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Abstract

This thesis deals with the radiation statistics of a parametrically
driven harmonic oscillator interacting with a thermalized environ-
ment. The system evolves according to the Lindblad master equa-
tion. Strong driving can lead to an exponentially increasing photon
current, but a nonlinear additional potential stabilizes the system
above threshold. We determine how the photon current evolves dur-
ing the approach of the steady state and how detuning and tempera-
ture influence its stationary value. The correlation and fluctuation
of the emitted radiation is characterized through the second-order
coherence function and the Fano factor. Around a critical driving
strength, the radiation rapidly turns antibunched. Close to threshold,
we verify that the Fano factor has a universal form. Furthermore,
an approach for a more efficient simulation method based on the
decay rates of the system’s modes is introduced.
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Chapter 1

Introduction

The oscillations of a damped harmonic oscillator can be sustained in different

ways, one of which is parametric driving at twice its natural frequency. In clas-

sical terms, the difference compared to coherent driving through an externally

applied force is that the parameters of the oscillator itself are varied periodically.

Applications of parametric driving include low-noise parametric amplifiers. They
can be used to create squeezed light and entangled photons, as shown in Ref. [1]

and Ref. [2].

In this thesis, we examine a quantum mechanical parametrically driven oscil-
lator interacting with its environment through the emission and absorption of
photons. To that end, we derive its Hamiltonian with the rotating frame ap-
proximation in Ch. [2| In the same chapter, we introduce the Lindblad master
equation, which describes the dynamics of open quantum systems. Ch. [3| deals
with the photon current emanating from the system which can be measured by
a detector. We establish the existence of a threshold above which the radiation
emission increases exponentially and show that the system is stabilized by a
nonlinear term. Also, the complete time evolution of the photon current is de-
termined, which contains the characteristic time scale at which the steady state
is reached. In Ch. (4] the concept of the second-order coherence is presented
and used to determine how the system parameters influence the correlation of
emitted photons. We find that the statistical properties of the radiation change
rapidly around a critical driving strength, above which the light is antibunched.
This point shifts when the temperature and detuning are altered, which we ex-
plain qualitatively. The fluctuation of total photon counts is determined in
Ch. [5| through the Fano factor. We discuss its interpretation as the total num-
ber of correlated photons and verify universal scaling laws close to threshold
derived in Ref. [3]. Finally, in Ch. [6] a Bogoliubov transformation is used to
extract the modes of the Liouvillian. They can be utilized for a more efficient
method of simulating the Lindblad equation below threshold. It consists of only
considering slowly decaying modes for the description of the system dynamics.
This decreases the calculation time for obtaining accurate simulation results.
Approaches for how to extend the method to driving strengths above threshold
are also put forward.
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Different numerical methods are introduced throughout all chapters wherever
necessary. Because of its conceptual importance, the vectorization of the density
operator is explained in greater detail in App. [A]



Chapter 2

Setup

2.1 Parametrically driven oscillator

The classical differential equation for a parametrically driven, one-dimensional
harmonic oscillator is given by

E(t) + ya(t) + z(t) [wg + 2ewp sin (2wpt)] = 0, (2.1)

where wq is its natural frequency and v is the damping rate. The term in
brackets can be viewed as the square of a time-dependent frequency w(t). It
oscillates around w3 with a driving frequency of wp = wp + % . The parameter
A < wy is called detuning and is introduced to account for slight deviations
of wp from twice the natural frequency. Without the time dependence of w(t),
the result for weak damping (v < wp) would be an exponentially decaying
harmonic oscillation.

The common physical example of this type of driving is a pendulum which
periodically shifts its center of mass away from and toward the pivot, just like a
child does when switching between standing up and crouching on a swing. The
ansatz to solve Eq. is a linear combination of harmonic terms with detuned
natural frequency, i.e.

x(t) = z1(¢) cos (wpt) + z2(t) sin (wpt), (2.2)

in which the amplitudes themselves are time dependent. This ansatz is inserted
into the differential equation and the second derivatives of 1 and x5 can be ig-
nored under the assumption that the amplitudes change over much larger time
scales than wy'. Doing this leads to terms of the form cos (wpt)sin (2wpt) =
3[sin (wpt) + sin (Bwpt)] and sin (wpt) sin (2wpt) = %[cos (wpt) — cos (Bwpt)].
The rotating wave approximation (RWA) consists in omitting the terms with
frequency 3wp because they are off-resonant and average out over the the re-
garded time scales. Furthermore, only terms up to the first order in ywy L and
Awy 1 are retained for weak damping and detuning. The resulting differential
equation only has terms proportional to either sin (wpt) or cos (wpt). Sepa-
rately setting them equal to 0 yields a system of linear ODEs for z;(t) and

2a(t) given by o
dt (xg(t)> —< a _72+e> (m(t)) (2.3)
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Interpreting 1 and zo as the two degrees of freedom in the system’s phase
space, Eq. can be rewritten in the form of Hamilton’s equations as

b, R
1= 2 1 8.’13'2’
. ¥ OH
- _1 i 2.4
) 2.1‘2+ 81‘1’ ( )
A
H = —%xlxz + Z(:c% + z2)

with additional dissipative terms proportional to « in the equations. x; there-
fore acts as the canonical momentum, and x5 as the coordinate. As per usual
for the transition to a quantum mechanical Hamiltonian, it is convenient to
express its classical version as

A
H= Ea*a + Z&(Ofk2 —a?) (2.5)

after defining the complex linear combination o = %(m +iz1). The Hamilto-
nian operator is then given by

ata+ ii(eﬁ? —a?), (2.6)

~ A
H=—
2
where a* and a have been replaced by the creation and annihilation operators
a' and a. Their definition is the same, except that the numbers z; and x5 are
replaced by operators fulfilling the canonical commutation relation [Z9, #1] = il.
The commutation relation of @ and af as well as their action on the eigenstates
of the quantum harmonic oscillator [n) with n € Ny are given by

[dvdT] = ia
aln) = v/nln — 1), (2.7)
a'ln) = vn+1|n+ 1).

The Fock states |n) are labeled by the number of bosons (e.g. photons) in the
system, and the ladder operators incrementally change this number. Since a
and a' appear quadratically in Eq. quantum mechanical parametric driving
can be understood as the creation of photon pairs.

2.2 Lindblad master equation

A physical system at a fixed point in time is fully described by its density
operator p. It stands for an ensemble of states [), € H, where H is the
appropriate Hilbert space of the system and the index k labels all possibly
occurring states. If each state [1) is realized with a probability p, the density
operator can be written as

b= pulin) (. (2.8)
k
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Independently of any specific basis representation, a density operator has to
fulfill three conditions:

1) tr(p) =1 Normalization
2)p" =p Hermiticity (2.9)
3) (Ylpl)y >0V € H Positive semi-definiteness

The expectation value of an arbitrary linear operator O € O [l for a system
with density operator p is calculated as

(0) = tr (0p), (2.10)

which is also not dependent on the choice of basis. If the full system’s Hamil-
tonian and an initial condition are known, the time evolution of the density
operator is found by solving the von-Neumann equation

A1) = —ilH, (1), (2.11)

The trace of /3 vanishes due to the cyclic property of the trace, so the equation
preserves the normalization of the density operator. Likewise, the other two
properties from Eq. are preserved as well. A function mapping 5(0) onto
its time-evolved version p(t) while preserving positive semi-definiteness is called
a positive map. The von-Neumann equation describes unitary time evolution
and follows from the Schrédinger equation.

Oftentimes, however, it is convenient to divide a system with Hilbert space Hyot
into two subsystems, i.e. Hiot = H1 ® Ho. If one is only interested in the state
of the subsystem 1, a partial trace over all degrees of freedom of Hilbert space
2 yields the reduced density operator p; = tra (p). Knowing it is sufficient for
calculating expectation values of operators acting only on the first subspace. In
the regarded case, the relevant subsystem is that of the parametric oscillator
with Hilbert space H. The second subsystem is a thermalized environment
which can exchange photons with the former. Since only the Hamiltonian of
the oscillator is known but there is an interaction between the subsystems, the
Hamiltonian is not the generator of time evolution on H. Instead, the dynamics
are described by the Lindblad master equation (Ref. [4]). In this particular
case, it takes the form

p(t) = —ilH, p(t)] + (7 + 1)Dlalp(t) +~nD[al]p(1), (2.12)

which consists of the von-Neumann equation and two additional terms con-
taining the interaction rate v with the environment. Comparing this to the
classical Eq. shows that the interaction takes the role of the dissipative
damping terms. The dissipator defined by

1
Dlalp = apa’ — - {a'a, p} (2.13)

1© denotes the set of linear maps H — H.
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is a so called superoperator, which is a map O — 0. We omit the circumflex
to distinguish superoperators from normal operators. Indeed, all of Eq.
can be expressed as a superoperator £ acting on the density operator as

p(t) = Lp(t). (2.14)

L is called the Lindbladian or Liouvillian. DI[a] is a jump (super-)operator
which lowers the occupation number of each ket and bra in the density matrix
(c.f Eq. 2.7). Conversely, D[a!] increases it. 7 is the Bose-Einstein occupation

given by
_ 1
"= Beo 1 (2.15)

and quantifies the mean number of thermal photons of frequency wy at fixed
inverse temperature . Therefore, the term proportional to D|a] in Eq. con-
tains a contribution from stimulated and spontaneous photon emission, while
the counterpart D[&T] describes absorption of photons. Overall, we can think
of the system as a resonator with a parametrically driven oscillator which in-
teracts with a thermalized bath through the exchange of photons.

The anticommutator in the dissipator is needed so that tr (D[a]p) = 0. There-
fore, the important trace-preserving property of the von-Neumann equation also
applies to the Lindblad equation in the form of

tr (Lp(t)) = 0, (2.16)

which means that a density matrix undergoing Lindbladian time evolution will
always retain its normalization. Additionally to the preservation of Hermitic-
ity El, it can also be shown that L is completely positive (CP), which means that
the time evolution is a positive map for reduced density matrices in all possible
subsystems (c.f. Ref. [5]).

The most important difference between Eq. and Eq. is that the Lind-
blad equation describes non-unitary time evolution. One consequence of this is
that there does not exist a real Heisenberg picture in which the operators are
time-dependent, because its justification stems from the unitary equivalence to
the Schrodinger picture. Regardless, it is possible to find a similar formalism
(with some caveats), as we will show in Ch.

2L is Hermitian. £ itself as a superoperator, however, is not.



Chapter 3

Emission of radiation

3.1 Photon current characterization

This chapter deals with the radiation emitted by the system which can be
measured by a detector. The relevant observable is the photon current operator.
We first define the operator Z = ~vata. When looking at the expectation value
of 7 given by

(I) = ytr(alap) = ytr (apal), (3.1)

it becomes apparent that it is equivalent to use the occupation number operator
or to apply the annihilation operator from the left and the creation operator
from the right. The second arrangement measures the photon current leaving
the resonator E Only the outgoing photons can be counted because a measure-
ment of the occupation number collapses the ensemble into a single Fock state.
Thus, the photon current operator is given by jf, in the sense of the second
arrangement. While the operator ordering does not make a difference in this
case, the two arrangements are not generally equivalent. We will introduce the
notation to distinguish them when the correlation of photon currents at differ-
ent times is considered in Ch. [4

The prefactor of the dissipator contains the Bose-Einstein occupation n. It is
absent in Z because the detector in the regarded model is located at an effective
temperature 7' = 0 and does not measure thermal photons from anywhere but
the resonator. The damping rate v introduces a characteristic time scale for
photon emission events. And the mean number of emitted photons per event
is determined by the probability distribution contained in the density operator,
which evolves according to Eq.

The differential equation for calculating the expectation value of an arbitrary,
time-independent operator O € O as a function of time is given by

(O)(t) = tr (O(L))

<[ﬁ1, O]> +yn <[[a, 0, aT]> +y <;[0, ata) + [at, O]a> , (32)

1C.f. the same structure appearing in the dissipator in Eq.

7
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where the cyclic property of the trace, the commutation relation in Eq. and
the Lindblad equation have been used. This leads to a closed system of first
order ODEs including the occupation number operator, which we write in the
form

(ata)(t) - 5 5 n\ ((ata)(t)
dl@w | _|e —-ia 0 < || @ (3.3
dt | (a™)(t) € 0 —y+iA S (at?)(t) '
1 0 0 0 1

The fourth subspace has been added to incorporate the inhomogeneity into the
matrix. Thus, results from the theory of homogeneous systems can be used
(Ref. [6]). A homogeneous linear system is asymptotically stable at its critical
point (the point where the derivative is equal to 0) if all eigenvalues have a
negative real part with the exception of the eigenvalue 0 which has to have an
algebraic multiplicity equal to its geometric multiplicity. Physically, asymptotic
stability means that the system will reach a steady state for vyt — oo for any
initial condition. Then, the density matrix does not change anymore which
corresponds to a stationary probability distribution. The eigenvalues of the
matrix in Eq. are A\ = —7, A2 = —7 — V€2 — A2 \3 = —y + Ve2 — A2
as well as the steady state characterized by the eigenvalue 0. The restriction
for asymptotic stability arises from A3. If € is greater than or equal to the
threshold driving strength

€thr = V A2 + 727 (34)

one of the two conditions for asymptotic stability is violated and the system will
not reach a steady state. This classically corresponds to the amplitude growing
indefinitely. Without detuning, this instability occurs right when the driving
exceeds the damping rate. With detuned driving, the threshold is shifted to-
ward higher ¢ because non-resonant driving - speaking in classical terms - is
less effective in increasing the oscillation amplitude. The same threshold is also
valid for the classical case, because the eigenvalues of the matrix in Eq. are
the same as Ay and A3 apart from a prefactor.

If A = ¢ # 0, the matrix is not diagonalizable and the expectation value does
not evolve purely exponentially anymore. Since this case is a very specific choice
of parameters and is of no particular interest, we exclude it.

For e = 0, the 3 x 3 subspace of Eq. is diagonal. The differential equations
are not coupled anymore. This case generally has to be regarded separately
because the calculation of the eigenvectors otherwise involves dividing by e.
Another noteworthy fact is that the eigenvalues are all real if € > A, and if that
is not the case, they appear in complex conjugate pairs.

By finding the kernel of the matrix, we acquire the photon current in the steady
state (denoted by the subscript s), which is given by

(A2 2 I
(T)s = < (AA2 :_FJQ )_;2 ) : (3.5)
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This result differs from the classical parametric oscillator. Both amplitudes
x1 and x9 in the classical differential equation will eventually reach 0 below
threshold because Eq. is inherently homogeneous. In contrast, the photon
current approaches a non-zero value.

Stronger driving results in a considerably higher equilibrium photon rate, di-
verging at € — €. On the other hand, it decreases as A grows. This is because
the driving is off-resonant which hampers its efficiency, as mentioned above.
Also, <f) s depends linearly on the Bose-Einstein occupation. Without driving,
the resonator is in thermal equilibrium with the environment, which is expressed
by (a'a) = n. If the driving strength is increased, the thermal photons do not
only leave the resonator directly but can also create even higher excitations than
the driving alone does, further increasing the radiation emission. Therefore, the
slope of <f) s as a function of 7 increases as € — €gpy-

The influence of the damping rate on (7:') s depends on whether or not thermal
photons are present. At 77 = 0, the photon current decreases with v because a
higher interaction rate shifts the probability distribution in the density opera-
tor toward lower occupation numbers. If the temperature is not 0, the thermal
photons will outweigh that effect at some point and the current will begin to
increase again with ~.

The complete time evolution of the three expectation values in Eq. can
now be easily obtained by finding the other three eigenvectors vq, ..., vg cor-
responding to the non-zero eigenvalues and constructing a linear combination
Vg + Zg’zl A;eity; where vy contains the steady state values. We choose the
vacuum state pp = |0)(0| as the initial condition and fix the constants A; ac-
cordingly.

The solution for e = 0 is given by

N N

(I)(t) = (T)s(1 =) (3.6)

and describes the process in which the system thermalizes with the environment
through the exchange of photons. The current increases with a characteristic
time of y~! until an equilibrium at (Z); = yn is reached.

For A =0, we obtain

R R ﬁfy—i . . ny+ s —(v—¢
<I>(t> = <I>S — % <7_*_62 - € (’Y+ )t + f: & Sl )t> . (37)

Unlike the previous case, there are two exponential functions decaying with
characteristic times (y+¢€)~! and (y —€)~!. The second, slowly decaying mode
dictates the time scale 7, at which the system approaches the steady state. So
additionally to <7:'> s, the limit € — e, also causes 7, to diverge.

In order to verify the results, we explain the numerical approach to solving
the Lindblad equation. The method is also important when nonlinearities are
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included and an analytical solution is not obtainable.

The first step is to determine a matrix representation of the occurring oper-
ators @, a' and p. We use the Fock basis for now, because it is the natural
basis when ladder operators are involved. The bosonic Hilbert space is infi-
nite dimensional, but numerical calculation requires turning the operators into
matrices of finite size. For the Fock states, this can be done by only allowing
states |n) with n < mpyax. The idea behind this cutoff is that the probability
for a much higher occupation than (afa), is very low, and therefore the ma-
trix elements in the corresponding subspaces tend to 0. Depending on which
operations are performed on the density matrix before taking the trace, the
contribution from these subspaces can be neglected without changing the result
substantially. The caveat is that applying operators to the density matrix shifts
the weight of distribution away from (a'a), or may increase its variance. This
means that n,.x needs to be increased dynamically until further changes do
not influence the results of the calculation up to a desired accuracy.

In this way, the ladder operators as well as the density operator can be repre-
sented by matrices, e.g.

0 V1 0 0 0
0 0 V2 0 0
0O 0 0 --- 0 0
a= . . (3.8)
0 0 0 -+ 0 max
0O 0 0 -+ 0 0

For the simulation, we use the forward Euler method, in which the derivative
f) in Eq. is estimated as a simple quotient %. The time step At has to be
chosen sufficiently small for numerical accuracy. If p; is the density matrix at
time ¢, the update to p;11 at time ¢t + At is then calculated as

pit1 = pi + (Lpi) At. (3.9)

The trace preserving property of the analytical Lindblad equation (Eq.
does not apply to the numerical approximation. It is therefore important to
normalize the matrix after each simulation step. The ladder operators are rep-
resented by sparse matrices in the Fock basis. This can be used to significantly
decrease the simulation time.

With the described method, the analytical results can be validated by compar-
ing them to the simulation. Fig. [3.1a] shows the time evolution of the photon
current during the approach of the steady state. The parameters have all been
set to nonzero values to confirm that the analytical solution matches the simu-
lation in a general case. The exponential decay toward the steady state current
is visible. It is in generally a linear combination of all three modes. The be-
havior of the steady state photon current can be seen in Fig. for varying
detuning. The shifting threshold with increasing values of A according to Eq.
is verified as well as the decrease of (), for fixed driving strength when the
driving gets more detuned. Fig.[3.Idshows what happens when 7 is varied. The
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direct proportionality of the photon current on the Bose-Einstein occupation
becomes apparent due to the equal spacing between the graphs.
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Figure 3.1: Comparison of numerical and analytical solutions for the expecta-
tion value of the photon current. The analytical solutions are represented by
yellow lines in all subfigures. (a) Approach of the steady state, marked by the
dashed black line. The values of ¢ = 0.6y, A = 0.1y and 7 = 0.1 have been
chosen to show that the analytical solution and the simulation (dashed red)
coincide in a general case. (b) Steady state photon current depending on e for
n = 0. The detuning takes values of A = 0 (dashed red), A = 0.4y (dashed
blue) and A = 0.8y (dashed cyan). The threshold (dashed black) shifts accord-
ing to Eq. (c) Steady state photon current without detuning depending on
€ for n = 0 (dashed red), n = 2 (dashed blue) and n = 4 (dashed cyan). The

limit € < 7 shows that (Z), — 7.
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3.2 Stabilization above threshold

From classical mechanics, we know that unstable systems can be stabilized by
adding a term of higher order to the potential. An example of this is that the
potential V(z) = —z? always causes the kinetic energy of a mass placed any-
where but at the metastable point z = 0 to increase indefinitely. An additional
term proportional to z* allows for bounded solutions.

The same can be done to stabilize the parametric oscillator for € > ¢,,. To this
end, a nonlinear potential term is introduced into the Hamiltonian which can
be realized in a voltage-biased Josephson junction. It is given by

V =iae(ata® — ata), (3.10)

where a < 1 is a dimensionless coupling constant (Ref. [3]).

The fourth-order terms make it impossible to calculate the photon current an-
alytically because the derivatives always couple to terms of higher order. This
does not yield a closed system like the one in Eq. [3.3] Instead, we rely on the
numerical method to simulate the dynamics.

Fig. shows the time evolution of the photon current for different coupling
constants above threshold. The system does reach a steady state eventually,
therefore the potential in Eq. is suited for stabilization of the parametric
oscillator. Consequently, the time scale 7, also remains finite. However, the
figure shows that it is greatly increased compared to driving well below thresh-
old (c.f. Fig. . This reveals the necessity to look for more efficient ways of
obtaining the steady state density matrix, which will be done in the next chap-
ter. 7, is greater for smaller values of «, because a weakly coupled stabilizing
potential is not as effective in quickly stopping the system from diverging. The
shape of the graph is altered when the anharmonicity is introduced. Instead
of a strictly exponential approach of the steady state, the slope of the photon
current starts at a value close to 0 and the curve has an inflection point. This
property is generally true, also below threshold.

The steady state photon current as a function of the driving strength is depicted
in Fig. for different values of a.. (Z), has an inflection point above thresh-
old. While its values remain below 57v in the regime € < =, it reaches about 5
times its threshold value at € = 2. The values of a have been chosen so that
a~! increases in constant steps of 50 between the curves. Close to the highest
depicted driving strength of € = 2+, we can ascertain that the steady state pho-
ton current grows approximately linearly with a~!. This means, equivalently,
that the singularity at a — 07 is approached with hyperbolic growth for strong

driving far above threshold.

Fig. depicts the time evolution of the photon current for different values
of € when all other parameters remain constant. The important insight gained
through this graph is that 7, does not increase monotonously with €. It rather
has a maximum somewhere between ¢ = 1.1y and ¢ = 1.3, after which the
steady state is reached more quickly again.
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Figure 3.2: Numerical simulation of the photon current with the stabilizing
potential. (a) Approach of the steady state at ¢ = 1.2y and n = A = 0. The
values of the coupling constant have been chosen as a = 0.005 (red), o = 0.006
(blue) and o = 0.01 (cyan) so that a~! is equidistant. The characteristic time
scale 7, increases with a and is higher than below threshold. Nonetheless, a
steady state is reached eventually. (b) Steady state photon current depending
on ¢, now in the range from 0 to 2. The color coding is the same as in (a).
Above threshold, (f> s increases significantly compared to below. (c¢) Approach
of the steady state at n = A = 0 and a = 0.01 for € = 0.9 (red), e = 1.1y
(blue), € = 1.2y (cyan), € = 1.3y (orange) and € = 1.5y (green). Out of the
depicted curves, the cyan one takes the longest time to reach an equilibrium.
Therefore, 7, is not monotonous in e.
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Second-order coherence

4.1 Correlation of photon emission

For classical light with intensity I(¢) at time 7] the second-order (temporal)
coherence is defined by

g (r) = LOIEAT) (4.1)
where I without a time argument stands for the long-time average of I(t) and
the brackets denote an ensemble average. The coherence is a normalized mea-
sure for the correlation of the light’s intensities at two points separated in time
by the delay 7. We implicitly assume a light source with statistical properties
that are not time-dependent, i.e. stationary. This explains why ¢ (7) does
not depend on ¢, which can be set to 0. Because of the single argument of ¢(?)
and since the intensities can be freely commuted, setting ¢ = ¢t — 7 shows that
the function is even, @ (—7) = ¢® (7).

We now want to consider the quantum mechanical analogue. Classical intensi-
ties are proportional to photon currents because all emitted photons have the
same frequency wy. We assume that the system is in its steady state at ¢t = 0.
The second-order coherence is therefore expressed as

tr (a(r)a(0)psa' (0)a' (7))

@ (7) =
g9-\7) =
) tr (apsat)’

(4.2)

Note that the order of the operators to the left and right of the density operator
is important, unlike in Eq. This is called normal ordering and can be
denoted by colons as o
(:Z(7)Z(0):)s
o

s

g?(r) = (4.3)

The time argument of the operators is suggestive of the method that will be
used to calculate the coherence, but Eq. 4.2|can be interpreted to mean that the

!The bar implies that the intensity is averaged over one or a few oscillation cycles of the
light around time t.

15
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system first interacts with the environment at time 0, when the outgoing photon
rate is measured. Due to the interaction, the density operator changes and is
not in the steady state anymore. The system undergoes Lindblad time evolution
for a time 7, and then it is determined how the photon rate is correlated to the
one previously measured.

Following the classical case, the quantum mechanical coherence is defined to
be an even function. The behavior for 7 — oo can be extracted from Eq. [£:2}
Applying @(0) and af(0) to ps and canceling one factor in the denominator
yields a density operator with trace 1 that will eventually reach the steady
state again. Therefore, the coherence will approach 1 in the long time-delay
limit, independently of the system.

Light with ¢(® (1) = 1 is called second-order coherent. In this case, the photon
currents are independent of the time passed since the last measurement ﬂ This
and the fact that the mean photon current is constant means that the system
exhibits Poissonian counting statistics as found, e.g., in lasers.

For the classical case in Eq. the Cauchy-Schwarz inequality implies that
g (0) > g (r) for all 7 € R. Furthermore, g (0) > 1 because the variance of
I(t) is greater than 0. This generally does not hold true when the intensities are
replaced by quantum mechanical operators that do not commute, as in Eq.
Compare Ref. [7] for a more detailed discussion of the coherence and proofs of
the general properties.

4.2 Coherence for the parametric oscillator

We first want to look at the linear problem and find an analytical expression
for the coherence. While there are multiple ways to do this, we introduce a
method which resembles the Heisenberg picture in unitary time evolution. To
this end, a superoperator £’ can be found such that for every operator Oeco
and an arbitrary density matrix p, the relation

tr (0(£p)) = tr ((£'0)p) (4.4)

holds true. The exponential function for (super-)operators is defined as a power
series. Repeated application of Eq. in the terms of the series yields that
e£'t can be applied to the operator instead of e£ to the density matrix with-
out changing the expectation value. Thus, a time-dependent operator can be
defined, which obeys the differential equation

O@t) = L'0(t). (4.5)

L' is obtained through cyclic permutation of the terms within the trace in
Eq. [£4] This results in the expression

Ot) = i[H,0(t)] + (’y(ﬁ +1)D[a'] +~yaDla] + 7) O(t). (4.6)

An important difference between the Heisenberg picture and this time evolution
of operators is that they do not, in general, evolve independently of one another.

*More formally, the covariance between Z(7) and Z(0) is 0.
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A product of two operators O1 and Os under unitary time evolution can be writ-
ten as (0102)(t) = ef1t010ye 1t = it e~ iHteiHt Oge=iHt — Oy (£)Oy(t).
Inserting a 1 like this is not possible if the generator of time evolution is not
Hermitian and it is necessary to evolve the product operator as a whole.

Eq. 4.2 shows that the time-dependent operator (afa)(t) is required to calculate
the coherence. Knowing the results for the expectation values from the previous
chapter, it is prudent to assume that only operators of the same order and the
identity operator are mixed as afa changes over time. With the ansatz

(@fa)(t) = f(t)ata+ g(t)a® + h(t)al? + 1(H)1 (4.7)
and the initial condition (a'a)(0) = a'a, we retain a system of differential
equations for the functions f, g, h and [. It is given by

f(t) — € € 0\ (/)

dt | h(t) 5 0 —y+iA 0 h(t) |’ '
I(t) R z z 0 l(t)

which is the adjoint of the matrix from Eq. This means that it has the same
eigenvalues because they appear in complex conjugate pairs. It is no surprise
that the systems are almost identical because the time evolution of the operator
can also be used to calculate the photon current and vice versa - it is the same
problem from a different perspective.

The general solution is found by diagonalizing the 3 x 3 subspace for f, g and
h and then integrating to get I. When (afa)(t) is known, the coherence is
calculated as

90 (1) = iy [F)(P0%), + 9(r) @165, + A(r)(aa), + 1) (a1a).]

(afa)3
(4.9)

The fourth-order expectation values in the steady state are determined anal-
ogously to <f> s In chapter 2 with Eq. It is evident that obtaining the
coherence in this way involves a lot of calculations. A much more effective
method will be provided in Ch. [6]

[\

Since the eigenvalues of Eq. [3.3]and Eq. [£.§ are identical, the coherence has the
same exponentially decaying modes as the photon current. This means that
the characteristic time for the approach of the steady state 7y is also the typical
correlation time between photon emissions.

For € = 0, the coherence takes the form
gy =1+, (4.10)

which is completely independent of temperature and detuning. This is similar
to the behavior found for the photon current. However, the global prefac-
tor given by the steady state photon current did depend on the temperature
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whereas the coherence always starts off at a value of 2. It decays exponentially
with a correlation time of y~!. The emitted light is not second-order coherent,
which means that thermal photons (the only ones present in this special case)
are correlated with each other.

In the case of A = 0 with nonzero driving, we obtain

)2 2 )2 2
(2) _ (6 - 27”) (’7 - E) —(y+e)T (6 + 27”) (7 + 6) —(y—e)T 4.11
o=t 2(€? 4 2v2n)? ¢ 2(e? 4 2v2n)? ¢ - (411)

Both modes contribute differently to the coherence. The starting value of the

function is given by ,
9 ve(2n + 1)

9( )(0) =2+ (W) (4'12)

and is always greater than or equal to 2. If i # 0, it approaches 2 in the limit
e — 0, as expected from Eq. However, if 7 = 0, ¢g(®(0) diverges when
taking the limit. This is an example of the fact that ¢ — 0 generally does not
commute with the vanishing of other parameters, as mentioned in Ch. [3] The
discrepancy can be explained physically. In the zero temperature limit, the cor-
relation between photons stems purely from the driving process. We remember
the interpretation of the driving term in Eq. as creating pairs of photons,
which are necessarily correlated with each other. For small but nonzero driving,
the probability of two measured photons in short succession belonging to the
same creation event is very high. They are therefore almost certainly corre-
lated. As the driving strength increases, more photon pairs are produced which
reduces the likelihood of measuring photons from the same driving event.
If the temperature is increased, the thermal radiation destroys the certainty of
correlation close to 7 = 0 for ¢ — 0. Only the contribution from the correlation
of thermal photons remains. ¢(®(0) has a peak for a certain driving strength
EL It occurs when there are enough photons produced by driving for their cor-
relation to be palpable despite the presence of thermal radiation.

The general solution of ¢(?) (1) confirms that the coherence always starts at
a value > 1 and that 7 = 0 is the global maximum, just as in the regarded
special cases. Right after a photon is emitted, there is a maximally increased
probability of another emission. The property

vr:g@(0) > g®(7) (4.13)

is called photon bunching and means that the photons tend to be detected
in bunches, rather than individually (or independently of one another, like
in coherent light). An example for the opposite would be the property of a
single-photon source, which is conversely called photon antibunching. It is
characterized by

30> 0:Vy7 € [—6,0] : g (0) < gP (7). (4.14)

31f 0 < m < 0.5, the maximum value of g(2>(0) is equal to 2 + %%1)2 at € = v/2ny. If
7 > 0.5, the maximum of g(2)(0) = 3 is approached in the limit € — ~.
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The probability of detecting another photon is reduced right after an emission.
As mentioned in the previous section, antibunching is not possible for classical
light. And without the nonlinear term, it does not appear in the model of the
parametrically driven oscillator.

In the following, we turn to the problem with the stabilizing potential. The
numerical method introduced in the last chapter relies on simulating the dy-
namics of the Lindblad equation until the steady state is reached. We have seen
in Fig.[3.2d that this can take a long time above threshold. Since the steady state
is needed as the initial condition for the coherence, we introduce a method to ob-
tain ps immediately. To this end, the density operator p =37 _ pn.m[n)(m|
can be turned into a vector |p) by identifying |n)(m/| with the tensor product
|n) ® |m). Applying the ladder operators from the left or from the right can
be distinguished in this formalism, because these operations are performed by
distinct superoperators. The superoperators acting on the vectorized density
matrix are defined as

ay|p) = lap) = (a® 1)|p),
a at @ 1)|p
Up) = la'h) = @' @ Dip), s
a_|p)y = |pay = (1®ah)|p),
al|p) = [pa’) = (1@ a)|p).

Their matrix representation as well as technicalities concerning the right and
left eigenbasis of £ are discussed in App.[A] The main result is that every super-
operator, including the Liouvillian, is represented by a matrix acting from the
left on the state |p). This means that the Lindblad equation as given in Eq.
turns into a homogeneous system of first order ODEs solved by |(t)) = e“*| o).
The steady state |ps) can thus be determined as the element of ker (£) with nor-
malized trace. We will denote it with its eigenvalue as |0), where the tilde is
used to distinguish the eigenvalue notation in the vectorized basis from the Fock
states. Another important result from the appendix is that the trace is given
by the left eigenvector (0| of £ with eigenvalue 0.

It must be noted that the dimension of the superoperator matrices is n2 . x n2,..

compared t0 Nmax X Nmax for the method explained in Ch. |3 However, the num-
ber of performed operations in each simulation step is reduced because it only
involves applying £ to the density matrix instead of multiple matrix multi-
plications with the ladder operators. Also, the utilization of sparse matrices
means that the calculation time for each matrix multiplication does not in-
crease quadratically with the dimension. Therefore, the simulation in this basis
is not as inefficient as the matrix dimension might suggest.

In terms of the superoperators, the Liouvillian can be expressed as

L=i(H_— Hy)+~(A+1)D[a] +yaD[a'] (4.16)
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with A )
H, = 5a1a++ie L(af —a?) + a(aiai — af’ag] ,

A 1
H_ = Ea_aT_—H'e [4(@12 —a?)+ a(afaT_ - a_aT_?’)] ,

1
D[a] = ayal — i(aLaJr +a_al),

1
Dla'] = aia_ — §(a+a1 +alal).

T

The photon current operator with normal ordering takes the form 7 = vyata
Finally, the second-order coherence in this formalism is denoted by

(Olaral eflla al |0)

@) (1) =
oo (Olaral |0)2

: (4.18)

where the absolute value of 7 is needed so that g(?)(7) is even.

We now have the tools to simulate the coherence function with the stabiliz-
ing potential. Fig. shows ¢ (7) for different values of e and fixed a.
The regarded driving strengths have been selected because somewhere between
€ = 1.5y and € = 1.6, the photon current switches from being bunched to
antibunched. This is the first occasion in the examined system in which the
quantum nature of light creates results that cannot be explained classically.
The nonlinear term alters the statistical properties of the emitted radiation
and introduces the possibility of antibunched light above threshold. We will
call the driving strength at which the radiation changes from bunched to anti-
bunched the critical driving strength e.,. The cyan curve shows that ¢(?) (1)
changes its shape close to €. It is also the first of the depicted graphs to meet
the criterion from Eq. for antibunching. The switch happens before ¢(?)(0)
takes on values less than 1, as it has in the orange curve. However, between
the blue, cyan and orange curves, the driving strength only changes by 0.03.
Therefore, the alternative definition of the critical point as

is sensible and in good agreement with the previous one. This definition is often
used in literature as the sole distinction between bunched and antibunched light
(e.g. in Ref. [8]).

Based on Eq. we can study the behavior of the critical point when one of
the parameters at a time is varied. Fig. shows the variation of the coupling
constant at 0 temperature and detuning. The critical point increases only very
slightly with . Therefore, as long as the nonlinearity is present, the emission
of antibunched light occurs around the same critical driving strength if the cou-
pling constant is in the regarded interval. The behavior for « — 0" cannot be
determined accurately because a smaller coupling constant increases the photon
current and the required matrix size to obtain accurate results. The simulation
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time grows significantly. For higher values of «, the slope of the curve decreases.

Fig. depicts how increasing the temperature influences €. at a fixed value
of o and without detuning. For very small temperatures, a positive linear de-
pendence on 7 can be observed. The change in €., is significant compared to
the behavior when « is varied. For higher temperatures, the slope increases
and antibunching occurs at much higher values of e. The general trend of e,
monotonously increasing with the temperature can be explained with the help
of Eq. where we saw that purely thermal radiation is bunched. Therefore,
if the temperature is increased, the presence of thermal photons counteracts
the effect of the nonlinear driving. The latter tries to turn the radiation into
antibunched light if the driving strength is high enough, but the statistical
properties of the thermal photons outweigh this up to much stronger driving.

In Fig. A is increased at zero temperature while « remains constant.
Like in the other figures, the critical point also increases monotonously as the
driving becomes more detuned. While the exact effect of detuning with the
nonlinear potential is not easily interpreted, the tendency can be understood
in that higher detuning causes the driving to become less effective. Therefore,
a greater value of € is needed so that the driving term with the nonlinearity
produces antibunched light.



22 CHAPTER 4. SECOND-ORDER COHERENCE

1.05 4

1.04 1

1.03 1

1.02

e

1.01

1.00 1

0.99

-10 -5 0 5 10

Figure 4.1: Simulated second-order coherence for different driving strengths
with 7 = A = 0 and a = 0.01. The values of € = 1.4y (red), e = 1.5 (blue),
e = 1.51v (cyan), e = 1.537y (orange) and € = 1.6 (green) have been chosen
because the emitted radiation changes from bunched to antibunched between
the blue and cyan curve. Far away from this critical driving strength €., the
coherence always decreases (€ < € ) or increases (€ > €.;) monotonously close
to vy7 = 0, but for € = ¢, the curves are deformed. The switch from bunched
to antibunched and vice versa happens for very small variations of the driving
strength. For long time delays, the coherence approaches 1 in any case.
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Figure 4.2: Critical point depending on the system parameters a, i and A.
(a) e as a function of the coupling constant o at m = A = 0. The critical
point only changes by about 2% while the coupling constant is quadrupled, so
the influence of « in this regime is only marginal. €. increases monotonously
with a. (b) Temperature dependence of e, at @ = 0.01 and A = 0. For low
temperatures, the critical point increases linearly with 7. (c) € as a function
of detuning for a = 0.01 and 7 = 0. The leading order in A is higher than
linear.
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Chapter 5

Fano factor

5.1 Fluctuation of total photon counts

Rather than instantaneous photon currents, the Fano factor deals with the
description of the total number of detector counting events. We therefore define
the superoperator N(t) by

N(t) = /t drZ(|7|) :fy/t dT(a+aT_e£|T|) = 27/0 dT(a+aT_e£T). (5.1)

When applied to a state |p), it counts twice the total number of detector clicks
in the time interval [0, ¢] while the state evolves according to the Lindblad equa-
tion. For example, if applied to the steady state |0), the exponential function
has no effect and the expectation value of N(t) is just 2(Z)st. If N(t) is applied
more than once to the steady state, the remaining exponential functions e“™
will affect the result because the ket is changed by the operators a+aJr_. There-
fore, the interpretation of N(t)2|0) is that it multiplies (twice) the number of
photons emitted until time ¢ in the steady state by (twice) the number of pho-
tons emitted until time ¢ after a photon was detected at time 0. The reason for
taking the absolute value of 7 and therefore introducing a factor 2 will become
apparent in the following consideration.

We are interested in the total number of emitted photons for all times and
define N := limy_, o N(t). As is obvious from the expectation value of N(t) in
the steady state, this number generally diverges and only makes sense if used
to calculate a relative quantity.
The Fano factor is then defined as the ratio of time integrated zero frequency
noise S to the mean of the total photon count. As shown in Ref. [9], the noise
is given by S = (N)s + ((IN?))s, where the double brackets denote the variance
(N?)) = (N?) — (N)2. With this insight, the Fano factor assumes the form
b 5. L,
(N)s (N)s
and indicates the total number of photons correlated to a photon emission at
t = 0. Besides through the interpretation of N(¢)? given above, this can be un-
derstood intuitively from the classical point of view: The summand 1 stems from

(5.2)

25
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the self correlation of the initially emitted photon. The second term classically
cannot be negative because IV is a real number with a non-negative expectation
value. If no other photons are correlated to the first one, the covariance in the
enumerator vanishes. This corresponds to a Poissonian distribution and there-
fore coherent light. The Fano factor will be equal to 1. When the covariance
increases, more photons are correlated. This is called super-Poissonian light
because the variance of the photons counted in any given time interval exceeds
its mean value. Note that this variance is not equal to (N2))s. The latter is
the covariance between the total photon counts with and without the photon
detection at ¢ = 0. It determines if detecting a photon increases (F' > 1), de-
creases (F' < 1), or does not affect (F' = 1) the expectation for the total number
of photons. It is important to distinguish between these two concepts.
Classically, the Fano factor cannot be less than 1. But just like for the second-
order coherence, quantum mechanics makes this case possible because N is an
operator. If F' < 1, the light is called sub-Poissonian. There is no classical
analogue and the explanation as the number of correlated photons does not
apply either because the photon at t = 0 would not be fully self-correlated.

A lot of parallels to the second-order coherence suggest that the two quantities
are related to each other. And indeed, with the definition of the Fano factor in
Eq. and with Eq. we find the relation

Fels <(~)|a+aT_ deeaT'aJraT_ [ dteX 10y — <(~)|a+aT_ fdte£|t||6><(~)]a+aT_ [ dre”ITl0)

(Olayal [ dteflt|0)

14 <I>s/d7' <<6’a+ai?;;a+aim> = 1) ,

S
(5.3)
where all integrals are taken with respect to the whole real axis. We were able
to cancel the t-integrals because the integrands were independent of ¢ after
applying e£ltl to the steady state. Comparing Eq. ﬁ to Eq. [4.18] yields

F=1+ (I)S/dT <g(2> (r) — 1) (5.4)

and shows why using the absolute value of 7 in Eq. makes sense in the same
way as defining the second-order coherence to be even.

The accordance between the coherence and the Fano factor is now evident.
The integrand vanishes for coherent light, thus F' = 1. We also see the con-
nection between bunched and super-Poissonian light on the one hand as well
as antibunched and sub-Poissonian light on the other hand. Nevertheless, they
are not completely interchangeable terms because bunching and antibunching
only refers to the coherence close to 7 = 0 while the whole curve goes into the
calculation of the Fano factor.
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5.2 Scaling laws close to threshold

Following from the analytical solution of the second-order coherence in Eq.
the Fano factor for the special case A =7 = 0 takes the form

37262 4 A4
and shows a strong monotonous increase with e, diverging for ¢ — . This is
because the correlation time 7, of the slow mode in Eq. diverges in this
limit. As explained above, the correlation between the initial emission and the
photon current at later times stems from the fact that the density matrix is
altered when the detector registers a counting event. This necessitates an ap-
proach of the steady state in the course of which additional photons are emitted
through driving. If the time scale of the approach is longer, the total number
of correlated counting events grows. This interpretation also explains the dif-
ferent behavior of the Fano factor and the second-order coherence at 7 = 0 for
increasing values of €. Even though the coherence starts off at lower values for
stronger driving, 7, increases simultaneously so that the number of correlated
photon counts for all times is still greater.

For e — 0 (but with € # 0), we obtain that F' — 2 . In this limit, only a single
driving event takes place preceding the initial measurement. Therefore, only 2
photons are correlated, namely the one at ¢ = 0 and its ‘partner’.

The special case € = 0 yields F' = 2n + 1. This means that the emission of a
thermal photon at time 0 is correlated to n photons in the future and just as
many in the past.

F=1+ (5.5)

A quick way to calculate the Fano factor numerically is to evaluate the integral
in Eq. explicitly. For an invertible superoperator A, the integral ff : dreAlrl
is equal to 2(eAt —1)A~t. We know, however, that the Liouvillian is singular
because of the existence of a steady state. The —1 in Eq. fixes this problem.
To see this, we can use the spectral decomposition with left and right eigen-
vectors. In the eigenbasis notation for £ from App. (0] and |0) belong to
eigenvalue 0. The other infinitely many eigenvectors are arbitrarily labeled <):z]
and |);) and have the eigenvalues \; # 0 with Re \; < 0 (so that the system is
stable). In this way, the integral over the exponential of the Liouvillian can be
rewritten as
[e.e]

00 0o s 1 L
/_Oodmﬁlflz/_oodﬂo><0|+2 > LRI (69)

X0 7 0

Inserting the first term from the 0 eigenspace into Eq. leads to

> (Blagal |0)(Olayal 0) [
/ dT<oya+a\0;§(§)!a+a\0>:/_Ood71, (5.7)

—0o0

which cancels the -1 in the integral. The remaining expression for the Fano
factor is found by evaluating the second term in Eq. and inserting it into
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Eq. as well. This results in

F=Y _3<6|G+GT_’X¢><X¢’G+GUO> _ _2<6’a+GT—P£71PG+GT—\6> (5.8)

S N e (aal)

with the projector P = I — |0)(0] onto the complement of the 0 eigenspace.
The last step is to be understood purely numerically. Only in that way can
the analytically singular matrix be inverted before the problematic subspace is
removed. For numerical reasons, it is best to avoid inverting matrices. Hence,
implementing the calculation of the enumerator in Eq. can be done effi-
ciently by defining |v) := Pajal |0), solving the system L|w) = |v) for |w) and
then determining <(~)|a+aJLP|w>.

Fig. depicts the Fano factor as a function of € for 7 = A = 0. The red curve
shows the case without the nonlinear potential, where the solution is given by
Eq. The coupling constant for the blue curve is &« = 0.01. Rather than
growing indefinitely for increasing driving strengths, the nonlinearity causes F’
to decrease after reaching a peak. This peak is not right at threshold but shifted
toward greater driving strengths. Referring back to Fig. from Ch. [3| we
can conclude that the peak is positioned at approximately the driving strength
where the characteristic time 7, reaches its maximum, which agrees with our
interpretation of Eq. Above threshold, the light eventually becomes sub-
Poissonian, which is predictable due to the occurrence of photon antibunching
for driving strengths of this magnitude. The critical point €., is a good estimate
for when the switch from the super- to the sub-Poissonian regime happens. As
explained, the terms are not equivalent to bunching and antibunching, so there
is a slight deviation. The quickly deforming coherence function close to €., re-
sults in a discontinuity of the first derivative of F'(¢). For € > +, the bend in
the figure suggests that the light becomes second-order coherent again.

Close to threshold, the Fano factor (F' — 1, to be precise) follows universal scal-
ing laws, a fact which has been derived in Ref. [3]. We want to use our numerics
to verify the predictions. Deviations are to be expected because the theory is
accurate in the limit o — 0.

F — 1 at threshold scales o« o~ ! and is independent of 7. The Fano factor has
a universal form if plotted against the dimensionless distance § = %(e — )T«
from threshold. This means that the peak, for example, is at § = const., so its
position scales like 7! if it is viewed as a function of e. The same applies to
the FWHM if € = v is used as the reference position to determine the width
of the peak. Following the predictions for the scaling of 7., we consequently
expect the FWHM to scale oc o’ and oc (20 + 1)°°.

Fig shows the curves of F' — 1 depending on the driving strength for six
values of a, starting at « = 0.001 and doubling for each curve up to a = 0.032.
7 and A are set to 0. The values of F'— 1 at e = « can be determined from the
graphs. Their logarithms are plotted against the corresponding values of In («),
which is depicted in Fig. The double-logarithmic scale makes it possible to
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recognize power laws as linear dependencies and determine the powers through
the slope of the line. Such a linear regression has already been performed in
Fig. It is to be noted that only the first three points have been used in
the regression since the function becomes obviously nonlinear for larger values
of a. The same analysis has been done with the FWHM.

Accordingly, Fig. shows F' — 1 at A = 0 for six values of 7 starting at
n = 0.1 and doubling in each step up to n = 3.2. The coupling constant has
been chosen as a = 0.004, a smaller value was not feasible because nonzero
temperatures cause the value of n,,q, required for numerical accuracy to grow
substantially. We therefore expect higher deviations from the predictions in
this case.

Tab. lists the obtained results of the linear regression and the expectations
for the scaling powers denoted by d. The deviations from the theory are espe-
cially pronounced in the scaling of the FWHM with (2n4 1), where the relative
difference is approximately 20%. However, considering the mentioned numerical
limitation, the expectations are generally met with acceptable accuracy. Pin-
pointing an error for the slopes is not useful because the systematic difference
away from o — 07 has a greater effect than the exact subjective placement of
the linear regression. This is made clear by Fig. The tendency for higher
values of « is that the data points are below the regression line. If much smaller
values of o were available, we would thus expect a less negative slope, which is
confirmed by the theoretical prediction. In contrast, the regression through the
first three points has a much higher accuracy.

The determined powers can be used to show that the Fano factor follows a
universal form by rescaling the axes. This is done in Fig. and Fig.
for a and n, respectively. The constants ¢; and co have been chosen so that
they normalize the FWHM of the respective first data set to 2 and its value
of (F'—1)[e=y to 1 . We see that the curves follow the universal form for
the smallest values of o and n as expected. For the scaling with «, strong
differences occur in the graphs with o > 0.008, which is right where the linear
approximation in Fig. breaks down. The curves with different values of n
start deviating considerably for n > 1.6.
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Figure 5.1: Fano factor as a function of driving strength with n = A = 0
for « = 0 (red) and a = 0.01 (blue). The horizontal dashed line at F' = 1
marks the transition from super-Poissonian to sub-Poissonian light. For the
blue curve, this transition happens around its critical driving strength marked
by the vertical dashed line. Both graphs coincide in the limit ¢ < v. But
instead of diverging at threshold, the blue curve exhibits a peak, falls below
F =1 and approaches it again for € > 7. The maximum Fano factor is located
in the interval given by Fig. in which the characteristic time 7, reaches its
highest value.

Scaling law close to threshold | prediction for § | § from linear regression
(F —1)|e=y x a® -1 -1.03
FWHM o 0.5 0.46
(F = 1)|e=ry x (27 +1)° 0 -0.06
FWHM o (272 +1)° 0.5 0.60

Table 5.1: Theoretical predictions and results from the linear regression for the
scaling laws of F' — 1 and the FWHM close to threshold. Considering that «
could not be chosen arbitrarily small (especially for nonzero temperatures), the
results are in good accordance with the expectations.
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Figure 5.2: Fano factors as a function of driving strength for different coupling
constants and temperatures. These data sets are used to verify the scaling
laws. The dashed vertical lines mark the threshold e = v (a) Fano factor for
n = A = 0. The coupling constants of the depicted curves are a = 0.001 (red),
a = 0.002 (blue), @ = 0.004 (cyan), o = 0.008 (orange), a = 0.016 (green) and
a = 0.032 (gray). (b) Fano factor for A =0 and o = 0.004. The Bose-Einstein
occupations of the depicted curves are n = 0.1 (red), n = 0.2 (blue), n = 0.4
(cyan), n = 0.8 (orange), n = 1.6 (green) and 1 = 3.2 (gray).
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Figure 5.3: Scaling laws and universal form of the Fano factor. (a) Linear re-
gression for the values of F'—1 at threshold depending on the coupling constant
«. Only the first three points follow a linear function in the double logarith-
mic scale. This particular regression yielded a slope of -1.03, which fits the
expectation of (F — 1)|c=, o< a~!. The other linear regressions were done in
the same manner and are not explicitly shown here, but the results are listed
in Tab. (b) and (c) Universal form of the Fano factor for the data sets
from Fig. and Fig. respectively (the color coding of the curves has
remained the same). The axes have been rescaled according to the results of
the linear regressions and the x axes were shifted to recreate the universal form
as a function of the dimensionless distance 8 from threshold. The constants cq
and cy were chosen so that the threshold value of /' — 1 is normalized to 1 for
the red curves, and their FWHMSs are normalized to 2.



Chapter 6

Efficient simulation of the
Lindblad equation

Describing the statistical properties of the system by single numbers (like the
Fano factor or the critical point) is convenient because they can be calcu-
lated numerically without simulating the dynamics of the system. Nevertheless,
curves like the second-order coherence that do need to be determined through
simulation contain further information. One example is the characteristic cor-
relation time 7,, which can be extracted from ¢(®(7) but not from the Fano
factor. It is therefore important to find ways of reducing computation times of
the simulation.

The starting point is the problem without the nonlinear potential using the
superoperator formalism introduced in Ch. 4 A method called Bogoliubov
transformation is used to find a new basis in which the Liouvillian is diagonal.
To that end, we define four new superoperators u; and v; with i € {1,2} as
linear combinations

U; = U104 + ujpa—_ + uiga:_ + ui4aT_,

T

T (6.1)
V; = V104 + viga_ + Vi3a + visa_

of the Fock basis superoperators. The goal now is to determine the coefficients
in a way that creates a bosonic structure for the Liouvillian, i.e.

L = AMuviug + Aovaus, (6.2)

where the v; act as new creation operators and the u; as annihilation operators.
Because the Liouvillian is not Hermitian, u; is not the adjoint of v;. The
bosonic structure can be induced by demanding that the operators fulfill the
commutation relations

(L, u;] = =N,
[£,vi] = Aiwi, (6.3)
[ui, vj] = d;j,

which are known, e.g., from a two-dimensional harmonic oscillator. After find-
ing these operators, a new basis with two labels can be used, consisting of states
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|n, m) that are eigenstates of £ with eigenvalue nA; + ms.

In order to gather conditions for the coefficients, the commutation relations
[a+7 aJ—r&-] = 17
[a_,al]=—-1

for the Fock basis superoperators are needed. The commutators between all

other pairings vanish. These relations and Eq. can be used in Eq. If

the u; and v; are represented by the column vectors

(6.4)

T
ui:(uil U2 U3 Ui4) ) (6.5)

T
Vi = (Uil Vi2 Vi3 Uz‘4> )
the first two commutation relations from Eq. are equivalent to the eigenvalue
problems

Mu; = Aug;,
== {ad} (66)
Muv; = —\jv;

with the matrix M given by

—ig —y(a+s)  —y(a+1) 5 0
- vl —i2 + (R + 1) 0 £
- 5 0 i+ +3) yi
0 £ —y(a+1) iS5 -+ 3)

(6.7)
The four eigenvalues of M are

1
Ay = :I:g\/(v2 +e2— A2) £ 29/ €2 — A2 (6.8)

and appear in pairs with different signs. The set of eigenvectors of M contains
all four vectors u; and v; since the operators with identical indices obey the
same eigenvalue problem for the sign-switched eigenvalue (c.f. Eq. . If the
sign of AL and Ay_ is chosen and they are identified with A; and As, this fixes
the complete form of the operators u; and v; (up to a prefactor).

Now that we have shown this fact in the most general case, we will focus on
A = 0. The eigenvalues reduce to

Adt = i%(W +¢) (6.9)

and the corresponding eigenvectors w44 are given by

—1 1 1 —1
1 —1 e+%7ﬁ ) —e—&-(Z'yﬁ )
_ . e—2vy(n+1 . _ e+2vy(n+1
Wt = o W= = -1 W+ = e+2vn yW——= e—2yn
e—2y(n+1) e+2v(n+1)
1 1 1 1

(6.10)
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The last commutation relation in Eq. can be interpreted as an orthonormal-
ity condition for the eigenvectors. But rather than the Euclidean inner product,
the modified dot product

0 01 0
m—ar| " "0 T, 6.1
(a,b) =a oo o (6.11)
0 10 0

with an inserted metric matrix induces the norm. It is not commutative [[} so
we need to choose the signs of the eigenvalues before the normalization can be
executed in the right order, i.e. (u;, v;) = 0;;.

All four possible combinations of assigning A1y — A1 and Ap_ — Ay are
valid in that the correct Liouvillian is obtained. We know that the system is
stable and can therefore already guess that the combination with both negative
eigenvalues is the correct one. Otherwise the time evolution in the new basis
eLtn, m) = e 1TmA)t p ) diverges for certain choices of m and n. This guess
can be proven using the trace preserving property of the Lindblad equation
(Eq. . With the basis independent insight of App. it can be written as

(0,0[£]p) = 0 (6.12)

for an arbitrary, not necessarily normalized state |p). Inserting Eq. leads to
the condition
A1(0, 0Jvr[p1) + A2(0, Ofvz|p2) = 0, (6.13)

where we have defined |p1) := u1|p) and |p2) = uz|p). Since |p) is arbitrary, so
are |p1) and |p2). Thus, both terms have to vanish independently. This shows
that the v; have to be of the form ¢j(ay —a_) + cz(a:_ - aT_) because their
trace vanishes by cyclic permutation. As a consequence, we can identify the
eigenspaces through the proportionalities

U1 X Wi,
Lo W= (6.14)
VU X W4 —, ‘

Uo X W__.

The appropriate eigenvalues are A\; = A_ and Ao = A__.

Now that the eigenspaces are assigned, the normalization with the dot product
from Eq. can be performed in the correct order. The orthogonality is
already satisfied by the eigenvectors, so the remaining two conditions

(w—_y,awiy)=(w__,bwy_) =1 (6.15)

specify the constants ¢ and b in v1 = awy; and vo = bwy_ , while the other
two proportionality constants in Eq. [6.14] are set to 1.

nstead, it is anticommutative.
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The fact that the simultaneous transformations u; — u; = au; and v; — v; =
a"tv; for any number a does not change Eq. allows shuffling constants
between the operators with the same index.

Taking everything into account finally leads to

L = Mviug + Aavaus,

+ €
)\1:_72 )
—€
)\2:_72 )
V1 = —a+ +a_ — a:_ -+ CLT_, (616)
v2:a+—a_—ai+ai,
e+2y(n+1), 4 €—2vn 4
U =—7-—-"7@. —ar)+ ——(a, —a_),
1 4(7+6) ( +) 4(’}/"—6)( + )
e—2y(n+1), 4 €+2yn ¢
Uy = —————(@a_ +ay)+ ——=(aL +a_).
G- et oglete)

It is known how the new creation and annihilation operators act on a state
up to a prefactor, i.e. wuji|n,m) ~ |n — 1,m). While this prefactor is de-
termined in Fock space through the fact that @ and a are adjoint operators
((n|ata|n) = n = |a|n)|?), it can be freely distributed between u; and v; as
long as the eigenvalue of v;u; is the according occupation number. One possi-
ble choice is to keep the same distribution, so that ui|n,m) = y/njn — 1,m),
viln,m) = v/n+ 1jn 4+ 1,m) and analogously for us and ve. We will use this
convention in the remainder of the chapter.

It is helpful for calculations to express the Fock basis superoperators as

1 1
= —(e — 2vn)v1 — (€ + 2vn)vg — - ,
a+ (e = 2yn)v1 — (e + 2y7)v2 A0y + e)ul Ay — E)uz
[e+2y(n+1)] v + [e — 2y(Rn + 1)] L !
a_ = [e+2y(n vy + [e — 2v(n vy — U] — us,
A(y +e) 4(y —e)
aL:—[e—l—Qv(ﬁ—i—l)] v1 + [e —2y(n+ 1) va + up — ! ug,
Ay +¢) 4(y —¢)
1 1
t _ _
a = (e—2yn)vy — (e + 2vn)vo + ——u1 — —— U2
( Ju = ) 4(v+e) 4(y —€)
(6.17)

using Eq. For consistency, one can check that the result of (Z); =
<0,0]a+aU0,0> is equal to Eq. To this end, all combinations of u; and
v; in a+aT_ that change the ket |0,0) or apply an annihilation operator to it can
be ignored.

In the same way, the second-order coherence

(0, 0|a+aT_e£|T|a+aT_ |0, 0)
(0,0]ayal |0,0)2

is found to be the same as in Eq. This shows that the introduced method
is also helpful in analytical calculations. Once the operators in Eq. are

gD (r) = (6.18)
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obtained, the solutions to many of the previous problems can be found without
the need to solve linear systems.

The basis {|n,m)} can be used for an approach toward a more efficient simu-
lation method. In the linear problem, the mode |n,m) decays with a rate of
Ry = |nA1 +mAz| (in the general case, the real part of the eigenvalues has to
be taken, but we are still focusing on A = 0). If the anharmonicity is added,
the decay behavior of |n,m) is changed. Also, |0,0) is not the steady state
anymore. It is rather a linear combination of different kets. However, in the
limit « — 07, the properties of the linear system should be restored. Therefore,
if v is chosen sufficiently small, modes with a high decay rate R can be ignored
because they do not appear in the simulation of the linear problem (Eq.
contains only modes with at most four total excitations) and also decay fast
compared to the simulation time scale. We thus define a maximum decay
rate I' > 0. I replaces the parameter n,,q, from the Fock basis, and we expect
to get accurate results in the limit I' > ~.

Below threshold, all modes |n, m) with Ry, > I' are removed from the matrices.
This can be done by initially choosing the dimension dim; large enough so that

all relevant modes are included, for example dim; = {m—‘ + 1. The

matrix representations of u; and v; in the new basis are the same as those of
the Fock basis superoperators. For example, the matrix for v; = v ® 1 is given
by that of aﬂ_ in the Fock basis. After the initial definition, every subspace with
occupation numbers n and m is examined. If R,,, > I', the (ndim; +m)thE|
row and column are removed from all matrices as well as the (ndim; +m)th
element from the trace and steady state.

Above threshold, another parameter has to be introduced to limit the number
of m in |n,m) because the eigenvalue Ag is positive. This parameter, which we
call M4z, 18 necessary because without it, the condition R,,;,, < I' could always
be fulfilled by including a high enough multiple of As. For the same reasons as
below threshold, the results should converge to the exact solution in the joint
limit I' > ~ and M40 — 0.

Below threshold, the method yields good results. It becomes apparent that
not many modes are needed to approximate the time evolution of the system.
Hence, the computation time is reduced. As an example, Fig. shows the
coherence simulated with the new method for a fixed set of parameters and how
it changes with increasing values of I'. We see that the result converges to the
black curve, which is the solution simulated in the Fock basis with high enough
Numaz 10 Obtain numerical accuracy. Also, the long term behavior y7 > 1 coin-
cides with the approximations even for lower values of I' because the discarded
modes have already decayed in that regime. The coherence with the highest
used value of I' = 3+ has converged, and the matrices in that case are only of
dimension 39 x 39 while the corresponding matrices in the Fock basis need to be
approximately of dimension 150 x 150 to reach convergence. This demonstrates

2C.f. App.[A]for the correspondence between tensor products and matrix elements.



38 CHAPTER 6. EFFICIENT SIMULATION METHOD

that the new basis allows for much more efficient simulations.

Above threshold, the method fails to yield the correct steady state density ma-
trix, even if « is chosen very small and I and M,,,,, very large. For example, a
negative photon current is calculated from the determined left and right eigen-
vectors with eigenvalue 0. The calculation of eigenvectors converges however,
which hints at a deeper root of the difficulties. There seem to be two numerical
problems which might be connected with each other. For one, the spectrum of
the Liouvillian contains positive eigenvalues. An example of such a spectrum is
shown in Fig.[6.2a] Even if the correct steady state density matrix was obtained,
this would lead to a diverging time evolution. Furthermore, Fig. depicts
the absolute values of the elements in the density matrix with eigenvalue 0, be-
fore removing the modes with high decay rates. The weight of the probability
distribution shifts toward the highest allowed occupation of the slowly decaying
mode. The colors change on a logarithmic scale, so the values at the bound-
ary diverge, reaching magnitudes of more than 10?°. Simply removing these
subspaces is not enough because the steady state might already be distorted.
Cutting the subspaces from the Liouvillian before finding the eigenvectors does
also not lead to the correct result.

Several approaches did not yet succeed in but might provide a starting point for
recovering the correct solution. One idea is to remove the eigenspaces of positive
eigenvalues with projectors of the form P =1 — [A)(\| from the Liouvillian by
setting £ = PLP. While this might counteract the divergence of the modes
in the time evolution, it does not yield the correct steady state. Secondly, the
accumulation of the weight in the density matrix at the cutoff could necessarily
appear as long as the dimension is artificially set to a finite value. The problem
may be overcome by introducing jump operators with the same form as the
dissipator in Eq. 2.13] into the Liouvillian. While the dissipator lowers the
occupation number in the Fock basis by 1, jump operators that shift the weight
of the steady state from the boundary toward lower modes can be constructed.
This idea needs more consideration, because simply adding such operators that
cause a probability flow to the state |0,0) does not change the wrong result. It
is possible that more mathematical insight into the structure of problems with
infinite dimension and their numerical, thus finite implementation can help to
extend the ideas presented.
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Figure 6.1: Second-order coherence with the new simulation method for € = 0.6,
a = 0.01 and 7 = A = 0. The thick black curve is the result obtained in
the Fock basis, where convergence has definitely been reached. The different
maximum decay rates of I' = 0.5 (red), I = v (blue) and I' = 3~ show that the
correct result is obtained by increasing I'. Also, the graphs with lower values
of I still become accurate for y7 > 1 because the cropped modes decay more
quickly.
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Figure 6.2: Spectrum and steady state density operator from the numerical im-
plementation of the new basis above threshold. Both figures have been created
with parameters e = 1.2y, « = 0.01, and A = 7 = 0. The matrices were not al-
tered by removing modes, they have the initial dimension di]rnl2 X dim?. I' =20~
and M., = 40 have been chosen particularly large to show that they are not
the cause of the wrong results. (a) Partial spectrum of the Liouvillian above
threshold. Numerous eigenvalues with a highly positive real part occur, and
they do not seem to appear in complex conjugate pairs compared to the eigen-
values with a negative real part. The former means that the time evolution with
L as its generator would diverge if it were performed. (b) Weight of the modes
|n, m) in the eigenvector of £ with eigenvalue 0. Each square is colored accord-
ing to the logarithmized absolute value of the expansion coefficient (n,m|0).
The occupation number n of the quickly decaying mode increases along the x
axis, that of the slowly decaying mode (m) along the y axis. The weight of the
modes grows exponentially as the slow mode’s occupation increases, leading to
diverging absolute values. Setting the matrix dimension to a finite size seems
to cause numerical difficulties in obtaining the right steady state.
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Chapter 7

Conclusion and outlook

In this thesis, we have analyzed the statistical properties of the radiation emit-
ted by a quantum parametric oscillator, mainly regarding the fluctuation and
correlation of the photons.

The basic setup of the system and the time evolution for open quantum systems
have been explained in Ch. In Ch. |3, we have shown that the parametric
oscillator experiences an instability at a driving strength of ey, = /A2 + 12,
which is cured by a nonlinear potential. The characteristic time 7, after which
the steady state is reached was found not to be a monotonous function of the
driving strength. Instead, it experiences a maximum at a certain value of e.
The second-order coherence has been introduced in Ch. ] and determined for
the case of the parametric oscillator. It has lead to the realization that 7, is
not only the time for the approach of the steady state, but also the typical
correlation time for photon emissions. We have demonstrated that the emitted
radiation is bunched up to a critical driving strength €., where it suddenly
turns antibunched. The shifting of this critical point has been simulated, e.g.,
for changing temperature and the results explained qualitatively. The fact that
antibunched light is emitted at all is testimony to the quantum nature of light.
Closely related to the coherence, Ch.[5]has dealt with the Fano factor as a single
indicator for the counting statistics of a system. We have seen that the switch
from bunched to antibunched light is accompanied by the counting statistics
turning sub-Poissonian. While €., is far away from threshold, the Fano factor
takes on a universal form close to threshold, which we have been able to verify
numerically. Deviations arise as expected when the coupling constant « of the
nonlinearity is increased.

In Ch. [0}, the Liouvillian without the nonlinear potential has been diagonalized
using a Bogoliubov transformation. The results can be applied to simulate the
Lindblad equation more efficiently below threshold if « is chosen small enough.
Only the modes with the longest characteristic times are used to describe the
dynamics of the system, which reduces computation times significantly.

The thesis raises interesting questions for further consideration. The obvious
one is how to extend the efficient simulation method from Ch.[6labove threshold.
As mentioned, the answer may lie in choosing appropriate jump operators or
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otherwise finding the right boundary conditions so as not to alter the system
dynamics when cutting off the matrix dimension. Since the method allows for
much faster simulation times, it is worthwhile studying how similar problem
have been tackled mathematically in the past.

Another possible next step could be to gather a better understanding of the
critical driving strength. The emitted light at €. is (almost) second-order
coherent. This might be a starting point for an analytical approximation based
on properties of coherent light that facilitate calculations.



Appendix A

Vectorization of the density
operator

The set of n x n matrices over C with a norm induced by the inner product
(A, B)gs = tr (A'B) forms a Hilbert space for any finite value of n. While
this notion is complicated a lot when the dimension of the matrices is infinite,
it can be shown that density operators in particular are so called trace-class
operators. They form a Hilbert space with the same inner product (-,-)gs,
which is called the Hilbert-Schmidt inner product (c.f. Ref. [10]). We denote
the Hilbert space of density operators by H.

In the Dirac notation, this allows identifying density operators with kets. After
choosing a basis {|n) ,n € Ny} of H, a density operator is represented by
a linear combination of outer products |n)(m|. They can be assigned to the
tensor products [n) ® |m), which are the basis elements of the operator vector
space. This means that the density operator p represented by the matrix

£0,0 pPo,1

P10 P11 - (A.1)

is identified with the column vector

T
(Po,o poi o PLO P e ) (A.2)

by stacking its rows on top of each other. Analytically, the dots stand for
infinitely many elements, but the numerical representation of the density matrix
has a shape of nmax X Nmax. Therefore, the density operator vector space is of
dimension n? .

Now that the density matrices are established as ‘kets’ (column vectors), the
question is whether or not ‘bras’ (row vectors) have an interpretation as well.

For the row vector given by

[e.9]

Stleml=(1 00 - 010 - ), (A.3)

n=0
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it is apparent that multiplying it with any vectorized matrix yields its trace.

The creation and annihilation operators can be expressed as matrices in this
formalism. Because the tensor product does not commute, the matrices have a
different form depending on whether the operators are applied from the left or
from the right. For that reason, normal ordering can be denoted in a natural
way with different superoperators.

The tensor product between two matrices multiplies each element of the first
matrix by the second matrix. The superoperators are thus of the form

0 V1 0
.10 0 V2 -
a+:&®1: bl
0 0 0 .-
(A.4)
al 0 0
. 0 al 0
a_:1®dT: )
0 0 af

where the underscores stand for the 7,42 X Nner Matrix representation of an
operator (c.f. Eq. and the numbers are to be understood as multiplied by
the identity operator. The two other superoperators from Eq. are repre-
sented by the adjoint matrices in this basis.

In contrast to the Hamiltonian, the Liouvillian is not a Hermitian operator.
As a consequence, the left and right eigenvectors are not the adjoint of each
other and have to be determined separately. We use the notation |A) and ()|
to denote right and left eigenvectors of £ with eigenvalue .

A left and a right eigenvector with different eigenvalues are always orthogonal
to each other. For N # X, we find that

L-NAN =0 = NL-ANN)=0 = N-NXN])=0, (A5

and since the eigenvalues are different, the bra and the ket are orthogonal. An
orthonormality condition for the left and right eigenvectors can therefore be
imposed], so that

(NIR) = by (A.6)

The ket |0) is the steady state |ps) because the derivative %\(D = L£|0) =
0 vanishes. Also, we have found in Eq. that the Lindblad equation is

!There are some mathematical subtleties involved in proving this rigorously. For example,
it must be shown that left and right eigenvectors with the same eigenvalue are not orthogonal.
This proof is found in most introductory linear algebra literature. Also, the general property
that the eigenvalues of the Liouvillian are real or appear in complex conjugate pairs (Ref. [11])
shows that the sets of left and right eigenvalues are identical.
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trace-preserving. The trace is a continuous linear form in the Hilbert space
H. According to the Riesz representation theorem, a unique element (tr | must
appear in the dual space H* (the space spanned by the left eigenvectors) so
that tr (p) = (tr |p) for any density matrix p. The trace preservation % tr (p) =
(tr|L]p) = 0 identifies (tr | = (0| due to the arbitrary choice of 5. We know the
form of the trace in this specific basis (Eq. , but the two key facts that
the left and right eigenvectors with eigenvalue 0 are the trace and the steady
state are independent of the basis representation.

The normalization Eq. ensures that the steady state density matrix has
unity trace and that all other eigenvectors of the Liouvillian are traceless. The
latter is necessary because these modes decay exponentially, so Eq. would
be violated if they had a nonzero trace.
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