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Abstract

This thesis deals with driven-dissipative systems that can be de-
scribed by a Lindblad master equation. In particular, we analyze
parametrically driven oscillators that exhibit an instability when the
driving strength exceeds the damping. In this critical regime, both
fluctuations and nonlinearities have to be included for an accurate
description of the system. For the degenerate parametric oscilla-
tor, it has been shown that the long-time dynamics can be described
by a universal Liouvillian. This makes the efficient calculation of
observables, such as the photon current, possible. To determine the
long-time dynamics, we provide a method to solve the Lindblad equa-
tion, which makes the separation of timescales possible. This is used
to derive the effective model for the non-degenerate parametric os-
cillator, and we analyze the resulting statistics of radiation. Addi-
tionally, we discuss how symmetries of the Lindblad equation are
described.
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Chapter 1

Introduction and chapter
overview

This thesis deals with driven-dissipative systems that can be described by a
Lindblad master equation. In particular, we treat parametrically driven oscil-
lators. They are a prime example for systems with an instability, when the
driving strength exceeds the damping. For the classical system, self-sustained
oscillations are possible above threshold, while the system reaches the state of
rest below threshold. In the quantum regime, a parametric drive makes the
amplification of quantum fluctuations already below threshold possible. This
results in a finite number of photons leaking out of the cavity. The radiation is
characterized by the emission of a photon pair enabled by the prior absorption of
a photon with twice the frequency, also known as parametric down-conversion.
This can be e.g. used to create squeezed states of light [1] or entangled pairs of
photons [2].

For this system, the transition at the instability threshold is also called pitch-
fork bifurcation. At the transition, the state of rest becomes unstable and two
new stable fixed points emerge. Other systems also realize the bifurcation, such
as the Dicke [3] and lasing [4] transitions. It has been shown that systems
with such a bifurcation are part of a universality class in Ref. [5]. There, the
counting statistics of photons, or rather quantized frequency excitations, below
threshold have been derived. Without regard of the nonlinearity, all cumulants
of the photon current diverge as the threshold is approached. Besides fluctua-
tions, also nonlinearities have to be included in this critical regime. They cure
the divergence and the system reaches a coherent state. This results in Poisso-
nian statistics that match the classical expectation. The link between the two
regimes was missing, until Ref. [6] connected them. There, a universal model
of the relevant slow dynamics in the close vicinity of the threshold has been
derived. The resulting photon statistics show a good agreement with the full
system.

The systems discussed in Refs. [5,6] share a common feature, the pitchfork
bifurcation. This bifurcation is not present for the non-degenerate parametric
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oscillator. Nevertheless, it is still part of the universality class in Ref. [5]. There-
fore, the counting statistics of the non-degenerate and degenerate parametric
oscillator are equivalent. However, in the non-degenerate case, it is possible to
achieve phase-insensitive amplification. This is qualitative different than the
degenerate case where phase-sensitive amplification is achieved. Therefore, we
study the non-degenerate parametric oscillator in the critical regime and derive
an effective model for this system. We focus on the resulting counting statistics
and compare to the degenerate case as well as the classical expectation. As the
focus is lied upon the radiation, the methods and resulting models provide a
good starting point for a variety of follow-up work to further analyze the dy-
namics of both the non-degenerate and degenerate parametric oscillator.

To obtain the effective models, we start with the general description of a
driven-dissipative system that interacts with its (Markovian) environment, e.g.
through the emission and absorption of photons, in Ch.[2l Such systems can be
described by a Lindblad master equation, that can be compactly expressed by
a Liouvillian £, which determines the time evolution of the system. For the de-
termination of the time evolution operator exp(Lt) it is necessary to determine
the eigenvalues and therefore the diagonalized form of the Liouvillian. But the
diagonalization is non-trivial for multiple reasons, e.g. the already infinitely
large Hilbert space of a single boson. Therefore, we provide a method to solve
this task that makes use of symplectic transformations, which take the bosonic
structure into account. The method can also be used to obtain the generating
function that contains the information about the cumulants of observables, such
as the photon current.

The introduced framework can be used to describe symmetries of the Lindblad
equation, which is the topic of Ch.[3] We begin by considering the hermiticity
of the density matrix, although it is not a symmetry in the conventional sense.
It rather puts constraints on the Liouvillian and also provides a useful tool for
the diagonalization. We then describe how unitary symmetries of the Hamil-
tonian can be extended to symmetries of the full Liouvillian. We conclude by
a discussion about PT-symmetries, which characterizes systems with balanced
gain and loss.

Chapter 4| reviews Ref. [6] which investigates the degenerate parametric os-
cillator in the critical regime. We explain how the introduced formalism of this
work can be used to obtain the universal model by a separation of timescales.
Additional results are provided as well. The methods are then used in Ch.
where the non-degenerate case is approached and a universal Liouvillian is de-
rived. The degenerate and non-degenerate parametric are compared, and an
efficient numerical evaluation of the Liouvillians is demonstrated.



Chapter 2

Solving the Lindblad master
equation

In a realistic setting, quantum systems interact with their environment, e.g. via
emission or absorption of photons. For Markovian environments, the equation
governing the dynamics of the system is given by a Lindblad master equation
which reads

. . 1
p= =il ol + Y[ Tun T} = S (TiTup + T} T)]. (2.1)
w

The first part of the equation equals the von Neumann equation with the Hamil-
tonian H that describes the closed system in a rotating frame. It contains the
unitary time evolution of the system. The second part describes the coupling
to the bath and contains the dissipative, non-unitary dynamics. The Lindblad
operators J,, resemble the dissipation processes. The equation can be expressed
by a Liouvillian superoperatOIE] L with p = Lp. The solution of this, is then
given by the time evolution operator exp(Lt). To understand the dynamics
of the system, the eigenvalues A of the Liouvillian are needed. In particu-
lar, they are of interest for dissipative phase transitions when Re(\) — 0 [7].
They also allow to identify instabilities where Re(\) > 0. There, the dynam-
ics diverge exponentially. But obtaining the spectrum is a non-trivial task for
multiple reasons. For example, the Hilbert space of a single boson is already
infinite dimensional, which makes the standard matrix diagonalization impos-
sible. Furthermore, we have to consider the underlying bosonic structure of the
problem that is encoded in the commutation relations. To circumvent these is-
sues, a method called ‘third quantization’ has been first developed for fermions
in Ref. [8] and has later been extended to the case of bosons [9]. The method
has also been used to solve bosons on a lattice [10] and also nonlinear systems
by employing weak symmetries [11]. Recently, the connection to the Keldysh
path-integral formulation of open systems has been pointed out [12,13]. Also,
the method can be used to separate fast and slow timescales. This makes the
reduction to the relevant slow dynamics for long times possible, which has been
done in Ref. [6] and will also be discussed below.

'Sometimes also Liowvillian, Liouville superoperator, or Lindbladian.
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In this chapter, we propose an alternative method to ‘third quantize’ a quadratic
bosonic Lindblad master equation using symplectic transformations. The re-
sults of this and the following chapter are discussed in a paper in Ref. [14].

2.1 Symplectic diagonalization of complex symmet-
ric matrices

We will map the problems mentioned above onto the diagonalization of complex
matrices using symplectic transformations. In the applications, the symplectic
form arises due to the bosonic structure of the problem that is encoded in the
commutation relations. We prepare the main theorem by two lemmas.

The first lemma is a restatement of the diagonalization of a complex matrix:

Lemma 1. Given the standard symplectic form (JT = J 1 = —J)

J— <_Ojn fg;>, (2.2)

where I, is the identity matriz of size n, a symmetric matric L € C2>2n,
L =1L", with J7'L diagonalizable, can be brought into the normal form

PLQ = <X fg) : (2.3)

where A is a diagonal matriz with entries A1, ..., \, and P,Q € GL(2n,C) are
(invertible) transition matrices with

PIQ=1J. (2.4)

Proof. The matrix A = J~'L can be diagonalized by a transition matrix @ and
a diagonal matrix D with Q1 AQ = D. Note that A = —J AT J such that A
is similar to —A”. Thus, the eigenvalues of A come in pairs +);. Due to this,

we can choose
—-A 0
p(20). 2s)

With P = JQ'J~!, we have J"'PLQ = D and the result follows by

JD = <2 g) : (2.6)

O

Remark 1. The column vectors g; of @) together with the eigenvalues \; can be
obtained by solving the generalized eigenvalue problem

Lqgi=XiJqi. (2.7)
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Remark 2. If A = J~'L is not diagonalizable, the theorem can be adjusted
such that A involves Jordan blocks and

-A 0
b (5. o)
We give an example of this case below.

The following technical lemma will be the central ingredient of the theorem:

Lemma 2. Given an invertible transition matrizc T € GL(2n,C) and an arbi-
trary matriz A € C22n with

A=TTAT!, (2.9)
we can find B € GL(2n,C) such that B> =T (B is a ‘square root’ of T) and
A=BTAB™!. (2.10)
Proof. From , it follows by iteration that
A= (THTATH, keN (2.11)

and also that A = p(T)T Ap(T)~! for an arbitrary polynomial p(z). The func-
tion f(z) = y/z evaluated on T only depends on the value on the spectrum
of T, see [15] for details. As the spectrum of T' does not involve 0, we can
choose a single-valued branch of f(z) and find a polynomial ps(x) that has the
same value as f(x) on the spectrum of 7. The matrix B = py(T') fulfills the
requirements B> = T and Eq. of the lemma. ]

Now, we have prepared the necessary tools to proof our main theorem.

Theorem 1. Given the conditions of lemmall], the symmetric matriz L can be
brought into the normal form

STLS = Ci 3) (2.12)

by a symplectic transition matriz S fulfilling
STJS =17. (2.13)

Proof. With lemma [I} the symmetry of L, and the skew-symmetry of J, it
follows that

PLQ =QTLPT = <R 3) and PJQ=QTJPT =J. (2.14)

This implies that

L=T7T'LT™'  and J=TTJT7!, (2.15)
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where T'= Q(P~1)T = QP~T. Using lemma [2, we obtain B with B2 = T and
B fulfilling the properties of (2.10). Setting S = B~1Q, we obtain (X is either
LorJ)

STXS=QT"BTXB™Q QTBI)Y?XQ=QTTTXQ=PXQ. (2.16)

The result follows from comparing STLS = PLQ in Eq. 1} and STJS =

PJQ in Eq. (2.4).
[

Remark 3. The normal form is unique up to reordering of the \; or replacing \;
by its partner —\;. In particular, for each i < n, the normal form is invariant
under the exchange s; — —s;4, and 8;4+y +— 8; of the i-th and (i+n)-th column
of S while inverting the sign of A; — —\;. In the application for open systems,
the sign of A\; will determine the stability of the system. We will discuss how
to fix the sign ambiguity for the elements of A below.

Remark 4. For an alternative proof using symplectic geometry induced by the
form w(x,y) = =7 Jy, see [16].

Remark 5. Note that the presented theorem is different from the better-known
Williamson’s theorem for the diagonalization of a real, symmetric, positive ma-
trix with a symplectic transition matrix, see e.g. [17].

2.2 Solving a bosonic Lindblad master equation

Now, we have gathered the tool to ‘third quantize’ the Liouvillian £. In this
section, we show how to map the task of solving the Liouvillian to the symplectic
eigenvalue problem from the previous section.

2.2.1 Superoperator formalism and non-Hermitian Hamiltonian

For exact solvability, we assume that the Hamiltonian is at most quadratic in
bosonic ladder operators a;,¢ = 1,...,m with m being the number of different
modes and that the bath operators are linear in ladder operators. This means
that

H=2, [%Thz‘jaj + 3@l + %GI(AT)W}] + 2 (04?% + aia;f), (2.17)
T =2 (Umai + wy,ﬂj) +1,. (2.18)

The matrix h € C™*™ is Hermitian, and it is possible to choose A € C™*™
as a symmetric matrix. The vectors v,, w, € C™ describe the interaction with
the environment. Emission is described by the first, while the latter relates to
absorption. The coherent drive o; € C and the parameters [, € C couple lin-
early to the bosonic ladder operators and thus displace the vacuum, see below.

Since the operators in the Lindblad equation act on both sides of the density
matrix, we introduce a superoperator formalism. We define a set of superop-
erators by O, = (04 + 0_)/v/2 and O, = (04 — O_)/\/2 where O4p = Op
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and O_p = pO. The subscripts ‘¢’ and ‘q’, denoting ‘classical’ and ‘quan-
tum’, come from the language used in the Keldysh path-integral formalism
[18]. The commutation relations are [a,;,a, ;| = [aq,i,aij] = ;5. The re-
maining commutators vanish. Using this definition and defining the basis

b = (b, b,)T = (ac,ai,a:g, —a,)T, we can express the Liouvillian by a com-

plex symmetric matrix L € C?>"*2" with n = 2m. The Liouvillian reads
L =3b"Lb+n-by+ Ly with
B 0 —iHLZ
L= <—z‘ZHeﬁ i ) : (2.19)
z * * m
n=|\_) #z=-ia+t; 5, (L, — L)) e C™ (2.20)

and Lo = %Tr(V — W). The ‘dissipation matrices’ V, W, and U € C™*™ are
defined by the sum of dyadic products

V=Vvi= Zvuv;ﬂ, W=w'= Z'wu'wl, U:—Zvuwl. (2.21)
1 p

We continue to analyze the block structure of L. Note that the upper left block
of the matrix equals zero. This implies the trace preservation of the Lindblad
equation. This block would connect the ’c’-operators to each other. Since terms
like this do not appear, there is always at least on ’q’-operator in each term of the
Liouvillian. This relates to the trace preservation by Tr(Oyp) = Tr(Op — pO) =
0. Below, we show that the trace preservation is the key ingredient that makes
the diagonalization of the Liouvillian possible. The matrix N € C?m*?m jg
given by .
* *

N= % (IVJV*J;[{/ I/UVTJFJFVU ) (2.22)
It only depends on the dissipation matrices and resembles the noise in the sys-
tem [13]. Due to the 0 in the upper left block of the Liouvillian, N and therefore
the noise does not influence the eigenvalues A of the system. In contrast, the
effective Hamiltonian H.s on the off-diagonals encodes the dynamics of the
system. Here, we have split the matrix

7 — (Ién _(}m> (2.23)

from the effective Hamiltonian. It encodes the bosonic commutation relations
[a;, a;f»] = 0;; [19]. Then, Heg can be written as

h4 5(W —V*) A= LUt - U¥)
Her = <A+ LUT - U) h*—i(W*—V))' (2.24)

It can be decomposed into two parts by Heg = H + iI" where H and I' are
both Hermitian. The first part, H, is the Hamiltonian that describes the closed
system given by H = %b’THb’ with ' = (a,a™)”. The second part, I', only
depends on the exact form of the Lindblad jump operators J,, and captures the
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dissipation. Non-Hermitian Hamiltonians, which encode only the dynamical
part of the Lindblad time-evolution, have recently received a lot of interest in
the context of non-Hermitian topology [20].

We continue by showing how to diagonalize the Liouvillian. There, it is neces-
sary to preserve the bosonic structure given by the commutation relations. We
encode them in

o ) ) o 0 IQm
Jij = [bi,b;] = J_<—12m 0)’ (2.25)

which is the standard symplectic form in Eq. (2.2). Thus, L and J are in the
form of theorem [1| and we can find a symplectic transformation S that brings
L in the normal form of Eq. (2.12)).

2.2.2 Fixing the normal form

As it has been pointed out in remark[3] the generalized eigenvalues \; determine
the stability of the system. Since they come in +)\; pairs, it is necessary to
identify the correct eigenvalue +X;. One of the columns s; and S;4,, ¢ < n,
of S is of the form (8;,0---0)7, i.e. ending in n zeros, see [9]. If s;1, ends
in the zeros, we exchange s; — —s;i, and s;+, — s;, while inverting the
sign of \; — —)\;, according to remark [3] Note that the normalization of the
eigenvectors is given by s(—\;)Js(A;) = d;;. In this way, we fix the signs of \;,
while bringing the symplectic matrix in the block form

(51 S
S = <0 53) : (2.26)
The symplectic matrix has this form due to the fact that the noise given by
N does not influence the spectrum. The condition STJS = J implies that
ST =57 ! and STS3 = ST'Sy. In the following, we will always assume that

the normal form is fixed in this way. Then, the generalized eigenvalue problem
Ls; = \;Js; is equivalent to

Hegd; = i\ Z35i, (2.27)

which means that the eigenvalues A; of the Liouvillian are, up to multiplica-
tion by %, given by the eigenvalues of the non-Hermitian effective Hamiltonian
H.g. Previous methods solve Eq. to diagonalize the effective Hamilto-
nian and then proceed by solving a Lyapunov equation to eliminate the noise
N. This means that they obtain the diagonalized Liouvillian in a two-step pro-
cess, see [9,13]. Using the method that has been presented in this chapter, we
combine the two steps into a single symplectic transformation. Below, we show
how this brings an advantage when we turn to the task of counting, where the
trace preservation is lost and the eigenvalues are not simply given by Heg.

The transition to the normal form introduces new bosonic operators u; and
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v; defined by

ur — /M
_
b |t /e | (2.28)
U1
Un

which implies b. = S1(u — A7) + Syv and b, = S3v. The linear terms n
shift the vacuum as parameterized by the transformed vector n’ = SIn = S| In.

As pointed out above, the bosonic structure is conserved due to the symplectic
transformation. Therefore, they obey [u;, vj] = ¢;; and all other commutators
vanish. Thus, u; are annihilation and v; creation operators, but they are not
adjoints of each other. This follows from the fact that the Liouvillian is not
Hermitian. Note that due to the special block form of S, the v; are given by a
linear combination of a, and a,g. Because of this, the v; also encode the trace
preservation, see the discussion above.

Written with the new operators u; and v;, the Liouvillian assumes the form

L= Z )\ﬂ}iui, (2.29)

where the additional constant % > ; Ai+Lg vanishes in accordance with the trace
preservation. Note that >, \; = Tr(—iZH.g), see Eq. (2.27)), which evaluates
to Tr(W — V) = —2Ly.

2.2.3 Fock space of the superoperator formalism

The ladder operators v;, u; introduce a Fock-like structure. The operator v;u; is
a number operator with eigenstates |n;). Due to the ladder structure imposed
by the commutation relation [u;, v;] = d;;, we are able to obtain every eigenvalue
and state starting from a single distinguished state. For the harmonic oscillator,
this special role is taken by the vacuum state. Here, the trace preservation is
the crucial ingredient, as it is the left eigenstate (0| of the Liouvillian with
eigenvalue A = 0. Starting from this state, we obtain the remaining states by
application of u; that acts as a creation operator to the left. The remaining
states are then obtained by, n; € Ny,

ng
7

(n1,na,...| = 0| T] 5 (2.30)
i=1

_ \/ni!’

which are left eigenstates of v;u; to the eigenvalue n;. Therefore, the spectrum
of the Liouvillian £ is given by

A=) Nin;. (2.31)
=1
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Since the Liouvillian is not Hermitian, the right eigenvectors are not given by
the adjoint of the left. The corresponding right eigenvectors are given by

uz

n V!
n1,na,...) = [[ = 10) (2.32)
i1 Vit

with the important right eigenvector |0) to the eigenvalue A = 0. It corresponds
to the stationary density matrix ps = |0) since Lps = ps = 0. The ladder
operators act on the eigenstates |ni,ng,...) = @), |n;) according to w; |n;) =
Vnilng — 1) and v [n;) = /g +1|n; + 1) ﬂ The action on the left eigen-
states is given by (n;|u; = (n; +1|v/n; +1 and (ng|v; = (n; — 1| \/n;. These
states form a complete bi-orthonormal set with (n},n5,...|n1,n2,...) = ;b .
and the resolution of identity [ =3, . [n1,n2,...) (n1,n2,...|. The com-
pleteness determines the time evolution operator of the Lindblad equation that
equals

exp(Lt) = Y eMn1,ng, .. ) (na,ng, ., (2.33)

n1,n2,...

with A = . A\jn;. This means that states with large A (large n; or \;) decay
faster than others. This allows to adiabatically eliminate the fast modes, which

will be demonstrated in Ch. ] and Ch. Bl

Jordan normal form

Generally, it might happen that the matrix J 'L is not diagonalizable, mean-
ing that it can only be brought into its Jordan normal-form. For the following,
we will discuss the simplest case for a system containing a single boson where
the eigenvalues and eigenvectors coalesce. In this case, the Liouvillian equals
L = p(viug + vaug) + vvouy, where the first part is diagonal and veuq is nilpo-
tent. While we discuss the case of a single boson and therefore also a single
Jordan block, the following procedure can be generalized to a larger number of
bosons with larger Jordan blocks.

While the algebraic eigenvalues of L stays the same, the geometrical spectrum
that determines the dynamics of the system changes. If £ would be diagonaliz-
able with degenerate eigenvalues, there would be a degeneracy of n+ 1 for each
eigenvalue A = p(ni +mng) with nq 4+ ng = n. Because a complete decomposition
of £ by eigenstates is not possible anymore, additional generalized eigenstates
are needed. Acting with the Liouvillian on the Fock-states, we obtain

L|ni,n2) = u(ni +n2) |n1,n2) + vy/ni(ng+1)|ng — Ling + 1) . (2.34)

We see that, for fixed n = nj + ng, only the state |0,n) with n; = 0 is an
eigenstate of the Liouvillian. The n remaining states |ni,n —n;) with ny =

It would be also possible to choose a different ‘normalization’ of the operators, e.g.
u; [ni) = |n; — 1) and v; [n;) = (n; + 1) |n; + 1) since they are not adjoints of each other.
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1,...,n are generalized eigenstates. The time evolution operator reads

m

e[lt: Z (TLl) (HQ + m) (Vt)meu(rqunz)t |TL1 —m,ng + m> <n17 n2| ,
m

ny,m9>0
0<m<nq

(2.35)
where m runs over the set of generalized eigenstates to a fixed n. The time
evolution is not a simple sum of exponential terms anymore. This is due to the
fact that the eigenstates do not form a complete basis anymore and generalized
eigenstates are needed. They change the dynamics because of the nilpotent
operator vou;.

2.3 Counting statistics

When solving the Lindblad equation, not only the stationary state and the
spectrum that determine the time evolution are of interest. Often, one is con-
cerened with the statistics of observables O such as the photon current. The
statistics are accessible by determining the corresponding cumulant generating
function G(s). In this section, we show to obtain the generating function using
the symplectic transformation of theorem

We are able to access the statistics by including a source term in the Liou-
villian superoperator [5,21]

L(s) =L+ sO. (2.36)

with s € C. The (super-)operator O represents the process that we want to
observe, and should be again of quadratic order for solvability. A common
example is the emission of single photons, expressed by the process apa’. The
corresponding superoperator that describes this is then given by Z = a+aT_. By
inclusion of the source term, the diagonalized Liouvillian £(s) reads

£(s) = Yo Als)uils)uils) + % 3 Ais) + Lo (2.37)

Note that by including the source term, the trace preservation of the Lindblad
equation is lost. This means that the upper left block, that encodes this prop-
erty, gets replaced by a symmetric matrix C(s) with C'(0) = 0. Here, we see
another advantage of the symplectic transformation. As mentioned above, pre-
vious methods are able to diagonalize the Liouvillian by eliminating the noise
N due to the vanishing upper-left block in Eq. The symplectic trans-
formation does not run into this problem and can still be used to diagonalize
L(s). Here, the eigenvalues \(s) and ladder operators v(s), u(s) are choosen as
a function of s that result in the normal eigenvalues A and ladder operators v, u
as s — 0. This is important since we are not able to use the trace preservation
anymore to distinguish the sign of the symplectic eigenvalues +A(s).
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The factorial cumulant generating function G(s) for a measurement time 7 is
defined by
9T = (0] )T |0) = Tr (e“)7p,) . (2.38)

The derivatives with respect to s evaluated at s = 0 produce the factorial
cumulants [21-23]

k

-—G(s)| . (2.39)

(©)r = (010~ 1) (O K+ 1) = 756(s)|

Note that the conventional cumulants can be obtained by replacing s — exp(ix)—
1 and taking the derivative with respect to ix [23]. In the limit of long mea-
surement time with — Re(\;)7 > 1, only the term with n; = 0 (the stationary
state) contributes in . The factorial cumulant generating function is then
given by

G(s) = (01 L(s) ZA )+ Lo = %Z[Ai(s) —X(0)] . (2.40)

)

To obtain the generating function G(s) analytically with the presented method,
we require a quadratic Liouvillian and observable. If this is not the case any-
more, e.g. when the Hamiltonian contains a nonlinearity as it will be the case in
Ch. [ and [5} we are not able to use the diagonalization to obtain the generating
function. But, we are able to obtain the (factorial) cumulants by perturbation
theory. Because we evaluate the generating function at s = 0, we can see s
as a small parameter and therefore the source term as a small perturbation.
Expanding the generating function at s = 0 yields

oo

=2

k=1

(2.41)

?r_w

This means that we are able to access the coefficient of the expansion (O*)) r/k!
by using k-th order (non-Hermitian) perturbation theory, and we obtain the
factorial cumulants by multiplication of k!.

2.4 Examples

In the last section of this chapter, we demonstrate how to use the method of
‘third quantization’ for two examples. First, we diagonalize the Liouvillian of
the harmonic oscillator that is subject to single photon loss, and derive the
generating function of the photon current. Afterwards, we give an example for
a non-diagonalizable system where Jordan blocks appear.

2.4.1 Symplectic diagonalization and counting

The Lindblad master equation that describes the damped harmonic oscillator,
with frequency w and dissipation rate -y, can be constructed by the Hamiltonian
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H = wa'a and the Lindblad jump operators
Ji=+vVv(A+1)a and Jo=+Anal. (2.42)

The first one relates to sponteanous and induced emission of a single photon,
while the latter corresponds to the absorption of a photon from the environ-
ment with the Bose-Einstein occupation n. The effective Hamiltonian and noise
matrix read

_(w+iy 0 1 0 y(2n + 1)
Heﬁ_( 0 w—%*y)’ N_2<7(2n+1) 0 ' (2.43)

The symplectic transition matrix that diagonalizes the Liouvillian is given by

10 0 #n+y

|01 at+3 0

S=1o 0 1 0 (2.44)
00 0 1

We clearly see that the transformation matrix has the block form given in
Eq. (2.26). The diagonalized Liouvillian reads

L= (—iw — %) ViUl + (iw — %) VoUo. (2.45)
Note that the spectrum is given by A = unq + p*ns with p = —iw — /2. There-
fore, the eigenvalues A are either real there are complex conjugate pairs. This
property is addressed in the next chapter.

Next, we show how to obtain the generating function for the outgoing pho-
ton current 7 = 7a+aT_. We add a source term to the Liouvillian which now

reads
L(s) =L+ sT. (2.46)

The eigenvalues of £(s) are given by &3 (vy/1 — 4ns+2iw) and +4 (yy/1 — dins—
2iw). We can compare this to Eq. for s = 0 and identify the eigenvalues
with the negative sign as the correct eigenvalues. We obtain the generating
function [21]

G(s) == > [Nils) — X(0)] = %(1 — V1~ dns). (2.47)

2.4.2 Jordan decomposition

Here, we provide an example for a 1-boson system where Jordan blocks appear.
The Hamiltonian is given by

A 1€ 2
e | - T4 _ 2
7—l—2aa+ (a a). (2.48)

It has a physical realization as the degenerate parametric oscillator in the ro-
tating frame with detuning A and driving strength € > 0, which will also be
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discussed in Ch.[l The coupling to the environment is again modeled by single
photon loss given by the jump operators in Eq. (2.42). The effective Hamilto-
nian and noise matrix read

_ 1A iy i€ 1 0 v(2n +1)
Heﬂ_z( —ie€ A+m)’ N_2(7(2n+1) 0 - (2499

For ¢ = A, the Liouvillian matrix L is not diagonalizable and therefore the
Jordan decomposition is needed [12]. The symplectic transition matrix

1 —i (e+i7%(2ﬁ+1) (52+y;)(22ﬁ+1)
0 1 (ie—i—’y)&ﬁ—i—l) e(ie—&-’y;y(Zr_H—l)
5 i 2 (2.50)
0 O 1 0
0 O 7 1
brings the Liouvillian onto the form £ = —3 (viuy + voug) + §vour. Again, the

transition matrix S fulfills the condition of trace preservation since the lower-
left block vanishes. The time evolution is given by Eq. (2.35) with y = —3 and

= £
V=3.



Chapter 3

Symmetries

Symmetries are a powerful tool to get deeper insight into a system. For Hamil-
tonian systems, a symmetry demands that the Hamiltonian H commutes with
a unitary symmetry operator (). First attempts to generalize the ideas of sym-
metries to the Lindblad equation have been studied in Ref. [24,25]. In the
following, we approach this problem by using the superoperator formalism and
the structure of the Lindblad equation that has been introduced above.

3.1 Hermiticity of the density matrix

Every density matrix has three fundamental properties. It is Hermitian (p =
pl), positive semi-definite (p > 0), and normalized (Tr(p) = 1). These proper-
ties must be preserved under any transformation. It is known that the Lindblad
master equation is CPTP, completely positive and trace preserving. Only the
hermiticity and the restrictions that it puts onto the Liouvillian are left out in
discussions. Here, we want to address this property.

The most general form of a density matrix expressed in an orthonormal ba-
sis [n) = |nq,ne, ...) is represented by

p= men‘m><n‘ (3.1)

with ppn = p},,, due to hermiticity. The superoperator formalism introduces a
vectorization of the density matrix. The vectorized density matrix then reads

’p> = men |m7 n) (3.2)

where |m,n) = |m) ® |n). Since the meaning of hermiticity in this form is
not clear, we want to define an adjoint operator A. We motivate it by the
definition of the conventional adjoints of matrices, transposing the matrix and
taking the complex conjugate. It therefore acts as A z |m,n) = z*|n,m). Then,
A is expressed as an anti-unitary operator in the product basis as

A=Y "|n,m){m,n| K (3.3)

m,n

15
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where K is complex conjugation and A% = I. It leaves the vectorized density
matrix invariant with

Alpy= " P [0y (' |m) (' |n) =3 pum Inym) = [p). (3.4)

Since the hermiticity cannot be broken under time evolution, it follows that

A, £] = 0.

To see the restriction that the hermiticity puts upon the Liouvillian, we also
investigate the action of A on the superoperators. This means that

(Aal A)™ (Aa_A)" (a_)™ (al)"
Jml nl il nl

since the stationary state |0) = |0,0,..,0) is Hermitian with A |0) = |0). Thus,
.Aai.A =qa_ and Aa_A = ai. This means that Aa.A = al and AagA = —azg.

In a first quantized version in the basis b = (a, aJcr, aZ, —a,)T this operation

equals
X 0 0 In
A= <0 X> K where X = (Im 0 > . (3.6)

The hermiticity constraint requires that ALA = L and thus XHz X = Heg
and XN*X = N. It also preserves the bosonic structure encoded in the sym-
plectic form, AJA = J. Additionally, the hermiticity puts a restriction on the
observable O when a source term is involved in the Liouvillian, see Eq. .
It requires that [A, O] = 0. For example, the photon current Z = 7a+aT_ fulfills
this by

Alm, n) = AJ0) =

0) = [n,m),  (3.5)

AZA = y(AarA)(Aal A) = yal ay = yaral =T (3.7)

The fact that the density matrix is hermitian also explains the fact that the
Liouvillian has either real eigenvalues or there are complex conjugate pairs.
Given a generalized eigenvector s; to the eigenvalue A; of the Liouvillian Ls; =
XiJs;, the vector As; = s is an eigenvector to the eigenvalue A¥. This can be
shown by the straightforward calculation

Ls; = LAs; = ALs; = \fAJAs, = \!Js,. (3.8)

Due to this, the eigenvalues \; are either real or come in complex conjugate
pairs, see Fig where we show the key characteristics of the spectrum. For
real eigenvalues, the eigenvectors s; can be choosen in such a way that they
fulfill ASZ‘ = 8;.

3.2 Symmetries of the Lindblad master equation

For unitary dynamics, a Hamiltonian 7 = b Hb in the basis b = (a,a’)”

may contain a symmetry. This is implemented by a unitary matrix 2 E] that

!The case of an anti-unitary € is discussed below.
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transforms b — Qb and fulfills QT HQ = H. Moreover, it has to fulfill QfiZ Q =
1Z to preserve the bosonic structure and XQ*X = Q to keep aj the adjoint of
a;. As a symmetry of the effective Hamiltonian H.g = H + iI", we extend the
symmetry of the Hamiltonian to Qf HogQ = H.g. We then elevate the symmetry
to the full Liouvillian by QT LQ = L with

Q= (sg é]) . (3.9)

The full symmetry € is unitary and symplectic, with QT JQ = J. Tt also com-
mutes with the hermiticity [A, Q] = 0. This means that if 2 is anti-unitary, we
are able to choose QX K as a unitary symmetry.

The symmetry QT LQ = L requires that
VHsQ=Hg and QNQT=N. (3.10)

The requirements Qi ZQ = iZ (preservation of bosonic structure) and XQ*X =
Q (hermiticity) demands that €2 is of the form

0— (1; g) (3.11)

with P being a unitary matrix. Therefore, a symmetry requires that

P'hP = h, PTAP=A, Pz=z,

3.12
PP =1, pPtwp=w, PTvpP =V (3.12)

on the parts of Heg, IV, and the linear contributions z. We discuss an example
of a unitary symmetry in Sec. [3.4

3.3 PT-‘symmetry’

PT-‘symmetry’ has been proposed as an alternative to the conventional unitary
quantum mechanics [26]. There, the requirement of an Hermitian Hamiltonian
HT = H is lifted and replaced by the weaker constraint of a P7-‘symmetric’
Hamiltonian, [P7,H| = 0. The Hamiltonian still has real eigenenergies F in
the PT-‘symmetric’ phase. But if the PT-‘symmetry’ is broken, the eigenener-
gies come in complex conjugate pairs F/, E*. Then, the A = —iF that determine
the time evolution, see Eq. , come in pairs of A and —\*.

In open quantum systems, PT-‘symmetry’ is realized when the absorption and
the emission counteract each other. An unbroken ‘symmetry’ leads to purely
imaginary A. More generally, it demands that for each A\, —A* is also part of
the spectrum, see above and Fig. In our description, a PT-‘symmetry’ is
realized for an anti-unitary Q with QT H.gQ = Heg and QFiZQ = —iZ. The
latter condition implements an exchange of the roles of the creation and anni-
hilation operators. This indicates the balance of gain and loss, see below. The
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anti-unitarity maps A — A* while the reversal of ¢Z introduces a minus sign
and we therefore obtain pairs of A and —A*. The hermiticity requirement still
holds with XQ*X = Q.

Similar to the previous section, we can elevate this to a ‘symmetry’ QT LQ = L

of the full Liouvillian with
~ Q0
0= (0 —Q> , (3.13)

while Q7JQ = —J which encodes the interchange of creation and annihilation
operators. The hermitcity requires [A, Q] = 0. Then, the blocks of €2 are fixed
as
P 0
0= (0 P>K (3.14)

with a real orthogonal and symmetric matrix P = PT. This connects to the
more conventional definition of PT-‘symmetry’, where the time reversal is im-
plemented by K and the parity operator by a unitary P. The action on the
individual parts of the blocks in Heg and N are given by

Ph*P = h, PA™P = A, Pz =—2%
PUP =UT, PWP=V. (3.15)

Therefore, systems with P7T-‘symmetry’ can be identified by two properties.
First, the Hamiltonian of the system is P7T-symmetric by itself. Second, the
dissipative, non-unitary part of the Lindblad equation is invariant for an in-
terchange of the gain and loss processes. Our definition of P7-‘symmetry’ in
Eq. is a generalization of the one proposed in [27,28]. In the case that the
PT-‘symmetry’ is unbroken with Re(A;) =0 EL the eigenstates can be choosen
such that Qs; = s;. In the case of broken ‘symmetry’, acting with Q maps
an eigenstate with eigenvalue \; to its partner with eigenvalue —\}; the proof
follows equivalent to the proof presented in Eq. . In the next section, we
provide examples for a unitary symmetry and the P7T-‘symmetry’.

3.4 Examples

3.4.1 Unitary symmetries

We start with the unitary symmetries of the degenerate parametric oscillator,
presented in Sec. [2.4.2] It contains two symmetries. First, the model has a
U(1)-symmetry at ¢ = 0 and is implemented by P = ¢! where ¢ € R. This
corresponds to the unitary matrix

et 0
0o (4 0) a0

For parametric driving with ¢ > 0, the U(1)-symmetry is broken to a Zo-
symmetry. Then, ¢ = 0,7 and the remaining symmetry operations Q@ = +1s.

2The eigenvalues A\ = —iE have Re()\;) = 0 since the eigenenergies E are real in the
unbroken phase.
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The latter symmetry is always present for quadratic system, meaning when
z =0 in Eq. (2.20).
3.4.2 PT-‘symmetry’ in coupled harmonic oscillators

Here, we discuss an example for a Liouvillian P7T-‘symmetric’ system containing
two bosonic modes. The Hamiltonian is given by, see [27,29],

W= %(azﬂ +alb). (3.17)

It describes two coupled oscillators exchanging excitations with a coupling
strength g. The dissipation is modelled by

Ji=vma,  Jo=+/1gb", (3.18)

where ~y; describes the loss rate of mode a and v, the gain rate of mode b. The
relevant matrices to identify the PT-‘symmetry’ are given by

_1 heﬁ‘ 0 _EOn
Eﬂ_2<0 @J’ N_2<n0> (3.19)

heff = (‘”l Yy ) . n= (W 0) . (3.20)
g i 0

At the point 7; = 74 = v where the gain matches the loss, the system shows a
PT-‘symmetry’ with P = X. This corresponds to the anti-unitary symmetry
matrix

with

Q- <)0( )0(> K. (3.21)

At the PT-‘symmetric’ point, the spectrum is given by A = +i4/¢? — 72/2 with
double degenerate eigenvalues. For v < |g|, the PT-‘symmetry’ is unbroken,
and the eigenvalues are purely imaginary. Still, due to the appearance of Jordan
blocks, the time-evolution grows polynomial in time, see Eq. and Ref. [24]
For larger dissipation v > |g|, the PT-‘symmetry’ is broken and the dynamics
diverge exponentially.
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Figure 3.1: Sketch of the spectrum of a Liouvillian showing the key characteris-
tics. The eigenvector |0) to the eigenvalue A = 0 corresponds to the stationary
state ps. States with eigenvalue Re(\) < 0 decay exponentially and relax to
the stationary state. Eigenvalues with Re(\) > 0 (grey shaded region) indicate
that the system is unstable and the time-evolution exp(Lt) diverges exponen-
tially. The mirroring of the spectrum along the real axis is due to the hermitcity
of the density-matrix p(t) encoded in the adjoint operator A with [A, £] = 0.
Similarly for a PT-symmetry, the eigenvalues come in pairs mirrored along the
imaginary axis. If all the eigenvalues are on the imaginary axis (corresponding
to unitary dynamics), the PT-symmetry is called unbroken. In the opposite
case with a broken P7T-symmetry, the system is unstable as one of the pair of
eigenvalues has a positive real part.



Chapter 4

Degenerate parametric
oscillator

The goal of this chapter is to introduce the reader to parametric resonance,
specifically to the degenerate parametric oscillator, where a single oscillator is
driven parametrically at twice its natural frequency. When the driving strength
exceeds the damping, also called instability threshold, self-sustained coherent
oscillations are possible. For the quantum mechanical equivalent, quantum
fluctuations enable the emission of photons already below this threshold. The
resulting radiation statistics have been analyzed in Ref. [6]. This chapter pro-
vides a review and also additional results of Ref. [6] to present the main ideas
and methods that have been used to derive an effective model of this system. In
the next chapter, we look into the non-degenerate parametric oscillator, where
two oscillators with different frequencies €2, and €0 are parametrically driven
at the sum of their frequencies. By discussing the degenerate case first, we are
able to compare to the non-degenerate case and point out differences as well as
similarities.

4.1 Short introduction to parametric resonance

A degenerate parametric oscillator with amplitude x is described by the differ-
ential equation
i+ 73+ 2 [QF + 2Qesin(Qqt)] = 0. (4.1)

The first three terms correspond to a damped harmonic oscillator with the nat-
ural frequency ) and damping rate v. The last term encodes the parametric
drive. We see that it corresponds to a modulation of 2 with a driving strength
€ and a driving frequency 5. When the driving frequency equals twice the nat-
ural frequency, Qg = 2§, we achieve parametric resonance. This shows itself in
the form of coherent oscillations with a relative phase of 0 and 7 with respect
to the drive when the driving strength exceeds the damping. This point is also
called instability threshold, which is discussed in the following.

To solve Eq. (4.1)), we choose the Ansatz x(t) = x1(t) cos(Qt) + x2(t) sin(2t).
Then, the product z(t)sin(202¢) produces two driving signals by employing

21
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trigonometric properties. There are resonant driving terms with frequency (2
and non-resonant terms that oscillate with 3€2. We perform a rotating wave
approximation, where the fast oscillations that are non-resonant are neglected.
We also assume that the quadratures z; and x5 vary slowly and v, e < €. This
leads to

7;611 and .%"2:—7—2’_6x2. (4.2)

In this form, we can identify the threshold. For e > «, the first quadrature x;
is exponentially amplified, while the second quadrature xs is suppressed. This
is why the degenerate parametric oscillator is able to realize phase-sensitive
amplification. This property can also be identified, when we write Eq. in
terms of the complex amplitude A = (z1 + iz2)/v/2. The corresponding differ-
ential equation reads A = —(y/2)A + (¢/2)A*. While the damping is always
present, we see that the drive couples to the complex conjugate. Therefore,
the real part of A can be amplified while the imaginary part is suppressed. At
threshold (e =~ «), the first quadrature accurately describes the relevant slow
dynamics of the system because the decay rate (v — €)/2 is small. In compari-
son, x9 decays exponentially fast with rate «v. Because of this property, we are
able to reduce the dynamics of the system to the first quadrature z; when we
are close to the threshold. In the linearized theory of the harmonic oscillator,
this threshold relates to an instability, since the first quadrature diverges expo-
nentially. At this point, it is necessary to take anharmonicities of the oscillator
into account that cures the divergence and stabilizes the system again. The
oscillator is then described by the Langevin equation

o‘c:—gwf(:c)ﬂ/v(m;) 3 (4.3)

where we have included the white noise (£(¢)(t')) = 6(t — t') with the Bose-
Einstein-occupation 7 = (e/k¥8T — 1)=1. The drift that characterizes the
oscillator equals f(x) = %e:z: — yax™*t! where a@ < 1 and the even valued,
natural number m describe the anharmonicitiy of the oscillator. While m = 2
is the generic case that fulfills the Zo-symmetry, it is worth noting that the
Duffing oscillator realizes m = 4. Below threshold, self-sustained oscillations
are not possible and x approaches the stationary state zs at the origin, x5 = 0.
Above threshold, two stable solutions emerge with z, o< &[(e — v)/a]'/™ > 1
where the sign relates to the different phase-shifts of 0 and =.

T = —

4.2 Effective Liouvillian of slow dynamics

As shown above, classical self-sustained oscillations are not possible below the
threshold. In the quantum regime, quantum fluctuations enable emission of
photons already below threshold. The process is called parametric down-
conversion and describes the phenomenon when a photon with frequency 2(2
turns into a pair of photons with frequency ). The model has been previously
studied theoretically in Ref. [30] below the classical instability. In this regime,
the nonlinearity is not important yet and quantum fluctuations play the largest
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role. When we approach the threshold, the outgoing photon current diverges
as it is for the classical case. Close to this instability, a nonlinearity has to be
included. Far above threshold, the system reaches the classical regime, where it
is described by a coherent state and the radiation statistics follow a Poissonian
distribution. In this regime, the nonlinearity plays the relevant role to describe
the dynamics of the system. In the close vicinity of the threshold however, both
quantum fluctuations and the nonlinearity have to be included to obtain an ac-
curate description of the dynamics. To demonstrate how to obtain a model
that describes this critical regime, we start by solving the according Lindblad
equation, using the method described in Ch

In the rotating frame and without dissipation, the parametric oscillator can
be described by the Hamiltonian

H="(a? ~ a?), (4.4)

see e.g. [31]. The dissipation is modeled by single photon loss described by the
Lindblad jump operators

Ji=vVv@+1)a and Jo=+Anal (4.5)

that relate to induced and spontaneous emission by J; and absorption by 7s.
The effective Hamiltonian and noise matrix of the corresponding Lindblad equa-
tion read

1 =iy e 1 0 v(2n +1)
Herr = 2 (—z'e m) and - N = 2 <7(2ﬁ+ 1) 0 ' (4.6)
The diagonalized Liouvillian reads
1 1
Equad = *5(’7 - E)Usus - 5('7 + E)Ufo. (47)

The subscripts of the transformed ladder operators indicate the slow and fast
decaying modes. We find that the decay rates in Eq. (4.7) matches the classical
expectation. The creation and annihilation operators given by

~2n+1 .
Us = Te + Zuyqy Vs = —1Yq
UG ) FA

f =Y 2(’Y+€) g Uf = g

Here, the quadratures z., = (agq + aeq)/V2 and Yo, = i(ai,q — acq)/V/2 have
been introduced. They fulfill the commutation relation [z, yq| = [ye, —24] =1
while all remaining commutators vanish. The form of the u; and v; indicate that
the quadratures ‘decouple’. The slow mode corresponds to x. and its conjugate
variable y, while the fast mode is given by y. and —z,. This relates to the
two quadratures xz. = x; and y. = x2 of Eq. . Close to threshold, we can
describe the system by the relevant slow mode of the system, as it is in the case
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of the classical case. We project the Liouvillian in Eq. (4.7)) onto the subspace
with ny = 0 and obtain [32]

(4+3)7 5 €—n

L= (ny=0|Lquad|nf=0)=— 5

YqTe- (4.9)

This Liouvillian describes a Fokker-Planck equation which is equivalent to the
linearized (a = 0) Langevin equation in Eq. (4.3) [33] .

When approaching the threshold at € = =, it is essential to include a non-
linear potential V' into the Hamiltionian. We examine two important cases.
The first nonlinearity emerges due to a resonator that is driven by a voltage-
biased Josephson junction. It reads V; = if—g(cﬁa3 - aTSa), see e.g. [30]. Here,
k = 16mZyGq is the effective fine-structure constant with the characteristic
impedance Zy and the conductance quantum Gg. The second nonlinearity cor-
responds to the generic nonlinearity in the rotating frame and describes the
Duffing oscillator with Vp = yya'a'aa. Both potentials are characterized by a
small parameter x and x. With either of the two potential, the full Liouvillian
gains an additional term £ = Lgyaq + Ly with Ly = —i(Vy — V_). Since the
nonlinearities are small, we treat Ly as a perturbation. To obtain an effective
model of the slow mode, we will project Ly onto the subspace with ny = 0, see
Ref. [6] for details. The effective nonlinearity of the Josephson oscillator can
be obtained by first order perturbation theory, which results in a nonlinearity
of the form iay,z™ !, with o = x/48 and m = 2. For the Duffing oscillator,
it is necessary to include the second order since the first order vanishes due to
the additional symmetry of the potential. Therefore,

s (ng =0 Ly |n's) (n'y| Ly |y = 0) (4.10)

va<nf:0|[,\/ ]nf:O ’Ynlf

n}Zl
We obtain that a = x? and m = 4. In total, the effective Liouvillian reads

n+ 3 -
£:—( 22)7@/2—2'6 27yx+aiy:cm+1, (4.11)

where we have dropped the subscripts ‘q’,‘c’. This corresponds to the classical

Langevin equation in Eq. . This is due to the fact that the number of
photons at threshold is very large, which enables a quasiclassical approach [5].
Finally, we rescale y — p/x, and = — x.q with z, = [(7 + 1/2)/a]"/(™*2) and
obtain the universal Liouvillian of Ref. [6]

1 [(p* . .
L= - (2 + 18pq — zpqu) , (4.12)

where 7, = 22/(7i+ )7 is the correlation time and 3 = $(e—~)7, the dimension-
less distance to the threshold. We obtain the scaling 7, o< a~2/(m*2) This is the

expected result from the equivalence of Langevin and Fokker-Planck equations.
Note that it has the conventional definition of a P7T-symmetry, rather than



4.3. RADIATION STATISTICS 25

the Liouvillian symmetry that has been described in Sec. This symmetry
ensures that the spectrum is either real or has complex conjugate pairs, which
is the property that follows from the hermiticity of the density matrix. Thus,
the PT-symmetry of the Liouvillian is inherited by the hermiticity constraint.

For both the Josephson and Duffing oscillator, additional terms appear when
calculating the effective nonlinearity and are listed in the appendix of Ref. [6].
For example, terms like y? and iyz appear. They relate to a renormalization of
noise and the threshold respectively. But since they scale with a < 1 they can
be neglected when we compare them to the terms that are already present in
Eq. . Also, for the Josephson oscillator there is e.g. an additional term iy3x
and for the Duffing oscillator a term —iyz3. But since we have that = z.q
and y = p/x,, these terms are subleading in orders of z,. The additional term
of the Duffing oscillator has the wrong sign and does not stabilize the mode.

4.3 Radiation statistics

To access the radiation statistics of the system, we include a source term
to the Liouvillian, as described in Sec. 2.3] It equals £, = sfZ, with the
counting efficiency f, the counting field s, and the photon current operator
7= 'ya+aT_. Reducing this to the slow mode, we obtain £, = sfvy(z + £p)?/2

[5,32]. Since x, > 1, the largest contribution of the counting term is given by
L, = fysr2q?/2. Therefore, the statistics are accessible by

(4.13)

and the number of correlated photons at threshold Ny = fa27,y/2. The pa-
rameter scales with Ny o< a~%(™+2) The cumulants can be obtained by the
generating function, see Sec. and are given by

(NT) = e; NG~ (4.14)
Tx

with universal numbers c;, see [6]. To clarify, we obtain the factorial cumu-
lants, see Sec. The fact that Ng > 1 implies that the difference between
the normal and factorial cumulants, which is of order 1/Ny, is small.

The stationary state is given by the solution of LP = P = 0 and characterizes
the average photon current and ¢(®(0). The latter is a measure for the amount
of fluctuations and how likely it is to measure two photons at the same time.
The results for these expressions can be found in Ref. [6] and are also shown in
the next chapter when we compare the degenerate to the non-degenerate para-
metric oscillator. In the following, we turn to the higher order cumulants to
compare the effective model to the full system given by the Lindblad equation.
Also, we show present expressions that can be used to identify the microscopic
parameters 7, and Ng.
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Figure 4.1: Comparison of the Fano factor of the effective model (black) com-
pared to the full system for the values of the nonlinearity a = 10~3 (red) and
a = 10~% (blue) for the two different m. We see a good agreement between the
full system and the effective model and that the deviation becomes smaller for
a — 0. The deviation can also be eliminated by lowering the threshold and
decreasing Nj.

First, we turn to the Fano factor F = ((N2))/(N) = (ca/c1)Np. It parametrizes
the number of correlated photons Ny. The expression F'/Ny has a universal
form as a function of § and can be seen in Fig. The black line expresses
the Fano factor of the effective model and the blue and red line show the full
system with for the values of the nonlinearity o = 1073 (red) and 10~ (blue).
We see that below threshold, the Fano factor is equal for both exponents since
the nonlinearity is not important yet. In the critical regime around threshold,
we see two distinct curves but with similar characteristics, e.g. a peak close
to threshold. For small driving strengths below the threshold, the value of F
is 2 [30]. As the driving strength increases, F' also increases. However, above
threshold, the Poissonian statistics result in F' = 1 creating a peak in between.
The reason that the peak occurs slightly above threshold can be understood as
follows: The universal Liouvillian in Eq. can be seen as a particle in a
potential V(q) = —B¢% + ¢™ 2. Below threshold, 3 < 0, the potential is narrow
and the particle does not have a lot of space to move around, which relates to
small fluctuations. By increasing the driving, the potential gets broader which
allows for on increase of the fluctuation and therefore the Fano factor. Slightly
above threshold, § > 0, the potential turns into a double well. However, the
separation of the minima of the potential, which scale with /™ is small.
Therefore, the particle gets even more room to move freely in the potential.
Only when we are far above threshold, the separation of the minima is suffi-
cient and the particle settles in one of the minima. This means that the second
cumulant and therefore also the Fano factor decreases, and we obtain a peak
slightly above threshold. In Fig. we see that the full system approaches
the effective model as o approaches 0. Furthermore, it is possible to eliminate



4.3. RADIATION STATISTICS 27

0 ] ] ] ]

2 Y e P e
Figure 4.2: Comparison of the correlation time obtained by the effective model
(black) compared to the full system. (a) Comparison for the Josephson oscilla-
tor (m = 2) with a = 1073 (red) and o = 10~* (blue). Again, a close agreement
between the full system and the effective model described by the slow dynam-
ics is shown. The deviation can be attributed to a lowering of the threshold.
(b) Comparison for the Duffing oscillator (m = 4) with the same « values as
before and an additional o = 1075, Here, we see larger deviations that vanish
as a — 0. The deviations are again given by a lowering of the threshold, this
time with an additional increase of 7.

4

the deviations by decreasing the threshold, which effectively increases g, and a
decrease of Ny. The second parameter is the characteristic timescale and can
be identified by F/I = (cz/c?)«, where I is the average photon current. The
universal expression F/I7, is shown in Fig. The left panel displays the
Josephson oscillator with m = 2. The deviation between the full system and the
effective model is small and can be eliminated by lowering the threshold. The
right panel depicts the Duffing oscillator with m = 4. We immediately notice
that the full system shows a larger deviation to the result obtained by the ef-
fective model. There, an additional line in green with o = 10~ has been added
with a small deviation to the effective model. However, the deviation in this
case can be lifted by a decrease of the threshold while additionally increasing 7.
This can be again explained by the fact that some terms have been neglected
in the derivation of the effective model for the Duffing oscillator. As discussed
above, an additional term —iyqxg’ ~ —x2 appears in the effective model, which
is subleading compared to —&—iyqa:g’ ~ 4z, Due to its opposite sign, this term
counteracts the stabilization, which results in the system taking a longer time
to relax into the stationary state. As a consequence, the value of 7, increases.
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Chapter 5

Non-degenerate parametric
oscillator

In the previous chapter, we have discussed the degenerate parametric oscillator
and derived a universal model capturing the slow dynamics at the (classical)
instability threshold. It has been shown that it accurately describes the dy-
namics by a comparison to the full system. Additionally, the occurring large
number of photons makes a quasiclassical approach possible. In the following,
the non-degenerate parametric oscillator is discussed, where two oscillators are
parametrically driven at the sum of their resonance frequencies. Throughout
this chapter, we refer to the oscillators as oscillator /resonator ‘a’ and ‘b’ or also
first and second oscillator /resonator. We follow similar steps to the previous
chapter. First, we quickly analyze the classical case. This allows us to point
out some similarities and differences to the degenerate case and makes a better
comparison of the quantum mechanical equivalent possible.

5.1 Classical Dynamics

The system contains two resonators with characteristic frequencies €2, and
damping rates i, where k = a,b. They are parametrically driven at the sum of
their resonance frequencies, Qg = Q, + 2, and are described by the differential
equation

g+ Yrir + op[Q2 4 24/ QaQpesin(Qqt)] = 0. (5.1)

We follow the steps in Sec. 4.1|to obtain the differential equations in the rotating
frame

i Ya €
A=——A+-B* 2
: Vb € *
B=—-——B+-A4 .
9 +2 (5.3)

expressed by the complex amplitudes A and B of resonator ‘a’ and ‘b’ respec-
tively. For the following, we assume that the second resonator dissipates its
energy much faster than resonator ‘a’; meaning that v, > v,. By comparison,

29
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the second resonator equilibrates much faster and we can set B = 0 in Eq. (5.3).
Therefore, B = (¢/,) A* which we insert in Eq. (5.3)) to obtain

A= —% <1 _ > A. (5.4)

Ya Vb

We notice two things. Similar to the degenerate case, we obtain an instability,
now at €2 = v,v. When the driving strength is close to this point, we have
to include nonlinearities to cure the divergence. The difference to the degen-
erate case is that the driving does not couple to the complex conjugate of A
anymore. This makes phase-insensitive amplification possible. All oscillations
of resonator ‘a’ independent of their phase can be amplified.

Note that the oscillation amplitude of the second oscillator at threshold is given
by B = (¢/v)A* = \/va/7A*. Since 7 > ~,, the amplitude of oscillator ‘b’
is much smaller compared to the oscillations in oscillator ‘a’. For the quantum
system, |B[2 relates to the number of photons inside the resonator. This means
that the number of photons in resonator ‘b’ is a factor of ~, /7, smaller than
the photon number in resonator ‘a’. Therefore, we can assume that the second
resonator stays effectively in the ground state by comparison.

5.2 Effective Liouvillian

Below threshold and without dissipation, the quantum non-degenerate para-
metric oscillator can be described by the Hamiltonian [2]

Hz%(ab—aTbT), (5.5)

given in the rotating frame where a,a! and b, b’ are ladder operators obeying
the canonical commutation relations. They correspond to the two resonators.
Each oscillator is subject to single photon loss described by the jump operators

Jip =Vl +1)k and Jox = ki k', (5.6)

with k& = a,b and nj; being the respective Bose-Einstein occupation. Now, we
have gathered the necessary ingredients to diagonalize the Liouvillian. Since
the matrices are quite large with L € C8*® we move the details about the
diagonalization to the appendix [A] First, we take a look at the eigenvalues of
the Liouvillian that determine the time evolution. They are given by

1

s = -1 [*ya + 9 — V42 + (74 — ’Yb)2] , (5.7)
1

)‘f = _Z ['7(1 + % + \/462 + ('Ya - ’Yb)z] ) (5'8)

where both eigenvalues are double degenerate. As in the case of the degen-
erate parametric oscillator above, we identify two modes. The first one, Ag,
corresponds to the slow mode and shows an instability at the classical value
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€2 = ~4%. The other, A f, is decaying for all values of e and relates to the
fast decaying mode with a decay rate of (v, + 7)/2 ~ /2 at threshold for
Vb > 4. This is already similar to the classical system, where resonator ‘b’
equilibrates much faster than the first oscillator. Also, there are again slow and
fast timescales. Therefore, we can employ the same method that we have used
for the degenerate oscillator to obtain a model of the relevant slow dynamics of
oscillator ‘a’. For the slow modes, we can approximate the Liouvillian by

L~ \g (viug + vousg) , (5.9)

where we have two number operators involved due to the degeneracy of the
eigenvalue. For ~, > -, the number of photons in the second resonator are
small compared to resonator ‘a’, as it has been pointed out in the previous
section. We use this fact to assume that the second resonator is always in its
ground state to obtain the effective model of resonator ‘a’. In this regime, the
Liouvillian of Eq. reads

L=— =+ A\siy - x, (5.10)

in terms of the quadratures & = (r1,22)” and the conjugate variables y =
(y1,y2)", with the canonical commutation relations [z;,y;] = i;;. This Liou-
villian corresponds to a 2D-Fokker-Planck equation that relates to the classical
expression in Eq. with two differences. At first, we have included noise.
Secondly, the prefactor of the second term does not match with the expression

in Eq. (5.4). But, note that

2
Ya €
As = AsAp/Ar = —2AA =——(1- 5.11
e (5.11)
close to threshold. Therefore, the effective Liouvillian represents again the
classical differential equation. Again, the large photon number makes a quasi-
classical approach possible.

Close to the instability, where € ~ /747, it is necessary to include nonlin-
earities V into the Hamiltonian. The nonlinearities are characterized by the
oscillator where we deal with two important case, the Josephson and the Duff-
ing oscillator as in Sec. The Josephson oscillator is implemented similar
to above for the degenerate case. Now, the voltage bias tunes the driving fre-
quency to match the sum of the resonant frequencies of the two resonators.
This results in the nonlinearity [2]
Vy = e (aTCLQb - aTZbTa> . (5.12)
16
In general, there also appears another term in the same order of x, but it
includes higher orders of b-operators. Since the number of photons in resonator
‘b’ is much smaller than in resonator ‘a’, we only have to consider the expression
in Eq. that provides the largest contribution for this type of oscillator.
The second nonlinearity given by the Duffing oscillator reads [34]

Vb = Xv/2Vav a'ab'h, (5.13)
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and represents again the generic nonlinear potential in the rotating frame. Also
in this case, there exist other possible potentials. For example, the Duffing non-
linearity that has been used for the degenerate oscillator, Vp , = Xa'yaaTaTaa.
But it can be shown that this nonlinearity alone does not stabilize the mode
anymore due to the phase-insensitive amplification. We have to include Vpj =
Xp b bbb together with VD,a to stabilize the system. But since Vpj contains
higher orders of b-operators it is less relevant than the expression in Eq. .

Again, we want to obtain an effective model for the slow ‘a’-mode. As in
the degenerate case in the previous chapter, we project the nonlinearities onto
the subspace with ny; = ny2 = 0 and afterwards adiabatically eliminate res-
onator ‘b’ that stays effectively in its ground state with n, = 0. We start with
the Josephson oscillator, where we have to use first order perturbation theory.
First, we project the Keldysh superoperator b. onto the slow mode and obtain

that
1+n,+n
(ngi =0[bc|nys; =0) = ,/%us,l + \/z%ég:bvsg, (5.14)
S

using the definition of the ladder operators given in appendix [A] Now, we use
that the second resonator stays in the ground state, which results in an effective
action for the first resonator. It reads

147, +7
(np = 0] w1 [y = 0) = —af — 7o — 22
8

(np = 0] vs [np = 0) = af (5.16)

q

al, (5.15)

Therefore, we obtain the mapping b, — —+/~a/7 al for v > v,. By the same
method, we obtain that by — \/7va/7 a,];. Here, it becomes also apparent that
terms with large orders in b can be safely neglected. The mapping can be
then used to obtain the effective nonlinearity. Similar to the degenerate case,
the amplitude of oscillation is large. Therefore, we will use a scaling with a
charcteristic amplitude r, > 1E| Then, the term with the smallest order in
‘q’ and highest order in ‘c’ provides the largest contribution, see Sec. We
obtain the effective nonlinearity

K7 K7
By comparing to the degenerate case, we have obtained a nonlinearity in the
form of av,y - x|x|™. Therefore, the Josephson oscillator realizes the case of
a = k/16 and again m = 2.

iy - x|z’ (5.17)

Next, we discuss the Duffing oscillator. The nonlinearity in terms of the Keldysh
superoperators reads

i
L Tc<bbT bib, 1+ ala.) bib, 5.18
= () st G

1Since we have phase-insensitive amplification, both quadratures get amplified by the same
amount. This is naturally rotational invariant, which is why we use the notation of r,.
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in leading order of the ‘q’-operators. To obtain an effective description of the
‘a’-mode it is necessary to perform second order perturbation theory. Then, the
potential will be ‘squared’ which means that the ‘q’-operators appear at least
in the second half of Eq. . This is not the case for the first term, which is
why we focus on this contribution. The effective potential can be obtained by

- 2(ns1,np2 =0 Ly [0/ 137 f0) (0150 g o] Lvy Inga, 50 = 0)
n},p”’f,gzl ) (nlﬁl + n%g)

~

£VD ~

(5.19)
For the first term, bqbl, this results in

(0, 0] bgbf |1,0) = — /%U&Q (5.20)

3
a a 1+7a+7 a a 2 (1 7a —
<1,0!bqbilo,0>=—\/jus,z—”( e ””)\/st,f(’y) Ot 7ot ),
b

b 8As b 4 5%
(5.21)

Again, we use that the second resonator is in the ground state. We obtain the
mapping
2 — —
1+n n
bebl — 22 alq, + 12 Tt 2
Yo

(5.22)

We neglect the second term since it is of quadratic order in ‘q’ and also quadratic
in v,/ < 1. For the other term, we obtain

2 — —

Ya Yo l+ng+np 52

bibe — ——2 agal + 12— 4T 24f 5.23
q0c ” agqal, + 75 1 a, ( )
by the same procedure. Again, we drop the second term and obtain the effective
nonlinearity

c 272 272

Vp = X —(aqal — a;ac)(aiac)2 = x‘2iy - w]a:\4. (5.24)
b Yo

It is once more of the form aiy-x|z|™. This time with a = x27,/7, and m = 4.

In total, we obtain the universal Liouvillian

1 (p* | . m
L=-— <2+15p-q—zp-q|q| ) (5.25)
where we have used the rescaling z; = r.q; and y; = p;/r. with the character-
istic amplitude r, = [(1 + g + 7p) /4] (M*2) The characteristic timescale is
given by 7, = 472/(1 + N + Mp)Ye. The dimensionless distance to threshold is
determined by 8 = %(62 /Ya Yo — 1)Twyq. We obtain the same universal scaling of
Ty ~ a~2/(m+2) 45 for the degenerate parametric oscillator. The main differences
are the details of the microscopic parameters and that the universal Liouvillian
is now a 2D-Fokker-Planck equation for the probability distribution P with
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P = LP. Note that this universal Liouvillian also enjoys a P7T-symmetry that
is inherited by the hermiticity of the density matrix. Additionally, the Liou-
villian has a rotational invariance. The Liouvillian commutes with the angular
momentum operator L, = ¢1p2 — gap1, which is the generator for rotations in
2D. This property is addressed in the next chapter when we move to the task
of solving the Liouvillian.

As a last step of this section, we discuss the source term for the photon counting
that we have to add to the Liouvillian to access the radiation statistics. It reads
Ls = sfZ, with the counting efficiency f and the photon current operator of
resonator ‘a’ given by 7 = ’yaa+aT_. For the slow mode and in leading order of
T+, We obtain

sfyalor?
Lo="""2"(qF + ¢3)

W>Va SfYar2 sNy
5 ~ g +a3) = — (G + ), (5.26)

2 T

with the number of correlated photons Ny = f,7r27./2 ~ a~¥(m+2) - Again,

the scaling of the nonlinearity is the same as for the degenerate parametric
oscillator. The result for the counting term in Eq. (5.26) can also be obtained
by the following argument: In general, we have that a+ai = %(ﬂfl + 591)2 +
%(xg + %yg)z. Since both 1 and xo get amplified, we can approximate it by the

leading order a+aT_ ~ % (w% + x%), where x; = r.q;, which equals the expression

in Eq. (5.26).

5.3 Solving the Liouvillian

In the previous section, we have derived the universal Liouvillian for the non-
degenerate parametric oscillator in the limit v, > ~,. Due to the involved
nonlinearities, we have limited options to obtain analytical results for the radi-
ation statistics. Therefore, we first show how to efficiently solve the Liouvillian
(numerically).

5.3.1 Laguerre polynomials

We start by employing the rotational invariance of the Liouvillian and express
it in polar coordinates by the radius > = ¢? + ¢5 and the angle tan(¢) =
g2/q1. Also, we choose a separation Ansatz for the probability distribution
P(q1,q2,= P(r,) = ¢™¥R(r), with m; € Z being an eigenvalue of the angular
momentum operator, and additionally R(r) = u(r)/r. This choice eliminates
the ¢ dependence of the Liouvillian due to the rotational symmetry. Whenever
an integral over the probability distribution is required, as it is the case for
the normalization of P(r,¢) or the calculation of expectation values, we can
express it by u(r), since

/dql/dqu(ql,QQ) = /dcp/drrP(T, Q) = /d@eiml@/dru(r). (5.27)

—_——
5m1,0
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The corresponding Liouvillian for u(r) is given by

5:_7* [2+Z,3p7“—@p<7’m T ) Toa| (5.28)
with p = —i0, and the canonical commutation relation [r,p] = i. E| Note that
the Liouvillian is independent of the sign of m;. Therefore, we use | = |my|

for the following. Also, the stationary probability distribution is given by the
‘state’ with | = m; = 0. This can be identified in two ways. First, the normal-
ization of the stationary state given in Eq. requires m; = 0. Also, when
applying the trace (left eigenstate to eigenvalue A = 0, see Sec. on the
Liouvillian, it is only vanishing for [ = m; = 0. The stationary state will be
discussed more detailed in the next section.

The Liouvillian in Eq. seems to be not well-defined at » = 0. Because
of this and that the position operator is not invertible, we are not able to
simulate the Liouvillian in this form. This means that we need to do fur-
ther transformations to obtain a suitable form of the Liouvillian. We continue
by choosing the Ansatz u(r) = g(r)f(r) to eliminate the first order deriva-
tives of f(r). To be more precise on what this means, we insert the Ansatz
in Eq. (5.28)). This results in a variety of terms including f'(r)D(g(r), ' (r)).
Now, we want D(g(r),q’(r)) = 0, such that the first derivative of f(r) does
not appear in the Liouvillian anymore. This is a differential equation that is
solved by g(r) = Cy/rexp[Br?/2 — r™*2/(m + 2)], with an arbitrary constant
C'. Then, the Liouvillian is a Schrodinger-like-equation of the form

J— (p2 + Veﬁ(r)>

Te \ 2
(5.29)
1 (p* ;-0 B m+2 mt2 | L omgo
‘%(z‘ g2 Ot T Ty iy

with an effective potential Veg(r). We do not focus on the equation in this form
since it does not resolve the issue at r = 0 but it is most likely to obtain further
insights when analyzing this effective potential.

The first two terms in Eq. (5.29)) are part of an already known differential
equation [35]. It reads

1 1 1,
51}"4— 42r2 v:—<2n+l+1—2r )v (5.30)

and is solved by v(r) = rlt+1/2 exp(—rz/Q)Lg) (r?), with generalized Lagurre
polynomials Lﬁf)(ﬂ). Therefore, we choose the Ansatz f(r) = ), c,v(r) and
are able to use the orthogonality relation of the Laguerre polynomials

/OO dz 2le LW (2) LY (z) = (n+1)
0

n!

Onms (5.31)

2Strictly speaking, this choice of p, is not Hermitian. Since the formalism here does not
rely on hermiticity, we can ignore this fact.
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with = 2, to obtain a Liouvillian for the coefficients ¢,. For a given [, it
reads

1

2

2 2

Tx

1
L=—= <2n+l+1+6+

and the 1/r-‘problem’ is resolved. In this form, we are able to perform an
efficient numerical evaluation of the Liouvillian. To summerize the results of
this section up to here, we have started with a two-dimensional coupled par-
tial differential equation in (5.25). By employing the rotational invariance, we
have been able to express the Liouvillian by the radial component r» and have
obtained a one dimensional differential equation, that resembles a simple eigen-

value problem. We obtain the eigenstates to an eigenvalue A; of the Liouvillian
by

2 1 m+2

Pilryp) = @™ Y eurle T TmE LD (r2), (5:33)
n

where the ¢, can be determined from Eq. . To evaluate this expression,
we need to determine the matrix elements of 72. The Liouvillian only con-
tains higher orders of r? since m is in general any positive and even number.
The photon counting operator is given by 72 as well, see Eq. . The ma-
trix elements are given by the recurrence formula of the generalized Laguerre
polynomials

P2LO?) = = Vin+ Dn+ 1+ DLY (2 = Vol + DLV (r?)

" (5.34)
+(2n+ 1+ 1)LY(r?),
where we have normalized the Laguerre polynomials according to Eq. .
In this form, r? is Hermitian, and therefore the Liouvillian is Hermitian as
well. Since the Fock-basis is not necessarily Hermitian, see Sec. 2.2.3] we may
also choose to move the normalization into the left eigenbasis or even into the
weighting function z'e™® of the normalization itself. But throughout the steps
above, we have transformed the Liouvillian in multiple ways, which have also
affected the spectrum. For example, also the Liouvillian of the Schrédinger-like-
equation in Eq. can be implemented as a Hermitian operator. Because of
this, we ‘lose’ the complex conjugate pairs in the spectrum of £. Furthermore,
we have pointed out in Sec. that the trace preservation of the Lindblad
equation is the key ingredient to work out the Fock-structure of the formalism.
It guarantees that the eigenvalue A = 0 exists, and therefore also the station-
ary state. For example, the starting expression of the universal Liouvillian in
Eq. is clearly trace preserving, because the p; are ‘q’-operators in the
superoperator formalism that encode exactly this property. Whether the Liou-
villian is still trace preserving in the Schrodinger-like form of Eq. or also
in Eq. is not clear anymore. Therefore, it is necessary to look out for an
appropriate choice of 72 that fulfills two properties on the spectrum of £. First,
there should not be any eigenvalues with a positive real part, since the system
would be unstable in this case. Second, there should be an eigenvalue A = 0 that
corresponds to trace preservation and also the stationary state. If we choose



5.3. SOLVING THE LIOUVILLIAN 37

that the normalization of the Laguerre polynomials is e.g. shifted into the in-
tegral measure, we actually lose both of these properties. Therefore, we work
with the choice of 72 given in Eq. . With the proper tools prepared, we
are now able to obtain the radiation statistics of the non-degenerate parametric
oscillator, which is discussed in the last section of this chapter. But first, we
are going to discuss another method to numerically solve the Liouvillian based
on the 2D-harmonic oscillator.

5.3.2 2D-Harmonic oscillator

For the degenerate case where the system has been described by a 1D-Fokker-
Planck equation, the eigenstates of the Liouvillian are given by a superposi-
tion of Hermite-functions. The Liouvillian for the non-degenerate oscillator
resembles a 2D-Fokker-Planck equation, and also the expression in Eq.
is related to the isotropic two-dimensional harmonic oscillator. Therefore, we
discuss quickly how it is possible to solve the Liouvillian using the knowledge
about the two-dimensional harmonic oscillator. There, it is also possible to use
the rotational symmetry of the Hamiltonian to simultaneously diagonalize the
angular momentum operator L,. Then, instead of having excitations n, and
ny that relate to excitation in the different directions x and y, it is possible to
describe the system by right and left rotating quanta n, and n;. The second
quantized, dimensionless Hamiltonian is given by

H= aial + agag, (5.35)

with the ladder operators a; = (¢; +ip;)/v/2 that fulfil the canonical commuta-
tion relations [g;, p;] = id;; and [ai,a;] = 0;;. The angular momentum is given
by L, = qips — qap1 = i(ala; — a‘iag), with LJL = L,. Since L, commutes with
the Hamiltonian and both are Hermitian, we are able to diagonalize L, as well.
This is done by introducing new ladder operators given by a, = (a1 + ias)/v/2
and a; = (a; — iaz)/+/2 which relate to rotating quanta. While the former
corresponds to clockwise rotations, the a; relate to counter-clockwise rotations.
In this basis, we obtain

H= alTal + a:ﬂar and L, = alTal - aiar. (5.36)

The eigenvalues are given by n = n; + n, and m; = n; — n, respectively and
therefore n; = (n + m;)/2 and n, = (n — my)/2. Note that H still counts
the number of total excitations, while L, counts the difference between the
number of counterclockwise and clockwise rotations. It measures the angular
momentum 7y in the system with m; = —n, —n+2,...,n — 2, n given a fixed n.
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They act on an eigenstate |n,m;) with

n -+ my

ai|n,my) = 5 In—1,m; — 1),
n—+m
a;|n,ml>: 5 l+1|n—|—1,ml+1>,
(5.37)
n—m
ar |nymy) = [ == In = 1,my +1),
and a |n,my;) = n;ml—l—lm—l—l,ml—l).

When a counterclokwise rotating quant is annihilated, the total number n as
well as the angular momentum m; are decreased by 1. When a clockwise rotat-
ing quant is annihilated, the total number decreases but the angular momentum
increases since the difference between counter-clockwise and clockwise rotations
increases.

Given this algebra, we are able to solve the Liouvillian due to the rotational
invariance. We choose the Ansatz that the eigenstates of the Liouvillian are
given by a linear combination of the eigenfunctions of the 2D-harmonic oscilla-
tor. To this end, we need to determine the action of three terms in this basis:
p?, ip - q and gq®. We obtain

p’ = alTal +ala, — a;ai —ajar + 1, (5.38)
ip-q=aa, — azral +1, and (5.39)
q° = alTal + a:[ar + aja:[ + aia, + 1. (5.40)

Note that each term does not change the angular momentum m;. Since we are
interested in the radiation statistics of the stationary state, we set m; = 0.

5.4 Radiation statistics

In this final section, we show the resulting radiation statistics for the non-
degenerate parametric oscillator. Since the number of photons is large, the dif-
ference between the factorial cumulants and the normal cumulants at threshold
is small. They have the same form as above: (N7)) = ¢;NoT /7, with universal
numbers ¢; which are listed in Table The cumulants and expressions de-
rived from them have a universal form as a function of 5. Before we show them,
we turn to the stationary state where some analytical results can be obtained.

5.4.1 Stationary state

The stationary state is characterized by the probability distribution P(r) E|
that is connected to the eigenvalue A = 0 and solves the differential equation
P =LP =0. It is given by P(r) ~ exp(8r? — 2r™*2/(m + 2)). From this, we

3We have that [ = 0. Therefore, the probability distribution is independent of .
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m C1 Cc2 C3 Cq4
V2/m~0.798  0.176  0.0462 —0.00421
4 31/30(2)/T(3) =~ 0.729  0.0942 0.00375 —0.00622

[\

Table 5.1: Coefficients of the photon counting at threshold

first determine the average photon current. The photon current is defined via
1= % fyar?(d + ¢3) = % fyar2r?. The expectation value is given by averaging
over the stationary probability distribution. We obtain that

,82
2y _ 2 ez
<r>—5+\/;1+Erf(§§) (5.41)

for m = 2 where Erf(x) is the Gaussian error function. For m = 4, the expec-
tation value reads

. 3
<T2> — 47TA1/(ﬁ) + GBF(O/l = 17b1 = %)bQ = %7 %) (5 42)
. 3\ :
ATAI(B) +382F(a1 = 1,by = 3,bo = 3, 2)

with the Airy-function Ai(x) and the generalized hypergeometric function F(a, b, ).
For definitions, see e.g. [36,37]. The results for the average photon current can
be seen in Fig. There, we compare them (black lines) to the case of the

3 I I I I

IT*/NO

Figure 5.1: Average photon current of the non-degenerate (black) and degen-
erate (red) parametric oscillator compared to each other and the classical ex-
pectation 32/™ (blue dashed). Below threshold, the two parametric oscillators
show a deviation that is due to the fact that we are in the regime of v, > ~,.
Close to threshold, the current ‘splits’ into the two different cases m = 2 and
4. Above threshold, they converge to the classical expectation.

degenerate oscillator (red lines), as well as the classical expectation 1/ B2/™ for
both m = 2 and 4 (blue dashed lines). Above threshold, the two different
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cases of m converge to the classical value. Therefore, both models recreate the
correct classical behavior above threshold. Below threshold the non-degenerate
and degenerate case show a small, at first sight unexpected, deviation since
photon counting statistics belong to the same universality class [5]. But here,
we have gone into a limit (7, > 7,) where the second oscillator is ‘eliminated’.
In this limit, the universality is not present anymore that is also depicted here.
In particular, we see that the counting statistics are different, although they
show the same scaling on the nonlinearity No/7s ~ a2/ (m+2)

We further look at the second order coherence ¢ (7 = 0) = () /(r?)2. Gen-
erally, the second order coherence ¢(?)(7) is a measure for the correlation of an
emitted photon after a time 7 given a previously emitted photon. In general,
there are three possible cases. When the radiation is uncorrelated, we have that
(r*) = (r?)? and therefore ¢®) = 1. For g(® > 1 it is likely to measure another
photon, which is called photon bunching. And for g(2) < 1, the radiation is
called antibunched. At threshold (8 = 0), we obtain ¢(?)(0) = /2 ~ 1.57 for
m = 2 and for m = 4 we get ¢ (0) = I’(%)/F(%)2 ~ 1.46. In both cases we have
that ¢ (0) > 1 and the emitted photons are therefore bunched. As for the aver-
age photon current, it is possible to evaluate the expression ¢(? (0) = (r*)/(r?)?
for all values of 3. But the expressions given in Eq. and prove
that analytical expressions do not necessarily provide further insights. There-
fore, we ‘just’ show the result in Fig. We see that the radiation is bunched
for all driving strengths. Above threshold, ¢(?(0) approaches 1. This means
that the emission of photons becomes uncorrelated. This is due to the fact that
for large 3, we reach the classical regime where the radiation statistics become
Poissonian.

Figure 5.2: Comparison of the value of ¢?)(0) for the different cases of the
(non)-degenerate parametric oscillator in (black) red and for m = 2(4) in solid
(dashed) lines. For all values of 3, ¢(®(0) is larger than 1, indicating that the
radiation is bunched. Above threshold, the value approaches 1 since we reach
the classical regime where the photon statistics are Poissonian and the photon
emission is uncorrelated.
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5.4.2 Higher order cumulants

In the previous part, we have dealt with the stationary probability distribution
of the system. Here, we also consider the dynamics of the system that are ex-
pressed in the higher order cumulants. To gain access to the higher cumulants,
we need to add the source term to the Liouvillian and determine the generating
function. As in Sec. we start with expressions that can be used to identify
the microscopic parameters.

We start with the Fano factor F' = (N2))/(N) = (ca/c1)Ny that relates to
the number of correlated photons Ny. The reduced expression F'//Ny = c2/c;
has a universal form that can be seen in Fig. [5.3

Figure 5.3: Fano factor of the non-degenerate (black) compared to the degen-
erate (red) case for the different exponents m = 2(4) in solid (dashed) lines.
The universal form of F//Ny is very similar for all cases, with a peak close above
threshold. For both the non-degenerate and degenerate parametric oscillator,
the Fano factor of m = 4 is smaller than the case m = 2.

The black lines represent the non-degenerate parametric oscillator, while the
red lines belong to the degenerate case for comparison. The different exponents
m = 2 and 4 are given in solid and dashed lines respectively. This form of
presentation will also be used for the following expressions. We see that for
each case the curves have a very similar form with a peak close above thresh-
old. How it is possible to think of this has been explained in Sec. [£.3] for the
degenerate parametric oscillator. Here, the thought is similar. The only dif-
ference is that we have a particle moving in the effective rotational symmetric
potential V(r) = —Br% + r™*2 with r € [0,00). Below threshold, the particle
is constrained in the minima of the ‘parabola’ at r = 0. When the system is
driven above threshold, 8 > 0, the potential turns into a ‘Sombrero’. For small
positive 8 the well of the potential is not deep enough to keep the particle in
the just emerged minima. Only for stronger driving, the particle is constrained.
Therefore, the Fano factor shows again a peak (slightly) above threshold. The
peaks of the Fano factor for the non-degenerate case occur at F' = 0.265 Ny,
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B = 0.8 for m =2 and at F' = 0.129 Ny, 8 = 0.2 for m = 4. For comparison,
the peaks for the degenerate parametric oscillator are at F' = 0.547 Ng, § = 1.4
for m = 2 and at F' = 0.275 Ny, 8 = 0.8 for m = 4.

Figure 5.4: Correlation time of the non-degenerate (black) compared to the
degenerate (red) case for the different exponents m = 2(4) in solid (dashed)
lines. Again, all cases show very similar behavior as a function of 5 with
a peak close to threshold. Above threshold, the system reaches the classical
regime, where the radiation statistics are Poissonian and the emission events
are uncorrelated. Therefore, the correlation time approaches 0 which is also
depicted here.

The correlation time 7, is given by the ratio F/I = (ca/c?)7 and is displayed
in Fig. Again, we see very similar behavior in both systems and for both
exponents m. First, it increases when we approach the threshold. The influence
of the nonlinearity in this regime is small. The correlation time of the linearized
theory is given by 7. o< 1/8. This means that the timescale significantly in-
creases close to threshold. Then, the nonlinearity becomes important which
stabilizes the system. This cures the divergence and leads to a peak around
threshold. For even larger driving strengths, we reach the Poissonian regime.
There, the emitted radiation is uncorrelated, meaning that 7, approaches 0.
For the non-degenerate case, we obtain a peak at F//I = 0.285 7y, = —0.6 for
m = 2 and F/I = 0.226 7., f = —1.8 for m = 4. The degenerate case shows
peaks at F'/I = 0.726 7., 8 = —0.1 for m = 2 and F/I = 0.584 7., = —1 for
m = 4.

The correlation time determines the width of the second order coherence ¢(® (7).
We can approximate the coherence by

AF
gP(r) =14 S A (5.43)
21
where A is the smallest eigenvalue (besides A = 0) of —L£. It has the value

A~ 3.99/7, for m = 2 and A ~ 4.84/7, for m = 4. When we compare this
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expression to numerics, it shows just a small deviation at 7 = 0. Even there,
the deviation is around 1 or 2 percent for m = 2,4 respectively. Therefore, this
expression is an excellent approximation of the second order coherence which
can also be seen in Fig. There, the black lines are given by numerics
and the red dotted lines by the expression in Eq. . Finally, we show

T/ T

Figure 5.5: Comparison of the approximated second order coherence (red
dashed) to the numerical result (black solid). The expression in Eq. (5.43)
provides an excellent approximation for the second order coherence. The de-
viation at 7 = 0 is around 1 or 2 percent for m = 2 and 4 respectively. Note
that the radiation becomes uncorrelated after a time 7 = 7, since ¢® () = 1,
which gives 7, its name.

the universal ratio u = (N){N3))/{(N?)? = cic3/c3 that is independent of
the microscopic parameters Ny and 7,.. It is motivated by the form of the
cumulants given explicitly in Eq. or also in the beginning of this section.
The ratio is universal since the microscopic parameters of the system drop out.
Therefore, only the universal number c; are left over. Of course, there exist a
variety of universal ratios such as u/ = (N){(N4)/{(N2)(N3)) = cicq/cocs or
u” = (N)Y2(N*)/(N?)3 = c2cy/c3. But all of them include cumulants beyond
the third one. Therefore, we focus on the simplest expression given by the
ratio of the first three cumulants shown in Fig. with the black lines for the
non-degenerate parametric oscillator and in red for the degenerate case. The
exponents m = 2 and 4 are shown in solid and dashed lines respectively. Far
below threshold, both the non-degenerate and degenerate parametric oscillator
start at the finite value 3 that follows from the universality derived in Ref. [5].
Then, it gradually decreases and the non-degenerate and degenerate case show
a deviation at threshold. As it has been pointed out above, the radiation of the
two systems is not expected to be the same in the critical regime anymore, so the
deviation is not surprising. The ratio also becomes negative above threshold,
where the zero point crossings occur at 8 = 1.085 (0.265) for the non-degenerate
and at § = 1.402 (0.998) for the degenerate case for m = 2(4). Since the first
two cumulants are always positive, this characteristic is inherited by the third
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Figure 5.6: Universal ratio for the non-degenerate (black) and degenerate (red)
parametric oscillator for the exponents m = 2(4) in solid (dashed) lines. Below
threshold, the universal ratio starts at the value u = 3 and slowly starts to de-
crease and also assumes a negative value. For larger driving, the universal ratio
should converge to the value u = 1 due to the Poissonian statistics. Therefore,
u starts to increase again and shows non-monotonous behavior.

cumulant. After it drops far below 0, it starts to rise again for increasing 3 since
the classical regime, where u = 1, is approached. At threshold, the universal
ratio assumes u = 1.195 (0.308) for m = 2(4) and u = 1.543 (1.054) for m = 2(4)
for the non-degenerate and degenerate case respectively.



Chapter 6

Conclusion and outlook

This thesis has dealt with bosonic driven-dissipative systems that are described
by a Lindblad master equation, compactly expressed by a Liouvillian £. In
Ch. |2, we have shown how to solve a quadratic Liouvillian to obtain the spec-
trum and the time evolution. To this end, we have proven a theorem about
the diagonalization of a complex symmetric matrix using a symplectic trans-
formation. By introducing a superoperator formalism, we have mapped the
task of diagonalizing the Liouvillian to this problem. There, the complex sym-
metric matrix represents the Liouvillian while the symplectic form encodes the
bosonic structure. We have shown that non-Hermitian Hamiltonians naturally
appear in our approach and that noise does not influence the spectrum. It has
been pointed out that the trace preservation is the key ingredient to diagonalize
the Liouvillian, the eigenstates, and therefore the spectrum. It also provides
a distinguished left eigenstate with the eigenvalue A = 0 which in turn allows
the identification of a right eigenstate with the same eigenvalue. This right
eigenstate plays the important role of the stationary state. Furthermore, the
case of non-diagonalizable Liouvillians have been discussed. In this case Jordan
blocks appear which alters the time evolution and leads to a non-exponential
time evolution. We have provided an explicit expression of the time evolution
operator for the case of a single boson. But the procedure can be generalized
for systems of multiple bosons and possibly larger Jordan blocks. The approach
using a symplectic transformation has also been proven useful when counting
fields are included. Then, the trace preservation is lost and previous approaches
to diagonalize the Liouvillian are not possible anymore. Our method however
is able obtain the generating function in the limit of long measurement times.
The generating function can be then used to obtain the cumulants of observ-
ables. In Ch. 4 and [5] this has been used to obtain the radiation statistics of
the degenerate and non-degenerate parametric oscillator.

How symmetries are included in the formalism of Ch. [2| has been the topic
of Ch. We have started with the hermiticity of the density matrix. It is
not a symmetry in the conventional sense but provides a useful tool for the
diagonalization of the Liouvillian. The hermiticity also explains the fact that
the eigenvalues of the Liouvillian are either real or appear in complex conjugate

45
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pairs. Additionally, it puts constraints on the Liouvillian itself, on observables,
and on conventional symmetries. Afterwards, it has been shown how unitary
symmetries of the Hamiltonian can be elevated to a symmetry of the Liouvil-
lian. It has been pointed out that due to the hermiticity constraint, unitary
and anti-unitary symmetries are equivalent. Then the case of P7T-‘symmetry’
has been discussed. It describes systems with balanced gain and loss. This
balancing is expressed by an exchange of creation and annihilation operators.
For both symmetries we have provided the most general form of the symmetry
matrix and properties that the individual parts of the Liouvillian have to fulfill.

In Ch. 4} we have applied the methods introduced in Ch. [2| to the case of
the degenerate parametric oscillator. The diagonalization has made the identi-
fication of two different timescales possible. The long-time dynamics predicts
an instability when the driving strength exceeds the damping. In the critical
regime around the instability nonlinearities have to be taken into account which
stabilize the system. This limits analytical insight. But the identification of a
slow and fast timescale make the derivation of an effective universal Liouvillian
possible. It describes the relevant slow dynamics and enables further analysis.
By comparing the resulting photon counting statistics to the full system, we
have shown that the universal Liouvillian provides a good description of the
system.

In Ch. bl we have studied the non-degenerate parametric oscillator where two
oscillators are driven at the sum of their resonance frequencies. Again, the di-
agonalization makes the identification of a fast and slow timescale possible with
diverging dynamics above a certain threshold. Employing the methods of Ch[4]
we have derived an effective model of the slow dynamics. Additionally, it has
been assumed that one of the oscillator is heavily damped. This makes phase-
insensitive amplification in the other oscillator possible. This fact is expressed
in the Liouvillian of the effective model. It resembles a 2D-Fokker-Planck equa-
tion which is a two-dimensional coupled partial differential equation. We make
use of the rotational invariance of the Liouvillian to obtain a one-dimensional
differential equation. This has been further transformed into a simple eigenvalue
problem. This makes the efficient evaluation of the Liouvillian possible. Finally,
we have determined the radiation statistics of the non-degenerate parametric
oscillator. This has been compared to the degenerate case, where similarities
and differences have been pointed out. The statistics align also with the classi-
cal expectation above threshold.

This work provides a good starting point for further research on interesting
questions. For example, the diagonalization can be used to analyze how a non-
resonant drive impacts the dynamics as well as radiation statistics. Also, the
universal Liouvillians in this work have been derived for small nonlinearities,
«a < 1. The study of larger nonlinearities, a &~ 1, remains as an open research
topic. Further, an investigation of the radiation statistics for higher order para-
metric resonances would be interesting. Moreover, the discussion about sym-
metries of the Lindblad equation enables the study of symmetry breaking in
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open quantum systems. It is also interesting to see whether the inclusion of
source terms can reveal new symmetries.
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Appendix A

Diagonalization for the
non-degenerate parametric
oscillator

In this appendix, we show the details about the diagonalization of the Lindblad
equation given by the Hamiltonian in Eq. (5.5)) and by the jump operators in
(5.6). For clarity, we also show them here:

H= %6 (ab— aTbT> ,

Tk = V(g + 1)k, (A.1)
Tk = veng kT,

with k& = a,b. The relevant matrices to construct the blocks of L in Eq. (2.19)
are given by

i€ (0 1 Ya(Tg + 1) 0 Yalig 0
A = — V = [/L — .
2 <1 0> ’ ( 0 v (R + 1)) ’ < 0 v

(A.2)
The eigenvalues of the corresponding Liouvillian are given by
1 2 2
)\8:—1 <7a+’yb—\/4e + (Ya — ) ), (A.3)
1 2 2
A=y (’ya+%+\/46 + (Ya =) ) (A.4)

with double degenerate eigenvalues but diagonalizable Liouvillian. The diago-
nalized form then reads

L= )\5(7)57111571 + 1)572u572) + )\f(?)fJUf,l + Uf72uf’2). (A.5)
The most general form of the new ladder operators is quite complicated and
does not provide any insights. Since we are interested in the critical regime

close to threshold, we put € = /7,7 where it is applicable. This results in

49
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A = —(va +)/2 while we let A\ unchanged. For the creation operators at
threshold, we obtain

Us,lzanF“%b:ga US,ZZQg‘FH%bq,

(A.6)
vp1 = by — ﬁaT, va:bT— ﬁaq.
’ Vo ¢ ’ TV w

We see that they are a linear combination of the ‘q’-operators as expected from
the trace preservation pointed out in Sec. 2.2.2] The annihilation operators
read

2/ Ya Vb 2 T/ Va Vb
usy = ~Tpal +Tybe — I o, T af,
_ 2 y/Ya Vb 9 T/YaVb
U2 = Tpae — bl — T o b~ T #* =y, )
n n
uﬁl:a—FWi—IQaC—Iggaq—IfgbL

mn n
Wgzn@+n¢—ﬁ§@—ﬁ§%

where we have used the abbreviations I'y = v/(va +7), T'x = vYaV0/(Va + ),
and n = (1 4 ng + 7p)/2. When we further assume that v, > 7,, then I', &~ 1
and T'x = \/Ya/7b-
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