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Abstract

This thesis investigates the stability of Josephson radiation emit-
ted in a thermalized environment. We introduce the AC Josephson
effect as a radiation source and tmplement it in a circuit that has
the properties of a clock consisting of an oscillator and a contin-
uous counter. The correlation of the emitted light is characterized
by the first-order coherence, for which we obtain explicit analytical
expressions. We discuss the limited coherence properties of the sim-
ple Josephson circuit and explain how this result can be improved
by using the clock circuit. For the latter, our calculations reveal a

parameter that allows us to enhance its stability.
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Chapter 1

Introduction

The Josephson radiation is an electromagnetic signal that is emitted when a
junction between two superconductors is voltage-biased [1]. An experimental
measurement of such radiation serves as a demonstration of the AC Josephson
effect. The pursuit of new stable radiation sources holds inherent value, as
applications of lasers can be found in numerous scientific and everyday fields,
including medical and computer-based sectors. However, the coherence prop-
erties of the Josephson radiation are limited by the environment surrounding
the junction. This includes electromagnetic effects and the thermal state of
the system. Recent advancements have made it possible to achieve the regime
of Josephson lasing by tailoring the environment from which the radiation is
emitted [2].

In this thesis, we are interested in the thermal aspect that prohibits Josephson
radiation from having long coherence times, which is essential for the realisa-
tion of a laser. To that end, in Ch. [2| the AC Josephson effect is introduced
first with an ideal and then with a realistic voltage source. For the latter, we
use the Resistively and Capacitively Shunted Junction model and discuss under
which assumptions it can be considered in the classical regime. We then modify
the simple Josephson circuit by adding another branch consisting of a second
Josephson junction in series with an RLC circuit, obtaining a circuit with char-
acteristics similar to a traditional clock. Remaining in the classical regime, we
derive the equation of motion for the current in the circuit and, from there,
find an analytical description of the superconducting phases at different nodes

using the rotating wave approximation.

The mathematical description of a thermal environment is given by the Johnson-

Nyquist noise, which is introduced in Ch. |3 We focus on the low-temperature
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2 CHAPTER 1. INTRODUCTION

regime and show how thermal noise acts on circuits including Josephson junc-
tions. The coherence of the emitted radiation is quantified by the use of the
first-order coherence. We obtain an analytical expression for the correlation
functions of both the Josephson and the clock circuit and discuss the results.
Throughout the entire thesis, numerical simulations are used to back up the

analytical calculations.



Chapter 2

Sources of Josephson radiation

2.1 The ideal AC Josephson effect

The Josephson junction is an electrical component that B.D. Josephson first
analysed in 1962 [3]. It consists of two superconductors separated by an insu-
lating barrier. If the thickness of the insulator is small enough, the quantum
mechanical amplitude of the electrons enables tunnelling through the barrier.
As explained in [4], if there is no magnetic field, the Schrédinger equation for

such a system is given by

L0 (¢ (% K\ [
o @‘(K ) <¢> =0

with Planck’s constant /i and the wave functions ¢/, = \/p17ei6'1/27 where
p1/2 are the electron densities and 6/, the phases on either side of the junc-
tion. Here, the squares of the wave functions |1, /2\2 denote the probabilities of
finding an electron on the insulator’s left or right-hand side, respectively. Fur-
thermore, V' is a DC voltage being applied to the system, creating a potential
difference between the superconductors and q is the charge of an electron pair
q = 2e. The final parameter, K, is a characteristical constant of the junction
that quantifies the coupling. Were K zero, the matrix would be diagonal, and
the two differential equations would decouple, leaving us with the ground states
of both superconductors. Instead, K # 0 allows currents to flow through the
junction. The entire setup is depicted in Fig.

Now we can define ¢ as the phase-difference ¢ = (6; — 62) and sort for the real

3
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Figure 2.1: (a) Schematic depiction of a Josephson junction with two super-
conductors and an insulating barrier in between [4]. (b) Ideal Josephson circuit
with a Josephson junction J and a DC voltage V.

and imaginary parts in Eq. (2.1), which leads to four new equations [4]

. 2 .
1= K\/prpzsin(p)

) 2 .
p2 =~ Ky/pip2sin(p)

0 — K [p2 () av (22)
A VPR S G T

; K [p;p qV

by — = [PL v

9 i\ o cos(p) + on

that fully define the wave functions. With p; = —ps and finite coupling, there
is a current flowing from the first into the second region, which is negated by
additional currents flowing due to the applied voltage[ﬂ In total, this keeps
the electron densities constant over time. Starting from equilibrium, we thus

have p; = pa = pg. Solving the four equations then yields the two Josephson

equations
I(t) = I.sin(p(t)) (2.3a)
dp  2eV
- = — 2.3b
where the critical current I, = 2[2”0 is again a characteristical constant of the

junction. By integrating the phase change ¢ for a constant voltage and insert-

ing it into the first Josephson equation, we observe that the superconducting

'Tf there were no extra electric forces, p1 = —p2 would express a charging of the second
region. This does not happen because the potential is constant, and there are currents flowing
to prevent this from changing.
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Figure 2.2: Realistic Joseph-
son circuit according to the
/J RCSJ model. It includes a
\ voltage source, which is made
up of a DC current source and
a resistor, as well as a capaci-
tor and the junction itself.
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phase varies linearly over time, which leads to an AC current flowing out of the

junction with the amplitude I. and the frequency wy = %

o(t) = %ew = I(t) = L sin(wot). (2.4)

Here, we integrate from ¢ty = 0 and insert ¢(0) = 0.

2.2 AC Josephson effect with real voltage sources

In reality, creating an ideal voltage source is impossible, as it would require zero
internal resistance. A more realistic description of a Josephson junction with a
real voltage source is given by the Resistively and Capacitively Shunted
Junction model, in short, the RCSJ model [5]. It consists of a DC current
source Iy, a voltage-independent resistor R, a capacitor C and the Josephson
junction itself, as shown in Fig. Under the assumption that the resistance
is small R < Rg = h/4e = 6.45k(2, the classical regime is recovered because
the quantum fluctuations of the charge operator Q are suppressed far below 2e,
the charge of a Cooper pair [6]. From the conservation of the supplied current,

we can then derive the following equation of motion

. awv v
Iy = I.sin(p) + CE + B (2.5)

where we only considered the low temperature limit, omitting noise terms,
which we will be taking into account in Ch.

The mean current flowing through an AC voltage biased capacitor is given by
I = CwV, with w the frequency of the voltage. The same voltage leads to a

current I = % in a resistor. Together with the plasma frequency of the junction

J— 2€IC . . . ;
[7] wp = 1/ 57> we find that for an overdamped circuit with R < Jaeo the

contribution of the capacitance in the RCSJ model can be neglected, yielding

1
Iy = I.sin(yp) + E% (2.6)
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Figure 2.3: Graphical depiction of ¢y and ¢g with Iy = 1A, I, = 0.054 and wy =
1Hz.(a) Linear trajectory of the superconducting phase ¢o(t). (b) Trajectory
of the phase change g (t), oscillating around a constant value.

where we insert the second Josephson equation and summarise R = Q—;R. We
can now make a distinction between two cases. In the first case, Iy < I, the
driving current is too small for the electrons to overcome the potential barrier,
resulting in no currents flowing. Instead, assuming the driving current to be
large compared to the critical current of the junction, meaning Iy > I., lets us

integrate over ¢ and t and find an expression for the superconducting phasda

1 [¥o d t
L / _de / it
R = Iy — I.sin(yp) to

I (2.7)
o+ 1 i m
= t) = 2arct — (— t—t ) - —.
with the period T = —2%—, which we get from integrating over ¢ from 0

NG

to 27. The phase change can then be calculated by taking the derivative with

respect to the time

Nk o

S (1) —
@o(t) U‘)OIO — I.cos(wy(t — tg))’

with the frequency wy = 2% Thus, the voltage arising from the varying phase

change is given by
fg— 12 (2.9)

V) = R st — o))

In Fig. it is shown that the superconducting phase follows a linear trajec-

tory, as it did with the ideal voltage source. Moreover, the phase change, which

2Starting at —m/2 simplifies the integration of ¢ and causes the oscillation of the phase
change to start with a maximum.



2.3. CLOCK CIRCUIT USING THE AC JOSEPHSON EFFECT 7

defines the outgoing current, oscillates around a constant component.

2.3 Clock circuit using the AC Josephson effect

After discussing the AC Josephson effect as a possible radiation source, we can
now utilise it to build a clock-like circuit. As proposed in [8], two components
are needed to build a clock. The first one is an oscillating degree of freedom, X,
which is then coupled to the second component, a counting degree of freedom, Y.
The coupling has to work so that X forces its oscillation onto Y, synchronising
both components while simultaneously Y provides X with enough energy to
sustain a constant oscillation. Mathematically, this can be described as a system

of differential equations of the form

vX + X 4+ w?X = ksin(Y) (2.10a)
Y = f + kX cos(Y), (2.10Db)

where w is the frequency of the oscillator and « is the parameter controlling the
coupling of the subsystems. Furthermore, f describes a constant driving force,
analogous to the case of a grandfather clock, where the gravity exerts a force
on the weights driving the pendulum. The final two parameters, v and I', are
damping constants. We will focus on the case of an underdamped harmonic
oscillator, corresponding to v < 1, and an overdamped counter, such that all

degrees of freedom can be calculated classically.

It is possible to find a circuit that utilises the AC Josephson effect and, under
the right conditions, implements Eq. . For this, we extend the simple
Josephson circuit by a second branch consisting of a damped harmonic oscillator
in the form of an RLC' circuit in series with a Josephson junction, as shown in
Fig. Using Kirchhoff’s current law at the nodes of X and Y yields

h 1h 1 A
Ipsin(Y — X X X+ ——X 2.11
b sin( ) = C + 7 9% + Ric 2 (2.11a)
1 h
Iy = E?Y+Icasm(Y+c)+chsm(Y X). (2.11b)

The observables X and Y are now defined as the superconducting phases at the
depicted nodes, where, similar to the simple Josephson circuit, we assume the
inert capacitances of J, and J to be negligible compared to the conductances,
thus describing the current flowing out of the junctions by I = I.sin(p). ¢

is an additional phase coming from the external magnetic flux through the
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Figure 2.4: Circuit consisting of an upper branch with a Josephson junction J,
and a small resistor R as well as a lower branch consisting of an RLC' circuit
and another Josephson junction J,. The circuit is powered by a DC current
source Ip and has an external magnetic flux ®°** passing through it. Lastly,
the nodes at which we define the variables X and Y are shown in blue.

circuit ®** that can be tuned to give ¢ = w. Furthermore, we choose the

critical currents of both junctions to be equal I., = I = I.. Introducing the
parameters
2eZyl. f Iy Zy r Zy
k= w, f=k—, 7=5w, I'=—w
h ) Icv Y RLC ) R )

with the impedance Zy = \@ and the natural frequency of the RLC' circuit

W= 4/ %7 we obtain a simplified version of Eq. (2.11)

rsin(Y — X) = X + w?X +~X (2.12a)
f=TY — ksin(Y) + wsin(Y — X). (2.12b)

These equations correspond to Eq. (2.10)) in the regime of small oscillation am-
plitudes X < 1, such that X is sufficiently small to allow for taylor expanding
the sin(Y — X)) terms.

Without the coupling term, Eq. describes a massless particle moving
at constant velocity, where the solution is known from classical mechanics as
Y = %t—i—@ = W't +6. Revisiting the idea of a clock, Y then continuously counts
the time with the speed w’ = % As for the oscillating degree of freedom X, it
has to maintain a stable amplitude A € R and frequency w in order to satisfy the

requirements of a clock. We can express this as X = Re (Aei(m‘“p)). Circling
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back to the case with non-zero coupling, the frequencies of both variables have
to align wx = wy in order to create a synchronisation. A sensible ansatz is

therefore given by
X(t) =Re (Ae_i(“tﬂ"(t)))
(2.13)

Y(t) = W't + 6(2),
with the phases p(t) = ¢t + @o and 0(t) = 0t + 6y both being slow variables,
meaning (t) and #(t) change over much larger time scales than w™! and w'~1.
This is equivalent to the assumption that ¢ < w, and § < «'. From the

synchronisation, we get the equation
wy =wy Swtp=u +6, (2.14)

leaving ¢ and 6 to be determined. We can calculate them by revisiting the
starting point (Eq. ) and inserting the analytical ansatz. For the first
equation, we now use the complex form of X, before taking the real part.
Omitting small terms of O (ng) as well as O (y¢) and sorting for real and
imaginary parts yields

K

Y= 24w SlD(SDO —0o)
Aw (2.15)

= cos(o — bo).
For Eq. , we use the trigonometric addition theorems to expand the
equation into a slow and a fast oscillation. Now the slow oscillation loses its
time dependency and gives a constant contribution. Making a Rotating wave
approximation, in short RWA, the antiresonant fast oscillation can be dropped

by averaging it over one or multiple periods [9], leaving only the constant term

. A
0= % cos(wt + ¢) cos(w't + 0)

KA

~or [cos((w — w')t + ¢ — 0) + cos((w + W)t + ¢ + 0)] (2.16)

KA
R on cos(ipo — bo).

We thus found a set of equations, that describes the time derivatives of the
phases and the amplitude of the oscillation, while only depending on our fixed

parameters and the constant phase difference (g — 6p)
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Figure 2.5: Numerical simulation of Eq. with § = 0.001, k = 0.05,
f=1.0,v=0.075T = 1.0, Z(0) = (X(0), X(0),Y(0)T = (0,1,0)T. Here we
use the dimensionless version of our parameters, which is explicitly shown in
Section (a) X oscillates with a constant frequency wy after relaxing. (b)
Y evolves linearly with the slope wy .

»= —% tan(¢o — 6o)
2

i B K 9 B
0= T cos“(po — 6o) (2.17)
A=—""cos(o — f).

yw

An equation for y := tan(pg — 6p) is given by the synchronisation of the fre-

quencies of X and Y, where we can insert ¢ and 6 and obtain a cubic equation

Ii2

2 2
x3+§(w’—w)x2—l—x+;(w/—w)— =0. (2.18)

IM2w
If the cubic equation has one real root, it is automatically stable. If it instead

has three real roots, then one of them is unstable and there are hysterese effectsﬂ

In the analytical approach to Eq. , we have made approximations whose
reasonableness is to be verified numerically. This can be done by perform-
ing numerical simulations of the problem using the forward Euler method,
which works by dividing the time into small steps of length §. A more detailed
explanation of the method is given in Ch. As shown in Fig. we find
that X settles into a stable oscillation after a particular relaxation time while Y

shows a linear trajectory, fulfilling their purposes as an oscillator and a countelﬂ

3The nature of the roots can be determined by using the discriminant, which is beyond the
scope of this thesis.
4Note that a long relaxation time indicates a stable system.
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Figure 2.6: Visualization of the accumulation of errors in the simulation of the
simple harmonic oscillator using a step length of dpjue = 0.1, dgreen = 0.2, A =
1.0 and w = 1.0. The blue and green dots represent the numerical solution using
the forward Euler method and the red line represents the analytical solution.

While the forward Fuler method is one of the simplest ways of approximating a
differential equation, it also tends to be subject to some errors. Especially the
harmonic oscillator and systems containing such can be challenging to simulate
if the step length ¢ is not sufficiently small. As shown in Fig. where the
accumulation of errors in the forward Euler method is depicted for different
values of 4, the numerical solution converges to the analytical solution using
smaller and smaller discretisation steps. Our system encounters similar prob-

lems, although they are less apparent.

Looking at the force dependency of the amplitude A(f) and the oscillation fre-
quency wx /y( f) in the clock circuit and comparing the analytical and numerical
solutions, we find similar results. The graphs are depicted in Fig. 2.7] Around
f =1, the point where the natural frequencies of both parts of the circuit align,
meaning w = «’, the amplitude of the X oscillation has its peak. Furthermore,
the slope of wx/y (f) reaches a minimum. Here, we find a more stable region
where if the force is ever not constant but exposed to noise, the fluctuations of

the oscillation frequency are reduced.

When we look at the quality of the results, we see that while the analytical and

numerical approaches both arrive at roughly the same frequencies, they deliver
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slightly different amplitudes. Here, we encounter some errors in both methods,
either caused by approximations we made or shortcomings of the simulations.
In the analytical approach, we assumed X to be small, which is valid as long as
we are far from f = 1. Still, the deviation from the numerics is slight enough
to continue with this approach. It is also apparent that similar to the case
of the harmonic oscillator, the numerical solution converges. From here on,
all simulations of the clock circuit will be run with a discretization value of
0 = 0.001, which is both small enough to still be decently accurate and large

enough to keep the runtime of the simulations reasonable.
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Figure 2.7: Numerical and analytical simulations of A and wx/y with x = 0.05,
v = 0.075 and I" = 1.0. (a) Amplitude A(f) of X. The red line represents
the analytical solution, while green and blue represent the numerical solutions
with Jgreen = 0.002 and dplue = 0.001. (b) Frequency wyx/y(f). The colour
representation stays the same.
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Chapter 3
Influence of thermal noise

Up until this point, we have discussed the AC Josephson effect and the clock
circuit at zero temperatures. As this is not a realistic scenario, we now introduce
the influence of thermal noise and investigate the stability of the Josephson

radiation emitted by both circuits.

3.1 Introduction to Johnson-Nyquist noise

A general noise signal can be described by a statistical variable £(t) with a

mean of (£(t)) = 0 and the autocorrelation function

(E@BEE)) = f(t =1, (3.1)

where (-) denotes the average of the statistical ensemble [10]. Another way of

defining the noise is given by the representation in the Fourier space
(€ (w)E(w) = 278 (w)d(w +w'), (3-2)

where the spectral density S(w) is the Fourier transform of the autocorrelation
functionf] [10]

oo . 1 [ ;

S(w) = / dt e EL),  f() = — / dw e SW).  (3.3)
NS 2 J_

We will focus on the Johnson-Nyquist noise, which is caused by the thermal

motion of the charge carriers in an electrical conductor at equilibrium. It is

independent of the applied voltage and, therefore, also provides a contribution

when V' = 0. Furthermore, the Johnson-Nyquist noise is a white noise with a

'Note that we define the spectral density for both positive and negative frequencies.

15
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5(0).

Spectral density that is constant over the entire Fourier spac«ﬂ S(w) =
Thus, the autocorrelation function for a statistical current 61 with ( I =01is
given by

(SI)SI(H))y = f(t—t)=ad(t—1). (3.4)

We can determine the prefactor a by calculating the energy in an example
circuit. A noise current contribution for a resistor in any circuit can be modelled
by considering a noiseless resistor at temperature 7' = 0 and adding a statistical
current source in paralle]ﬂ With this, the circuit we want to examine consists of
a resistor at zero temperature, parallel to a current source 6/ and an inductance
L. Tt is depicted in Fig. The equation of motion for the current in such a
setup is given by

L.
I+ =1=¢I 3.5
+ 5 , (3.5)

with I(0) = 0. We can solve the homogeneous differential equation first and
then include the noise term to determine the inhomogeneous solution, which

leads us to the following integral
I(t e_Lt/ dt'sI(t (3.6)

Now the order of calculating the integral and the ensemble average can be
swapped and the average current equates to (I(t)) = 0. The same can be done

for the autocorrelation function, yielding
2 I —2Rt / 1" / 4 Ryr Ryn
(I=(t)) = dt dt (0I(t)oI(t"))eL" et

- 2L(1_ o t>

In the limit £ — oo, the energy in the circuit has to fulfil the equipartition

2
theorem given by E = # = kgT, with the Boltzmann constant kg. By

comparison with Eq. (3.7) we obtain a = ngT. This is a manifestation of the

fluctuation-dissipation-theorem, which states that a current flowing through a

(3.7)

resistor dissipates electric energy, turning it into heat. The Johnson-Nyquist

noise has the inverted effect of turning heat back into electric energy.

2In reality, Johnson-Nyquist noise decays to zero at extremely high frequencies (THz for
room temperature) [11]. We are not interested in this regime, though.
3This is called the Norton equivalent circuit.
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Figure 3.1: Circuit with a resistor
L at nonzero temperature, modelled

by a resistor at zero temperature in
51) parallel with a noise current source

01(t) and shunted by a constant in-
ductance. The energy stored in the
magnetic field of the inductance is

. L%
given by E = <T

3.2 Numerical approach with a noise term

We use the forward Euler method for the numerical simulation of the Joseph-
son and the clock circuit. For this, the time is discretised using small steps of
length 6. The solution of a general first order differential equation Z(t) =
f(t, Z(t)) is then estimated by approximating the force at a certain point in
time f(t, Z(t)) ~ f(to, Z(to)) for t € [to, to + d] [12] and calculating the deriva-
tive Z(t) by use of the differential quotient

Z; ~ Zj+16— Zi 2, t5) = Zyar = Ty + 067 1), (3.8)
where the time t; after j integration steps is given by to + jd. This approxi-
mation works well when the change of force happens on larger time scales than
0. Thus, the quality of such a simulation can be improved by choosing smaller
discretisations or finding parameters that lead to a more stable system. In
turn, the smaller ¢ is, the longer the simulation takes to run, which can often
be impractical. In the case of the realistic Josephson circuit, Z is simply given
by the superconducting phase Z = ¢, while the clock circuit can be simulated
using Z = (X X ,Y)T which recontextualises the second-order derivative in

the differential equation as a first-order derivative of the variable X.

For all numerical simulations, it is essential to convert the differential equations
into a dimensionless form. This can be achieved by introducing the time scale
T = wt with w = \/% and transforming the parameters we defined in Section
2.3l to find
26Z0[C [0 Zo Z()
h=— ,f:kaj_—c, fy:R—LC, FZE'
Now the system of differential equations (Eq. (2.12))) still holds for the clock

circuit, but with the new frequency @ = 1. To obtain a more stable simulation,

it is also helpful to rewrite the oscillating terms in the equation describing the

motion of the current in the upper branch. Thus, we simulate the clock circuit
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using

rsin(Y — X) = X + 02X 44X (3.9a)

LY = f + 2ksin <)2(> cos (Y - )2() . (3.9b)

Similarly, the differential equation for the Josephson circuit in dimensionless
form is given by
'y = f — ksin(y), (3.10)

which closely resembles the second equation of the clock circuit.

We now introduce the implementation of a white noise term by considering a
general stochastic differential equation X = £(t) with X (0) = 0, (£(t)) = 0 and
(E)E()) = a d(t —t'). The time evolution of X is then given by

tj+1 .
X1 :Xj+/ dtX(t)
t; (3.11)

=X, + 3¢

Using the same method of evaluating the ensemble average before the integral
as we did in Eq. (3.7]), we can also calculate the time evolution of the autocor-

relation function analytically, yielding

2 _ ¢ / ¢ " / " —
(X2(t) = /0 i /0 d" (€)= art. (3.12)

Thus, the contribution of the noise term can be modelled by defining a statistical
variable that is zero on average and has a variance of 02 = a t. The easiest
way of doing so is through the use of a normally distributed random variable
&j(t) with a mean of y¢; = 0 and a standard deviation of o¢, = /§. Hereby,

we excluded the extra factor of § coming from the Forward Euler method.

3.3 First-order coherence

The first-order coherence quantifies the coherence between two electric fields,
which can be measured using an interferometer. Thus, it is a way to determine
the stability of the Josephson radiation emitted by the two circuits introduced

in Ch. [2] under the influence of thermal noise. For plane parallel waves with
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the field vector E(t), the normalized first-order correlation function is given by

(E*(1)E(t + 1))
(E®F)

where (-) denotes an ensemble average. Here, we assume the system emitting

gV (r) = (3.13)

the radiation to be in a stationary state, meaning its statistical properties do
not change with time. Therefore, (! (7) does not depend on the time itself,
which can be set to zero. It instead measures the coherence of the radiation
at two different points in time separated by the delay 7. Using the variable
transformation t — t' =t — 7 and the fact that the field vectors commute, we

can deduce that ¢(!)(7) is an even function.

Since we are considering oscillating variables, it makes sense to transition into
their respective rotating frames and observe the physics from this point of
view. The rotating frame can be constructed by starting with a general os-
cillating variable X = Re(ae™™!) with the frequency w and the amplitude
a = Ae™*, which depends on the constant amplitude A € R and a slow phase
©(t). From there, we can switch into observing a using the transformation
a = et (X + z%) The first-order coherence is then given by

g(l)(T) S Sl Sk (3.14)

In the case of an ideal laser, the radiation is always fully coherent, which is
expressed by ¢() = 1, independent of the delay 7. We expect this to be the
case for both circuits at zero temperature. In the opposite case, fully incoherent
light has a first-order coherence value of ¢(!) = 0, while all other light sources

with 0 < ¢V < 1 are called partially coherent.

3.4 Radiation coherence in the Josephson circuit

At non-zero temperatures, the equation of motion for the current in the Joseph-
son circuit, which is depicted in Fig. can be obtained using Kirchhoff’s
current law

Io+ 61 = Lsin(y) + ]1%923. (3.15)

Here, we stay within the low-temperature limit, assuming the statistical current
01, which is both random and deterministic, to fulfil 6/ < Iy. Analogous to
Ch. where we determined the solution to the non-statistical differential

equation, the contribution of the capacitor in the RCSJ model is neglected and
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II Il «—>

Io+ 61

Figure 3.2: Schematic depiction of the Josephson circuit under the influence of
thermal noise. It is modelled by adding a current source 4/ in parallel to the
resistor. The left and the right depiction of the circuit are equivalent, meaning
we can summarise the current sources.

the supplied DC current is assumed to be much larger than the critical current
of the junction. Now the statistical differential equation can be solved by using
the method of variation of parameters. We thus give a time-dependeny to the
constant of integration in the homogeneous solution for the superconducting
phase (Eq. [2.7)), ie. 6 = 3¢ — 6(t) with 6(0) = 0. ¢(¢,0(t)) is then a

function of the time itself, and a slow phase

©(t,0(t)) = 2arctan (Io—i_jc tan (cmt—l—@(t))) - g (3.16)

212 2

Inserting this into the statistical equation of motion for the current cancels the
homogeneous solution and leaves us with

| VIZ— 12 :
Fo = 0 ¢ 0 =4I, (3.17)

" RIy—I.cos(wot +6)

where F(t,0(t)) is a time-dependent force. By dividing both sides of the equa-
tion by F' and integrating over 6 and ¢ respectively, we can find an expression for
the additional phase. The force, and therefore its inverse, has both a constant
and an oscillating component. To find out how the components contribute to-
wards the noise current, we calculate the Fourier transform of F~1. Under the
assumption, that 6(t) is slow, such that it changes over much larger time scales

than wy ! we can approximate it as a constant in the cosine and the Fourier
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transform 1is trivial

F{F(0) = I2RI [105(00) - % (e™0(w = wo) + e~ 5(w + wo>)} .
v (3.18)
Since the spectral density of the thermal noise is constant in the Fourier spacd’)
the product of the inverse of the force and the noise current gives a contribution
for every frequency in F~1(w), i.e. w = 0, +wp, —wp. Moreover, we define 61 to
also be evenly distributed in the complex plane, meaning it negates the phases

coming from 6y. Thus, we find that the resulting thermal noise is of the form

IO_IC
IO+IC

F Y t)8I(t) = R SI(t), (3.19)

where the AC part of the force has been downconverted. 6 now fulfils the sim-

ple statistical differential equation § = 6I’, where the modified noise current

still has a mean of zero and a new standard deviation defined by agp = %5,
yielding (0(t)) = 0 and (6%(t)) = ﬁg;ﬁd Here we introduce the parameter

e(T) = S%Z;R kT, which is linearly dependent on the temperature and controls

the amplitude of the noise signal.

0, In-

Ignoring higher frequencies, the rotating frame is given by a = Ae~
serting this into Eq. yields g (1) = (¢%(7)). In general, if a random
variable X has a density function p, the expected value of a function f(X) can
be calculated using (f(X)) = [ dxf(x)p(x). By assuming 6 to be a normally
distributed random variable with © = 0 and o2 = agl,t, we can calculate the

first-order coherence

gM(r) = O — v

2 (3.20)

Il
)
o)

where in the last step we insert the assumption Iy > I.. As expected, ¢! = 1
for zero temperature, independent of the delay. The only other way to get

fully coherent light is to reduce the resistance to zero. This is equivalent to the

*The noise current is in this case essentially given by 81(t) = dIo(t) + Re (I1(t)e™"°") +
Re (I2(t)e™*"). Multiplying with F'~'(t) yields the downconversion and a negligible AC part.
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Figure 3.3: First-order coherence of the radiation emitted by the Josephson
circuit with f = 5.0, ' = 1.0, k = 0.01 and € = 5- 107°. The analytical result
is shown in red, while the numerical results are shown in green and blue. The
numerical results have both been achieved using a step length of § = 0.005 with
different integration times 5" = 60000 and t>I1® = 80000.

case of the ideal Josephson circuit, which we already identified as unrealistic.
Finally, we can identify the half-life of the first-order coherence as a measure of

stability of the emitted Josephson radiation

1 Josephsony -1 Josephson __ 2
gt )(Thalf ) =€ = T =z (3.21)

A comparison between the analytical result and the numerical result is shown
in Fig. For the numerics, we simulate 1000 samples using the statistical
differential equation, translate each of them into the rotating frame, and then
correlate the samples using the scipy function ”signal.correlate”. We see that
for small delays, the analytical and the numerical results match. For longer
delays, the numerical simulation results in a more stable oscillation than what
the analytics show. However, the longer the integration period is with which
we simulate each sample, the more the numerical result converges towards the
analytical result, which is likely because the correlate function has a higher
number of input values, the longer the interval is that is being correlated. Thus,
while we made approximations in both methods, we assume that for long enough

simulations, they arrive at a similar first-order coherence.
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Figure 3.4: Schematic depiction of the clock circuit under the influence of ther-
mal noise. The lower branch is extended by the noise current dIx parallel to
Ry, the upper branch gains a noise current §Iy parallel to R.

3.5 Radiation coherence in the clock circuit

We now want to take a look at the stability of the Josephson radiation emitted
by the clock circuit at finite temperatures and compare it to the simple Joseph-
son circuit. Using Kirchhoff’s current law and implementing the parameters

defined in Section the system of statistical differential equations is given by

. . ST

psin(Y — X) = X +w?X + X + & IX (3.22a)
- : . oly

[=TY +ksin(Y +7) + rsin(Y — X) + & 7 (3.22Db)

C

with an additional noise current in both the upper and the lower branch. A
representation of the circuit is shown in Fig. Assuming the temperature of
both resistors to be equal, the noise currents then satisfy (0Ix (t)) = (dIy (t)) =

0 and
_ 2kpT

" Ric
 2kpT
R

(Ix(t)6Ix (1)) 5(t—t")

(3.23)

(0Iy () Iy (t')) o(t—1t'),
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respectively. The autocorrelation functions only differ by a factor of R—}fc =
ol

£, wherefore we can express the currents by noise of equal amplitude with a
different prefactor 6Iy = 61y and 61y = \/géll. Here 617 and 6> have the
same means and standard deviations but are uncorrelated statistical variables.
In order to describe Eq. analytically, we extend our ansatz for X and
Y from Eq. by adding the small, slow, time-dependent phases 1 (t) and
01(t)
X(t) = Re < Ae—i(wt+s&(t)+<p1(t))>
(3.24)
Y(t) = W't 4 0(t) + 01(t).
The approximations we made in Ch. [2| for the non-statistical differential equa-
tions can now be utilised again to find expressions for the additional phases.
For Eq. (3.224)), this means omitting small terms of O (¢?), O (412) , O (v¢)
and O (y¢1). We then find an equation for ¢, where, assuming (1 —6;) to be

small, the oscillating sine term can be first order taylor expanded to find

& G cos(wt + ¢ + )
$1= 50 _sm(goo — 0o+ 1 —01) + \/? ( ICSO <P1)Ml] s
G2y N cos(wt + ¢ +
~ 5w | P10 ~ f0) + coslpo — Bo)(pr — 01) + \/E | i %)MJ R
| cos(wt + ¢ +
= 54 |co5(#0 — fo) (w1 —01) + \/E ( If @1)511} .
(3.25)

A similar procedure yields an expression for ;. As in Ch. [2| we use the rotating
wave approximation to get rid of the fast oscillating terms and first order taylor

expand the cosine, obtaining

. A
91 = LCOS(QDO — 90 + 1 —(91) — %512 —0

2T
KA . K .
~ o [cos(wo — Op) — sin(po — o) (w1 — 01)] — FI06[2 — (3.26)
KA . K
=-50 sin(wo — 0o) (1 — 1) — Hc512-

The new differential equations for the additional phases both have a part that
depends on the phase difference (¢; — 61) as well as a noise term. We can

express this as the matrix

(@1) B <—a a) (@1) N (a,@COS(WXt—F(PO“‘(Pl) O> <5Il> . (3.27)
o, b —b) \ o 0 ANE
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with the following parameters

b= T cos(po — bo) sin(wg — bp)

. ST (3.28)

“ = 2k cos(o — fo)
K
b= YA

The non-statistical homogeneous part can easily be solved by finding the eigen-
values and eigenvectors to diagonalize the matrix. For a time-independent
matrix A with n linearly independent eigenvectors v, the general solution
for a first-order matrix differential equation z(t) = Az(t) is given by z =

c1eMtvy 4 coe’?vy + .+ cperntyy, [13]. In our case, this yields

¥1 1 —(a+b)t _%
= + . 3.29

To solve the statistical part, we choose the integration constants c¢; and ¢y to

be time-dependent and find two new equations

a) = —° [aﬂb cos(wxt + o + o1 (1)L (1) + 5512@)]
a Jbr bl a (3.30)
at) = — el [ — aBcos(wxt + o + 1 (£)S1(t) + 5512@)} :

that both include a constant and an oscillating part. As for the Josephson
circuit, the downconversion of the oscillating term yields an additional contri-
bution to the noise current. Since ¢q(t) is a slow variable compared to w)_(l,
we approximate its contribution in the cosine to be constant and the derivation
of the downconversion is analogous to the case of the Josephson circuit. This

leaves us with

t
ci(t) = aib/o dt’ [aﬁzéll(t’) +ﬁ5I2(t’)}
(3.31)
t
calt) = - i - /0 dt! e+t [ —aBSL(t) + /3512(#)},

which in turn defines p; = ¢ — %026_(“+b)t. We are especially interested in

1, because it is the time-dependent phase in the rotating frame o = Ae~%1,
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Thus, in order to calculate ¢g(*), we need the variance of ¢, which is given by

2
(1) = () - 2%<C162>e‘(“+")t + (%) (e~ 2ath)t, (3.32)

We can calculate each correlation function separately. Starting with

(2) = <ai b>2<[a62 / ST (F) + 3 / dt”dlg(t”)r>

_ <aib>2 [<a52>2 /0 " /0 " d ST (V6T () .

v [Ca [ awon@on)]

a? + o2b? o
(a+0)> 7

where we summarised 52% = £. The mixed term with contributions of both
noise currents vanishes because the random variables are uncorrelated. Similar
to this first expectation value, the other parts of (gp%) can be derived, which is

shown App. [A] The results are

ety — 0y 2l ety
(c1c0)e CEE [1 o) a] (1 e )5 (3.34a)
2\ —2(a+b)t _ b 2 _ o —2(a+b)t
(c5)e = [1+a7] (1-¢ (3.34b)
5 a0 E. .

After a short period of time, the contribution of the first correlation function
will outweigh the others. We are interested in the long-term behaviour of the
circuit, wherefore (p?) can be modelled by just (c?) and we find a first-order
coherence of

Ca248%2 ¢
g(l) (7') —¢ (at+b)? 2T_

(3.35)

A comparison between the analytical and the numerical solution is shown in
Fig. 3.5l As with the Josephson circuit, the numerics result in a more stable
first-order coherence than what the analytics suggest. Also similar to before,
the numerical simulations converge towards the analytical solution for longer
integration times. Furthermore, we see that the numerical solutions of the first-
order coherence oscillate. The cause of this can be found in the transition to
the rotating frame, where higher order frequencies are neglected. Moreover, we
need to remember, that using the forward Euler method, the numerical calcula-
tions will always include errors. We aim to minimize them by choosing a small

value of 4, but they should not be neglected. Lastly, the more stable the circuit
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Figure 3.5: First-order coherence of the radiation emitted by the clock circuit
with K = 0.05, vy =0.075, ' =1, f =1 and ¢ = 5- 10~°. The analytical result
is shown in red, while the numerical results are shown in green and blue. The
numerical results have both been achieved using a step length of § = 0.001 with
different integration times 5" = 11000 and tib&};‘e = 21000.

is, the longer the relaxation time becomes and it takes longer periods of time
for X to settle into a stable oscillation from which we can go into the rotating
frame, further complicating the attempt simulating the emission of radiation.
In the end, it is not far-fetched to say, that the numerical simulations, while
still in need of improvement, confirm that the approximations made to achieve

the analytical solution are reasonable.

Lastly, we want to discuss how to improve the stability of the radiation. If the
a2+62b2
(a+b)?
of the clock circuit is equal to that of the Josephson circuit. Thus, we are

prefactor in the exponent of ¢(!) fulfils

= 1, the first-order coherence

looking for parameters that reduce the prefactor. The half-life of the radiation
emitted by the clock circuit compared to that of the Josephson circuit defines

the improvement in stability .S and is given by

2 4
lock K K 2
Thalf B 1+ 272FwX1 + AT2E X1

S = , (3.36)

Josephson K2 2
Thalf L+ 4yTw? X2
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where x; and x2 only depend on the phase difference (o — )

X1 = COS(QO(] — 90) sin(cpo — (90) (337&)
X2 = Sin((po — (90). (337b)

We can relate them back to x = tan(po — 6p), which we defined in the previous
chapter (Eq. (2.18)). Assuming /v > 1, meaning there is a strong coupling

between both branches of the circuit and a weak damping of the oscillator, x

W=

1 _1
then scales with y ~ F’;—;yj) , which leads to x1 =~ (ﬁ%) ® and x2 ~ 1.
Inserting this into Eq. (3.36]), we obtain an approximate result given by

4ok 3
3
S~ — (”) . (3.38)

NI’%/Q Y

This result presents us with a way to stabilize the Josephson radiation emitted
by the clock circuit, which is by increasing the coupling between the oscillator
and the counter and/or decreasing the damping of the oscillator. It is also
apparent, that decreasing « is more effective than increasing s, as it scales with

a power of p, = 5/3 instead of p, = 2/3.
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Figure 3.6: Logarithmic behaviour of Eq. for large k/~+ with the dimen-
sionless parameters I' = 1.0 and @ = 1.0. The exact result is shown in blue,
while the red dotted line represents the approximate result derived in Eq. .
a) Varying s € [0.1,107] with v = 1.0 leads to a power law with power p, = 2/3.
b) Varying v € [1077, 10] with x = 1.0 leads to a power law with power p, = 5/3.
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Chapter 4

Conclusion and outlook

This thesis has dealt with the properties of radiation emitted by circuits that
include Josephson junctions. The main focus has been quantifying the light’s

coherence while being emitted under the influence of Johnson-Nyquist noise.

In Ch. |2 we have introduced possible sources of Josephson radiation. First, we
have discussed the ideal AC Josephson effect as a way of converting a supplied
DC voltage to an outgoing AC current. Since it is impossible to realise an ideal
voltage source, we have then introduced the RCSJ model and the realistic AC
Josephson effect. Using this, we have built a circuit that utilises the aforemen-

tioned effect and functions as a clock with a counter and an oscillator.

The influence of thermal noise on both circuits has been discussed in Ch. [3
We have introduced the first-order correlation function as a way to measure
the coherence of the Josephson radiation and found that, in the limit of large
driving currents, the half-life of ¢g(*) for the simple Josephson circuit is given by
T}f;)lsfephson = %, where e(T') is a parameter that linearly depends on the temper-
ature. Then, we have shown that the clock circuit has the potential to improve
the stability of the radiation significantly. The half-life of its first-order coher-

ence is given by Eq. (3.36), which in the limit of strong coupling and weak

damping of the oscillator, meaning /v > 1, is Tﬁlﬁfk = i‘;i (%) ’ % The op-
timal way of improving the half-life is thus given by weakening the damping
symbolised by ~, as it scales with a power of p, = 5/3. Therefore, we have
shown shown that there exists a circuit that can be tuned to emit light with

specific coherence properties based on the given temperature.

The thesis took a first look at a clock circuit with promising results. However,

31
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there is still room for further research. Mainly, the numerical approach needs to
be improved, as we have shown that the forward Euler method is flawed. Due to
it being very inaccurate for bigger step sizes and the clock circuit having longer
relaxation times, the more stable the oscillation is, we could not simulate it
with arbitrarily strong coupling and weak damping. Moreover, the entire thesis
focused on the classical regime, ignoring quantum effects, which are yet to be

included.



Appendix A

Calculation of negligible

correlation functions

We now show the calculation of (c1c) and (c3). Together with (c2), they define
the variance of (1 in the clock circuit, which in turn is used to determine the
first-order coherence. In both equations, we swap the evaluation of the ensemble
average and the integral. We then see that the integrals containing correlation
functions of the same noise current, meaning (91 /5(t) 14 /2(t')) = %%T, yield a
contribution. (0I1(t)I2(t')) = 0 on the other hand can be dropped because the

statistical variables are uncorrelated. For (cjca) we find

ab ot [ [f (a+b)t! " '
<6162> =5 | &« ﬁ — dt dt'e <5Il(t )(5[1(t )>
aJo 0

(a+0b)?
t t
+ BQ/ dt/// dt/e(a+b)t’ <5I2(t/l)512(t/)>
0 0

t t
+const./ dt"/ dt’e(aer)t/<5I1(t//)512(t/)>]
0 0

t t
:( ibb)2 [(1 o a2b> / dt”/ dt/e(a+b)t’5(t/ . 75//)}5
a a 0 0
t
:( abb)2 [(1—a2b>/ dt//e(aer)t//]E
a+ a/) Jo

- (+bb)3 [1 - 0‘22] (el 1)

(A1)

which, when multiplied with e~ (¢+9)* is zero for t = 0 and for longer periods of

time yields a contribution that can be neglected compared to (c?), as shown in
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Figure A.1: Contributions f of the different autocorrelation functions towards
(?) with k = 0.05, v = 0.075, T = 1.0, f = 1.0 and ¢ = 5-1075. (c?), which is
shown in blue, quickly outweighs 2%<6162>€_(a+b)t and (%)2 (c3)e 20Dt shown

in orange and green.

Fig. We evaluate a similar integral for the final autocorrelation function

b2
<C%> :(a + b)Q

t t

|:O[2ﬂ2 / dt" / dt/e(a+b)(t’+t”) <5-[1 (t//)5[1 (t/)>
0 0
t t

+ 62 / dt/// dt/e(a+b)(t’+t”) <512(t”)512(tl)>
0 0

¢ t
+ const. / dt" / dt' el OIS (18T (t/)ﬂ
0 0

2 (A.2)

t t
@+ b)? [(1 + 042)/0 dt”/o dt/e(a+b)(t’+t”)5(t/ B t”):|g

= {(1 +a?) / t dt”e““*b)t”}e
(a+0)? 0

v 21 ( 2(a+b)t

By multiplying with e 2(@t)t and comparing with (c?) in the limit of long

delays, this result can be neglected as well.
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