γ. In Fig. (a), a time
step of ∆t = 10−3/γ was used, while Fig. (b) was created with a
time step of ∆t = 10−2/γ and additionally only every second step
of the solution was considered in order to reduce the amounts of
data. Furthermore, these plots contain the unstable fixed points
(black circles) and a black dashed line which marks the barrier
|βn| = r−.
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processes, similar to the alternative creation process of the stability
map we discussed. In the first process, Eq. (4.36) is iteratively solved
via python for a random initial condition, and for each step, a new
realization of the noise ξn is calculated. Parallel to this process, we
check after each step if the solution has exceeded the potential barrier
|βn| > r−. If this case occurs, the simulation created a tunneling event
and is therefore stopped. The tunneling time is given by τ = n∆t,
where n is the final step which satisfied the tunneling condition. Ac-
cordingly, this computation is given by a while-loop with the condition
|βn| < r− which iteratively solves the recursive series.

This process is visualized in Fig. 4.2 for two differently strong ther-
mal fluctuations. Figure 4.2a represents strong thermal fluctuations.
Here, we can see that the realization of βn propagates towards the top
left unstable fixed r−, but the trajectory does not escape via this fixed
point. This changes for smaller fluctuations, which is presented in Fig.
4.2b. In this case, the realization of βn is triangle-shaped and escapes
approximately via the bottom left fixed point r−. This triangular shape
indicates that it is energetically favorable for the solution to propa-
gate in the direction of the unstable fixed points. This exceeds the
expectations which we proposed in Sec. 4.3, where we assumed that
solution escapes via one of the unstable fixed points because these are
the shortest paths between the center r = 0 and the colored regions.
Therefore, to ensure that the escape over the potential barrier occurs
mainly via unstable fixed points, we investigate the tunneling process
for small thermal fluctuations and, hence, for large tunneling times,
i. e. E−/kBT ≫ 1.
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Figure 4.3: The top plot presents the linear regression for the logarithmic
tunneling time log(τ) versus γr2

−/κ for the parameters ϵ = 10α,
γ = 10α, ∆ = 0 and thermal fluctuations in the range κ ∈ [6.5, 8]
× 10−2γ. The bottom plot shows the residual of the regression.
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Now, we continue with the determination of the tunneling time.
Since the process we discussed to determine τ is statistical, it has to be
repeated multiple times to receive a meaningful result. Therefore, we
repeat the process N = 1000 times and calculate the average tunneling
time ⟨τ⟩ and the corresponding error on the average, which yields

τ = ⟨τ⟩ ± στ√
N

. (4.37)

The average value is calculated via the arithmetic mean and the error
is given by the standard deviation of the data set divided by

√
N to

obtain the uncertainty on the average value.

Furthermore, to check if Eq. (4.35) describes the correct dependency
of κ, we determine the average tunneling time for multiple values of κ

and investigate the behavior of the resulting function. Since we expect
the exponential dependency given by Eq. (4.35), we plot the logarithm
of the tunneling time versus γr2

−/κ. We expect the resulting data are
linearly increasing with a slope of 2/3. Therefore, we apply a linear
regression on the data points such that we obtain the slope and the
axis interception with the corresponding errors.

The linear regression is presented in Fig. 4.3. First of all, the good-
ness of the fit is given by χ2/ndof ≈ 1.77, which implies that the
behavior of the curve can be, as a valid approximation, described by
a linear function. In addition, the residual plot does not show any
systematics, which supports this statement. Furthermore, the slope
of the fit is given by C = 0.651 ± 0.006, which lies in a range of ap-
proximately 2.6σ to the expected value of 2/3. Thus, this result is in
agreement with the expectations because it is within a range of 3σ.

However, we cannot confirm the dependency of r2
− if only the fluc-

tuations κ are varied. To this end, we repeat this simulation and the
corresponding evaluation for ten different values of ϵ, resulting in ten
different distances between the origin r = 0 and the unstable fixed
points r−.

The results of each simulation are presented in one plot, which is
shown in Fig. 4.4. Since the results of the simulations are compatible
with each other, the plot also contains the weighted average (red),
which is given by

CWA = 0.664 ± 0.003. (4.38)

This result lies within one standard deviation of the analytical result,
which implies that the numerical simulations are in agreement with
the analytical calculations.
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Figure 4.4: Comparison of the parameters for the fit τ = τ0eCγr2
−/κ for ten

different values of ϵ/γ (blue), and the parameters α = γ/10
such as ∆ = 0. The top plot presents the slopes of the linear
regressions, which was exemplary presented in Fig. 4.3, and the
bottom plot contains the exponential of the axis intersects of
the linear regressions. The corresponding error is calculated via
Gaussian propagation of error. Both plots contain the weighted
average, represented by the red dashed line and the red error bar.

Furthermore, we find that the parameter τ0 does not change for
different values of ϵ/γ, which is an extension to the analytical result,
where we only determined the tunneling rate to an exponential ac-
curacy. Thus we can also calculate the weighted average for this case

τ0 = 2.041 ± 0.078. (4.39)

Additionally, we expect that τ0 is independent of the stabilizing
strength α, since this force has a negligible influence on the region
between r = 0 and r−.





5
B E Y O N D T H E R O TAT I N G - F R A M E A P P R O X I M AT I O N

Finally, we revisit the system in the laboratory frame of reference,
which is described by Eq. (2.1). In order to execute the rotating-frame
approximation, we chose the ansatz x = ℜ[β(t)e−i Ω

3 t]. We neglected all
terms in the limits β̇/β, Γ, ∆ ≪ ω0, β̈/β ≪ ω2

0, and furthermore, all
fast oscillating terms. In order to check under which circumstances the
approximations were reasonable, we first define the Poincaré map[1]

P : x(t) → x
(

t +
6π

Ω

)
. (5.1)

Due to the ansatz for x(t), we find the following behavior of the
Poincaré map x(t + 6π/Ω) = ℜ[β(t + 6π/Ω)e−iΩ/3t], which implies
that the time steps ∆t = 6π/Ω correspond to a full rotation in the
rotating-frame. Thus, the Poincaré map reveals the behavior of ℜ[β],
in a discrete way. Now, if we calculate the derivative of x, in order to
create a phase-space diagram, we find ẋ = ℜ(β̇e−iΩ/3t) + Ω/3
×ℑ(βe−iΩ/3t). Since we expect β to change very slow in comparison
to the oscillation e−iΩ/3t, the first term can be neglected. Thus, when
the Poincaré map is applied on ẋ, we obtain the behavior of ℑ[β]
analogous to the real part. Therefore, we expect to obtain a similar
plot as the stability map in Fig. 3.2a, if the approximations are correct.

The resulting Poincaré maps of the phase space with a normalized
y-axis are shown in Fig. 5.1. In Fig. 5.1a, we find that the Poincaré
stability map leads to an almost identical result as the stability map
in Fig. 3.2a. This implies that the rotating-frame approximation is
valid for large enough resonance frequencies. However, the restriction
β̇/β ≪ ω0 can only be satisfied if the oscillation of β changes signifi-
cantly slower over time than e−iω0t. As already discussed in Sec. 3.3,
the limit of the oscillation frequency ω is given by ω =

√
3ϵ2/α ≈ 17ϵ,

for ϵ = 10α. Due to the increase of ω for greater distances from the
outer fixed points, the rotating-frame approximation only holds in a
limited region around the origin, as long as ω0 ≫ ω is satisfied. In
Fig. 5.1b we can see the effects of an insufficiently small resonance
frequency. In this case, the region near the origin has a similar form as
in Fig. 5.1a but it is deformed and asymmetric. For greater distances,
this effect increases rapidly. The trajectories which lead to the fixed
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ẋ
/

ω
0

ω0 = 100ε

(b)

Figure 5.1: Poincaré stability maps for the parameters ϵ = 10α, γ = 10α,
∆ = 0, and two different resonance frequencies ω0 = 1000ϵ (a),
ω0 = 100ϵ (b). Each position on this map represents an initial
condition and the color indicates the fixed point the Poincaré
map of the solution for x(t) converges to. To this end, the fixed
points we discussed earlier were used, since we expected an
analogous behavior to the rotating-frame. The white regions in
Fig. (b) describe solutions that could not have been identified
with the fixed points we calculated.

points are wavy and there are regions (white), which do not converge
to any of the known fixed points. These regions are considered to be
no fixed points because the endpoint of the Poincare map depends on
the simulation time. This means that the solution of x(t) has stable os-
cillating trajectories, which cannot be analyzed with the Poincaré map
in Eq. (5.1) because the dominating oscillation frequency is greater
than Ω/3. Further, beyond the white regions, Fig. 5.1b reveals chaotic
areas where all five colors seem to be represented randomly. Here, a
very small change of initial conditions results in a different endpoint.



6
C O N C L U S I O N

This thesis analyzed period tripling in a Duffing-oscillator which is
parametrically driven at thrice its resonance frequency. In Ch. 2 we dis-
cussed numerical solutions and the frequency spectra, which led to a
first approach for the investigation. We found a threefold symmetry in
the form of an invariance under the time translations t → t + 2πn/Ω,
where n ∈ {0, 1, 2}, which is the origin of period tripling. Both find-
ings led to the ansatz of the rotating-frame approximation with a
complex amplitude, which resulted in a convenient description of
period tripling.

This ansatz led to a differential equation for the amplitude, which
we studied in Ch. 3. There, we found that period tripling is only
obtained if the driving strength exceeds the limit ϵmin =

√
2γα in

dependence on the stabilizing strength α and the dissipation γ, which
is consistent with our physical expectations. Additionally, we found a
potential barrier between the stable fixed points r = 0 and the outer
fixed points r+ in the form of the unstable fixed points r−.

In Ch. 4, we included thermal fluctuations in the form of white
noise and analyzed the limit of small fluctuations, i. e. Es/kBT ≪ 1.
We found that these fluctuations can induce period tripling due to tun-
neling from the regime of a vanishing oscillation amplitude r = 0 to
the outer fixed points r+. We analytically determined the average tun-
neling time to an exponential accuracy τ ∝ exp(E−/3kBT), which we
validated afterwards by numerical simulations. Moreover, we showed
that, for small fluctuations, the escape over the potential threshold
happens mainly over the unstable fixed points r−.

At the end of our examinations, in Ch. 5 we revisited the system
beyond the rotating-frame approximation. We showed that this ap-
proximation is only valid if the resonance frequency ω0 is much larger
than all parameters and especially than the rate of change of β. If
this criterion is not satisfied, the system becomes asymmetric and
obtains additional oscillations which cannot be described by an ansatz
that only considers one oscillation frequency. Thus, we were able to
describe the system correctly via the rotating-frame approximation.
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However, the Duffing-oscillator is more complex than we discussed
within the scope of this thesis.
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