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Abstract

In this thesis, we discuss the realization of a hexagonal Majorana
fermion lattice and its thermal transport properties. We analyze
the two-dimensional Josephson junctions on the surface of topologi-
cal insulators to obtain topological Majorana wires in the low-energy
regime. Using this description of the wires, we construct trijunctions
and derive three distinct topological phases of them, two of which
host Majorana bound states. We connect multiple Majorana bound
states with topological insulator Josephson junctions to a hezago-
nal lattice of Majorana fermions. The spectrum of this lattice is
calculated, the appearance of edge states is shown, and the scaling
behavior of the thermal conductance of the hexagonal Majorana lat-

tice is analyzed.
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Chapter 1

Introduction

Majorana fermions were first conceived in 1937 [1] in the context of particle
physics, as a particle, which is its own anti-particle and otherwise is closely
related to fermions. Later, it was discovered, that Majorana fermions could
appear as emergent excitations in solid-state systems. These quasiparticle exci-
tations are especially interesting, because they do not obey fermionic exchange
statistics, but behave like 'non-Abelian anyons’ |2|. The exchange of two Majo-
rana fermions is called braiding, since the order of exchanging particles matters
for non-Abelian anyons. Quantum algorithms can be realized by braiding Ma-
jorana fermions, and therefore the observation of Majorana modes in solid state
systems is of great interest, but until this day there is no experimental verifica-

tion of the existence of Majorana zero modes.

There are many theoretical proposals, which should host localized Majorana
zero modes, and they share two properties. First, the system needs to be su-
perconducting, in order to be able to host excitations with the properties of
Majorana fermions |3|. Since the Majorana mode cannot carry charge, it has to
be a coherent superposition of particle and hole state, which occurs naturally in
the theory of superconductivity. The second condition is, that the system ex-
hibits topological phase transitions, where a band-gap closes and reopens again.
There are many proposed systems with these properties [4, 5], but we focus on

topological insulators.

Starting from the discovery of the quantum hall effect in 1980 [6], new states of
matter were discovered, which are topologically distinct from states of matter
known before. These types of materials have a gapped spectrum and exhibit
properties, which stay invariant unless the band gap closes. Each of these in-

variant quantities defines a topological phase, and only band closings give rise to
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topological phase transitions. The most important property for this thesis is the
appearance of boundary states between different topological domains. These
boundary states are also appearing at the edges of systems in the topological
phase, and have a spectrum, which is not part of the bulk spectrum, but lies in
the band gap of the bulk. We use these special edge states of three dimensional
topological insulators to realize Majorana fermions of the two-dimensional sur-

face.

By proximitizing the topological insulator surface with superconducting ma-
terials we obtain a two-dimensional system with the special properties of the
topological edge states and tunable superconductivity. It is known, that in this
system Majorana bound states can appear in magnetic vortices, but we follow a
different approach, where we consider narrow two-dimensional Josephson junc-
tions on the surface [7]. In such a Josephson junction, two superconducting
regions are separated by a narrow strip of bare topological insulator surface.
We will show, that these junctions act like a wire for propagating Majorana
modes and that we can obtain Majorana bound states at trijunctions of these
wires. Finally, we will consider a network of such trijunctions connected by
Josephson junctions and show, that we can realize a hexagonal lattice of Majo-
rana fermions with such a network. We will analyze the spectrum and transport
properties of this lattice and investigate the scaling behavior of thermal con-

ductance in the presence of fluctuations in the lattice.

This thesis is organized as follows. In Ch.[2lwe will introduce Majorana fermions
and show their properties. Further we will give a brief introduction into the
field of topology in condensed matter physics and introduce important concepts
for this thesis. We will show the emergence of edge states in a simplified one-
dimensional system and use this, to obtain the surface description of a simpli-
fied three-dimensional Bernevig-Hughes-Zhang model [8]. Afterwards, we will
explain important results of the Bardeen-Cooper-Schrieffer theory of supercon-
ductivity. We will show the appearance of the pairing gap and explain the prox-
imity effect for superconductor interfaces. For the description of the proximi-
tized topological insulator surface, we will introduce the Bogoliubov-de Gennes
formalism. Finally, we will motivate Andreev bound states in Josephson junc-
tions and show, how gauge fields affect superconducting systems. Building on
the description of a proximitized topological insulator surface, we will follow
the idea of a topological insulator Josephson junction [7] in Ch. (3] We will de-

rive the emergence of propagating Majorana modes and calculate their effective



one-dimensional wire Hamiltonian. Further we will investigate, how disorder in
the systems affects the Majorana wire and prove, that the Majorana wire has

two distinct topological phases.

Using the previous results, we will construct trijunctions of three Majorana
wires in Ch. [4] For these trijunctions, we will derive three different topological
phases, out of which two host a Majorana bound state localized at the trijunc-
tion. We will derive a complete phase diagram for the trijunction and introduce
a topological invariant for this system. In Ch. [5| we will construct a hexagonal
lattice of Majorana fermions, where we will connect different trijunctions by
Majorana wires leading to a nearest-neighbor interaction in the lattice. We will
calculate the spectrum of the lattice analytically for a clean lattice, and show,
how fluctuations of the superconducting pairing gaps effect the Majorana lattice
Hamiltonian. For numerical simulations we will introduce a transformation of
the Majorana lattice into a superconducting fermionic lattice. One-dimensional
transport spectra will be calculated, and there we will show the appearance of
edge states. Finally, we will analyze the thermal conductance through the lat-
tice and how it scales for disordered systems. We will end with a conclusion
and an outlook on possible research directions following up on the presented

work.
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Chapter 2
Theoretical background

This chapter introduces the basic physical concepts used in this thesis. We start
by defining Majorana fermions and show their main properties. We are not only
interested in the properties of a Majorana lattice, but also want to show, how
a lattice like this can be realized theoretically. Hence, we will not start with
a Hamiltonian for the hexagonal Majorana lattice right away, but derive the
the emergence of Majorana bound states instead. We will focus on topological
superconducting systems as a platform for Majorana bound states. To describe
these platforms, we give a brief introduction into topology in condensed matter
physics. There we will focus on the most basic concepts of topological invari-
ants and bulk-edge correspondence needed for the derivation of the Majorana
lattice later in the thesis. In the derivation of the Majorana bound states, the
topological material is needed for its special surface properties. We will show
how the low-energy regime of the surface of a topological insulators shows sim-
ilarities to a massless Dirac fermion with a dispersion relation that is linear
in momentum. Since the special surface properties are tied to the bulk prop-
erties of the topological insulator, we have to start from a simple model of a
three-dimensional topological insulator and obtain the surface states using the
Jackiw-Rebbi model, which will also be introduced in this chapter. Further, we
need the topological surface to be superconducting to generate Majorana bound
states later, thus we will introduce superconductivity. After a brief review of
the main results of the Bardeen-Cooper-Schrieffer theory of superconductivity
we will explain the proximity effect, that can introduce superconductivity in the
topological surface derived before. For the description of the superconducting
surface we will use the Bogoliubov-de Gennes formalism. From this Hamilto-
nian we will be able to calculate Majorana bound states in special arrangements
of superconductors. However, to describe the properties of a lattice we need

to describe the behavior of propagating Majorana modes in junctions between
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superconductors. For this propagation we will need gauge theory for supercon-
ducting systems and we need to know how the low-energy propagating modes
couple to higher bound states in such a junction. In the last two sections of

this chapter we will describe these topics briefly.

2.1 Majorana fermions

The lattice, which we are considering in this thesis, is a tight-binding model of
Majorana fermions. While the first part of the thesis is focused on the realiza-
tion of such a lattice and most of the background provided in this chapter is
relevant for that, we want to start by giving an overview of the properties of

Majorana fermions.

Majorana fermions were first proposed in high energy physics [1] as solutions
of the Dirac equation. The main idea was a particle, which resembles many
properties of a fermion, but is its own anti-particle. If the annihilation operator

for one Majorana fermion is denoted by +;, this property yields

v = %,T and 72-2 =1. (2.1)

Different Majorana fermions anti-commute, and with the condition in Eq. (2.1

the anti-commutation relations are given by

{"}/i, ’Yj} = 25@‘,]’ . (2.2)

In condensed matter physics, particles with these properties can appear as
quasiparticle excitations in superconducting systems [3]. We will show this for

a topological insulator Josephson junction in Ch.

To get a first insight, how Majorana particle emerge in condensed matter sys-
tems, we show that truly fermionic operators ¢; and c;r can be transformed into

a Majorana basis. The fermionic operators obey

{ci,c}} =0;; and {c¢;,¢} =0 (2.3)

and can be decomposed into Majorana operators. We need two Majorana oper-
ators v;o with a = 1, 2 to decompose a pair of adjoint pair of fermionic operators

The creation and annihilation operators are then given by

CI = % (vi1 +ivi2) and ¢ = % (Vi1 — ivi2) - (2.4)
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If ~;o obeys the Majorana relations, then the commutation relations for the

fermionic operators are fulfilled. The inverse transformation is given by
Vi1 = ¢ + cZT and ;0 =1 (cl- — cj) ) (2.5)

This coherent superposition of electron and hole degrees of freedom shows why
Majorana fermions emerge in superconducting systems. There, this coherent
superposition occurs naturally, which will be shown in the chapter on Bardeen-
Cooper-Schrieffer theory. Localized Majorana states appear for example at the
domain walls between different phases of topological superconductors [9] or in
magnetic vortices in topological insulator-superconductor heterostructures [4].
In both cases, the topology of the system is important for the emergence of
Majorana fermions. In the next section, we will introduce topology in the
context of condensed matter physics and discuss two important models for our

work.

2.2 Introduction into topology

In this section we want to give a brief introduction into topology. The research
field of topology in condensed matter physics is vast and there are many im-
portant results. A formal and much more complete introduction of topology
is given by Qi and Zhang [10]. We will only motivate topological effects and
introduce the concept of a topological invariant that classifies different topolog-
ical phases. Further, we will explain the principle of bulk-edge correspondence
and show a method of deriving boundary states between different topological
phases. Afterwards, we will describe a model for a three-dimensional topologi-
cal insulator and derive the surface states. We will use this model to construct
the topological insulator Josephson junction, from which we will construct the

Majorana lattice.

The first time a topological effect was measured, was the discovery of the quan-
tum Hall effect by von Klitzing et al. [6], later explained by Laughlin [11]
and Thouless et al. [12]. The edge of a two-dimensional bulk insulating ma-
terial carries a Hall current, whose conductance is quantized to integer values
of €?/h. This does not depend on microscopic details of the material, but can
be viewed as a topological charge pump. Later many more systems with much
more complicated or subtle topological properties were discovered and topology

in condensed matter had to be formalized.
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Topological equivalence classes are defined for gapped systems, where the ground
state is separated from the excited states by an energy gap. If the spectra for
such systems can be continuously deformed into each other without closing the
energy gap, they belong to the same equivalence class. If there is no deforma-
tion that achieves this, the systems must belong to different equivalence classes,
which are also called topological phasesE For a phase transition a closing of
the energy gap is necessary. How the classes can be distinguished by topologi-
cal invariants and what happens on the interface between different topological

phases, will be discussed in the next section.

2.2.1 Topological invariants and bulk-edge correspondence

Topological invariants are a method to characterize different topological phases
by a measurable quantity. The invariant has to be different for all possible
phases. It is only allowed to change, if a band gap closes in the system, and
it cannot depend on microscopic details of the Hamiltonian. Such quantities
can be expressed as invariant integrals over momentum space. Sometimes this
property is called bulk-topological invariant, since one can calculate it from the
bulk spectrum of the topological system alone. For the models we use, this in-
variant is always a so-called Zs, which can only take the values 1. The models
only show two different phases, from which one is denoted as topological and

one trivial.

Another property of topological matter is the bulk-edge correspondence. If
matter in two different topological phases is brought into contact, the inter-
face between the two domains can host special states. In one dimension, these
states are localized at the domain wall and in higher dimensions these boundary
states are gapless states. This property of topological matter is called bulk-edge
correspondence, because it also occurs on the boundary between a topological
material and the vacuum. The vacuum is always thought of as a trivial insu-
lator. If there is a material in a topological phase, the edge of the material
becomes a domain wall between different topological phases. This domain wall
will host states that are called edge or surface states of the system. Any mate-
rial where the edge of a system supports boundary states is topological and any
material without boundary states is trivial. The appearance of edge states is
an example of bulk-edge correspondence. The topological invariant, which is a

bulk property has to change, if there is a phase transition where the boundary

1This continuous deformation is the reason why the phases are called 'topological’. The
term is taken from mathematics, where topology is concerned with the continuous deformation
of geometric objects.
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behavior changes.

For the systems we consider, the boundary states are always described by a
Dirac Hamiltonianﬂ If we have a one-dimensional or two-dimensional system
where o act on a two-level degree of freedom, the Dirac Hamiltonian is given
by

Hpirae =vp -0 +mo, (2.6)
with p = p,é, in the one-dimensional and p = (p,, py)T in the two dimensional
case. The term m o, is called mass termE| and v is usually called Dirac velocity.

The spectrum of such a Dirac Hamiltonian is always given by
Er = £\/v?p? + m?. (2.7)

Without a mass term the spectrum is gapless, and therefore we expect the
surface Hamiltonian to have a vanishing mass m = 0. To calculate such a
surface Hamiltonian, we will use the Jackiw-Rebbi model, which solves a one-
dimensional topological model. We will show, how we can use this to obtain a
surface Hamiltonian for a three-dimensional topological insulator, described by

the Bernevig-Hughes-Zhang model.

2.2.2 Jackiw-Rebbi model

Here we introduce a simple model describing the appearance of zero energy
states at the boundary between different topological domains. This model was
first introduced by Jackiw and Rebbi for studying solutions in quantum field
theory [13]. The simple one-dimensional model can also be used to derive the

surface spectrum of higher dimensional topological insulators.

We use a toy model h, that is a simplified version of the original model. We

consider a one dimensional Dirac Hamiltonian
h=vp;- o, +m(z)o, (2.8)

with real parameters v and m. The Pauli operators o act on some degree of
freedom that can be a physical spin, a two-level orbital structure or particle-

hole space. To include all possibilities, we use ¥ = (¥, Uy) as general basis.

2The Dirac Hamiltonian usually describes the behavior of fermions in high energy physics.
We use the term here, since the structure of the Dirac Hamiltonian is the same as for the
surface states.

3In the one-dimensional case, the mass term can also enter proportional to o, instead of 0.
The only condition is, that it anti-commutes with all momentum dependent terms in k-space.
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Eq. (2.8) is a one-dimensional topological model, and the topological invariant

is the sign of the mass term m. The spectrum is given by
E, = £/ (vk)? + m? (2.9)

with k£ as momentum quantum number. The two bands are separated by a
band gap 2m, and this gap closes at m = 0. The topological phase transition
from the topological phase m < 0 to the trivial phase m > 0 can be found at
the band closing.

Now we consider a position-dependent mass m(x), that has to be a real in-
tegrable function of . We choose the mass, such that we model a domain wall
between different topological domains. The constraints, that need to be fulfilled,
are lim, 1o, m(z) = my # 0 and that there is only one point xg where m(x)
changes sign. The claim is, that there is always a zero-energy solution localized
at the domain wall xg. To prove this, we rearrange the Schrédinger equation for
h with m = m(z), such that the derivative is isolated. Use o7 = o9 = Z» E|to
isolate the partial derivative appearing in the momentum p,. The Schrédinger
equation can now be rearranged to

ho =0 = 0,¥ =—

oy 0. (2.10)

Now we assume the wave function is an eigenstate x, = 1/v2(1,£i)T of o,
with the eigenvalue Ay = £1. Then the full wave function is ¥ = x, - f(x),
where f(z) is a scalar function. Inserting this in Eq. yields a differential
equation for f(x), which is solved by

o) = f0) =y RO e

The solution f(x) has to be normalizable to yield a zero energy solution of the
Schrodinger equation in Eq. (2.10). This is the case for A\, = sgn(m«), where
N = [|f(x)|*dz is finite due to the exponential suppression at both co and

O f(z) = =Xy

—o00. The zero energy solution is given by

v — )T ) efsgn(moo)/v fzxo m(Z)dz ' (212)

1 .
\/ﬁ (1,sgn(me) - i

“In this thesis all identity matrices Z, are dropped in the notation of any Hamiltonian and
any tensor product.
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The zero-energy state is localized at z( in the sense, that the probability density
|®(x)|? is maximal at 2o and decays for increasing |z — xg|. The shape of the
probability density depends on m(x), but under the conditions stated above,
there always exists a zero energy solution. This approach of solving for zero
energy solutions of a Hamiltonian is referred to as Jackiw-Rebbi approach,
and it will be used to derive the surface Hamiltonian of a three dimensional

topological insulator in the next section.

2.2.3 BHZ-model for a three-dimensional topological insulator

We need a two dimensional topological insulator surface to construct the Joseph-
son junction and the Majorana lattices. For this surface a three dimensional
bulk topological insulator is needed. We use the three dimensional Bernevig-
Hughes-Zhang model introduced by Zhang et al. [§], building on earlier work
by Bernevig, Hughes and Zhang [14]. In the basis ¥ = ((\Il%, \I/i), (\Il%, \Ilf))T,
where i = 1,2 is denoting the orbital and J the spin, the Hamiltonian is given
by

Hgnyz = (eo(k) — p) + M(k) 7, + Ar k. 730, + Ao (k204 + ky 7126,)  (2.13)
with

eo(k) = C + D1k2 + Do(k2 + k2) and (2.14)
M(k) = M — Bik? — Ba(K; + k) . (2.15)

The Pauli operators 7t act on the orbital degree of freedom and & on the spin
degree of freedom. In our notation tensor products of different Pauli operators
are always implied, and identity operators acting are not written explicitly, but
are implied, if a degree of freedom is missing from a term. The parameters M,

Aj, Bj, C and Dj are real and can be used to fit Hpnz to a real material.

For our purposes we use the simplest version of the model in Eq. (2.13]) that
exhibits a topological phase transition. We neglect the spin and orbital inde-

pendent part of the spectrum eg(k) by setting C' = D; = 0 and choose

v
Ap = Ay = d Bi=By=——. 2.16
1 2 =0 an 1 2= 0] (2.16)

With this choice of parameters, the Hamiltonian simplifies to
Hpny = —p+ (M — —— k)i, + vig k- 5. (2.17)

2|M|
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It can be shown that for this choice of parameters, the trivial phase is given by
M < 0 and the topological phase by M > OE|

The bulk spectrum can be easily calculated using the fact, that for any Pauli
degree of freedom a, the relation (d- a)? = d? ag is valid. We square Hry + p
and obtain

v2 2 k)2
(Hri+p)? = <M i k2> +(vk)? = (M2 + (4:22) = (Ex(k))? . (2.18)

From this, we know the bulk spectrum of the simplified topological insulator

By(k) = £/ M2+ Z’A'?; . (2.19)

The resulting bulk gap is 2|M |, independent of the sign of M. The topologi-

model

cal insulator is therefore always gapped in both phases, and only at the phase
transition M = 0 the bulk gap closes. The magnitude of the bulk gap of the

topological insulator is used as a reference energy to compare energy scales later.

To obtain the surface spectrum in the topological phase, we model a topologi-
cal insulator-vacuum interface by varying the mass term. To model a boundary
between the two regions in different topological phases, the sign of M(z) has to

change at the domain wall. For a surface in x-y-plane we use the function

Mp >0  2<0
M) ={" " = (2.20)
Mype = —00 2>0

which simplifies calculations. The Hamiltonian given by Eq. is expanded
up to first order in all k;. The reasoning behind this is, that we expect low energy
bound states located at the domain wall. Therefore higher order momentum
terms can be neglected and H7; can now be separated to isolate the terms
containing z or p,. Since the translational invariance in z-direction is broken,
k. is not a good quantum number anymore. This is not the case for k, and k,,

and we obtain

Hrr = (M(Z)ﬁ-z + vp, ﬁ'cca'z) +UTy (kaza'a: + kya'y) — U . (2.21)

Hy H

5In this simplified model, the sign in front of the quadratic momentum term k? is defining
the sign of the M for the vacuum, which is always defined to be a trivial insulator. We do
not prove this here.
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The first term H is a Jackiw-Rebbi model perpendicular to the surface. It can
be solved exactly for zero-energy states, and since two Pauli matrices appear
in a tensor product, there must be two zero-energy surface states. This is due
to the fact that both eigenvalues +1 of a tensor product of n Pauli matrices
are n-fold degenerate. Here the Jackiw-Rebbi model reduces to the eigenvalue
problem

fry&z Xi = *1Xi (222)

for the two eigenvectors x; with ¢ = 1,2 and the partial differential equation

——f(2). (2.23)

Then the zero-energy solutions of H, are given by

1 M M 1,0,—i,0)7 i=1

= Ly (o) = Mgyt (B0 T0) 22y
VN v 0,—i,0,1)T =2

The choice of M,. = —o0 restricts the wave function to live only in the topo-

logical insulator. The surface states decay exponentially into the bulk of the

topological insulator.

With the two degenerate surface states, we derive the low energy surface Hamil-
tonian of the simplified Bernevig-Hughes-Zhang model. The zero energy surface
states are the ground states of the surface and H) from Eq. is included
as a perturbation to the degenerate ground state. Using degenerate perturba-
tion theory, this yields an effective Hamiltonian Hgyface acting on the Hilbert
space spanned by \Iff' and lI’é‘ For the calculation three expectation values

are evaluated and the surface Hamiltonian is given by

_ (@ |Hy ) <Wf}H||\W%>)
Hgurtace = ) 2.25
f <<‘I’2L\H||\‘I’%> (Ty |H) [Py ) (22)

The expectation values are given by
<\II1L’HM\111L> = = <\Il§‘HM\II§> and (2.26)

<\I'2L’HH ’\I'j> = vk, — vk, . (2.27)
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We introduce now the Pauli matrices o = (0, 0,)7 that act on the two surface

states \Ilf- and write the surface Hamiltonian in this basis as
Hgyrface = Vkzop + ’UkyO'y —p=vp-o—Lu. (228)

The operator p = (py, py)T is in this case the momentum on the surface of the
topological insulator. The Hamiltonian in Eq. is a Dirac Hamiltonian
without a mass, which would enter with o,. Accordingly there is a single Dirac
cone on the surface of the topological insulator. The Pauli degree of freedom
corresponds still to the spin, but here the orbital and spin degree of freedom

are coupled.

Only the surface of a three-dimensional system can have a single Dirac cone,
in contrast to a truly two dimensional system, where the Dirac cones appear in
pairs. If one wants to simulate a system with only one Dirac cone, one can ei-
ther gap out the second cone of a two dimensional Hamiltonian to avoid fermion
doubling for low energies, or simulate a three dimensional topological insulator.
Due to the bulk boundary correspondence, this can lift the fermion doubling
problem as shown in [15], but at cost of higher computation time, since the

bulk has to be simulated as well.

This method of calculating zero energy states localized in one direction and
considering other terms from the full Hamiltonian will be used again later. The
effective Hamiltonian is only valid for energies below the bulk gap of the system.
The surface Hamiltonian is the starting point for further calculations in Ch.

where a two-dimensional Josephson junction is considered.

2.3 BCS theory of superconductivity

Superconductivity was first discovered by Onnes [16], when he measured the
vanishing of resistance below a critical temperature. Later, the discovery of the
Meissner-Ochsenfeld effect [17] led to a phenomenological description of super-
conductivity by F. and H. London [18]. On a microscopic level, the problem of
an attractive electron-electron interaction, mediated by electron-phonon cou-
pling, was solved by Cooper [19]. A many-body version of the Cooper-problem
was solved by Bardeen, Cooper and Schrieffer [20] in a mean-field theoretical
approach, which is referred to as BCS-theory. In this section, we derive the
superconducting gap function and how it is effected by the gauge of the electro-

magnetic field. Furthermore, we show how one can describe superconductivity
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in the Bogoliubov-de Gennes formalism. Lastly, we briefly discuss the proximity
effect.

2.3.1 Derivation of superconducting gap function

The appearance of a superconducting gap function arises from the interaction
of electrons and phonons in the system. In the Hamiltonian for the electrons
this results in an attractive interaction between the electrons. The criterion
for superconductivity is that this attractive interaction dominates the Coulomb
repulsion between electrons. The details of the electron-phonon interaction are
given by Bardeen and Pines [21], and a discussion of the criterion for super-
conductivity in the context of BCS theory is given by Pines [22]. We are not
concerned with the details of their work, instead we assume that we have a
momentum-dependent attractive interaction between electrons. Furthermore,
we will only consider the terms of the coupling with zero-momentum transfer.
As stated in [20], other terms have only little effect on the free energy and may

be treated as a perturbation.

We consider the Hamiltonian in terms of creation and annihilation operators of

the electrons, that fulfill the commutation relations

{Ck7‘77 CJlfc',o’} = 6k,k:’50',0’ and (229)
{Ck,aa Ck',a’} =0. (230)

The Hamiltonian Hpairing, which describes the interaction of the electrons is

given by

Hpairing = Z (E(k) — u) CL7gck,a + Z Vk:,k:' CJIE:',TCT—k:',icfk#CkW . (2.31)

4
k,o o kk' 5

The second term prevents a complete solution of the problem, and it describes
the scattering of Cooper pairs c_g jck . We expect the ground state of this
system to be a phase-coherent condensate of such Cooper pairs, for which the
expectation value (c_g cg) = b is finite. We use a mean-field approach
to solve the pairing Hamiltonian Hpairing. This approach is valid due to the
macroscopic number of Cooper pairs in the condensate. We write the Cooper

pair creation operator as

C—k|Cht = br + (C—k Ckt — bk) (2.32)
—_——
by,
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with the fluctuation dbg. The pairing Hamiltonian in Eq. is now expanded

up to linear order in the fluctuations, and we obtain the BCS-Hamiltonian

HBCS = ngcL,ock’U—i_Z Vk,k:' (CL’,TCT—I@’,¢bk + bL/ka,ick,T — b};,bk) . (2.33)
k,o kK’

This Hamiltonian can be solved self-consistently with (c_g k) = bp. We

define the superconducting gap function Ay
Ap = — Z Vie o' bier (2.34)
kl

and rewrite the BCS-Hamiltonian

Hpcs = Z (ﬁkcfkyack,g — Akcj,rmcjr_,%¢ — Apc g | Crr + b;;Ak) ) (2.35)
k,o

The superconducting pairing gap Ay always couples a state to its time reversed
stateﬂ This Hamiltonian can be diagonalized using a Bogoliubov-Valatin trans-

formation. The Bogoliubov quasi-particles are defined by

5k:7T = UgCk,t — VpC—k,, and ﬁk,¢ = UkCk,| + VC_k 1 - (2.36)

The excitation energy for Bogoliubov quasi-particles is given by

B = /& + A (2.37)

with an energy gap of |Ag| to the first excited state. The coefficients in Eq.
can be calculated to be

1
ok)? =1 — [ug|* = 3 <1 - g;) : (2.38)

where the phase of one coefficient can be chosen freely and the other one is
then fixed by the phase of the pairing gap. The transformation results in the

Hamiltonian

Hpos =Y (€ — Er + DMebi) + > Efl Bro (2.39)
k k,o

where the first term is the ground state energy. The self-consistency condition

yields a condition on the gap function, which can be derived from the free

5Tn the Bogoliubov-de Gennes formalism the time reversed states will be treated as hole-like
particles.
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energy of the system. The condition is given by

T Ekr
A = — ,—k h . 2.4
k %’: Vk:,k 2Ek, tan (2]€BT) ( 0)

In the following chapters we always assume a constant gap function as a starting
point of all calculations. In the next sections we show, how superconductivity
extends into normal conductors at interfaces and discuss the Bogoliubov-de

Gennes formalism building on the results obtained here.

2.3.2 Superconducting proximity effect

The superconducting proximity effect occurs, when superconductors and nor-
mal conductors are brought into contact. These types of interfaces have been
described by de Gennes [23] and Beenakker [24] in many possible setups. We
are only concerned with the interface between a s-wave superconductor and
a normal conductor. There are effects on the superconductor and the normal
conductor due to the interface. We will only describe the effects in the normal

conducting region.

The proximity to the superconductor opens a finite pairing gap in the nor-
mal conducting region. The magnitude of the gap is generally smaller than
the gap of the proximitizing superconductor, and it decreases into the normal
conducting region. The origin of this effect is the leakage of Cooper pairs into
the normal conductor. The Cooper pairs can tunnel into the normal conductor
and thus open a finite pairing gap due to scattering with electrons. Since this
scattering has to occur coherently, the penetration depth is usually limited by
the phase coherence length of the normal conductorm The gap opening in the
normal conducting system has the same phase as the gap in the proximitizing
s-wave superconductor, because the Cooper pairs also carry the phase informa-

tion of the original pairing gap.

If, instead of a normal conductor, a topological insulator is proximitized, the
same process occurs. Since the bulk of the topological insulator is already
gapped, the superconducting gap broadens the gap but has little effect on the
bulk spectrum. However, this is not the case for the surface states. Due to the
proximity effect, the surface of the topological insulator becomes superconduct-
ing and the pairing gap opens a gap at the Dirac cone. Due to the fact that

only surface states are contributing, the magnitude of the pairing gap is of the

T Although recent experiments have shown different results [25].
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same order as the original gap.

Since we want to use these proximitized topological insulator surfaces to con-
struct Josephson junctions and networks of different junctions, we need a de-
scription of the superconducting surface Hamiltonian. In the next section we
introduce the Bogoliubov-de Gennes formalism to describe superconducting sys-
tems and show how it can be used to add superconductivity to any metal or

insulator model.

2.3.3 Bogoliubov-de Gennes formalism

In this section we show how we use the Bogoliubov-de Gennes formalism to de-
scribe superconducting systems. We demonstrate how the Bogoliubov-de Gennes
formalism works on a simple toy model [26]. Afterwards, we explain how we
use this formalism to describe superconductivity and discuss how we can treat

the proximity effect for surface states easily.

The toy model, we use to describe the main features of the formalism, is a

general second-quantized Hamiltonian, that may not preserve particle number.
{

The creation and annihilation operators ¢; and ¢; obey fermionic commutation
relations

{ci,ch} =0 and {ei, ¢} =0, (2.41)
and the Hamiltonian is given by
Htoy = Z [hijCZCj + % (Aijc;rc;r- + Afjcicj)] . (2.42)
2%

We collect all creation and annihilation operators in a vector and write this

Hamiltonian as

Hioy = cthe + 3 (cTAcT + cATc) , (2.43)

where h = hl is hermitian The main idea of the Bogoliubov-de Gennes

formalism is to bring the Hamiltonian into a quadratic form by doubling the

8We have the additional constraint A = —A” for the toy problem. The constraint on the
pairing matrix A is given due to the fact, that all symmetric terms in A do not contribute the
the Hamiltonian, because of the fermionic commutation relation. However, this is only true
in this simple case, where the hole states are generated by complex conjugation alone.
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degrees of freedom. We write the toy Hamiltonian as

Hiy = (e ) (ZT —iT> (;) + Ltr(h) (2.44)
~—_——

=Hgqa

with the hermitian matrix Hgqg. If the original system had n degrees of free-
dom, Hpqg has the size 2n x 2n. Now the Bogoliubov-de Gennes Hamiltonian
can be solved by a Bogoliubov-Valatin transformation, similar to the transfor-
mation described in the Bardeen-Cooper-Schrieffer theory, but this is not the
focus of this section. Rather we want to emphasize the more general aspects of

the Bogoliubov-de Gennes formalism.

The creation and annihilation operators are connected by time-reversal sym-
metry 7', which is given by complex conjugation in the toy problem. Since
time-reversed electrons are described as holes, the annihilation operator for an
electron can be interpreted as a creation operator of a hole state. We denote
the electron operators as c. and ci and introduce operators ¢, and c;rl as hole

operators, that are related by
ch=TeT '=c. (2.45)

Neglecting the constant energy shift and using the fact that T' = K, which is
simply complex conjugation, and that h is Hermitian, we can rewrite Eq. (2.44))

h A Ce
HtOy = %(02702) <AT _ThT1> (ch) : (246)

The operator Hpqg has an artificial particle-hole symmetry { Hgqg, Z} = 0 with

as

(1]
I

K, (2.47)

where 7 are Pauli operators, that act on the electron-hole degree of freedom.
The symmetry is there by construction and can not be broken. Therefore, it is
not a symmetry in the conventional sense, since it does not commute with the
Hamiltonian Higy. It ensures, that the spectrum of Hpqg is symmetric around
E = 0. All states with positive energy are interpreted as electron states, and
all states with negative energy are interpreted as hole states. These properties
of the Bogoliubov-de Gennes Hamiltonian can be used for more complicated

systems to describe superconductivity.
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Superconductivity in the BCS-theory originates from the finite pairing gap
coupling states, that transform into each other under time-reversal. The main
difference to the toy model is a more complicated time-reversal operator, since
we have to account for the spin of the electrons. For c. = (ce4, ¢, i)T, the

time-reversal operator is given by
T =ioyK (2.48)

for o acting on the spin degree of freedom. We again define holes as time-

reversed electrons with the annihilation operator defined by

T
cy = T Ce,t 7—‘_1 = Ceii:L . (249)
Ce,| —Cet

If we assume now a constant pairing gap A, we can use the the Bogoliubov

formalism to write a superconducting system as

h A Ce
HSC = %(01702) (AT —ThT_1> (Ch) y (250)

where h = hT is the 2 x 2 Hamiltonian of the non-interacting system and A is

a 2 x 2 diagonal matrix. The particle hole symmetry = is here given by
E=o0,yK. (2.51)

We will use this formalism for describing a proximitized topological insulator
surface. In that case we substitute the effective surface Hamiltonian for A and
fix the pairing gap to be A = Ae*®. This will be the starting point of our

calculation for the topological insulator Josephson junction.

2.3.4 Andreev reflection

Andreev reflection is a process that occurs on the interface between a normal
conducting and a superconducting region. We consider an electron in the nor-
mal conducting region with an energy below the magnitude of the pairing gap
in the superconducting region. If it hits the interface, it has to be reflected, be-
cause its energy is below the gap of the superconductor. There are two types of
reflection possible. The electron can scatter inelastically back into the normal
conducting region. This process would also take place, if, instead of the super-
conductor, we would consider an insulator, where the energy of the incoming

electron is in the band gap. The second process is Andreev reflection, which is
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Figure 2.1: Sketch of Andreev reflection and the appearance of Andreev bound
states. In (a) the three possible reflection processes on a normal conductor-
superconductor (N-SC) interface are sketched: 1: normal electron to electron
reflection; 2: electron to hole Andreev reflection, where a Cooper pair is ab-
sorbed in the ground state condensate; 3: hole to electron Andreev reflection,
where a Cooper pair is taken from the ground state condensate. In (b) the
setup for Andreev bound states is sketched. In the normal conducting region
between two superconductors electrons and holes are Andreev reflected on both
N-SC interfaces. If after two reflections, the state is again the initial state, an
Andreev bound state appears. Each state has a partner under particle-hole
transformation Z. Similar to a particle in a potential well, the possible energies
of the bound states are quantized, and depend of the pairing gap magnitude
Ao and the phase difference ¢ between the superconductors.

unique to a normal conductor superconductor interface. Due to the finite pair-
ing gap of the superconductor, the electron can be reflected into a hole state
and a Cooper pair is created in the superconductor. The Cooper pair is part
of the ground state condensate of the superconductor, and thus it can exist for
energies below the pairing gap. The opposite process of a reflection from an in-
coming hole into an electron is also possible. Here, a Cooper pair is taken from

the ground state condensate. All possible processes are visualized in Fig. (a).

If we consider a setup with a normal conducting region between two super-
conductors, we obtain for low energies Andreev reflections on both interfaces
of the junction. Now, there can be a closed loop of an electron being Andreev
reflected twice into its original state. This process is sketched in Fig. (b).
Similar to an electron trapped in a potential well, there will be quantized energy
levels up to the energy gap in the superconductor. Their energy depends on
the phase difference between both superconductors. All Andreev bound states

have a partner state, that they transform into under a particle-hole transfor-
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mation. In this thesis, we will only explicitly derive Andreev bound states, that
are eigenstates of the particle-hole transformation. These states always have to

exist at ¥ = 0, while higher energy Andreev bound states appear in pairs at +F.

Andreev bound states can be calculated in a simple way for a phase difference
of m between the superconductors. If we want to treat small phase fluctuations
in the superconductors perturbatively, we have to transform the problem such
that the pairing gap phase is constant and the fluctuations lead to new terms
in the Hamiltonian. In the next section we show, how gauge transformations

of the electromagnetic field can be used to shift the phases of the pairing gap.

2.3.5 Gauge theory for superconducting systems

In this passage, we show how a gauge transformation of the electromagnetic
field affects the pairing gap of a superconducting system. The section is based
on de Gennes’ work [27] and only gives a brief description of the consequences of
gauge theory. We will not go into the early discussions, where gauge invariance
was questioned in the BCS theory. For further information about this topic,
we refer to work by Nambu [28] and Anderson [29]. We will only focus on the
effect of a gauge field on the terms in the Bogoliubov-de Gennes Hamiltonian.
This can be used later to shift the phase of the gap function onto a vector
potential. The vector potential can be included via minimal coupling into the

Bogoliubov-de Gennes Hamiltonian.

The electromagnetic fields can be derived from the scalar potential ¢ and the

vector potential A. The fields are given by

A
E:—qu—%—t and B=VxA. (2.52)

The choice of the potentials is not unique. For any potentials ¢ and A and any
scalar function y, the potentials given by
Ix

¢':¢—E and A=A+ Vy, (2.53)

generate the same fields. The gauge field has to be real and continuous. In the
bulk of a superconductor, the electric and the magnetic field have to be E =0

and B = 0. One possible gauge is therefore given by

=0 and A=0. (2.54)
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However, for any time-independent gauge field x(r,t) = x(r), the fields are also

Zero.

The choice of a gauge has to affect the pairing gap, to preserve the gauge
invariance of the Bogoliubov-de Gennes Hamiltonian. The creation and annihi-
lation operators ¢ and ¢ transform under a unitary operation, when applying

a gauge transformation. The transformed operators are given by

= eie fr A(r/)dr’c and C/T _ c’fefie ST A(r)dr ' (255)

For the zero-field case, the unitary transformation can be simplified to

pie [T A(r)dr' _ iex(r) (2.56)

Since A  (cc), the pairing gap has to transform according to
A — eQie Jr A('r")dr’A _ €2iex(r)A ) (257)

Applying this to the Bogoliubov-de Gennes Hamiltonian and shifting the mo-

mentum operator p — p’ = p + eA ensures the gauge invarianceﬂ

If there is just one superconductor in the problem, there can also be found
a gauge field such that the pairing gap is real, which can simplify calculations.
If there are multiple superconductors with different phases, we can choose a
gauge so we only have to consider simple phases for the superconductors. All
effects of the phase variation are then shifted into the vector potential A. We

will use this later to treat small phase variations perturbatively.

9Note, that this might complicate the calculation of the time-reversed Hamiltonian, since
the vector potential is not time-reversal invariant.
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Chapter 3

Topological insulator

Josephson junction

In this chapter, we analyze the properties of a single topological insulator
Josephson junction. A Josephson junction is constructed out of two supercon-
ductors and a normal conducting or insulating barrier in between them. We are
considering a setup of a linear junction on the surface of three-dimensional topo-
logical insulator. The resulting Josephson junction is effectively two-dimensional,
since only surface states of the topological insulator effect the low energy regime
of the junction. The details of the setup will be discussed first, and we will
derive the surface Hamiltonian building on the results of Ch. [2, From the two-
dimensional surface Hamiltonian, two zero-energy Majorana bound states can
be derived. The calculation uses again the Jackiw-Rebbi approach, but it has
to be modified slightly, due to the particle-hole symmetry of the Bogoliubov-
de Gennes formalism implemented here. We will show that the Majorana modes
obtained here can propagate along the junction. The propagation of the Ma-
jorana states and the gapping of the modes via the phase difference across the
Josephson junction are calculated using degenerate perturbation theory. This
results in an effective one-dimensional model for propagating Majorana modes,
that are gapped due to time-reversal symmetry breaking. Furthermore, we
consider the influence of local potential disorder on the Majorana modes and
argue why higher Andreev bound states do not affect the low energy effective
description. Lastly, we show that the Majorana Hamiltonian describes a one-
dimensional topological model and explain why a single junction cannot be used
to obtain localized Majorana edge states at the domain walls between different

topological phases.

25
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Figure 3.1: Sketch of the two-dimensional
TI_|_SC TI TI+-SC topological insulator Josephson junction.
The bare topological insulator surface
(TI) and with superconductor proximi-
$1 =0 @2 = @ tized regions (T1+SC) are indicated. The
phases of the pairing gap of both super-
> conducting regions are indicated, while
W Y the magnitude of the pairing gap is Ag
b on both sides of the junction.

w
2

3.1 Description of an infinite narrow Josephson junc-

tion

We consider an infinite narrow Josephson junction, meaning a junction of length
L = oo and finite width W. The results obtained here can be used later for the
finite narrow Josephson junctions in the limit W < L. As depicted in Fig.
the topological insulator surface is proximitized by two s-wave superconductors
with a strip of bare surface of width W in between. The pairing gap in each

superconductor takes a constant value
Aj = Ao 6i¢j (31)

for both sides j = 1, 2 of the junction. The phase of the first superconductor ¢
can always be gauged to ¢1 = 0, such that the phase of the second superconduc-
tor takes the value of the phase difference ¢o = ¢. The junction is extended to
infinity in positive and negative z-direction to allow for free propagation along
the junction. We assume the magnitude of the superconducting gap to be much
smaller than the bulk gap of the topological insulator. With this approximation
it is reasonable to only take the surface spectrum of the topological insulator

into the description and neglect the bulk completely.

For the description of the junction we take the surface Hamiltonian in Eq. ,
obtained from the simplified Bernevig-Hughes-Zhang model. In the proximi-
tized regions of the surface a superconducting gap opens, and the surfaces have
to be described by the Bogoliubov-de Gennes formalism as described in Ch.

As a basis for the description we choose

U = ((l/}?lectron, wilectron)’ ( ilole’ _w,}rlole>>T ) (32)
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The junction can now be modeled by varying the parameters of the super-
conducting gap as a function of the position on the surface. The complete

Hamiltonian is given by

Hyy=7. (vo-p—poo) + Ags(r) [14cos(¢ss(r)) + 7ysin(dys(r))]  (3.3)

with p = (pz,py)T, 7 = (2,9)T and o = (04,04)T. The o are Pauli matrices
acting on the spin degree of freedom, and 7 are Pauli matrices that describe the
electron and hole degree of freedom of ¥. The functions describing the pairing

gap are given by
Ap(r) =200 (lyl =) and éy(r) =900 (y— %) . (3.4)

The first term describes the Dirac surface modes separately for both electrons
and holes in the Bogoliubov-de Gennes formalism. The second term captures
the coupling between electrons and holes in the proximitized regions. The
particle-hole symmetry operator = and the time reversal operator T' are given
by

E=m0,K and T =ioyK, (3.5)

where K denotes complex conjugation. The Hamiltonian for the Josephson
junction satisfies particle-hole symmetry {Z, Hy;} = 0 and is time-reversal in-
variant [T, Hyj] = 0 for ¢ = 0 and ¢ = w. It immediately follows from the

particle-hole symmetry, that the energy spectrum is symmetric around £ = 0.

Starting from this description of the topological insulator Josephson junction,
we derive the low energy spectrum of the junction in the next section and show,

how Majorana zero modes appear in the junction.

3.2 Derivation of Majorana zero modes

The calculation of the low-energy states inside the Josephson junction is similar
to the derivation of the surface spectrum for the 3D topological insulator from
the Bernevig-Hughes-Zhang bulk Hamiltonian in Ch. 2 We assume the phase
difference across the junction being close to w. The difference d¢p = m — ¢ is
taken into account perturbatively. We rearrange the Hamiltonian in Eq.

to obtain a generalized Jackiw-Rebbi model perpendicular to the Josephson
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junction

Ajr(Y)

Hyy =vt,0ypy — pu7. + Ay [1—2@(3/—%)]71 + VT,05 Pa

(3.6)
Hjr

+ A [(1 = cos(66)) 75 + sin(d¢) 7] © (y — ) .

The generalized Jackiw-Rebbi Hamiltonian Hjg defined in Eq. has to
have two zero-energy solutions, since there are two Pauli degrees of freedom. If
Hjr £+ = 0 is rearranged to single out the partial derivative, we notice that the
chemical potential enters with a different combination of Pauli matrices than
the sign changing function Ajr(y). We now have to solve the more complicated
differential equation

AJr(y)

0,Cs = 7,0y Ca + i%ay Cy (3.7)

To obtain normalizable solutions, {+ has to be an eigenstate of the tensor
product 7,0, with eigenvalue +1 due to the shape of Ajr(y). Since the spinor
components of both terms on the right hand side commute, [r,0,,0,] = 0, we
can choose the eigenstates of 7,0, with eigenvalue 41 such that they are simul-
taneously eigenstates of o,. The two normalized spinors with these properties

are
ne = (1, i, +i, 1) (3.8)

with
TyOy N+ = T+ and oyn+ = En+. (3.9)

If we take ¢+ (y) = n+ f+(y) and insert it in Eq. (3.7)), it results in a differential

equation for the complex scalar functions fi(y)

oufe) = 20 p ) i ), (3.10)

which is solved by

fily) = cy eFWH/vE]y I ARG /0. (3.11)

Thus, the two normalized solutions of the generalized Jackiw-Rebbi model are

given by
) = s m—r = (1,44, i, —1)T eFwn/vtlg di Am(@)/v (3.12)
v/ v/Ao
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The probability density inside the Josephson junction is constant and it decays
exponentially with a decay length Agc = v/A into both superconducting re-

gions.

The two solutions are complex conjugates of each other and can therefore be
expressed by two Majorana modes. The zero energy states can be composed
into their real and imaginary part 4+ = %(51 +i&2), where each part can be
viewed as a single Majorana zero mode. The two orthonormal Majorana states

are given by
& = V2-Re{¢y} and g =2 -Im{¢,}. (3.13)

Both modes are as a linear combination of {; and ¢_ still eigenstates of the
tensor product 7,0, with the eigenvalue +1. Since both modes are given by
real wave functions, they are also invariant under the particle-hole symmetry

operator
E&, =T1y0, K€ =&, . (3.14)

This proves that the Majorana modes are their own particle-hole counterpart.
Due to the particle-hole symmetry of Hjj, the energy of both Majorana modes
is fixed to £ = 0.

The Majorana modes derived here are the lowest energy Andreev bound states
in the Josephson junction. Energetically higher Andreev bound states can be
derived for the topological insulator Josephson junction. Due to the particle-
hole symmetry there must always be a pair of Andreev bound states connected
by the particle-hole operator with the energies £ and —F. The important dif-
ference to the Majorana zero modes is, that the Andreev bound states are not

eigenstates of the particle-hole symmetry operator.

3.3 Omne-dimensional Majorana wire

The remaining terms of Hj; = Hjr + Hprop + Hs describe the behavior of
the Majorana modes propagating along the junction and the effects of a phase
difference ¢ # m across the junction. Both effects are included perturbatively

for the Majorana zero modes. The resulting effective Hamiltonian will describe
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a one-dimensional Majorana wire. The two perturbing terms are given by

Hprop = 0T205 P = =V T,0,0, i vk, 7,0, and (3.15)

Hjs = Ag [((1 = cos(0¢)) 7 +sin(d¢) 7] © (y — %) . (3.16)

The energy of the Majorana modes is degenerate, and therefore we use de-
generate perturbation theory to obtain an effective Hamiltonian for the low
energy sector of the Josephson junction. The resulting Hamiltonian is defined

by different expectation values

HlD = Z |£a> <£a|(Hpr0p+H5)‘€b> <£b| ’ (317)

ab=1,2

where the basis of this effective model is given by the two Majorana bound

states.

Both perturbations will be treated separately, starting with the propagation
along the junction. The momentum k, along the junction is a good quantum
number, since the translational invariance in z-direction is not broken by the
junctions setup. This simplifies the calculation, because the momentum k, can
be taken out of all expectation values needed for the calculation of the effective

Hamiltonian
<£a|HprOp|£b> = ky (Ea‘UTyUy’£b> . (3.18)

The remaining expectation value gives the coupling of the Majorana modes to
each other, and a renormalized Fermi velocity for the propagation along the

junction can be obtained.

For the explicit calculation of matrix elements, we used the {4+ representa-
tion of the zero energy states. It is possible the get all the expectation values

of an operator M from

2 (CIM|Cy) = (&1l M&1) + (&2l M|&2) +i (€1|M|&2) — i (§2|M|&1) . (3.19)
2 (C-|M[C-) = (&1|M|&1) + (&2 M |€) — i (£1]M|&2) +1i (&2|M|&1),  (3.20)
2 (C-|M|Cy) = (1M |&1) — (2| M|&2) + i (€1|M &) +i (2| M|&1) . (3.21)
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This simplifies the calculation for the perturbative terms. The results are

(Clomyoyl¢) = 0= (¢C_Joryoyl¢)  and (3.22)
o A% cos(%) + % sin(TW)
O AF Wao 41

(¢l myoyl¢s) =iv (3.23)
and from that the momentum-dependent part of the effective Hamiltonian fol-

lows to

> [€a) (EalHpropl€o) (€b| = Tz 62 (3.24)

a,b=1,2

This part of the effective Hamiltonian yields a one-dimensional Dirac spectrum,

where & act on the basis of the two Majorana zero modes &(z) = (& (), &2(z))7.

To include deviations from a phase difference of ¢ = 7, we use a gauge transfor-
mation y(y). With this transformation the phase of the superconducting gap
function for % < y is fixed to ¢ = 7. Simultaneously, we do not want to affect
the gap function for y < —%, and the gauge has to be chosen continuous. The

simplest solution that fulfills these conditions is

0 y<_%a
_J) s
X= oy (W+%) W<, (3.25)
5¢ W
e 7<y.

This gauge results in a non-zero vector potential A inside the Josephson junc-
tion
0¢

— _—r (W _
A= 0 — ey, (3.26)

that acts therefore only on a finite region in y-direction. Since the Dirac disper-
sion of the surface states of the topological insulator is linear in p, the vector
potential can be included easily via minimal coupling. The junction is now con-
sidered at a phase difference, where time reversal invariance is broken. Instead

of Hs we now consider

vas vog

HA:Wey‘O': 2W0'y

(3.27)

as perturbation due to finite e. We only take perturbations up to first order
in € into account. Still we need all possible matrix elements between the two

Majorana zero modes and calculate them again in the {1 basis. The results are
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given by
) . Sohy 1
<C+|2T§? oyl¢+) = — <C—’2%? oyl-) = 5 2 Why d and (3.28)
(€135 7yl¢1) = 0. (329)

From these expectation values we calculate the contribution of the gauge field

to Hip and it enters as the mass term

D7 &) (EalHal&) (&) =55, (3.30)

a,b=1,2

into the one-dimensional Hamiltonian. The mass can be tuned by varying the

phase difference across the Josephson junction.

The full effective Hamiltonian describing the one-dimensional Majorana wire
is given by
Hip = 0k;0, + 60y . (3.31)

The Pauli operators & act on the basis £(z) = (£1(x), & (2))T. The &, (x) are
Majorana modes corresponding to the two zero energy bound states in the
Josephson junction. Both modes are a equal mixture of all spin, orbital and
particle-hole states in the full three dimensional description, and this structure
can be derived from all dimension reducing transformations. In this low-energy
description this is all captured in the two modes {,(z). For this basis the

particle-hole and time-reversal symmetry operators are
E=K and T =io,K. (3.32)

The particle-hole symmetry of the Hamiltonian of the Josephson junction is
preserved. For finite § the effective Hamiltonian is not time reversal invariant,

which is consistent with the full Hyj. The spectrum E; of Hqp is
Ex = £/ (0ky)? + 2. (3.33)

This spectrum can be compared to the spectrum for a junction with W = 0
and g = 0 derived by Fu and Kane [7]. They obtained

FEigeal = i\/(vkx)Q + Ay cos(%) (3.34)
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for ¢ = m — d¢. In this limit we obtain ¥ = v and 6 = MQAO

with their result. We use their more general result for an estimation of the

, which is consistent

mass term ¢ in the cases, where we have a phase differences across a Josephson
junction, which cannot be approximated with our perturbative result. As we

show later, the exact value of § is not as important as the sign of the mass term.

3.4 Effects of disorder on the effective Hamiltonian

We specify two different types of disorder for the topological insulator Josephson
junction in the two dimensional system. The first kind of disorder V' preserves

the particle-hole symmetry = of the system
{V,E}=0. (3.35)

Disorder in the chemical potential V' = V (r) 7, fulfills the condition in Eq (3.35]).
The second type of disorder is not particle-hole symmetry preserving. One pos-
sible source of a term like this are magnetic fields, that have the form B(r) - o

in our basis.

For the symmetry-preserving disorder we first consider the effects of the disor-
der on the one-dimensional effective Hamiltonian. The disorder is taken into
account perturbatively. Concerning all expectation values needed for the de-

generate perturbation approach, we obtain

(€alV]&) = (€ETHEVETHEL) = — (Ll V&) | (3.36)

and from this follows
(&alV]&) = 0. (3.37)

Any symmetry-preserving perturbation to the system does not affect the low-
energy one-dimensional effective Hamiltonian. The Majorana modes are pro-
tected by particle-hole symmetry and therefore they are not perturbed by any
symmetry preserving term. Accordingly the Majorana modes can not interact
with any fully localized states, that appear for stronger disorder. Even though,
these localized states can have energies arbitrarily close to the propagating Ma-

jorana modes, Hip is not affected by their presence.

Secondly, we consider the effects of disorder on higher Andreev bound states.
These states are not protected by particle-hole symmetry and therefore per-

turbed by the disorder in the system. For sufficiently high disorder, the scatter-
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ing due to the disorder potential results in a phase coherence length l.op < W
of the proximitized surface, and no Andreev bound states are possible. The
decoherence of the scattered electrons and holes prohibits the phase coherent
superposition of electron and hole states, which is needed for Andreev bound
states. Of all propagating states, only the Majorana modes survive in the
Josephson junction, because they are the only ones, that have to appear in the
junction, which was shown with the generalized Jackiw-Rebbi model. The low
energy effective model becomes even more valid in this case, since the energy
gap from the transversal Majorana zero modes to the energetically next highest

propagating state in the system is larger.

The second type of disorder is only relevant for Josephson junctions with fi-
nite width. If W = 0, the presence of the finite superconducting gap function
enforces particle-hole symmetry on the full surface of the topological insulatorﬂ
In general, for finite W, the particle-hole symmetry-breaking perturbation af-
fects the low energy effective Hamiltonian. For weak disorder, it can introduce
additional terms into Hip, which gap out the spectrum for the case § = 0.
Even for the weakly perturbed system, the symmetry protection of the Ma-
jorana modes is lifted. If the symmetry protection of the Majorana modes is
broken, particle-hole symmetric perturbations of the first disorder type affect
the low energy spectrum of the Josephson junction. Especially the strong local
potential disorder, that was considered before, can now destroy the Majorana

bound states as well as the higher order Andreev bound states.

In the following, we always assume that there is strong enough particle-hole
symmetric disorder in the Josephson junction to destroy higher Andreev bound
states. Furthermore, we only consider the situation, that there are no per-
turbations in the system, which are not particle-hole symmetric. The second
assumption is valid in the narrow junction limit, since there the superconduc-
tivity ensures the particle-hole symmetry of the system due to the proximity

effect. In this case, the low energy one dimensional effective model is valid.

!This situation can be achieved for systems, where W is smaller than the effective surface
coherence length of the proximitized topological insulator surface. Then the proximitized
regions extend so far, that they meet and the effective width of the Josephson junction is
W =0.
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3.5 Topology of the Majorana wire

To create the Majorana lattice in Ch. [5| we need localized Majorana modes on
the lattice sites and wires, which connect lattice sites, to obtain interaction.
As we will show later, the topological insulator Josephson junction can be used
as such a wire to bring forth interactions between localized Majorana bound
states. We still need to obtain localized Majorana modes to create the lattice
and we can use the topological properties of the Majorana wire to find such

modes.

If we just assume, that we can influence the parameter ¢ in the Majorana wire
Hamiltonian Hip defined by Eq. (3.31]), we can construct a situation where

01 >0 >0
Sy =14 S (3.38)
0o <0 <0

Then Hip is a Jackiw-Rebbi Hamiltonian, now defined for Majorana modes
instead of fermionic modes as before. Therefore, we obtain a localized state at
x = 0, where the sign of § changes. Using this, we can define two topological
phases of the Majorana wire with the sign of § as topological invariant, since
the Jackiw-Rebbi model only yields edge states between different topological

phases. It is clear that the phase transition occurs at § = 0.

In the next chapter, we will build on this topological property of the Majo-
rana wire to obtain Majorana bound states. However, we always have to keep
in mind, that the Majorana wire is the low energy description of a topological
insulator Josephson junction. If we want to build a network of Majorana wires,
we have to account for the superconducting regions of the topological insulator
surface. There are situations, where the constraint, that the pairing gap phases
in continuous superconductors must be constant, does not allow for a specific
tuning of the Majorana network. This is also the reason why we need three

independent superconducting regions, as we will show in the next chapter.
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Chapter 4
Localized Majorana state

In this chapter, we want to obtain a localized Majorana bound state on the
topological insulator surface. We need these states to construct the hexagonal
lattice. In the last section of the previous chapter, we showed, that the low-
energy regime of a topological insulator Josephson junction corresponds to a
topological Majorana wire. We identified the two phases of this one-dimensional
model. Our approach of finding a Majorana bound state is based on the idea
of introducing a domain wall between two different topological regimes. At
this domain wall, we expect a localized boundary state. However, there is one
problem with this approach. We need at least three different superconductors
to realize the phase differences across the junctions for two distinct domains in
the Majorana wire. If the phases are tuned to achieve a wire with two domains,
there must be a third Josephson junction. In this chapter, we will describe how
these trijunction setups can be treated and show that the naive approach of
finding a localized Majorana bound state at a domain wall leads to a general
result for trijunctions. We will be able to obtain a phase diagram for the
appearance of Majorana bound states in the junction, which can be compared
to results derived in different limits. We will also show, that Majorana bound
states exist in a trijunction with identical absolute value of the phase difference
across each junction and a discrete rotational invariance of 27 /3. Out of these

junctions, we will be able to construct the hexagonal Majorana lattice.

4.1 Localized Majorana state at domain wall

We want to obtain a localized Majorana bound state starting from the topo-
logical Majorana wire described by Hip in Eq. (3.31). We consider the narrow
junction limit and expand ¢ and § to zeroth order in WAg/v. This can be

motivated with the extension of the proximitized region into the physical gap

37
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Figure 4.1: Sketch of a topological insu-
lator Josephson junction with a topolog-
ical domain wall (red dot). The Majo-
Py =T — 5¢ o1 =1+ 5¢5 rana wire (black line) has two topologi-
cal phases, represented by the solid and
dashed line. Where the two phases meet,
a domain wall is present. If the phases of
the proximitizing superconductor ¢; are
¢0 =0 chosen such that a topological domain
wall is created in the Majorana wire, an
additional Josephson junction (pink line)

appears.

between the superconductors. Further we set u = 0 and the parameters of the

wire are given by

v =wv and 5:6¢>%. (4.1)

To realize a domain wall, the parameter § has to change sign once along the
wire. The simplest choice of the superconducting phases to create such a wall
is shown in Fig. but it is clear from the sketch, that we cannot obtain
a topological domain wall without creating a third Josephson junction. We
only consider the symmetric tuning of the phases in this section as depicted
in Fig. For all € # 0 the third Josephson junction must exist and host
propagating Majorana modes with energies below the magnitude of the pairing
gap in the topological insulator surface Ag. If we only consider §¢ < 1, the gap
in the new junction dyew is far larger than the gap in the junction, where we
want to create the domain wall. According to [7,|30] the gap in the new Joseph-
son junction must be of the order of Ay with quadratic corrections in 6¢>E] If
Snew = Ao + O(3¢?), we do not have to take the new junction into account for
the low-energy description of the junction with the domain wall. The reason for
this is, that the gap between the low-energy states in the junction with domain
wall and the excited states in the proximitized regions are of the same order.
Therefore they are neglected in the low-energy expansion. The existence of the
third junction is only important to allow the phase tuning needed for a domain
wall, but can otherwise be neglected. Later, we show that this is not true in

general and that there are situations where all junctions contribute identically.

With this simplification, we can describe the problem now with a one-dimensional

!There would also be corrections due to a finite width W of the third junction, but these
are neglected in the idealized limit we consider here. If for all junctions the finite width would
be treated identically, the results presented here would not change, if all junctions have the
same size.



4.2. PHASE VARIATIONS 39

Hamiltonian

Hdomain wall = _iv&xaac + 5(-%')&3/ ) (42)

where the & act on the Majorana basis (£1(z),&(x))T and with the position
dependent gap
% , z <0

il 550

d(x) = (4.3)
Depending on the sign of d¢, the signs of both cases of §(z) for x = 0 change.
This change of sign corresponds to a topological phase transition of both do-
mains of the Majorana wire, and for the symmetric choice of d¢, this transition
happens in both domains simultaneously. Therefore, we always have a domain
wall at * = 0. This model is now a Jackiw-Rebbi model for two Majorana
modes. We formulated the Jackiw-Rebbi model in Ch. [2| for a general basis,
so we can take all results from this chapter to calculate the boundary state at
the domain wall. Since we only have two Majorana modes contributing and
therefore have one Pauli degree of freedom, we obtain a single Majorana bound
state. Therefore, a single Majorana mode is localized at the domain wall, and
its energy is fixed to £ = 0, which is always true for the localized solution of a

Jackiw-Rebbi model. The Majorana bound state is given by

Enss = x(0¢) e Aol 100172 (4.4)

with
0,)7, 6p<0

X(0¢) = :
(1,007, 6¢>0

(4.5)
Depending on d¢, the Majorana mode, which gives the bound state, changes,

but this can only occur at the phase transition of the wire.

A Majorana bound state is obtained by neglecting one of the junctions com-
pletely. In the next section, we describe how variations of the phases affect the
Majorana bound state. There, we will show that the results from the approach
given here can be generalized to arbitrary phases of the superconducting surface

regions.

4.2 Phase variations

In this section, we want to show how the Majorana bound state behaves, if the

phases of the three superconductors are tuned independently of each other. We
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Figure 4.2: Sketch of a Josephson tri-
junction with 27 /3 rotational symmetry.
Three half-infinite topological insulator
xrs3 ¢ Josephson junctions (pink lines) meet in
2 trijunction (red dot). The angle be-
tween them is 27/3. For each individ-
ual junction the coordinates x; > 0 are
sketched for ¢ = 1,2,3 with =; = 0
at the trijunction. The phase differ-
ences (A¢); for each Majorana wire be-
tween the superconducting regions are
measured counter-clockwise around the
trijunction, indicated by the curved ar-
row. Each junction is described by the
one-dimensional Majorana wire Hamil-
tonian derived in the previous chapter
with (A¢); as phase difference across the
Josephson junction.

(Ad)a = ¢2 — 1

will treat this in a 27/3 rotational invariant setup, because we have to treat less
distinct cases to obtain results for arbitrary phases and since this is the element
from which we will construct the hexagonal Majorana lattice. For this setup,
we will identify two distinct situations, one with a localized Majorana bound
state and one without. We will show, how tuning the phases effects both cases

and how the transition between them can be explained.

We take the setup from the previous section and deform the superconducting
regions, we obtain junctions which meet at a rotational symmetric trijunction.
From now on, we will speak of three half-infinite Josephson junctions, which
meet in one point. Each junction has its own coordinate z; € [0,00] with
1 =1,2,3, where z; = 0 describes the trijunction. The phase difference across
each junction has to be measured now clockwise around the trijunction, to get
the right parameters for each junction. In Fig. [£.2] this symmetric trijunction
is sketched, and the coordinates for each Josephson junction are shown. Each
junction can be described as an individual half-infinite topological Majorana

wire with the Hamiltonian
H, = —iv&mami + 51'5'1/ with x; > 0. (4.6)

Instead of describing the problem as a general scattering problem between the
three junctions, we identify two special cases, that can be generalized using the

topological properties of each junction.



4.2. PHASE VARIATIONS 41

(a)

Figure 4.3: Sketch of a trijunction of three half-infinite topological insulator
Josephson junctions for differently tuned phase setups. In both cases, the gap
03 is of the order of the superconducting pairing gap in the proximitized re-
gions, and the third junction can be neglected in the low-energy description
of the trijunction. In (a) the superconducting phases are tuned, such that the
trijunction hosts one localized Majorana state. In (b) the junction will not host
a Majorana bound state.

We consider two differently tuned phase setups, from which the first is identical
to the situation before and the second could be realized with two superconduc-
tors without a third junction. Both setups are sketched in Fig. £33} In both
cases the third junction can be neglected for the low-energy description, since
the gap here is similar to Ag. We define a coordinate x along the contributing
junctions 1 and 2 as

—x1, <0
xr =

. (4.7)
T2, x>0

After the coordinate transformation, the total Hamiltonian takes the form

Htrijunction = —i00,0; + 5(37)&y (48)
with
-6, <0
sx)=4 : (4.9)
oo, x>0

Now, we consider both phase setups individually. If the phases are tuned as
shown in Fig. [4.3] (a), we obtain

5 =08 =005, (4.10)
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This leads to a sign change in §(x) after the transformation, and therefore to a
domain wall in the low-energy model for the trijunction. Depending on the sign
of d¢, the spinor structure of the Majorana mode changes according to Eq. .
This setup will always host a Majorana bound state in the trijunction. For
the situation shown in Fig. [4.3| (b), the gaps in the two contributing junctions

already have a different sign
51 =02 =0 3. (4.11)

After the transformation §(z) = —d; is constant. Therefore, there will not be a
Majorana bound state localized at the trijunction. For both phase setups, this
fulfills the expectations, since the first setup is very similar to the situation in
the previous section and the second setup resembles one junction with a kink

but no domain wall.

For the phase setup, where a Majorana mode is localized in the trijunction,
we vary the phases of the superconductors continuously without ever having a
phase difference of A¢ = 7 across a junction. If there never is a phase difference
of A¢ = 7 across any junction, all junctions are always gapped and the zero
energy Majorana mode has to stay at the junction. Phase variations like this
define topological equivalence classes, because they transform the Hamiltonian
without ever closing the energy gap. If we tune one phase difference exactly to
A¢ = 7, one Majorana wire becomes gapless and the Majorana mode becomes
part of the spectrum of that junction. When we tune this Josephson junction
away from the gapless point, two things can happen. If we reverse the phase
variation, which brought us to the gapless point, we will again create a Ma-
jorana mode at the trijunction, since the situation is topologically equivalent
to the setup in the beginning. But if we tune the phase such that we do not
reverse previous variations, we end up in a setup, which is topologically equiv-
alent to the phase setup in Fig. [4.3[ (b), and does not host a Majorana bound
state. The topological phase transition of one topological insulator Josephson
junction results in a phase transition between the two topologically different

phase setups.

We have shown, that the appearance of a Majorana bound state is tied to
the two topologically different phase setups of the trijunction. The appearance
of Majorana zero modes is therefore not a result of fine tuning of the pairing
gap phases, but a topological property of the trijunction. However, there are

effects of the exact phases of the pairing gap in the three proximitized regions.
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Depending on each phase difference, the expansion of the zero-energy state into
the individual Josephson junctions varies, but the mode has to stay localized.
The smaller the gap d; of each Majorana wire is, the farther the localized mode
extends into this wire. We have to keep this in mind, when we want to construct

the hexagonal lattice out of individual trijunctions in Ch.

Before we introduce the lattice of Majorana bound states, we will derive a
diagram of the topological phases depending on the superconducting phases
in the next section. We will use this later to obtain a lattice with Majorana
bound states at every trijunction and we will compare our results to a different

approach of treating the trijunction as a three-terminal Josephson junction.

4.3 Phase diagram

In this section, we will derive a diagram of the two topological phases of the
trijunction, depending on the phases of the pairing gap. With this diagram,
we will show, how the topological phase of a trijunction is easily determined
from the pairing gap phases. To construct a diagram of the topological phases,
we assume one of the pairing gaps has the phase ¢g = 0. Then, we only have
to vary the other two superconducting phases ¢; and ¢s. From the derivation
above, we know, that there is a topological phase transition of the trijunction,
if and only if one of the Majorana wires undergoes a phase transition. This
happens if one phase difference between the three superconducting regions is
exactly A¢j; = m. This results in three conditions for a phase transition, which

are given by
¢1=7T or QSQZ?T or ¢1—¢2=:t71’. (4.12)

If any of these conditions is fulfilled, the junction undergoes a phase transition.
If we draw the lines corresponding to the phase transitions in a ¢1-¢o-diagram,
we split the diagram into three areasﬂ The phase transition lines are shown in
Fig.[4:4] For each area, we know from the previous section, whether the trijunc-
tion hosts a localized Majorana mode or not, since the special cases discussed
lie in different areasﬂ Since all points in one area connected by continuous
phase variations, which do not close any gap, each area belongs to the same

topological equivalence class. The difference between the two regions, where a

2Keep the periodicity of ¢; in mind and associate a phase of 2 with 0.

3Since we never specified whether ¢ is positive or negative, we have a special case in each
triangular area. For the trivial case, the sign of d¢ does not matter, because both cases are
connected by continuous phase variations, which never close a gap.
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Figure 4.4: Diagram of the topological
21 phases of the trijunction of topological
¢2 insulator Josephson junctions. Assume
¢o = 0 and tune the other two pairing
gap phases to arbitrary values. The tri-
+ junction will be in a topological phase
T and host a Majorana bound state, if the
point in phase space is in the colored ar-
— eas. For each color the spinor structure
of the Majorana bound state is differ-
ent. The labeling with + is given by the
D1 discrete vorticity of the phases around
0 T 9 the jun(.:tion. The pinkhli'nes indicate the

topological phase transitions.

Majorana mode is present, is the spinor structure of the mode.

Another way to visualize the different phases is to plot €% for j = 0,1,2
on the unit circle in the complex plane and connect the three points in the
order of j. According to Fig. [4.4] if the origin is inside the triangle, a Majorana
bound state is located at the trijunction. The spinor structure of the Majorana
mode can be associated with the direction in which the lines go around the
origin. If the origin is outside the triangle, no Majorana bound state is present.
The three situations are sketched in Fig. This figure shows the discrete
vorticity v of the three pairing gap phases, which can be calculated by

v= 2%” d %dz, (4.13)
where T is the closed path one gets when connecting e¢’®. The integration goes
along the edge of the triangle in Fig. 4.5 The right orientation of the closed
curve is given by the measurement of the pairing gap phases counter-clockwise
around the trijunction. For three superconducting regions, the phase can wind
only once around the origin counter-clockwise or clockwise, which corresponds
to a vorticity of v = 41, or not at all, which results in v = 0. The vorticity
immediately shows, if there is a Majorana bound state at the trijunction. For
v # 0, there must be a Majorana bound state and the sign of v also gives the
spinor structure of the Majorana mode. Since the sign of v distinguishes be-
tween the two different spinor structures, we use it to denote the two different
Majorana modes. For three arbitrary phases, we only have to calculate the
discrete vorticity of the pairing gap phases to know the topological phase of the

trijunction.
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2 (b) ei¢2 *Im (C) *Im pit1

Figure 4.5: Visualization of discrete vorticity of the superconducting phases
in connection with the appearance of Majorana bound states. For the three
topological phases of the trijunction, the three pairing gap phases are shown on
the unit circle in the complex plane. The arrows (pink) connect the points, when
measuring the pairing gap phases in the counter-clockwise direction around the
trijunction. If the origin is inside the triangle, which the arrows form, the path
winds around the origin, indicated by the curved arrow. The discrete vorticity
will be non-zero, and the trijunction will host a Majorana mode. In (a), the
path along the arrows surrounds the origin in counter-clockwise direction and
the discrete vorticity is +1. In (b), the path along the arrows surrounds the
origin in clockwise direction and the discrete vorticity is —1. In (c¢), the path
does not wind around the origin, and there will be no Majorana bound state.

Our result agrees with work done by van Heck et al. in [31], where they an-
alyzed a general scattering region connecting three different superconductors.
In this three-terminal Josephson junction, the superconductors are separated,
and scattering between them leads to the appearance of Majorana zero modes.
Their topological phase diagram for the scattering with disordered configura-
tions agrees completely with Fig. [£.4 We want to emphasize, that we obtained
the connection between the topological phases and the discrete vorticity v as
a result of the analysis of the trijunction. For a continuous p-wave supercon-
ductor and a continuous vortex originating from a magnetic flux, a Majorana
bound state is localized at the vortex according to [32]. However, it was not
clear from the beginning, that the junction has to host a Majorana bound state
for a discrete vortex, since there we have the three Josephson junctions as gaps

between the superconductors.

We now have a condition for Majorana zero modes to be localized at a tri-
junction. In the next chapter, we will construct a Majorana lattice out of tri-
junctions connected by narrow topological insulator Josephson junctions. We
will show, how we can tune the phases of the hexagonal superconducting regions

to create non-zero discrete vorticity at every trijunction, which will lead to a
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hexagonal lattice of Majorana bound states. The analysis of this lattice will be

the main topic of the next chapter.



Chapter 5

Hexagonal Majorana fermion

lattice

In this chapter, we construct a lattice of Majorana fermions and analyze its
transport properties. For the construction of the lattice we use the trijunctions
discussed in the previous chapter and connect them with narrow topological in-
sulator Josephson junctions. The resulting network is hexagonal, and for each
hexagon the phase of the pairing gap has to be fixed. We will show, that there
are tilings of the pairing gap phases, where each trijunction hosts a Majorana
fermion. Further, we will show, that there is a special tiling, where the wave
function of the Majorana bound state extends equally far into every Josephson
junction. This leads to a regular lattice with two trijunctions with different
vorticity in each unit cell. Since the Josephson junctions between different tri-
junctions are not infinite, the wave functions of neighboring Majorana fermions
will overlap, which leads to an interaction between the Majorana modes local-
ized at different trijunctions. Due to the fact that the wave functions decay
exponentially in the Josephson junctions, this interaction will be weak and
strongly dependent on the distance a between the trijunctions. The weak in-
teraction of neighboring Majorana fermions, which are otherwise localized at
each junction, justifies a tight-binding description of the hexagonal Majorana
lattice. We calculate the spectrum of the Majorana lattice from the resulting
tight-binding Hamiltonian and compare it to the spectrum of graphene. Fur-
thermore we want to analyze the transport properties of the Majorana lattice.
For this we will use a library called Kwant [33], but this library is written for
transport problems of standard fermions. To solve this issue, we introduce a
transformation of the hexagonal Majorana lattice to a diamond-shaped lattice
of spinless fermions with a finite superconducting pairing gap. For the fermionic

lattice we can now use built-in functions of the library to show different trans-

47
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port properties. Since the Majorana fermions do not carry electrical charge, we
are interested only in thermal transport. We will derive the one-dimensional
transport spectrum for a ribbon geometry for open and for periodic boundary
conditions, where we obtain edge states for the open boundaries. Moreover,
we analyze the scaling of the conductance G depending on the ratio of the di-
mensions of the Majorana lattice. We will show, how G x L/W approaches
a constant value in the short-wide junction limit. In the last section of this
chapter, we will introduce disorder into the Majorana lattice. In the derivation
of the tight-binding Hamiltonian we will show that the parameters of the Ma-
jorana lattice strongly depend on the phases of the pairing gaps. If there are
phase fluctuations present, this will lead to a disordered hopping between the
Majorana fermions. We will analyze the transport properties of the hexagonal
Majorana lattice in the presence of disordered hopping, and analyze the scaling

behavior of this lattice numerically.

5.1 Description of the hexagonal Majorana lattice

The construction of the hexagonal lattice is simple, if we take the 27 /3 rotational-
symmetric trijunctions and connect them with Majorana wires. If each wire has
the same length a, we will obtain a hexagonal network of Majorana wires. This
can be realized by placing hexagonal superconducting regions on the surface of
a topological insulator. If the edges of neighboring superconducting regions are
parallel to each other, there will be a topological insulator Josephson junction
between each hexagon. To end up with the Majorana wire network, we have to
take the effective low energy description of each Josephson junction. The setup
is sketched in Fig. and it is indicated there, how this system realizes the

Majorana wire network.

Each superconducting hexagon has to have a constant pairing gap phase, and
we have to find a tiling of the phases, which results in a Majorana fermion at
each trijunction to obtain the hexagonal Majorana lattice. We consider a situ-
ation with three different superconducting phases ¢; with j = 0,1,2. If these
three phases result in a non-zero discrete vorticity at a trijunction, we know
that a Majorana bound state must exist at the trijunction. Now we only have
to ensure, that for each trijunction all three phases are present. This is equiv-
alent to the condition, that neighboring hexagons never have the same phase.
Mathematically, this corresponds to the tiling problem of an infinite hexagonal

lattice with three colors. The proof is intuitively clear and can be proven rigor-
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Figure 5.1: Setup of superconducting hexagons on the topological insulator
surface and the resulting Majorana wire network. The topological insulator
surface (TI, gray background) is proximitized by hexagonal superconducting
islands (SC-TI, red). Between the parallel edges topological insulator Josephson
junctions (JJ, blue) are obtained, which meet in trijunctions (TJ,green). The
length of each Josephson junction is a and the width is W. In the low energy
description this setup leads to a network of Majorana wires.

ously . With the phase tiling shown in Fig. n we will obtain a Majorana
bound state at each trijunction. Now we obtained a hexagonal lattice of Majo-
rana bound states. From Fig. it is also clear, that neighboring trijunctions
never have the same vorticity. The vorticity is equal for all trijunctions of the
same sublattice, and the two different sublattices of the hexagonal lattice have

opposite vorticity.

Now, we consider a special phase tuning of the superconducting tiles, that leads

to a hexagonal lattice with equal interaction between all Majorana fermions.

Figure 5.2: Tiling of the pairing gap
phases to obtain a Majorana bound state
at each trijunction. Each superconduct-
ing region is tuned such that every tri-
junction hosts a Majorana bound state
and all conneting Majorana wires have
the same gap §. Each color corresponds
to one phase, and this tiling colors the
whole plane. The discrete vorticity at
each trijunction is indicated by the pink
sign and is either +1 or —1. The vortic-
ity of neighboring trijunctions is always
opposite.
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Figure 5.3: Setup of two trijunctions for
the calculation of the hopping in the lat-
tice. The vorticity of both trijunctions
is non-zero and has opposite sign, there-
fore the two trijunctions host zero-energy

. .‘ Majorana bound states. The vorticity is
\g . gbl & indicated by the pink sign. They are cou-
. - pled by a topological insulator Josephson

P  / junction (solid black line), which can be
¢2 +__i described as a Majorana wire with finite
-:l \d y gap. Both Majorana bound states de-

cay exponentially into the wire. They in-
.. O a “ teract through the Majorana wire, and
’ ¢0 1 the interaction strength can be calcu-
lated by degenerate perturbation theory.
The wire coordinate y is indicated. All
other Majorana wires at the trijunctions
(dashed black lines) are neglected in the
calculation of the interaction strength.

We choose the superconducting phases as

@:%Tj with j=0,1,2. (5.1)
Here the phase differences across each Josephson junction have the same mag-
nitude |A¢| = 27/3, and therefore the gap in each Majorana wire is also of the
same magnitude |51attice|ﬂ Now the wave function of the localized Majorana
mode decays with the same decay length 1/|djattice| into each of the Majorana
wires. Since the distance between neighboring trijunctions a is finite, there will
be an overlap of the wave functions of different Majorana bound states. This

overlap will lead to a small interaction between neighboring Majorana fermions.

To calculate the interaction between neighboring Majorana modes, we con-
sider a setup with two trijunctions and a Majorana wire of length a in between.
We tune the superconducting phases according to Eq. , such that both
trijunctions have non-zero discrete vorticity. The setup is shown in Fig.
Therefore, both trijunctions host a Majorana fermion, but since the vorticity
of the two junctions is opposite, the spinor structure has to be different. We

choose the coordinate y describing the position in the Majorana wire, such that

'For the Majorana wire network it is difficult to define the sign of the phase difference
A¢, since it is not clear in which direction we have to measure this difference. If we focus on
one individual trijunction of the lattice, we can again define the counter-clockwise direction
of phase measurement, but this is not possible for the lattice.
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one trijunction is located at y = 0 and the other is located at y = a and that
the trijunction at y = 0 has positive discrete vorticity. The wave functions of

the localized Majorana modes are given by

et = \/1N (;) e—Sy and & = \/IN <(1)> e—é(a—y)7 (5.2)

where the £+ denotes the vorticity of the respective junction, 5 is the gap of
the Majorana wire, and N = 3(1 — e_“‘g)/(g a normalization constant of the
Majorana modes. The extension of the Majorana bound states into the other
Josephson junction at each trijunction can be neglected here. The normalization
constant of both modes is identical, since the vorticity of the trijunction only
affects the spinor structure and otherwise the bound states at each trijunction

are identical. The Hamiltonian describing the Majorana wire is given by
Hyire = —iv 0, 0y + 5ay . (5.3)

For the wire we know that 6 > 0, since this phase tuning is topologically
equivalent to &9 = 0 and ®; = m — §¢, where we know the gap perturbatively.
With this Hamiltonian as perturbation to the two degenerate Majorana bound
states, we can calculate the interaction. The expectation values needed for

degenerate perturbation theory are given by

(6" [Huire|€") = 0= (€7 [Hyire|€™) and (5:4)
. 0 < 4
<€+‘Hwire‘£ > = —1 m(v + 1)@56 0 . (55)
=t>0

The interaction strength t is always positive, if there is not a topological phase
transition in the Majorana wire. It depends on the length a and the gap of the
wire §. If the phase fluctuates or the length varies, the interaction strength will
vary, but never change sign. However, if there are phase fluctuations present,
which induce topological phase transitions in the Majorana wire connecting the
two trijunctions, both Majorana modes would vanish. The interaction between
the Majorana modes leads to an effective Hamiltonian. With the Majorana
creation and annihilation operator 4* for the two trijunctions it can be written

as
Hinteraction = —2it 'Y+'7_ . (56)
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From this elementary interaction, the whole Majorana lattice can be described.

If we consider the total lattice, we get interactions between all Majorana bound
states connected by a single Majorana wire. Each interaction takes exactly
the form of the two-Majorana interaction. The weak interaction of neighboring
Majorana modes is the only possible interaction in the low-energy description
of the lattice. Since the interaction is weak, a tight-binding description of the
Majorana lattice is valid, where we only have to consider nearest neighbor in-
teractions. If we neglect phase fluctuations of the superconducting phases and
assume all Majorana wires to have the same length, the Majorana lattice can
be described by

Hiattice = —2it Z YnVYm - (57)
<n,m>

The sum in Eq. runs over nearest neighbors, where the Majorana bounds
states that interact always are part of different sublatticesP] We introduce a
different notation ¥, where ¢ is a unit cell index and o denotes the sublattice.

The Majorana creation operators fulfill the relations given by

=T and {37} = 2055605 (58)

To calculate the spectrum of the Majorana lattice, we introduce Fourier-transformed
operators ), for both sublattices & = & and k in the first Brillouin zone. If

ri* denote the positions of the lattice sites in sublattice o, the operators 73 are
defined by

1 -
To=—= > e*riag, (5.9)
From this definition and the Majorana relations in Eq. (5.8)), we obtain
52 = (7)) and {a;},afj} = 200301 —q - (5.10)

With these Majorana annihilation operators in momentum space we can write

Hlattice as

Hlattice = Z _Qf(k):}/]—:'?:k (511)
kel. BZ

with
fll) =ity ek (5.12)

2Here n and m are not the unit cell indices, but they are just two indices, which run over
all sites of the different sublattices.
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The vectors a,, for n = 1, 2, 3 point from a lattice site in sublattice + to the three
neighboring lattice sites in sublattice —. In momentum space we diagonalize
the Hamiltonian by introducing the excitations

L)
% =TT k)

Vi s (5.13)

and calculating the commutator [Hlattice, é,ﬂ . The spectrum is given by F4 (k) =

+4|f(k)|, which can be expressed in terms of the Cartesian momenta as

3 3 3
Ei(k) =44t |1+ 4cos <2ak‘y> cos ({akz> + 4 cos? ({akm> . (5.14)

This is exactly the spectrum of graphene in tight-binding approximation with
only nearest-neighbor hopping, which is the fermionic version of the hexagonal
lattice presented here [35]. We now want to analyze the hexagonal Majorana
lattice further and derive transport properties of the lattice. There, we also
expect similarities to the graphene lattice. The main difference is, that we
do not have electric charge in the Majorana lattice, and therefore we only can
measure thermal transport through the Majorana lattice. We have to transform
the Majorana lattice, since we will use numerical methods to calculate the
thermal conductance of the Majorana lattice and use the Kwant [33] library,
which was written for electronic quantum transport problems. In the next
section, we will show a mapping between the hexagonal Majorana lattice and
a diamond-shaped fermionic lattice. This new lattice can be simulated using

Kwant, and the results will be discussed in the last sections of this chapter.

5.2 Transformation into fermionic lattice

In this section we will show how a fermionic lattice can be derived from the
hexagonal Majorana lattice. In general we can obtain a fermionic annihilation
and the adjoint creation operator from linear combinations of two independent

Majorana modes given by

1 ) 1 )
c= 3 (71 +iv2) and = 3 (71— iy2) - (5.15)

We use this for the transformation of the Majorana lattice by taking the two
Majorana fermions of one unit cell of the lattice and constructing a fermionic
creation and annihilation operator for each cell out of them. The two Majorana

bound states belong to the two different sublattices. If we denote the Majorana
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Figure 5.4: Sketch of the transforma-
tion to a fermionic lattice structure.
The original hexagonal Majorana lattice
(gray) is transformed into a fermionic
lattice by describing the two Majorana
bound states (pink +) in each unit cell
(black dashed line) as a spinless fermionic
particle-hole pair. Each pair is located at
a lattice site indicated by the blue dots.
The unit cells of the lattice are not af-
fected by the transformation. From the
. . transformation to the fermionic descrip-
s tion we obtain interaction between cells,
which were connected by single Majorana
wires in the original hexagonal lattice.
The interaction results in hopping in the
fermionic lattice and it is coupling par-
ticles and holes. The red lines indicate
the coupling between the fermionic lat-
tice sites.

bound states with 7§, where j is the unit cell index and « denotes the sublattice,

the fermionic operators are given by

1 . 1 .
cj:§<’y;r+z’yj> and c;:§<’)’;r—1’7j>- (5.16)

If we write the lattice Hamiltonian in terms of the spinless fermionic operators,

we obtain a new description of the lattice given by

Hiattice = —4t Zc;cj + 2t Z (C;C;L‘ern — c}cﬁbn + h.c.) , (5.17)
J jmn=1,2

where b,, are the lattice vectors connecting the cells, where interaction in the
fermionic model is present. Interaction is present only between some nearest
neighbors in the lattice, but not all of them. Since we combined the two Ma-
jorana operators of each unit cell into a fermionic creation and annihilation
operator living on the same site, we obtain an onsite term in the Hamiltonian.
The remaining hopping terms of the Majorana lattice result in fermionic hop-
ping terms connecting nearest neighbor sites of the fermionic lattice. Due to
the fact that not all adjacent unit cells were connected in the Majorana lattice
by Majorana wires, not all nearest neighbors in the fermionic lattice interact.
The interaction is only present along the lattice vectors, and if the lattice sites

and all interactions are sketched, this results in a diamond-shaped lattice, as
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Figure 5.5: The dispersion of the
diamond-shaped fermionic lattice is cal-
culated numerically using Kwant. The
two energy surfaces (red and blue) are
plotted over the first Brillouin zone (black
hexagon). The two Dirac cones are lo-
cated at the corners of the Brillouin zone.
The spectrum shown here is identical
with the analytical result for the hexago-
nal Majorana lattice and thus verifies the
transformation.

shown in Fig.

This lattice can be implemented in Kwant, and we can calculate the spectrum
of the diamond-shaped fermionic lattice. If we plot this for the first Brillouin
zone, we obtain Fig. 5.5l The spectrum is identical to the analytical result in
Eq. , which verifies the transformation of the lattice.

In later sections, we will consider transport through this fermionic lattice, which
we will simulate numerically. We will need periodic and open boundary con-
ditions of the lattice. For the hexagonal Majorana lattice, we consider the so
called 'zig-zag’ and ’armchair’ configurations, which are the two straight regular
boundaries. Both are sketched in Fig. [5.6] as well as the orientation and edge

shape of the transformed fermionic latticeE|

For transport measurements and the scaling of the conductance we will have
to consider disorder in the system. As shown in the previous section, disorder
can be introduced by considering fluctuations of the phases of the pairing gap
or of the length of the Majorana wires. Here, we only consider phase fluctua-
tions, which do not induce a topological phase transition of any of the Majorana
wiresﬁ In this case the hopping terms in the tight-binding description of the

Majorana lattice have to be chosen dependent on the sites. The Majorana

3For the fermionic lattice there is a third straight regular edge possible, but this would
correspond to dangling bonds in the Majorana lattice, which we do not allow in transport
setups.

41f we would include such fluctuations, we would have to account for vanishing Majorana
modes, since the topological phases of the trijunctions could fluctuate in this case. For this
thesis we limit ourselves to the situation where all trijunctions are always in a topological
phase.
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Figure 5.6: Straight regular edges of the Majorana lattice and corresponding
fermionic lattice edge. The lattices are always shown in black and the edge in
red. For the sketches of the fermionic lattice the original lattice is shown in
gray. For the hexagonal lattice there are two straight regular edge configura-
tions. The ’armchair edge’ is sketched in (a), and the corresponding edge in
the fermionic lattice is shown in (b). The ’zig-zag’ edge is sketched in (¢), and
the corresponding edge in the diamond lattice is shown in (d).

Hamiltonian can be written as

Hgisorder = —21 Z tij’yi'Yj . (518)
<i,j>

If we transform this Hamiltonian into the fermionic description we obtain

h
Hgisorder = —4 Ztgnmtec cj+ 2 Z ]c;Lp ( CiCith, — C;'Cjern + hC) , (519)
J j,n=1,2

where the disorder affects the hopping terms in the Hamiltonian as well as the
onsite term. We can simulate this disordered fermionic Hamiltonian to obtain

the scaling behavior of the Majorana lattice.

In the next sections we will show the scaling behavior of one-dimensional trans-
port through the Majorana lattice. We will explain the spectra of a Majorana
lattice in a ribbon geometry with open and periodic boundary conditions. Ad-
ditionally, we will analyze the scaling of the conductance for a Majorana lattice
junction between two leads. In the final section, we will investigate the scaling
behavior of the Majorana lattice in the presence of disorder. All numerical cal-

culations are done using the Python library Kwant, where we always implement
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the fermionic diamond-shaped lattice derived here[]

5.3 Omne-dimensional transport and edge states

Here we show the one-dimensional transport properties of the hexagonal Majo-
rana wire. We use a ribbon of the lattice with straight regular boundary con-
ditions to calculate the spectrum and show the appearance of edge states for
open boundary conditions. Furthermore, we simulate the conductance through
a Majorana lattice junction. We connect the Majorana lattice to two normal
conducting leads and probe the thermal transport through evanescent modes.
We analyze the conductance in the short-wide junction limit and compare our

measurements to results for graphene.

If we take a strip of the hexagonal Majorana lattice of length W and expand
it periodically into the direction orthogonal to the strip, we construct with an
infinite ribbon of width W. In principle, any orientation of the lattice in this
ribbon is possible, but we choose it, such that the edges of the Majorana lattice
at the ribbon boundary are straight regular. Since the ribbon is periodic in one
direction, we obtain a one-dimensional spectrum for the ribbon. The number
of modes depends thereby on the width W and on the type of boundary con-
ditions. If we assume first periodic boundary conditions and couple the upper
and lower boundary of the ribbon, we obtain the transport spectra shown in
Fig. Both spectra can be explained as a set of parallel cross sections of
the Brillouin zone in Fig. [5.5] The position of the individual cross sections is
determined by the different quantized momenta in the direction orthogonal to
the ribbon, where the quantization condition is given by the periodic boundary
condition. Note that for the zig-zag boundary, we always cut through both
Dirac points independent of the width W. The spectrum of the ribbon with
the armchair boundary is gapped, and the gap is proportional to 1/W.

Further we consider a similar situation only with open boundaries. The spectra
for this situation are shown in Fig. [5.8] There is no significant change for the
armchair boundary, but for the zig-zag boundary an edge state appears. The
edge state is not part of the bulk-spectrum and indicates a topological feature
of the Majorana lattice. The edge state connects the two Dirac points with a

zero-energy mode.

5We will not go into any detail concerning the implementation of the lattice or the calcu-
lation of spectra and conductance.
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Figure 5.7: One-dimensional transport spectra for Majorana lattice ribbon with
periodic boundary conditions. The ribbon has a width of W = 50a with a being
the length of the Majorana wires of the hexagonal lattice. The spectra are shown
for the two lattice orientations with straight regular edges. Both spectra can
be explained as parallel cross sections of the two-dimensional spectrum. In (a),
the spectrum for the armchair edge is shown. For this orientation of the lattice
the transport spectrum is always gapped. In (b), the spectrum for the zig-zag
edge is shown. There, we always cross the Dirac point with one band, and the
spectrum is always gapless.

For both types of boundary conditions, the spectra look similar to the rib-
bon spectra of graphene. Nakada et al. showed qualitatively identical
spectra for a graphene nanoribbon. This is not surprising, because we already
saw, that the bulk-spectrum of the hexagonal Majorana lattice is up to a factor
identical to the bulk-spectrum of graphene. Still we have to keep in mind, that

the corresponding states and also the edge state are Majorana modes.

We also want to analyze the conductance through a two-dimensional junc-
tion built from the hexagonal Majorana lattice. Since the Majorana modes
do not carry charge, we cannot probe the charge current, but measure the ther-
mal conductance through the Majorana latticeﬁ Here, we want to measure
transport through evanescent modes, meaning the transport through decaying
modes inside an energy gap. The gap has to be around zero-energy due to the
symmetry of the spectrum. This symmetry is easily shown for the transformed
fermionic lattice. The fermionic lattice is superconducting and can be described
by a Bogoliubov-de Gennes Hamiltonian, where we again obtain the artificial
particle-hole symmetry. Since for the zig-zag boundary we always have modes
at the Dirac point, we never have a gapped spectrum and cannot measure trans-

port through evanescent modes. Therefore, we only use the armchair boundary

SFrom now onwards, transport and conductance always denote thermal transport and
thermal conductance.
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Figure 5.8: One-dimensional transport spectra for Majorana lattice ribbon with
open boundary conditions. The ribbon has a width of W = 50a with a being
the length of the Majorana wires of the hexagonal lattice. The spectra are
shown for the two lattice orientations with straight regular edges. In (a), the
spectrum for the armchair edge is shown. For this orientation of the lattice
the energy bands shift compared to the periodic boundary condition, but the
shape remains similar, and the transport spectrum is always gapped. In (b),
the spectrum for the zig-zag edge is shown. Here we do not see the crossings of
the Dirac points anymore, which were present for periodic boundary conditions.
Instead, an edge state appears, which connects the two Dirac points with a zero
energy channel.

for conductance measurements.

We consider a rectangular piece of the Majorana lattice with width W and
length L, where we attach normal conducting fermionic leads of width Won
both sides. The geometry of the transport experiment is sketched in Fig. [5.9
The leads are tuned, such that we obtain a high density of states at zero-energy,
to achieve, that the lead spectrum does not have any influence on the measured
conductance. We want to analyze, how the conductance behaves depending on
the ratio R = W/L. For a fixed width W, we vary L and obtain the results
shown in Fig. We do not plot the conductance G itself but G/R, which is

L

Figure 5.9: Sketch of the setup for the
conductance measurement. The hexag-
onal Majorana ribbon of length L and
width W is placed between two normal
conducting leads (red and blue). The
thermal conductance through the Majo-
rana lattice is measured.
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Figure 5.10: Conductance through evanescent modes of the Majorana lattice
depending on the ratio of the dimension of the junction. The conductance is
plotted over the ratio G/R in units of the conductance quantum against the
ratio R = W/L for a Majorana lattice ribbon of width W = 693a with a being
the distance between trijunctions in the Majorana lattice. The length L is
varied to analyze the scaling of the conductance with R. The limit for R > 1
is expected due to the similarities between the hexagonal Majorana lattice and
graphene, and the value is taken from [37].

the conductivity if Ohm’s law holds here. For R ~ 1 we obtain large oscillations
of G/R, which decay for larger R, until G/R stays constant.

We are mostly interested in the short-wide junction limit R > 1, where G/R is
constant and the conductance increases linearly with R. We want to compare
the constant limit of G/ R for the Majorana lattice with results obtained for the
conductivity of graphene by Tworzydlo et al. [37]. For R > 1 they obtained
a constant value of G/R = 2Gy/7 with the conductance quantum Gy = 2¢2/h.
In our results, we see a thermal conductivity of the hexagonal Majorana lattice,
which is close to G/R = Go/m. This value is indicated by the dashed line in
Fig. [5.10] and the constant limit of the numerical solution is slightly smaller.
It is reasonable, that we only have half of the conductivity in the Majorana

lattice, since we only have valley degeneracy for the Majorana lattice and no
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spin degeneracy, which is present in graphene. Again, the similarities between
the hexagonal Majorana lattice and graphene are clear, although we see differ-
ences in the behavior of G/R for smaller R and we obtain a small deviation of
the expected limit. In [37] the values for G/R do not oscillate around 2Gy /7,
but approach this limit from either side depending on the type of boundary

condition.

Here we simulated simple transport properties of the hexagonal Majorana lat-
tice and saw edge states appearing in the clean system. Further, we analyzed
the thermal conductance through a junction built out of the Majorana lattice
and measured a constant conductivity G/R in the short-wide junction limit
R > 1. In the next section, we will analyze the scaling of the conductance in
the presence of disorder and obtain contradictions to two-dimensional scaling

theory.

5.4 Anomalous scaling of conductance

In this section, we analyze the scaling behavior of the conductance of the hexag-
onal Majorana lattice in the presence of disorder. Here we calculate the con-
ductance for various systems with increasing system size and investigate, if the
the Anderson one-parameter scaling hypothesis holds. The main idea of An-
derson scaling was introduced by Abrahams et al. in [38], and their key insight
was, that the dimensionless conductance g = G/Gp scales as a function of just
one parameter. For any disordered system with conductance g(L), where L
describes the system size in one, two or three dimensions[’| the conductance of

the scaled system of size L is given by

glaLl) = falg(L)]. (5.20)

The function depends only on ¢g(L) and is independent of the actual size L, the
ratio of the extension in different dimensions, and the disorder strength. This
can be formulated elegantly in terms of the so-called S-function, which is given
by

dlog(g)

Blg) = dlog(L) (5.21)

We are concerned with two-dimensional scaling, and will present consequences

of Anderson scaling for general two dimensional systems.

"In one dimension the length of the system can be taken as L, and in more than one
dimension the extension of the system in each dimension has to be a fixed ratio of L.
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We know that for a conductor with g > 1 Ohm’s law holds, and we can estimate

the conductance with the classical Drude formula
g L2 — B(g)=d—2. (5.22)

This implies that the large conductance limit of the S-function is S(g > 1) =0
for two dimensional systems. The scaling disappears for all classical contribu-
tions, but the quantum corrections remain. Whether the corrections are positive
or negative depends on the symmetry class of the Hamiltonian, but the symme-
try classification of two-dimensional systems is beyond the scope of this thesis
[39]. In general, there are two distinct situations. If the corrections to the
classical scaling are positive, disorder leads to higher conductance. The reason
for this is that disorder leads to more extended states, which allow for more
transport through the system. This behavior is called weak anti-localization.
If the corrections are negative, disorder in the system leads to localization of
states, which lowers the conductance. However, the localization length of the
system is exponentially large. Therefore, the effects of localization only have
a small influence on the scaling behavior, and this is called weak localization.
We will analyze the scaling behavior of the hexagonal Majorana lattice in the
following section and observe contradictions to the scaling theory of two dimen-

sional systems.

For our analysis we choose a specific type of disorder on the hopping in the
Majorana lattice, which can be motivated by the microscopic origin of the in-
teraction between nearest-neighbor Majorana modes. The interaction strength

for nearest-neighbor modes was calculated before and is given by

0 5 —ab

t= m(v + Dade *, (5.23)
where v > 0 is the surface Dirac velocity of the topological insulator, a is the
distance between neighboring trijunctions that host Majorana bound states and
§ is the gap of the Majorana wire. Only a and § can vary and the variation of
§ results from phase fluctuations of the superconducting regions on the topo-
logical insulator surface. We now assume, that the phase fluctuations are small
enough to always have non-zero discrete vorticity at all trijunctions on the lat-

ticeﬁ With this condition, every trijunction can host a Majorana bound state,

81f such strong fluctuations were present, pairs of trijunctions would obtain non-zero vor-
ticity. The two trijunctions would have to have opposite vorticity before, since the sum over
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and we never obtain lattice defects in the hexagonal lattice. Another important
result is, that the sign of J is always positive, and thus the interactions are also

positive.

For the numerical simulation, we use an approximation of the interaction strength.
We focus just on the exponential suppression of ¢, since here the fluctuations

have the largest influence and obtain

t~ g eP@) (5.24)

with A(ad) = (ad) — ad. Now we assume A(ad) to be normally distributed,
which leads to log-normally distributed hopping. We choose the mean value of

the distribution, such that we always ensure
(t) =to. (5.25)

The variance o2 of the log-normal distribution is the measure for the disorder
strength. With this distribution for the hopping parameter in the hexagonal
Majorana lattice we are able to probe the scaling of the conductance. We use
again the transformation into the diamond-shaped fermionic lattice, and im-
plement it using Kwant to obtain the disorder averaged scaling behavior of the
conductance. We calculate the scaling both for fixed system size with increasing

disorder and for fixed disorder with scaling of the system size.

To probe the scaling of conductance with increasing disorder strength, we choose
a system with length L = 73a and the ratio R = W/L = 4. We calculate the
average conductance for values of 02 between 10~! and 10? and take the disor-
der average over N = 1980 samples for each disorder strength. The resulting
dependence of conductance on disorder strength is shown in Fig. Here we
immediately obtain the first contradiction to one-parameter scaling, since the
scaling cannot only depend on the value of g between average conductance of
1.3 and 2. In this regime of g, there are two different disorder strengths with
the same conductance, and the slope of the plotted curve does not have the
same sign for these two points. From this follows, that the system scales differ-
ently depending on o2 and not only g. For the weaker disorder strength with
average conductance g the conductance increases with increasing disorder, and
for the stronger disorder strength the conductance decreases, even though g is

identical in both cases. Therefore, this contradicts the results of one parameter

the discrete vorticity of all trijunctions has to be always 0.
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Figure 5.11: Scaling of conductance depending on the disorder strength. The
average value of the dimensionless conductance g is plotted against the disorder
strength 0. The disorder strength is always between 10~! and 10%. The size of
the system is fixed to L = 73a with a being the distance between bound states
in the Majorana lattice and W = RL = 4L. For each disorder strength the
average is taken over N = 1980 samples. The uncertainty of the mean value is
smaller than the symbol size.

scaling theory and we conclude, that the hexagonal Majorana lattice does not
obey Anderson’s scaling theory of conductance.

2 < 10', where the con-

We further want to investigate the behavior for o
ductance scaling could hold, since ¢ is unique for each 2. For this regime we
see increasing conductance for increasing disorder in Fig. If we leave the
disorder strength fixed and scale the system L — oL with o > 1, we expect the
conductance to increase. The reason for this is, that for one-parameter scal-
ing the conductance should only depend on the ratio of the system size L and
the free mean path [*. The free mean path decreases with increasing disorder
strength. Thus, increasing the system size with constant [* is equivalent to
increasing disorder for fixed system size. Therefore we expect the conductance
to increase with L for all fixed o2 < 10. If we could define a -function for this

regime alone, the sign should be positive.
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Figure 5.12: Scaling of conductance depending on the system size. The average
value of the dimensionless conductance g is plotted against the length L of the
system for different fixed values of disorder strength. The ratio R = W/L for
the width W of the system is always 4. For each disorder strength and each
size the average is taken over N = 4000 samples. The uncertainty of the mean
value is indicated by the error bar.

To probe the scaling of conductance with increasing system size we vary the
length of the system L between 9a and 170a at a fixed width-to-length ratio
of R = W/L = 4. The length is increased such that each measured point
corresponds to an additional unit cell added in the direction of transport. We
calculated the average conductance for values of 02 between 0.4 and 5 and took
the disorder average over N = 4000 samples for each disorder strength at each

length. The resulting dependence of conductance on disorder strength is shown
in Fig.

From the data shown, it is clear, that the conductance decreases with increasing
system size, which contradicts the assumption based on our previous results.
The scaling behavior for scaling the system size does not match with the scaling
behavior for varying the disorder strength for a fixed system size. Further, we

see, that the errors on the calculation of the disorder average are so small, that
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Figure 5.13: Rescaled conductance for different disorder strengths. The average
value of the dimensionless conductance g is scaled by a disorder strength depen-
dent factor d* and plotted against the length L of the system on a logarithmic
scale. The ratio R = W/L for the width W varies between measurements.
For each disorder strength and each size the average is taken over N = 4000
samples. The uncertainty of the mean value is indicated by the error bar. The
rescaling is done, such that the points g/d* fall onto one single curve for larger
L. Further the aforementioned four-period rising of the conductance can be
seen for all samples for the same lengths.

g does not lay inside the error of values, measured for similar system sizes. This
is surprising, because the standard deviation of the individual measurements is

large enough to expect reasonable agreement between the average values.

Additionally, we observe some sort of periodic behavior, where the conduc-
tance increases over four steps in L and then jumps back down. This trend can
be seen for all disorder strengths, even if the free mean path is expected to be
far below the system size. It is also notable, that these periods of increasing
conductance happen for all disorder strengths for the same values of L. There-
fore, we argue, that these rising periods are a lattice effect, and that we should

take the average of the four values to analyze the scaling.
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Figure 5.14: Scaling of conductance for limited range of disorder strengths. The
average value of the dimensionless conductance g plotted against the length L
of the system scaled by a disorder strength dependent factor d. The ratio
R = W/L for the width W is always R = 4.0. For each disorder strength and
each size the average is taken over N = 4000 samples. The uncertainty of the
mean value is indicated by the error bar. The rescaling is done, such that the
points g fall onto one single curve depending on log(L/d). The points which lie
above this curve are the small L measurements for each disorder strength and
do not have to lie on the scaling curve.

If we plot the data points on a logarithmic length scale, we notice that the
curves can be fitted onto each other by scaling the conductance. We can intro-
duce a disorder strength dependent factor d* and plot g/d* against log L, shown
in Fig. We emphasize, that this is not the usual result for one parameter
scaling theory, where we would scale the length and not the conductance. Re-
markable is, that we can also scale curves for a different width-to-length ratio
R = 1.5, and that they fit the data points of the R = 4 measurements well. We
do not have an explanation for this behavior yet, but are just pointing out the

unusual results.

For further analysis of the scaling, we scale the length L with a factor d, while

leaving the conductance values unscaled. The scaling factor depends only on
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Figure 5.15: Length scaling factor depen-
dent on disorder strength. The scaling
factors were determined by scaling length
of the system such that the conductance
for all disorder strengths falls onto one

o curve. These scaling factors d are no plot-
) ted against the disorder strength o2. On
’ the log-log-scale of this plot it is appar-
ent, that the scaling factor depends with
a power law on o2 and the critical expo-
nent is fitted with d = ¢y (02)". The fit
is shown with the dashed line.
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the disorder strength d(0?), and we obtain a continuous curve for all R = 4
measurements. The resulting plot is shown in Fig. The thickness of the
curve is a result of the aforementioned rising of the conductance over four adja-
cent data points. For each disorder strength, there are points for small system
size, which do not fit the curve, but lie far above. These data points can be
explained by the fact, that the scaling theory does not apply for such small
system sizes, since the mean free path is much larger than the system size here.
Fig. confirms, that the S-function over this range of disorder strength is
negative, which contradicts the behavior seen for scaling the disorder strength

for fixed system size.

To measure how the localization length scales with the disorder strength, we
The scaling factor d grows
according to a power law with an exponent of n ~ 3.92. We have to point
out that this functional behavior d(c?) only holds for the fixed ratio R = 4.

For the few measurements done for R = 1.5 we would need much smaller val-

plot the scaling factor d against o2 in Fig. [5.15

ues for d to make the conductance g fit the curve in the scaling plot in Fig.

Overall the scaling of the conductance yields many results which are not ex-
pected from one-parameter scaling theory. There are direct contradictions to
scaling theory and it is not possible to define a S-function for the hexagonal

Majorana lattice, from the numerical data.



Chapter 6

Conclusion and Outlook

This thesis investigated a hexagonal Majorana fermion lattice created by su-
perconducting islands on a topological insulator surface. After a short intro-
duction into the topic in Ch. [l we began by introducing Majorana fermions
[1, 3] in Ch. There, we showed their rather simple properties and we al-
ready demonstrated a decomposition of the Majorana creation operator from
into fermionic creation and annihilation operators. To explain the emer-
gence of Majorana modes in condensed matter systems, we needed topological
concepts, which were also introduced in Ch. [2 After a brief introduction into
the field of topology [10], we proved the appearance of a zero-energy mode at
a topological domain wall with the Jackiw-Rebbi model |13]. With this model,
we were able to calculate the surface Hamiltonian of the three-dimensional
Bernevig-Hughes-Zhang model of a topological insulator [8]. Superconductiv-
ity also plays an important role in the emergence of Majorana bound states
and was introduced here as well. After a short overview of Bardeen-Cooper-
Schrieffer theory of superconductivity [20], we explained the proximity effect by
Cooper pair tunneling. This led to a finite pairing gap on the topological insu-
lator surface at a insulator-superconductor interface, which can be described by
the Bogoliubov-de Gennes formalism [26]. In this formalism holes were intro-
duced to describe the behavior of superconducting systems, and through this we
explained Andreev reflection at a superconductor-normal conductor interface.

Finally we showed the effect of gauge fields on superconducting systems.

Building on the methods and models introduced before, we constructed a two-
dimensional Josephson junction on the surface of a topological insulator in Ch.
by proximitizing two regions on the surface with different s-wave superconduc-
tors. Similar to results from [7], we were able to show, that for a phase difference

of A¢ = 7 across the Josephson junction, there are two zero-energy Majorana
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modes in the Josephson junction, and we calculated their wave function. The
modes decayed exponentially into the superconductors, but could propagate
freely along the junction. For a small deviation A¢ = 7 + d¢ we calculated the
low-energy effective one-dimensional Hamiltonian with degenerate perturbation
theory. The resulting Hamiltonian described a topological Majorana fermion
wire, where a gap is introduced proportional to §d¢ and with the sign of the
gap as topological invariant. We further analyzed this low-energy description
of the Josephson junction in the presence of disorder, and concluded, that any
disorder, which preserves the particle-hole symmetry of the system, does not
affect the Majorana wire. We also argued, that in the narrow junction limit the
presence of the superconductor enforces the particle-hole symmetry and does

not allow for perturbations, which would affect the Majorana wire Hamiltonian.

In Ch.[4] we used the topological Majorana wire derived before, to obtain Majo-
rana bound states at topological domain walls. We showed, that these domain
walls can only be realized on the topological insulator surface, if we consider
trijunctions, where three Majorana wires meet in one point. For this setup we
have three tunable phases of the pairing gaps, and we were able to show three
distinct topological phases of the trijunction, out of which two hosted Majorana
bound states localized at the trijunction. The spinor structure of the Majorana
bound state differed between the two phases. We obtained a complete phase
diagram of these topological phases and derived the notion of discrete vortic-
ity as a topological invariant of the trijunction. The discrete vorticity can be
calculated from the pairing gap phases alone, and the value not only indicates
whether a Majorana bound state is present, but also the spinor structure of the

respective wave function.

We started Ch. 5| by showing, how infinitely many trijunctions can be con-
nected as a hexagonal Majorana wire network. We proved that there is a special
tiling of the pairing gap phases of the hexagonal superconducting regions, which
leads to a Majorana bound state at each trijunction. For neighboring Majorana
bound states, we calculated a hopping term, depending on the parameters of the
connecting wire. This led us to a tight-binding description of the hexagonal Ma-
jorana lattice. We were able to calculate the spectrum of the lattice analytically
for a situation, in which the hopping over each wire in the network is identical.
For numerical simulations of the lattice, we introduced a transformation of the
hexagonal Majorana lattice into a superconducting fermionic diamond-shaped

lattice, making use of specialized Python libraries for transport simulations.
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With this transformation, we were able to verify the spectrum numerically and
calculate one-dimensional transport properties. Further, we analyzed the ther-
mal conductance of the hexagonal Majorana lattice and found a constant limit
of the conductivity in the short-wide junction limit, which was in accordance
with results for the fermionic hexagonal lattice. Finally, we investigated the
scaling behavior of the conductance in the presence of disorder and found sur-
prising contradictions to Anderson scaling theory. While scaling the disorder
strength, we observed direct contradictions to scaling theory. For regimes of
the disorder strength, where scaling seemed to hold, the results of system size

scaling and disorder strength scaling were inconsistent.

Overall, we were able to derive a hexagonal Majorana lattice as the low-energy
behavior of a superconducting topological insulator surface with hexagonal su-
perconducting regions. We argued, how the Majorana bound states, which form
the lattice, are topologically protected if we assume, that the superconducting
phase fluctuations are sufficiently small. Simple properties of this lattice could
be calculated, but we saw, that the one-parameter scaling approach for the con-
ductance of the lattice seems to fail here. This would have to be investigated
further, but our numerical data for the conductance scaling is a good start-
ing point for future research. Furthermore, one could allow for stronger phase
fluctuations of the pairing gaps, which would result in lattice defects. The in-
fluence of these on the properties of the hexagonal Majorana lattice could also

be analyzed. We leave these investigations to future research.
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