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Abstract

Since its discovery in 2004, graphene has drawn high interest from both experi-
mental and theoretical side, and many possible applications, especially in nano-
electronics, have been proposed. Current graphene devices show extraordinarily
high qualities, operating well in the ballistic regime. In graphene samples enabling
ballistic transport in the bulk, scattering from the sample edges can become in-
creasingly important. In this thesis, we study scattering processes at such disor-
dered graphene boundaries. In particular, we investigate how the chiral symmetry
of quasiparticles in graphene influences diffusive scattering. We find that a bound-
ary that breaks chiral symmetry behaves like a mirror, in the sense that in the
long Fermi wavelength limit diffusive scattering is suppressed and incoming elec-
trons are reflected specularly. However, if the disorder on average preserves chiral
symmetry, diffusive scattering increases significantly, leading to a breakdown of
the mirror-like behavior.
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1. Introduction

The carbon allotrope graphite has been used for hundreds of years and is still used
extensively up to now for writing in pencils. The reason for this usability lies in
its layered structure with strong covalent bonds within the layers but only weak
van der Waals interactions that couple different layers, such that one can easily
strip off stacks of graphite layers from a pencil onto a sheet of paper. [1]

Motivated by the possible use of graphite in nuclear reactors [1], in 1946 Wallace
studied for the first time the electronic band structure of a single layer of graphite,
called graphene, which consists of carbon atoms arranged in a so-called honey-
comb lattice. He found an unusual linear dispersion close to the Fermi energy [2].
Semenoff showed in 1984 that due to this linear dispersion electrons in graphene
behave like massless relativistic Dirac quasiparticles [3]. However, since it was
long time thought that single layers of graphene were thermodynamically unstable
[4], only in 2004 Novoselov and Geim and colleagues managed to isolate a single
graphene layer by simple exfoliation, i.e., removing excessive layers of a small piece
of graphite by using a special tape [5]. By performing transport measurements on
this single graphene sheet they could even proof the previously mentioned linear
dispersion [6]. For these achievements they were awarded the 2010 Nobel prize in
physics [7].

These discoveries gave rise to extensive studies of properties of graphene, both
on experimental and theoretical side. Its unconventional electronic structure leads
to a plethora of new phenomena and is therefore of big interest for fundamental
research [4]. In 2005, Novoselov and Geim could for example experimentally show
an anomaly in the integer quantum Hall effect in graphene [6]. Except for the
relativistic nature of its quasiparticles, graphene has many more remarkable prop-
erties: As a one atom thin monolayer, it absorbs only ∼ 2.3% of incident light and
is therefore basically transparent. Due to the strong covalent bonds and its lattice
structure, graphene is extremely robust against mechanical strength. Moreover, it
has an extraordinarily high charge carrier mobility [7]. The aforementioned prop-
erties make graphene a promising candidate for various electronic applications [4].
As an example, the high mobility could make graphene-based transistors operating
at clock rates of several hundred GHz possible, thus allowing for a speedup of two
orders of magnitude compared to silicon-based transistors [8].

The basic components of such nanoelectronic graphene devices are graphene
nanoribbons or nanoconstrictions. Recently, graphene devices with a mean free
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path of more than 10µm have been reported, which is of the order of typical
sample sizes [9]. Therefore, electron transport in graphene nanoribbons can well
reach the ballistic regime, where electrons barely scatter when passing through a
sample. However, the sample edges will still show some roughness, and also the
chemical passivation of the edges can lead to edge disorder. Thus, in devices where
disorder in the bulk is weak, scattering on the sample edges becomes increasingly
important and can be the main mechanism responsible for a decrease of the device
conductance. For this reason it is of high interest for the development of graphene
devices to understand the nature of scattering at such disordered boundaries.

In this thesis, we study the influence of disorder on electron scattering at a single
graphene edge. The idealized system that we investigate corresponds to a graphene
nanoribbon that we assume to be wide enough for the two edges to be considered
as independent, such that one of the edges can safely be ignored. We compute
scattering probabilities and phases at the remaining sample boundary within the
formalism of the scattering matrix, to analyze how diffusive scattering depends
on the strength of the disorder. Here we will keep a classical analogon in mind:
Intuitively, we expect to see similarities to light scattering at a disordered surface.
A clean smooth surface reflects light specularly, and the same is true for electrons
scattering at a clean graphene boundary. Surface roughness or other types of
disorder in both cases introduce diffusive scattering contributions. Based on these
considerations, we also expect a graphene boundary to behave like a mirror. For
weak enough disorder and long Fermi wavelengths, diffusive contributions should
average out and scattering be largely dominated by specular reflection.

Additionally, Dirac fermions in graphene obey a so-called chiral symmetry due
to the special lattice structure. This symmetry is typically broken by a boundary.
However, tuning of the details of the disorder can also enable a preservation of this
symmetry on average, even on a disordered boundary. As stated in the title, we
will focus mainly on the influence of chiral symmetry on electron scattering. The
most important insight of this thesis is that tuning the disorder such that chiral
symmetry is preserved leads to a breakdown of the previously discussed mirror
effect and hence to a significant increase of diffusive scattering.

The thesis is organized as follows. In Chapter 2 we will discuss basic properties
of graphene that are relevant for the understanding of the work done in this the-
sis. After defining the graphene lattice in Section 2.1, we introduce two models
our calculations are based on, the tight-binding approximation in Section 2.2 and
the Dirac equation in Section 2.3. Both these approaches equivalently describe
the low-energy physics of graphene. We also shortly comment on different types
of graphene edges in Section 2.4. Chapter 3 is dedicated to the model that we
will use to describe a disordered boundary and the techniques necessary to solve
the scattering problem within this model. After introducing the general setup in



3

Sections 3.1 and 3.2, we will explain in Section 3.3 how to introduce a disordered
boundary in the two approaches mentioned before. As chiral symmetry plays a ma-
jor role for the scattering results, we discuss in Section 3.4 how it can be expressed
within the model that we use. Next, in Section 3.5 we introduce the formalism
of the scattering matrix used to compute scattering probabilities and phases. We
conclude the chapter by further explaining the concept of self-averaging that was
mentioned previously as mirror effect, in Section 3.6. In Chapter 4 we present an
analytical derivation of the scattering matrix at the Dirac points, i.e., at the Fermi
energy of neutral graphene, and discuss the results depending on chiral symmetry,
first from the Dirac equation in Section 4.1, and then extending the considera-
tion to the tight-binding approximation in Section 4.2. Eventually, we generalize
the discussion to any Fermi energy or doping of graphene by numerical studies in
Chapter 5.





2. Graphene

2.1. Lattice structure

Graphene is a two-dimensional crystal allotrope of carbon. Carbon has the electron
configuration 2s22p2. In graphene, the 2s and 2px and 2py orbitals hybridize to
form three sp2 orbitals each filled by one electron, which are arranged in the
xy-plane in a triangular shape with relative angles of 120◦. These sp2 hybrids
form covalent bonds between neighboring carbon atoms, leading to the hexagonal
structure depicted in Fig. 2.1, which is very robust against mechanical stress in
the plane, but still very flexible due to its two-dimensionality. The sp2 electrons
form a deep lying σ band which is completely filled and does not contribute to
electronic transport. The remaining pz orbitals form a π band. Within graphite,
the π electrons weakly couple single graphene layers, such that one can easily strip
off layers when writing with a pencil. The π band is half-filled as it contains one
electron per lattice site, and hence we will focus in this thesis on the electronic
properties of the π electrons that are responsible for transport in graphene. [1]

Particularly noticeable is the fact that the hexagonal graphene lattice is no
Bravais lattice, such that we describe it as a triangular lattice with a two-atomic
basis. The fundamental lattice vectors are given by

a1 =

(
a
0

)
, a2 =

a

2

(
1√
3

)
, (2.1.1)

with the lattice constant a ≈ 2.46 Å (Fig. 2.1). The vectors between nearest
neighbors belonging to different sublattices are given by

δ1 =

(
0
a0

)
, δ2 =

a0

2

(√
3
−1

)
, δ3 =

a0

2

(
−
√

3
−1

)
, (2.1.2)

with the carbon-carbon distance a0 = a/
√

3 ≈ 1.42 Å. The reciprocal lattice is as
well triangular with lattice vectors

b1 =
2π

a
√

3

(√
3
−1

)
, b2 =

4π

a
√

3

(
0
1

)
. (2.1.3)
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Figure 2.1.: Left: Graphene lattice, consisting of two Bravais sublattices A (black)
and B (red). The lattice constant is given by a ≈ 2.46 Å. Lattice
vectors are a1 and a2 and the vectors connecting nearest neighbors are
called δ1, δ2, δ3. Right: Reciprocal lattice of the triangular sublattice
of graphene with lattice vectors b1 and b2. The first Brillouin zone is
drawn in red. The corners of the first Brillouin zone K and K′ are
called Dirac points.

The so-called Dirac points at the corners of the first Brillouin zone have a particular
importance for the electronic band structure as we will see later. There are six of
them, of which however always three are equivalent up to shifting by a reciprocal
lattice vector. Therefore, we have two distinct Dirac points denoted

K =
2π

3a

(
1√
3

)
and K′ =

2π

3a

(−1√
3

)
. (2.1.4)

2.2. Electronic properties in the tight-binding
approximation

Since we consider a single electron in a 2pz orbital per lattice site, it is convenient
to start the description of electronic properties of graphene from a tight-binding
model. Within this approach, we express the single-particle lattice Hamiltonian
in the basis {|j〉} of atomic orbitals living on distinct lattice sites labeled by j,

H =
∑
i,j

Hij|i〉〈j| , (2.2.1)

where Hij = 〈i|H|j〉 is the amplitude of hopping from lattice site j to lattice i for
i 6= j. The nearest-neighbor hopping is determined as −t ≈ −2.8 eV and the next
nearest-neighbor hopping can be estimated to be roughly −t′ ≈ −0.1 eV. Note
that this model is non-interacting. This is a reasonable approximation in the low-
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energy regime of graphene, where electron-electron interactions are typically weak.
Moreover, we ignore the electron spin, since spin-orbit interactions are negligible
as well and we do not take any magnetic fields into account. [1]

Since t′ � t, and higher order hoppings are even smaller, within the nearest-
neighbor tight-binding approximation we assume that electrons are tightly bound
to the lattice sites and can only hop to neighboring sites, such that all hoppings
of higher order than t are zero. In this approximation the Hamiltonian becomes

H = −t
∑
〈i,j〉

|i〉〈j| , (2.2.2)

where the brackets indicate that the sum goes only over pairs of nearest neighbors.
The onsite energies Hii just fix from where we measure the chemical potential and
can therefore be set to zero.

We can express the atomic orbital states |j〉 as the Fourier transform of Bloch
states |k〉. Since the graphene lattice consists of two distinct Bravais sublattices,

we have to do this for A and B sites separately. For site j at position r
(A)
j belonging

to sublattice A, we hence write

|j〉A =
1√
N

∑
k

e−ik·r
(A)
j |k〉A , (2.2.3)

with the number of lattice sites N , and equivalently for sublattice B. By inserting
this into Eq. (2.2.2), followed by simple geometrical considerations, we obtain

H = −t
∑
k

(
f(k)|k〉A〈k|B + h.c.

)
, (2.2.4)

with f(k) =
∑3

j=1 e
ik·δj . We can write the Hamiltonian for each k in matrix form

as

H(k) = −t
(

0 f(k)
f ∗(k) 0

)
, (2.2.5)

indicating that it acts on a spinor wavefunction ψ = (ψA, ψB)T .

As the Hamiltonian of Eq. (2.2.4) is diagonal in momentum space, we can di-
rectly read of its band structure, which is given by

E±(k) = ±t|f(k)| = ±t

√√√√2 cos(kxa) + 4 cos

(
kxa

2

)
cos

(
kya
√

3

2

)
+ 3 . (2.2.6)
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Figure 2.2.: Band structure of graphene within the first Brillouin zone (1BZ). At
the Dirac points at the corners of the 1BZ the dispersion is linear and
gapless. The projection shows the six-fold symmetry in momentum
space around k = 0.

This form was first obtained in [2]. The band structure is plotted in Fig. 2.2. We
obtain a gapless dispersion that is symmetric around E = 0 and can be divided into
two bands. Since each lattice site contributes one free electron, at zero temperature
the Fermi energy lies at E = 0, such that the lower band is completely filled and the
upper band is empty. Low-energy excitations are possible at the corners of the first
Brillouin zone where the two bands touch. At these Dirac points the dispersion is
linear, contrary to the usual quadratic shape of (approximately) free electrons. The
cone-like dispersion indicates massless relativistic Dirac quasiparticles as discussed
further on.

Expanding the dispersion around the Dirac points, with k = K + q we obtain

E±(q) = ±~vF |q|+O(q2) , (2.2.7)
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as also discussed in [2], with the Fermi velocity

vF =

√
3ta

2~
≈ 106 m/s [1] , (2.2.8)

which is—remarkably—a constant and does not depend on k. In the low-energy
regime the Fermi wavelength is accordingly given in terms of the Fermi energy EF
by

λF =
2π

kF
=

√
3πta

EF
. (2.2.9)

2.3. Dirac approximation

Due to the linearity of the dispersion, the low-energy regime of electrons in gra-
phene can as well be described by the massless Dirac equation. In doing so, we
completely omit the lattice and go to a continuum model, which can be derived
from the tight-binding model as follows. It is shown in [3] that expanding the
tight-binding Hamiltonian of Eq. (2.2.5) around K and K′, we obtain

H = vF τ0 ⊗ (σ · p) . (2.3.1)

This Hamiltonian acts on the combined valley and sublattice space HV ⊗ HS.
By (τ0, τx, τy, τz) we denote the identity and Pauli matrices in the two-dimensional
subspaceHV that is spanned by the two distinct Dirac cones (or valleys)K andK′.
We call σ = (σx, σy)

T the vector of Pauli matrices in the two-dimensional sublattice
space HS, and p = ~q. We expressed H in the valley-isotropic representation that
is also used in [10].

With this 4 × 4 Hamiltonian the Schrödinger equation Hψ = Eψ becomes the
Dirac equation for massless relativistic particles, which is therefore the nature of
excitations in graphene. These quasiparticles are described by 4-spinor wavefunc-
tions living on HV ⊗ HS. The sublattice degree of freedom can be interpreted
as a pseudospin, expressed by σ, which Dirac fermions in graphene possess. The
spin directions ↑ and ↓ of this pseudospin refer to the wavefunction amplitude on
sublattice A and B, respectively.

The Hamiltonian is proportional to the helicity operator 1
2
σ · p/|p|, i.e., the

projection of the pseudospin along the momentum direction, which is equivalent
to the chirality for massless particles [1]. Therefore, the Dirac Hamiltonian obeys
chiral symmetry, or in other words, free quasiparticles in graphene have a well-
defined chirality with respect to their pseudospin. From the physical meaning of
the pseudospin we can easily understand this abstract property as the symmetry
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0A
B

A B

Figure 2.3.: Special types of graphene boundaries: Zigzag (left) and armchair
(right). Sublattices A and B are represented by black and red dots,
respectively.

between the two sublattices of the honeycomb lattice. For an infinite plane they
are completely equivalent, but a disordered boundary will in general break this
symmetry.

2.4. Graphene boundaries

In principle, there are arbitrarily many ways to terminate a graphene sheet. Due
to the special lattice structure, there are however two special types of straight
graphene edges which are called “zigzag” and “armchair” because of their char-
acteristic shape. These two boundary types have quite different properties, e.g.,
concerning the existence of localized edge states. In the tight-binding model,
boundary conditions are implemented by demanding that the wavefunction am-
plitude has to vanish on the first lattice sites that are outside the lattice. For
the zigzag boundary they all belong to the same sublattice B, as seen in Fig. 2.3.
However, the wavefunction amplitude can be large on the sublattice A. For this
reason, bound states that are localized on the boundary can exist. On an armchair
edge both components of the wavefunction have to vanish on the boundary and
edge states are not possible (cf. [1]).

It can be shown that within the Dirac approximation, i.e., in the low-energy
regime, any boundary conditions that do not cut along the armchair orientation
are of zigzag type, hence the zigzag boundary condition is the generic one [10].
For this reason we will further on only consider boundaries of zigzag type.



3. Solving the scattering problem

The aim of this thesis is to study scattering at a single disordered edge of a semi-
infinite graphene sample, first at the Dirac points, i.e., at the Fermi energy of
neutral graphene EF = 0, and then also at finite doping EF > 0, where we
potentially have a large number of propagating modes that contribute to electronic
transport. In particular, we would like to understand the strength of diffusive
scattering at such a disordered boundary. As stated in the title, our main focus
will be on the influence of chiral symmetry on diffusive scattering.

3.1. General idea

For a clean straight boundary we have purely specular reflection due to conserva-
tion of the momentum along the boundary, i.e., an incoming mode with an angle
ϑin with respect to the boundary normal is scattered with probability one into an
outgoing mode with the same angle ϑout = −ϑin, where for consistency we define
angles left of the surface normal to be negative and angles on the right to be pos-
itive (cf. Fig. 3.1). However, if we introduce some edge roughness, there will as
well be diffusive contributions into different angles that will be responsible for a
decrease of the conductance parallel to the edge. At the Dirac points, the notion
of diffusive scattering is equivalent to the relation between inter- and intra-valley
scattering, i.e., scattering processes between and within the two distinct Dirac
cones. If we only consider a single cone, we can even relate the “diffusiveness” to
the distribution of the scattering phase that the mode acquires.

The discussion of diffusive scattering is always based on the analysis of the
scattering matrix, as it contains all relevant information about scattering processes.
In this chapter we will therefore discuss all steps necessary to solve the scattering
problem for a disordered graphene boundary. We first define the system geometry
that we consider throughout this thesis in Section 3.2. We proceed in Section 3.3
by describing two different approaches to model disorder on the boundary, starting
from the continuum description of the Dirac equation and from the tight-binding
approximation. In Chapter 2 they were shown to be equivalent formulations for the
low-energy physics in graphene. Further, we will see in Section 3.4 how disorder
can influence the chiral symmetry of graphene that will play a significant role for
diffusive scattering. Having specified the system of interest, in Section 3.5 we give
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Figure 3.1.: Schematic view of scattering at a clean (left) and at a disordered
boundary (right). The semi-infinite graphene sheet (gray) has a sin-
gle boundary (black line) and is assumed to be continued infinitely
in all other directions. Blue arrows indicate the paths of incoming
and outgoing modes. For a clean boundary (left), the direction of
motion of the outgoing mode is uniquely determined by that of the
incoming mode. For a disordered boundary (right), there are many
possible modes into which an incoming mode can scatter with different
probabilities, indicated by different saturation of the arrows.

a definition of the scattering matrix and outline the general idea of how to solve
the scattering problem and obtain the scattering matrix for a system as the one
we are interested in. Moreover, the explicit structure of the scattering matrix for
the case of scattering at the Dirac points will be specified. We will conclude this
outline of the general ideas involved in this thesis by explaining the notion of self-
averaging in Section 3.6, which is a central point of the scattering results obtained
in Chapter 4.

3.2. Geometry of the system

Consider the following system (Fig. 3.2): A lead with translational invariance in
y-direction is terminated by a disordered zigzag edge at y = 0 that will be specified
below. Periodic boundary conditions in x-direction (parallel to the boundary,
indicated by dotted lines) ensure that momentum is well-defined in this direction.
In the limit of large lead width L we thereby model a semi-infinite plane with a
single edge. As shown in Fig. 3.2, with this setup we basically roll up the semi-
infinite sheet described above to a cylinder to better handle it mathematically.
Technically, in this cylindrical picture (on the right in Fig. 3.2) the modes are now
“approaching the boundary from below”, meaning they come from y =∞ and are
scattered back to y = ∞ instead of going from left to right (x = −∞ to x = ∞)
in the nanoribbon picture explained in the beginning, which would intuitively be
better reflected by the sketch on the left in Fig. 3.2. However, in the large-L limit
these two pictures are completely equivalent.
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y

x
L0

L

Figure 3.2.: Scheme of the system geometry: A graphene sheet (gray) with trans-
lational invariance in y-direction is terminated by a single boundary
at y = 0. Applying periodic boundary conditions (left, dotted lines)
in x-direction on the semi-infinite plane is equivalent to rolling it up
to a cylinder (right). L is the boundary length after applying periodic
boundary conditions. Blue arrows indicate schematically the paths of
an incoming and an outgoing mode.

3.3. Modeling a disordered boundary

Let us now focus on the details of the boundary. There are different physical
reasons why a real graphene edge will never be perfectly clean, but show some
kind of disorder. Firstly, a graphene sample cannot be etched perfectly straight
in experiment, thus edge roughness will be unavoidable. Furthermore, the outer-
most carbon atoms on a graphene edge only have two neighbors instead of three,
therefore they have dangling bonds (unbound electrons) to which other atoms like
hydrogen will attach. This so-called passivation can lead to a local shift in the
chemical potential. All outermost atoms on a zigzag edge belong to the same sub-
lattice, as it can be seen in Fig. 2.3. Hence, the passivation leads to a staggered
potential on the boundary between sublattices A and B, which will be subject to
spatial fluctuations.

Throughout the thesis, we will assume disorder to be caused by the latter effect.
We will now discuss how we can describe such disorder in the two models that we
will use to study electron scattering in our system. We start from the continuum
description given by the Dirac equation, where we will even consider only a single
valley of the graphene band structure. We then extend the consideration to the
tight-binding model that lives on the actual honeycomb lattice.

3.3.1. Single-valley Dirac equation

Within the Dirac approximation, we completely omit the lattice and consider
initially free Dirac fermions living on a 2D plane with the geometry discussed
previously. The effect of a boundary terminating this plane in y-direction can
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be achieved by introducing a confinement potential located where we want the
boundary to be, as shown in [11], which translates into a linear restriction on the
4-spinor Dirac wavefunctions ψ(x, y),

Mψ(x, y = 0) = ψ(x, y = 0) , (3.3.1)

with a Hermitian unitary matrix M ,

M = M † , M2 = 1 . (3.3.2)

The matrix M in this way fully specifies the properties of the boundary. In [10],
all possible boundary conditions for Dirac fermions in graphene are discussed and
classified. It is shown that in the valley-isotropic representation a clean zigzag
boundary is represented by

Mzz = τz ⊗ σz . (3.3.3)

A passivation of the outermost carbon atoms, e.g., by hydrogen, affects on a zigzag
boundary only atoms belonging to one sublattice and thereby creates a staggered
potential between the sublattices A and B, as mentioned before (cf. [12]). It is
shown in [10] that such a potential is represented by a boundary condition obtained
by interpolating between a clean zigzag boundary Mzz and the Berry-Mondragon
boundary condition [13]

MBM = τz ⊗ (σ · (ẑ × nB)) = τz ⊗ σx (3.3.4)

for the boundary normal nB = −ŷ. The Berry-Mondragon boundary condition
is related to adding an infinitely large mass term located on the boundary to the
Dirac equation, thereby creating a hard-wall boundary.

As both these boundary conditions are diagonal in valley space, any linear combi-
nation of them will as well not mix the valleys and we can reduce our consideration
to just a single valley, such that we have

Mzz = σz , MBM = σx (3.3.5)

in the basis (ψA, ψB). To describe disorder induced by a spatially fluctuating stag-
gered potential, we have to interpolate between these two boundary conditions by
a random function θ(x) that depends on the position x on the boundary. Therefore
we consider the boundary matrix

M = cos θ(x)Mzz + sin θ(x)MBM =

(
cos θ(x) sin θ(x)
sin θ(x) − cos θ(x)

)
. (3.3.6)
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L
Figure 3.3.: Setup of the system within the tight-binding approach, with a zigzag

edge of length L including onsite disorder on the outermost sites, repre-
sented by colored dots. Sites represented by black dots have zero onsite
potential. The fading symbolizes infinite continuation in y-direction.
Half hopping lines on the left and right are meant to be connected,
thereby implementing periodic boundary conditions. The figure was
created using Kwant [14].

For θ = 0 we have a clean zigzag and for θ = π/2 an infinite-mass boundary. The
value of θ(x) at position x is a Gaussian distributed random variable with mean
value θ0 and standard deviation σθ. Here θ0 indicates how strong the potential
shift due to passivation is on average, and σθ is a measure of the strength of the
disorder, as it tells how much the potential is fluctuating. The variables θ(x) and
θ(x′) are assumed to be uncorrelated for x 6= x′.

3.3.2. Tight-binding approach

Let us now consider the nearest-neighbor tight-binding model shown in Eq. (2.2.2)
in Section 2.2,

H = −t
∑
〈i,j〉

|i〉〈j| , (3.3.7)

with a geometry as described before, shown in Fig. 3.3, the edge being of zigzag
type. In this case the system is confined by simply omitting hoppings outside the
system geometry, such that the sum in the Hamiltonian goes only over hoppings
between sites within the system.

We will now include disorder on the boundary, motivated again by the effect of
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passivation of the graphene edge. The local shift of the chemical potential on the
boundary can be modeled by adding an onsite potential term

HV =
∑
j

Vj|j〉〈j| (3.3.8)

to the tight-binding model, which effectively shifts the chemical potential on the
j-th lattice site from 0 to −Vj. We assume this effect to be subject to spatial
random fluctuations. Therefore, we choose the Vj-s to be independent identically
distributed Gaussian random variables with mean value V0 and standard deviation
V . The probability for Vj to take the value vj is then given by

fVj(vj) =
1√

2πV 2
e−(vj−V0)2/2V 2

. (3.3.9)

Correlations can be computed as

〈ViVj〉 = V 2δij . (3.3.10)

Hence potentials on different lattice sites are uncorrelated. From Eq. (3.3.10) we
can understand V as the strength of the disorder: A larger value of V means higher
fluctuations of the Vj and therefore a more disordered boundary. We apply the
onsite potential term on the outermost sites j indicated by colored dots in Fig. 3.3;
Vj is zero on all other sites j further away in the bulk (black dots).

3.4. Average chiral symmetry

In Chapter 2 we have learned that quasiparticles on an infinite graphene sheet
obey a chiral symmetry that can be understood as the symmetry between the two
sublattices of the honeycomb lattice. If we introduce disorder on the boundary,
e.g., by applying a disorder potential as explained in Section 3.3.2, we clearly break
this symmetry between the sublattices A and B, as the outermost sites all belong
to the same sublattice. However, if the mean value of the disorder potential V0 is
zero, an ensemble average over all possible disorder configurations suggests that
on average a symmetry between the sublattices still remains. Only by setting V0

to a finite value we would explicitly break the average chiral symmetry.

We can therefore study scattering with and without this average chiral symme-
try by changing the average value of the disorder—θ0 within the Dirac approach
and V0 in the tight-binding approximation—, and indeed we will see a significant
qualitative difference between these two cases in the scattering results in Chapter 4.
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3.5. Scattering matrix

Having specified the geometry of the system of interest and details of how to
model its boundary, we can proceed to study scattering at this boundary. The
most relevant quantity for this thesis is the scattering matrix S, since it contains
all information about scattering processes. The matrix element Smn is in general
given by the scattering amplitude from an asymptotic incoming mode |ψin

n 〉 to an
outgoing mode |ψout

m 〉. Hence, it tells us what happens to an electron that comes
from infinity and reaches the scatterer (in our case the boundary) in a certain
mode |ψin

n 〉, with which probability it will be scattered into the mode |ψout
m 〉 and

which phase it will acquire during this scattering process.

We can solve the scattering problem and obtain the scattering matrix in three
steps (see also in [15]): In the first step, we have to specify what we mean by
asymptotic modes, and compute them explicitly. An electron coming from far away
will not feel the boundary, therefore we can express incoming and outgoing states
in the basis of eigenstates of the infinite lead obtained by omitting the boundary
and continuing the lead also to y = −∞. We therefore look for solutions to the
Schrödinger equation

H inf
L |ψinf

L 〉 = E|ψinf
L 〉 (3.5.1)

for the infinite lead Hamiltonian H inf
L at the energy E at which we want to solve the

scattering problem. As the infinite lead has translational invariance in both x- and
y-direction, these solutions will be given by Bloch waves. To distinguish incoming
and outgoing modes, we have to rotate them into a basis in which the current
operator in y-direction Jy is diagonal. Moreover, we have to normalize the rotated
eigenstates properly such that they all have the same velocity v in y-direction to
ensure that current is conserved on the boundary, i.e., that the probability current
of all incoming modes equals that of all outgoing modes. This condition is also
necessary for S to be unitary as stated below. We then can write

〈ψin
n |Jy|ψin

m〉 = −vδnm , (3.5.2)

〈ψout
n |Jy|ψout

m 〉 = +vδnm , (3.5.3)

〈ψin
n |Jy|ψout

m 〉 = 0 . (3.5.4)

These states {|ψin
n 〉} and {|ψout

m 〉} form the bases in which we will express S. As we
do not consider any magnetic fields, scattering will additionally obey time-reversal
symmetry T . We can thus order the bases of incoming and outgoing modes such
that they reflect this symmetry via

(ψout
1 , ψout

2 , . . . ) = T (ψin
1 , ψ

in
2 , . . . ) , (3.5.5)
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i.e., the outgoing modes being the time-reversed incoming ones. As we in fact
do have a boundary and therefore restrict the system to positive y, we have to
additionally allow for Bloch waves with imaginary momentum in y-direction, i.e.,
evanescent modes |ψev

n 〉 that decay exponentially for y → ∞, which would not
be normalizable on the infinite lead. Since we will eliminate these modes in the
computation of S, their normalization is not relevant for the obtained result.

In a second step, we have to define and solve the scattering problem based on
these modes. As we computed all possible eigenstates of the semi-infinite lead, it
is clear that they form a complete basis of the lead Hilbert space, such that we
can write any state living on the semi-infinite lead as

|ψ̃L〉 =
∑
m

cin
m|ψin

m〉+
∑
m

cout
m |ψout

m 〉+
∑
m

cev
m |ψev

m 〉 , (3.5.6)

with some complex coefficients cin
m, cout

m , cev
m . We are interested in what happens

if a well-defined incoming state reaches the boundary. We therefore construct a
scattering state |ψLn 〉 on the lead for each incoming mode |ψin

n 〉 where all coefficients
cin
m are zero for m 6= n:

|ψLn 〉 = |ψin
n 〉+

∑
m

|ψout
m 〉Smn +

∑
m

|ψev
m 〉Sev

mn . (3.5.7)

This representation shows the scattering process in a very physical way: The total
lead wavefunction is a superposition of an incoming mode plus outgoing modes,
weighted by the corresponding amplitudes to scatter into them, which is exactly
where the coefficients of the scattering matrix come into play. Additionally one can
excite evanescent modes with probability amplitudes Sev

mn. The scattering states
have to be solutions of the Schrödinger equation

H(|ψLn 〉 ⊕ |ψBn 〉) = E(|ψLn 〉 ⊕ |ψBn 〉) (3.5.8)

for the full Hamiltonian H, including the description of the boundary, at the energy
E. Here |ψBn 〉 describes the part of the scattering state living on the boundary for
the incoming mode |ψin

n 〉. This constitutes a system of equations from which we
can eliminate |ψBn 〉 and Sev to finally solve it for S. In the Dirac approach we can
simply use the boundary condition equation (3.3.1) applied on |ψLn 〉 to obtain a
system of equations that we can solve for S.

In both approaches we have therefore reduced the scattering problem to a linear
system of equations. By solving these equations we will obtain S as a function of
the disorder, i.e., as a function of θ(x) or of all Vj, respectively. Since we are not
interested in the behavior for a specific configuration of the interpolation function
θ(x) or the disorder potential, in a third and last step we have to average over
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all possible disorder configurations (using the known distribution of, e.g., Vj on a
specific site). Thereby we eventually obtain the mean value and standard deviation

〈Smn〉 =

{
〈Smn〉(θ0, σθ) , (Dirac eq.)
〈Smn〉(V0, V ) , (tight-binding)

(3.5.9)

σ(Smn) =
√
〈S2

mn〉 − 〈Smn〉2 =

{
σ(Smn)(θ0, σθ) , (Dirac eq.)
σ(Smn)(V0, V ) , (tight-binding)

(3.5.10)

of elements Smn of the scattering matrix as functions of the mean value of the
disorder (θ0 or V0) and its standard deviation σθ or V that represents the disorder
strength.

The scattering matrix has two important properties: Due to probability current
conservation at the boundary (the probabilities to scatter into any outgoing mode
have to sum up to one) S has to be unitary, fulfilling

SS† = 1 . (3.5.11)

This very general property requires the modes to be properly current normalized
as emphasized previously. Furthermore, as stated before, our system is invariant
under time-reversal. One can show that as a result, within the basis chosen to
reflect this symmetry, S has as well to be symmetric with

S = ST . (3.5.12)

3.5.1. Structure of the scattering matrix at the Dirac points

In Chapter 4 we will solve the scattering problem at the Fermi energy of neutral
graphene EF = 0. The Fermi energy then lies exactly at the Dirac points. The
Fermi “surface” thus only consists of the Dirac points, and the cylindrical lead has
only four propagating eigenstates at this energy: One from the upper and one from
the lower cone, for each Dirac point. By going into the eigenbasis of the current
operator normal to the boundary, we obtain two incoming and two outgoing modes
(one incoming and one outgoing for each valley). Therefore, the scattering matrix
is of size 2× 2. We choose the basis of the incoming modes as (ψin

K , ψ
in
K′) and that

of the outgoing ones as (ψout
K′ , ψ

out
K ) = T (ψin

K , ψ
in
K′), i.e., the outgoing modes to

be the time-reversed incoming modes. Assuming S to be unitary and symmetric
(Eqs. (3.5.11), (3.5.12)), we can parametrize it as

S = eiφ
(

rei∆
√

1− r2√
1− r2 −re−i∆

)
, (3.5.13)

which is shown in Appendix A.



20 3 Solving the scattering problem

Hence we remain with three free parameters to compute,

• the inter-valley scattering amplitude r (r2 is the probability to scatter into
the other cone),

• the intra-valley scattering phase φ that is acquired when scattering within
one cone, and

• a relative phase ∆ between inter- and intra-valley scattering that is however
completely random and uniformly distributed over [0, 2π) (as we see from
numerics), which can be easily understood from the fact that it is not fixed
even for a clean zigzag boundary (see Eq. (3.5.14)).

For pure specular reflection, i.e., scattering only from K to K and from K′ to
K′, acquiring a fixed constant phase φ0, the scattering matrix is given by

S = eiφ0
(

0 1
1 0

)
, (3.5.14)

with φ0 = 0 for a clean zigzag boundary. Hence for EF = 0 the notion of “diffu-
siveness” that comes into play when including disorder is captured by just these
parameters r2 and φ, i.e., by the relative amount of scattering between the cones
and by fluctuations of the scattering phase that are caused by the disorder.

In the single-cone approximation used in the Dirac approach in Section 4.1, we
even neglect inter-valley scattering (r = 0) as mentioned before and project onto
the K-point, remaining with one incoming and one outgoing mode and just a
scattering phase

S = eiφ . (3.5.15)

In this case the amount of diffusiveness is described solely by the distribution of
φ; if φ is constant we call scattering specular.

3.6. Self-averaging

As mentioned in the beginning, to help our intuition we can always think of light
scattering at disordered surfaces as a classical analogon to electron scattering at
disordered graphene boundaries. A standard everyday application where diffusive
scattering is effectively reduced is a mirror. A mirror will—as we know from our
everyday experience—reflect all incoming light specularly such that we can clearly
see ourselves in it. However, its surface can never be polished perfectly and will
therefore still have some surface roughness on a microscopic scale, which from a
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näıve point of view should produce a significant amount of diffusive scattering,
making a clear mirror image impossible. The explanation of this phenomenon is
based on the relevant length scales: The typical scale of the roughness is much
smaller than the wavelengths of visible light, therefore diffusive contributions av-
erage out and are thereby effectively suppressed.

A similar behavior should be observable for our model as well: In the large-
Fermi wavelength limit we would expect a suppression of diffusive contributions,
leaving us with mainly (or purely) specular reflection. As the Fermi wavelength
λF ∝ 1/EF (Eq. (2.2.9)), for scattering at the Dirac points (EF = 0) the Fermi
wavelength is already infinite, such that the boundary length L plays the role of
the relevant length scale over which self-averaging can happen. A major point of
interest will therefore be the large-L behavior, in which we expect our system to
resemble a clean boundary for sufficiently weak disorder.

3.7. Conclusion

In this chapter it was shown how we model disordered boundaries in the Dirac
and the tight-binding approach, and how we can reduce the scattering problem to
a linear system of equations that we can solve for the scattering matrix of such a
boundary. We have also seen that at the Dirac points the scattering matrix can es-
sentially be expressed by just two parameters that we can very physically interpret
as the probability to scatter between the two Dirac cones and the scattering phase
a mode acquires. In the next chapter we will explicitly compute the scattering
phase from the Dirac equation and both parameters in the tight-binding approach
to study their dependence on the disorder strength and, more importantly, on its
average value that we have identified to be closely related to the chiral symmetry.





4. Scattering at the Dirac points

In this chapter we study scattering at the Dirac points, i.e., at a Fermi energy
EF = 0, within the two approaches introduced in Section 3.3, the Dirac-equation
for a single valley and the tight-binding approximation. Within the low-energy
regime and for disorder that does not mix the valleys as discussed in Section 3.3.1,
these approaches are equivalent descriptions of graphene physics. Starting with the
Dirac continuum description for only a single valley to understand “diffusiveness”
in terms of the distribution of the scattering phase, we will then proceed with the
tight-binding approach to study disorder that also induces inter-valley scattering.
We compute the scattering matrix analytically in both approaches and discuss the
results for broken and preserved chiral symmetry.

4.1. Single-valley Dirac equation

The procedure to obtain the scattering phase from the Dirac equation is as outlined
in Section 3.5. In Section 4.1.1 the model Hamiltonian is shown and propagating
and evanescent eigenmodes of the lead are computed. We continue in Section 4.1.2
by introducing disorder via an appropriate boundary condition, which constitutes
a system of equations that we can solve for the scattering phase. In Section 4.1.3 we
will study how chiral symmetry distinguishes two limits of the resulting scattering
phase. The scattering results within these limits of broken and preserved chiral
symmetry will be discussed in Sections 4.1.4 and 4.1.5.

4.1.1. Hamiltonian and eigenstates

We start from the Dirac Hamiltonian (Eq. (2.3.1))

H = vF τ0 ⊗ (σ · p) . (4.1.1)

As discussed in Section 3.3.1, the boundary condition that we will use to describe
a disordered boundary does not mix the two valleys. Hence, it is sufficient to
consider only a single cone and project H onto the K-subspace, such that we
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remain with

H = vF σ · p = −i~vF
(

∂x − i∂y
∂x + i∂y

)
. (4.1.2)

With the ansatz

ψ(r) = eiq·r
(
ψA
ψB

)
(4.1.3)

we obtain from the Dirac equation at zero energy Hψ = 0{
(qx − iqy)ψB = 0 ,
(qx + iqy)ψA = 0 .

(4.1.4)

Periodic boundary conditions in x-direction restrict the momentum qx as

ψ(x, y) = ψ(x+ L, y) ⇒ qx =
2π

L
n , n ∈ Z . (4.1.5)

Assuming the boundary at y = 0 and the graphene sheet to extend to positive y
as defined in Section 3.2, we can write down all non-trivial solutions of Eq. (4.1.4)
for given n. We can distinguish two cases, depending on the behavior for y →∞.

Propagating modes: For n = 0 we have q = 0 and therefore all states ψ =
(ψA, ψB)T are solutions to the Dirac equation (4.1.4). We can choose an or-
thonormal basis {ψ+, ψ−} of that two-dimensional subspace that diagonalizes the
y-component of the current operator J = vFσ [10], such that ψ± have well-defined
current ±vF perpendicular to the boundary,

ψ†ηJyψν = ηvF δην , η, ν = ± , (4.1.6)

ψ†ηψν = δην . (4.1.7)

The propagating modes are therefore the eigenstates of σy that can be written as

ψ±(x, y) =
1√
2

(
1
±i

)
. (4.1.8)

As ψ− has a velocity −vF and is thus moving in negative y-direction, we consider
it to be incoming and ψ+ to be outgoing, respectively.
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Evanescent modes: For n 6= 0 the Dirac equation (4.1.4) becomes
(

2π

L
n− iqy

)
ψB = 0 ,(

2π

L
n+ iqy

)
ψA = 0 .

(4.1.9)

such that we get two non-trivial solutions for each n:

• qy = −2πi
L
n and ψA = 0 ⇒ ψn,−(x, y) = e2πinx/Le2πny/L

(
0
1

)
.

This mode decays exponentially into the bulk for y →∞ if n < 0, but is not
normalizable for positive y if n > 0.

• qy = 2πi
L
n and ψB = 0 ⇒ ψn,+(x, y) = e2πinx/Le−2πny/L

(
1
0

)
.

This mode is evanescent if n > 0, but not normalizable if n < 0.

In total we thus remain with one evanescent mode for each n ∈ Z \ {0}.

4.1.2. Computation of the scattering phase

As stated in Section 3.5, we can now construct a scattering state ψ from the
incoming mode ψ−, outgoing mode ψ+ and evanescent modes ψn,± as

ψ = ψ− + Sψ+ +
∞∑
n=1

(αnψn,+ + α−nψ−n,−) , (4.1.10)

where S is the “scattering matrix” (in this case just a scattering phase S = eiφ)
and αn is the amplitude to scatter into the n-th evanescent mode.

As explained in Section 2.3, a boundary is introduced by requiring this scattering
state to fulfill the boundary condition given by Eq. (3.3.1), where the boundary
matrix M defined in Eq. (3.3.6) introduces disorder through the function θ(x).
With ψ(x, y = 0) = (ψA(x), ψB(x))T we obtain(

cos θ(x)− 1 sin θ(x)
sin θ(x) − cos θ(x)− 1

)(
ψA(x)
ψB(x)

)
= 0

⇒
(

tan(θ(x)/2) −1
−1 1/ tan(θ(x)/2)

)(
ψA(x)
ψB(x)

)
= 0 , (4.1.11)



26 4 Scattering at the Dirac points

from which we get

µ(x)
∞∑
n=0

αne
2πinx/L = i(α0 −

√
2) +

∞∑
n=1

α−ne
−2πinx/L , (4.1.12)

where

µ(x) = tan(θ(x)/2) (4.1.13)

is 0 for a clean zigzag and 1 for the infinite-mass type boundary, and

α0 = (1 + S)/
√

2 . (4.1.14)

The boundary condition Eq. (4.1.12) depends on infinitely many evanescent
modes. However, the evanescent modes ψn,± decay on a length scale L/2π|n|
decreasing with |n|, and as the real problem lives on a lattice, modes which decay
on a scale smaller than the lattice constant will not play an important role. We
therefore introduce a momentum cutoff N (which we eventually can put to infinity
again) such that αn = 0 for |n| > N . Correspondingly, we discretize the x-axis by
introducing a lattice constant a, xm = ma, with m = 0, . . . , 2N and a = L

2N+1
, as

we remain with 2N evanescent and 1 (outgoing) propagating mode to scatter into.
The boundary condition Eq. (4.1.12) then reads

N∑
n=0

µme
2πimn/(2N+1)αn −

N∑
n=1

e−2πimn/(2N+1)α−n − iα0 = −i
√

2 , m = 0, . . . , 2N ,

(4.1.15)

with µm = µ(xm). We can write this system of equations as

N∑
n=−N

Amnαn = −i
√

2 , (4.1.16)

with

Amn =
[
µmΘ(n)−Θ(−n) + (1− i)δn,0

]
e2πimn/(2N+1) , (4.1.17)

where we define the discrete Heaviside function as

Θ(n) =

{
1, n ≥ 0 ,
0, n < 0 .

(4.1.18)

The exponential factor in Amn suggests to apply a discrete Fourier transform by
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multiplying both sides of Eq. (4.1.16) by U †, with

Umn =
1√

2N + 1
e2πimn/(2N+1) . (4.1.19)

On the left hand side of Eq. (4.1.16) we evaluate

2N∑
m=0

U †kmAmn = µ̃n−kΘ(n) +
√

2N + 1
[
−Θ(−n) + (1− i)δn,0

]
δk,n (4.1.20)

and on the right hand side

2N∑
m=0

U †km(−i
√

2) = −i
√

2
√

2N + 1 δk,0 , (4.1.21)

for k = 0, . . . , 2N . Here we introduce the Fourier coefficients of the disorder
function µ,

µ̃k =
1√

2N + 1

2N∑
m=0

µme
2πimk/(2N+1) . (4.1.22)

We can then write the Fourier transform of Eq. (4.1.16) in matrix form as

Ãα = v , (4.1.23)

where, if we resort the αn as α = (α0, α1, . . . , αN , α−N , . . . , α−1)T ,

Ã =


ν̃0 µ̃†↓ 0

µ̃↓ µ̃ 0

µ̃↑ µ̃′ −
√

2N + 1 1N

 , v = −i
√

2
√

2N + 1


1
0
...
0

 , (4.1.24)

with

ν̃0 = µ̃0 − i
√

2N + 1 , µ̃↑ =

µ̃N...
µ̃1

 , µ̃↓ =

 µ̃−1
...

µ̃−N

 =

 µ̃∗1
...
µ̃∗N

 ,

µ̃ =

 µ̃0 . . . µ̃N−1
...

. . .
...

µ̃∗N−1 . . . µ̃0

 , µ̃′ =

µ̃N+1 . . . µ̃2N
...

. . .
...

µ̃2 . . . µ̃N+1

 . (4.1.25)
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Hence, we have transformed the general boundary condition (Eq. (3.3.1)) into a
system of equations for the scattering phase (expressed through α0). This system is
specified by the Fourier coefficients of the disorder function µ. To solve Eq. (4.1.23)
for S, we have to invert Ã, as

α = Ã
−1
v ⇒ S =

√
2α0 − 1 = −1− 2i

√
2N + 1 (Ã

−1
)0,0 . (4.1.26)

Quadratic matrices of the form

(
A B
C D

)
with arbitrary blocks A,B,C, and D

(that not necessarily have to have the same dimensions), can be inverted using the
general block matrix inversion formula(
A B
C D

)−1

=

(
A−1 + A−1B(D − CA−1B)−1CA−1 −A−1B(D − CA−1B)−1

−(D − CA−1B)−1CA−1 (D − CA−1B)−1

)
.

(4.1.27)

This equality holds true if A and its so-called Schur complement D − CA−1B are
invertible. We only need to compute the (0,0)-component (upper left component)

of Ã
−1

. Thus, we can use this formula with A = ν̃0, assuming ν̃0 and its Schur
complement in Ã to be invertible, to obtain

(Ã
−1

)0,0 =
1

ν̃0

+
1

ν̃0

(
µ̃†↓ 0

)[( µ̃ 0
µ̃′ −

√
2N + 1 1

)
−
(
µ̃↓
µ̃↑

)
1

ν̃0

(
µ̃†↓ 0

)]−1(
µ̃↓
µ̃↑

)
1

ν̃0

=
1

ν̃0

+
1

ν̃2
0

(
µ̃†↓ 0

) µ̃− µ̃↓µ̃
†
↓

ν̃0
0

µ̃′ − µ̃↑µ̃
†
↓

ν̃0
−
√

2N + 1 1

−1(
µ̃↓
µ̃↑

)
.

(4.1.28)

Assuming the invertibility of µ̃− µ̃↓µ̃†↓/ν̃0, we can use Eq. (4.1.27) again to invert
the matrix in square brackets. We get

(Ã
−1

)0,0 =
1

ν̃0

+
1

ν̃2
0

(
µ̃†↓ 0

)
[
µ̃− µ̃↓µ̃

†
↓

ν̃0

]−1

0

−
[
µ̃− µ̃↓µ̃

†
↓

ν̃0

]−1(
µ̃′ − µ̃↑µ̃

†
↓

ν̃0

)
− 1√

2N+1
1

(µ̃↓µ̃↑
)

=
1

ν̃0

+
1

ν̃2
0

µ̃†↓

[
µ̃−

µ̃↓µ̃
†
↓

ν̃0

]−1

µ̃↓ . (4.1.29)

The product µ̃↓µ̃
†
↓/ν̃0 is a rank-1 update to µ̃. Therefore, one can use the Sherman-
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Morrison-Woodbury formula [16] for invertible A and column vectors u, v,

(
A− uvT

)−1
= A−1 +

A−1uvTA−1

1− vTA−1u
, (4.1.30)

to finally obtain

(Ã
−1

)0,0 =
1

ν̃0

+
1

ν̃2
0

(
µ̃†↓µ̃

−1µ̃↓ +
1
ν̃0
µ̃†↓µ̃

−1µ̃↓µ̃
†
↓µ̃
−1µ̃↓

1− 1
ν̃0
µ̃†↓µ̃

−1µ̃↓

)

=
1

ν̃0

(
1 +

ν̃

ν̃0

+
( ν̃
ν̃0

)2

1− ν̃
ν̃0

)
, (4.1.31)

with

ν̃ = µ̃†↓µ̃
−1µ̃↓ . (4.1.32)

Thus, we can write the scattering matrix with Eq. (4.1.26) as

S = −1 +
2

m̃0

1 + i
m̃

m̃0

−

(
m̃
m̃0

)2

1− i m̃
m̃0

 , (4.1.33)

where

m̃0 =
iν̃0√

2N + 1
= 1 +

iµ̃0√
2N + 1

, m̃ =
ν̃√

2N + 1
=

µ̃†↓µ̃
−1µ̃↓√

2N + 1
. (4.1.34)

4.1.3. Implementation of chiral symmetry

As pointed out in Section 3.5, we are not interested in any specific configuration of
the disorder potential, but we want to make statements about an average behavior
of the scattering phase φ as a function of the mean value θ0 and fluctuations σθ
of the interpolation function θ(xm) that incorporates disorder on the boundary.
Therefore, it is necessary to average the above expressions over all θ(xm) or µ̃k,
respectively. However, these expressions include the inverse of the matrix

µ̃ =

 µ̃0 . . . µ̃N−1
...

. . .
...

µ̃∗N−1 . . . µ̃0

 . (4.1.35)
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This is a so-called Toeplitz matrix, as it has constant values on all diagonals,
and moreover, it is Hermitian. There are many algorithms known to efficiently
invert Toeplitz matrices numerically for fixed N (e.g., [17]). However, an explicit
analytical inversion depending on N seems in general not to be possible, if no
further assumptions on the µ̃k are made.

Nevertheless, we can learn more about µ̃−1 if we take a closer look onto the
structure of the µ̃k. Let us therefore decompose the interpolation parameter θ(xm)
into a constant mean value θ0 and fluctuations δθ(xm) = δθm with

θ(xm) = θ0 + δθm , (4.1.36)

〈δθm〉 = 0 , (4.1.37)

〈δθmδθn〉 = σ2
θ δmn . (4.1.38)

Assuming the disorder to be weak, σθ � 1, we can also expand µ(x) = tan(θ(x)/2)
to get

µm = µ(xm) = tan

(
θ0 + δθm

2

)
= tan

(
θ0

2

)
+

1 + tan2
(
θ0
2

)
2

δθm +O
(
δθ2

m

)
= µ0 + δµm +O

(
δµ2

m

)
. (4.1.39)

We obtain after Fourier transforming

µ̃k =
1√

2N + 1

2N∑
m=0

(µ0 + δµm)e2πimk/(2N+1) =
√

2N + 1µ0 δk,0 + σµx̃k (4.1.40)

where

σµ =
1 + tan2

(
θ0
2

)
2

σθ (4.1.41)

is the standard deviation of µ and

x̃k =
1

σµ
√

2N + 1

∑
m

δµme
2πimk/(2N+1) (4.1.42)

is normalized to have standard deviation 1 and by definition a mean value of 0.
With Eq. (4.1.40) we get

µ̃ =
√

2N + 1µ0 1N + σµx̃ , (4.1.43)

thereby splitting it up into a diagonal part which is trivial to invert and a random
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Toeplitz matrix

x̃ =

 x̃0 . . . x̃N−1
...

. . .
...

x̃∗N−1 . . . x̃0

 , (4.1.44)

where all entries are identically distributed. For that reason, x̃ cannot be inverted
explicitly analytically.

This is where chiral symmetry comes into play. We have learned in Section 3.4,
that θ0 determines if the system obeys average chiral symmetry. For θ0 = 0 = µ0,
the staggered disorder potential that is represented by θ(x) is zero on average and
therefore chiral symmetry on average remains, whereas a finite θ0 (or µ0) explicitly
breaks the average chiral symmetry. We can directly translate these two cases to
the structure of µ̃:

• For finite µ0 with small fluctuations σµ on top, µ̃ is dominated by its diagonal.
Hence, we can expand its inverse in powers of σµ. In this case, where we
break chiral symmetry, we can therefore give an explicit expression for φ for
sufficiently weak disorder.

• For average chiral symmetry µ0 = 0, this consideration does not work as µ̃
is completely random. In this case we have to rely on a numerical analysis.

We can determine the transition between these two regimes by the following
consideration. The inverse

µ̃−1 =
1

µ0

√
2N + 1

1

1 + σµ
µ0

x̃√
2N+1

(4.1.45)

can be understood as the sum of the geometric series

1

µ0

√
2N + 1

(
1− σµ

µ0

x̃√
2N + 1

+ . . .

)
=

1

µ0

√
2N + 1

∞∑
n=0

(
−σµ
µ0

x̃√
2N + 1

)n
,

(4.1.46)

which however only converges if∥∥∥∥σµµ0

x̃√
2N + 1

∥∥∥∥ < ‖1‖ . (4.1.47)
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Using the standard 2-norm

‖A‖2 =

√∑
ij

|Aij|2 , (4.1.48)

we can estimate

‖x̃‖2 =

√√√√N−1∑
k,l=0

|x̃l−k|2 =

√√√√√√ 1

σ2
µ(2N + 1)

N−1∑
k,l=0

2N∑
m,n=0

δµmδµn︸ ︷︷ ︸
∼σ2

µδmn
(Eq. (4.1.38))

e2πi(l−k)(m−n)/(2N+1)

∼ N . (4.1.49)

As ‖1N‖2 =
√
N , for large N we can therefore conclude that for σµ . µ0

√
2 the

geometric series Eq. (4.1.46) converges and for σµ � µ0 we can approximate

µ̃−1 =
1

µ0

√
2N + 1

1− σµ
µ2

0

x̃

2N + 1
+O

((
σµ
µ0

)2
)
. (4.1.50)

For σµ & µ0

√
2, in particular for µ0 = 0, this consideration is not valid as

Eq. (4.1.46) is divergent. Consequently, we have to study φ for the limits σµ � µ0

and µ0 = 0 separately.

4.1.4. Scattering phase for broken chiral symmetry

In the limit where σµ � µ0, the above approximation Eq. (4.1.50) holds and with
Eq. (4.1.34) we can write

m̃ =
1

2N + 1

σ2
µ

µ0

N∑
k=1

|x̃k|2 +O
((

σµ
µ0

)3
)

(4.1.51)

and with Eqs. (4.1.34), (4.1.22)

m̃0 = 1 + iµ0 + i
σµx̃0√
2N + 1

. (4.1.52)
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We thus have m̃
m̃0
∼ O

((
σµ
µ0

)2
)

, such that we can simplify S (Eq. (4.1.33)) by

expanding it in powers of σµ/µ0 to obtain

S = −1 +
2

m̃0

(
1 + i

m̃

m̃0

)
+O

((
σµ
µ0

)3
)
. (4.1.53)

We then get

φ =− i logS

=− i log

(
−1 +

2

1 + iµ0

)
− 2

1 + µ2
0

σµx̃0√
2N + 1

+
2

(1 + µ2
0)2

σ2
µ

µ0

1

2N + 1

(
N∑
k=1

|x̃k|2 (1 + µ2
0) + µ2

0 x̃
2
0

)
+O

((
σµ
µ0

)3
)

(4.1.54)

and with Eqs. (4.1.39) and (4.1.41)

φ = −θ0 −
σθ x̃0√
2N + 1

+
σ2
θ

sin(θ0)

1

2N + 1

(
N∑
k=1

|x̃k|2 + x̃2
0 sin2

(
θ0

2

))

+ O
((

σθ
θ0

)3
)
. (4.1.55)

As the x̃k are the coefficients of the unitary discrete Fourier transform of indepen-
dent standard normally-distributed random variables δµm/σµ (Eq. (4.1.42)), they
are as well independent and standard normally-distributed, which can be written
as

〈x̃k〉 = 0 , 〈x̃∗kx̃l〉 = 〈x̃−kx̃l〉 = δkl . (4.1.56)

We can therefore average over all x̃k to compute mean value and standard deviation
of φ. More details on this step are given in Appendix C.1. We obtain

〈φ〉 = −θ0 +
σ2
θ

2 sin(θ0)
− a

L
· σ2

θ

2 tan(θ0)
+O

((
σθ
θ0

)3
)
, (4.1.57)

σ(φ) =

√
a

L
σθ +O

((
σθ
θ0

)2
)
. (4.1.58)
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Hence, the mean value of the scattering phase is given by the mean value of the
interpolation parameter θ0 plus correction terms depending quadratically on the
disorder strength σθ. These corrections are similar to a drift term in a random-
walk motion, i.e., introducing disorder shifts the mean value of φ by an amount
that depends on the strength of the disorder and does not decay with L.

The standard deviation of φ is proportional to the disorder strength σθ, i.e.,
stronger disorder increases the amount of fluctuations of the scattering phase.
However, σ(φ) decays as 1/

√
L with the boundary length. Thus, we see a self-

averaging behavior as mentioned in Section 3.6. For large system sizes the system
averages itself and fluctuations on the scattering phase are suppressed. In the
limit of L → ∞ the scattering phase will be given by a precise value, such that
scattering becomes completely specular. A graphene boundary that breaks average
chiral symmetry therefore behaves like a mirror if the disorder is weak enough.

4.1.5. Scattering phase with chiral symmetry

For µ0 = 0, where the chiral symmetry is on average preserved, we have

m̃0 = 1 + i
σµx̃0√
2N + 1

, (4.1.59)

and as m̃ can be shown numerically to be approximately N -independent, for large
N we can approximate m̃0 ≈ 1 and further simplify

S = 1 + 2im̃− 2m̃2

1− im̃ +O
(

σµ√
2N + 1

)
=

1 + im̃

1− im̃ +O
(

σµ√
2N + 1

)
. (4.1.60)

We obtain

φ = arg(S) = atan2 (Re(S), Im(S)) = atan2
(
1− m̃2, 2m̃

)
, (4.1.61)

where the atan2-function is closely related to the arctangent but adjusted such
that it properly gives the angle between its arguments,

atan2(x, y) =


arctan

(
y
x

)
, x > 0 ,

arctan
(
y
x

)
+ sign(y)π , x < 0 and y 6= 0 ,

π , x < 0 and y = 0 ,

sign(y)π
2
, x = 0 .

(4.1.62)
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We are now interested in the distribution of

m̃ =
µ̃†↓µ̃

−1µ̃↓√
2N + 1

=
σµ√

2N + 1
x̃†↓x̃

−1x̃↓ , (4.1.63)

with x̃↓ = µ̃↓/σµ. As stated previously, we cannot find a general analytic expres-
sion, therefore we need to rely on numerical studies. The probability density of m̃
to take the value x that we find numerically is

fm̃(x) =
1

π

γ

x2 + γ2
, (4.1.64)

with γ ≈ 0.642σµ = 0.321σθ. This is a so-called Cauchy distribution, which has
the special and intriguing property that it does not possess any cumulants, as the
corresponding integrals do not converge. In particular, its variance is infinite. This
is quite plausible considering the fact that it only decays as 1/x2 for large x, which
is the slowest decay that a probability distribution on the real axis can have to still
be normalizable. Thus, the tails are an essential part of the Cauchy distribution
and can not simply be neglected. Instead of the standard deviation, the relevant
quantity that specifies the width of a Cauchy distribution is therefore the scale
parameter γ.

Another remarkable observation is the fact that the value of γ/σθ we obtain
numerically is not universal, but depends weakly on the original distribution of the
disorder θ(xm). If we choose these parameters to be not normally distributed but to
follow any other distribution, m̃ is still Cauchy distributed, but the scale parameter
γ will also depend on the higher cumulants of the chosen disorder distribution.

However, the scattering phase φ is of course restricted to the interval [0, 2π) by
the atan2-function (Eq. (4.1.61)) and therefore does possess a standard deviation.
Since fm̃ is even and φ is an odd function of m̃, we directly see that

〈φ〉 = 0 . (4.1.65)

Knowing the distribution of m̃, we can numerically evaluate the integral in 〈φ2〉
to obtain

σ(φ) ≈ 1.33
√
σθ . (4.1.66)

We notice that contrary to the case of broken chiral symmetry, the mean value of
φ does not any more include a drift term induced by disorder but is precisely zero.
Not surprisingly, the standard deviation of φ increases with σθ, i.e., fluctuations
on φ still increase with the strength of the disorder. However, the dependence
on σθ does qualitatively change compared to the case of broken chiral symmetry
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discussed previously, since it is not any more a proportionality but goes ∝ √σθ.
Hence, for small σθ � 1 fluctuations of the scattering phase increase much faster
than when chiral symmetry is broken. Very surprising is the fact that σ(φ) does
not at all depend on the boundary length L. We conclude that the system does
not average itself for large L, and even in the limit L → ∞ fluctuations of the
scattering phase remain finite. This means that the mirror effect breaks down
when chiral symmetry is on average preserved, and the boundary will never reflect
specularly.
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4.2. Tight-binding approach

We now turn to the tight-binding description. Contrary to the boundary condition
that we used on the Dirac equation to introduce a disordered edge, a random onsite
potential within the tight-binding model can in general mix the two valleys of the
graphene band structure and will therefore allow for a more realistic description
of scattering, including the computation of inter-valley scattering r2.

We start from the model explained in Section 3.3.2 with a disorder potential on
the outermost sites of the lattice as shown in Fig. 4.1. In Section 4.2.1, the Hamil-
tonian of the tight-binding system is explicitly shown and the scattering matrix
is computed analytically for EF = 0. We will see in Section 4.2.2 that we can
distinguish the limits of broken and preserved chiral symmetry very analogously
to Section 4.1.3. Eventually, we discuss scattering results in these two limits in
Sections 4.2.3 and 4.2.4.

4.2.1. Hamiltonian and computation of the scattering matrix

Consider the tight-binding basis {|m,n, j〉}. The state |m,n, j〉 represents the
atomic orbital (Wannier function) on the lattice site specified by the indices m,n, j,
where m labels the y-coordinate of the blue rectangular superlattice shown in
Fig. 4.1 from 1 to ∞ within the lead, being 0 on the boundary sites, n labels
the corresponding x-coordinate from 0 to N − 1 = (L − 1)/a, and j determines
the position within each cell of the superlattice in the order specified in Fig. 4.1.
These atomic orbitals are assumed to form a complete basis of the lead Hilbert
space within the tight-binding approximation. Therefore, we can write states on
the lead as

|ψL〉 =
∞∑
m=1

N−1∑
n=0

4∑
j=1

ψL(m,n, j)|m,n, j〉 , (4.2.1)

where ψL(m,n, j) = 〈m,n, j|ψL〉 is the amplitude of the lead wavefunction on the
lattice site (m,n, j). Correspondingly, the state on the boundary is given by the
orbital states on the boundary sites as

|ψB〉 =
N−1∑
n=0

ψB(n)|0, n, 4〉 (4.2.2)

with an amplitude ψB(n) = 〈0, n, 4|ψB〉 on the n-th boundary site. We can then
write the combined wavefunction ψ = ψL + ψB in a vector representation within
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Figure 4.1.: Scheme of the tight-binding system for which the scattering matrix is
computed, introducing a rectangular superlattice with four sites per
unit cell. The superlattice unit cells are represented by blue squares
in the right picture, defining a tight-binding system based on this
superlattice. n labels the x-coordinate along the boundary from 0 to
N − 1 = (L − 1)/a and m is the corresponding y-index going from
1 to ∞ as the lead has translational invariance in y-direction. The
index m = 0 indicates the boundary sites that do not belong to the
lead. Numbers in the (1,1) unit cell (left) specify the order of the
sites within each unit cell in the vector representation that will be
used. As indicated by half lines, periodic boundary conditions are
implemented by connecting the n = N−1 to the n = 0 cells. Vn is the
onsite disorder potential on the n-th boundary site and the T -s are the
hopping matrices between adjacent superlattice unit cells within the
lead and between lead and boundary (indicated by superscript B). ψB
is the wavefunction amplitude on the boundary sites and ψL(m) the
one on the m-th unit cell of the lead (m-th row of the superlattice).

this basis by sorting the wavefunction amplitudes as

ψ =

(
ψL
ψB

)
=


...

ψL(2)
ψL(1)
ψB

 =



...
ψL(2, N − 1)

...
ψL(2, 0)

ψL(1, N − 1)
...

ψL(1, 0)
ψB(N − 1)

...
ψB(0)



, ψL(m,n) =


ψL(m,n, 1)
ψL(m,n, 2)
ψL(m,n, 3)
ψL(m,n, 4)

 .

(4.2.3)
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The tight-binding Hamiltonian introduced in Eq. (2.2.2) in this basis reads

H =
∑

mm′nn′jj′

tmnj,m′n′j′|m,n, j〉〈m′, n′, j′| = −t
∑

〈mnj,m′n′j′〉

|m,n, j〉〈m′, n′, j′|

(4.2.4)

with the brackets under the second sum indicating that it goes only over nearest
neighbors. We can write this in matrix form, using the same ordering as for ψ, as

H =


. . . . . .
. . . HL TL

T †L HL TLB
T †LB HB

 . (4.2.5)

Here

HL =


H0 Tx T †x

T †x H0
. . .

. . . . . . Tx
Tx T †x H0

 (4.2.6)

is the 4N×4N Hamiltonian submatrix of each lead unit cell (row of the superlattice
in Fig. 4.1, with fixed index m ≥ 1),

HB =


VN−1

. . .

V1

V0

 (4.2.7)

is the N ×N submatrix of the boundary (containing the onsite disorder potential
on the diagonal), and

TL =


Ty Txy

Ty
. . .
. . . Txy

Txy Ty

 , TLB =


TBy TBxy

TBy
. . .
. . . TBxy

TBxy TBy

 (4.2.8)

couple consecutive lead unit cells and the m = 1 lead unit cell to the boundary,
respectively. Their corresponding subblocks are given in terms of the hopping
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parameter t by

H0 =


0 −t 0 0
−t 0 −t 0
0 −t 0 −t
0 0 −t 0

 , Tx =


0 0 0 0
0 0 −t 0
0 0 0 0
0 0 0 0

 ,

Ty = Txy =


0 0 0 −t
0 0 0 0
0 0 0 0
0 0 0 0

 , TBy = TBxy =


−t
0
0
0

 , (4.2.9)

where H0 contains all hoppings between sites within one superlattice unit cell and
the T ’s the hoppings between adjacent cells, as sketched in Fig. 4.1. For simplicity
and to keep expressions shorter, we will from now on set t = 1, i.e., all energies
such as the disorder potential will be given in units of t.

As outlined in Section 3.5, propagating and evanescent eigenmodes of the lead
have to be computed to set up a system of equations that can be solved for the
scattering matrix. The procedure to obtain the latter for a general tight-binding
system is also explained in much detail in [15], which is therefore the starting
point for the derivation of the scattering matrix. The calculation of S is somewhat
lengthy but in principle analogous to the derivation of the scattering phase within
the Dirac approximation presented in Section 4.1 and no new concepts are intro-
duced. For this reason, the interested reader may refer to Appendix B to follow
all steps in detail.

The scattering matrix that we obtain reads

S =
1

1− detY + 2iY11

(
2αY ∗12 1 + detY

1 + detY −2α∗Y12

)
, (4.2.10)

where

α = eiπ/6 , (4.2.11)
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and the matrix Y is defined by Eq. (B.2.21) as

Y =

(
Y11 Y12

Y ∗12 Y11

)

=
1√
N

 Ṽ0 ṼN
3

Ṽ ∗N
3

Ṽ0



−

 Ṽ1 . . . ṼN
3
−1

Ṽ ∗N
3
−1

. . . Ṽ ∗1




Ṽ0 . . . ṼN
3
−2

...
. . .

...

Ṽ ∗N
3
−2

. . . Ṽ0


−1

Ṽ ∗1 ṼN
3
−1

...
...

Ṽ ∗N
3
−1

Ṽ1


 .

(4.2.12)

It is derived in Appendix B.2 that due to periodic boundary conditions, N has to
be a multiple of 3 to ensure that we have propagating modes at all. The Fourier
coefficients of the disorder potential are defined by

Ṽk =
1√
N

N−1∑
j=0

Vj e
2πi(j−1)k/N . (4.2.13)

As stated in Section 3.5.1, the scattering matrix is essentially fixed by two relevant
parameters, the inter-valley scattering probability r2 and the intra-valley scattering
phase φ, which can now be computed as

r2 = |S11|2 =
4|Y12|2

(1− detY )2 + 4|Y11|2
, (4.2.14)

φ = arg(S12) = atan2
(
1− detY,−2Y11

)
, (4.2.15)

with the atan2-function defined in Eq. (4.1.62).

4.2.2. Implementation of chiral symmetry

We have thereby reduced the computation of the parameters r2 and φ to a very
similar problem as the one we faced in the Dirac approach in Section 4.1. Again,
we have to invert a Hermitian Toeplitz matrix,

Ṽ =


Ṽ0 . . . ṼN

3
−2

...
. . .

...

Ṽ ∗N
3
−2

. . . Ṽ0

 , (4.2.16)
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to obtain an explicit expression for S as a function of the disorder potential. It
was discussed in Section 4.1.3 how we can distinguish two limits of this problem
that refer to breaking and preserving chiral symmetry.

As the Vj are assumed to be normally distributed with mean value V0 and
standard deviation V , we can write them as

Vj = V0 + V xj , (4.2.17)

such that the dimensionless quantities xj are independent and standard normally
distributed, i.e., they have zero mean value and standard deviation equal to one,
expressed by

〈xj〉 = 0 , 〈xixj〉 = δij . (4.2.18)

With these definitions we can write the Fourier coefficients of the disorder potential
(Eq. (4.2.13)) as

Ṽk =
1√
N

N−1∑
j=0

(V0 + V xj) e
2πi(j−1)k/N =

√
NV0 δk,0 + V x̃k , (4.2.19)

with

x̃k =
1√
N

N−1∑
j=0

xje
2πi(j−1)k/N . (4.2.20)

Due to the unitarity of the Fourier transform, the complex Fourier coefficients
x̃k are as well independent and standard normally distributed as expressed in
Eq. (4.1.56). We use Eq. (4.2.19) to write Ṽ as

Ṽ =
√
NV0 1 + V x̃ , x̃ =

 x̃0 . . . x̃N
3
−2

...
. . .

...
x̃∗N

3
−2

. . . x̃0

 . (4.2.21)

This form is completely equivalent to the one of the matrix µ̃ within the Dirac
approach, expressed by Eq. (4.1.43). Therefore, we can apply exactly the same
reasoning as in Section 4.1.3. If V � V0, i.e., if we explicitly break the average

chiral symmetry, we can approximate Ṽ
−1

by a geometric series as

Ṽ
−1

=
1√
NV0

1− V

V 2
0

x̃

N
+O

((
V

V0

)2
)
. (4.2.22)
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For V & V0

√
3, and in particular for V0 = 0, this approximation breaks down and

we have to invert the random Toeplitz matrix x̃, which can only be done numer-
ically. Therefore, in the next two subsections we will again study the parameters
r2 and φ for the limits V � V0 (breaking chiral symmetry) and V0 = 0 (preserving
chiral symmetry) separately.

4.2.3. Scattering matrix for broken chiral symmetry

In the limit V � V0 the approximation Eq. (4.2.22) will hold and with the defini-
tions

x̃↑ =

x̃N3 −1

...
x̃1

 , x̃↓ =

 x̃∗1
...

x̃∗N
3
−1

 , (4.2.23)

the coefficients of the matrix Y defined in Eq. (4.2.12) can be straightforwardly
evaluated as

Y11 = V0 +
V√
N
x̃0 −

V 2

NV0

x̃†↓x̃↓ +O
((

V

V0

)3
)
, (4.2.24)

Y12 =
V√
N
x̃N

3
− V 2

NV0

x̃†↓x̃↑ +O
((

V

V0

)3
)
. (4.2.25)

Inserting these expressions into the definitions of r2 and φ (Eqs. (4.2.14), (4.2.15))
and keeping terms up to second order in V/V0, we obtain

r2 =
4V 2

N(1 + V 2
0 )2
|x̃N

3
|2 +O

((
V

V0

)3
)
, (4.2.26)

φ = − arctan

(
2V0

1− V 2
0

)
− 2V√

N(1 + V 2
0 )

x̃0

+
2V 2

NV0(1 + V 2
0 )2

(
V 2

0

(
|x̃0|2 + |x̃N

3
|2
)

+
(
1 + V 2

0

)
x̃†↓x̃↓

)
+O

((
V

V0

)3
)
. (4.2.27)
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With use of Eq. (4.1.56), we can then average over all disorder configurations as
explained in Appendix C.1 to get

〈r2〉 =
a

L

4V 2

(1 + V 2
0 )2

+O
((

V

V0

)3
)
, (4.2.28)

σ(r2) =
a

L

4V 2

(1 + V 2
0 )2

+O
((

V

V0

)3
)
, (4.2.29)

and

〈φ〉 = − arctan

(
2V0

1− V 2
0

)
+

2

3

V 2

V0 (1 + V 2
0 )
− a

L
· 2 (1− V 2

0 )

V0 (1 + V 2
0 )

2 V
2 +O

((
V

V0

)3
)
, (4.2.30)

σ(φ) = 2

√
a

L

V

(1 + V 2
0 )

+O
((

V

V0

)2
)
. (4.2.31)

The mean value and the standard deviation of the inter-valley scattering proba-
bility r2 show an identical behavior. Both increase quadratically with the disorder
strength V , but are suppressed as 1/L with the boundary length L, thus clearly
showing a self-averaging behavior. In the limit of L → ∞, the system averages
itself and inter-valley scattering vanishes. The mean of the intra-valley scatter-
ing phase φ changes from 0 to −π/2 when shifting the disorder mean from 0 to
1. In second order in V we have additional corrections that do not decay with
L. This form of a constant and a drift-term is in perfect agreement to the results
from the continuum description, presented in Eq. (4.1.57). Also fluctuations of the
scattering phase show the same behavior as obtained from the Dirac equation (cf.
Eq. (4.1.58)). The standard deviation of φ is proportional to the disorder strength
but decays as 1/

√
L, such that in the limit L→∞ the scattering phase is given by

a precise value. In contrast to the result of the Dirac approach from Eq. (4.1.58),
we however gain an additional dependence on the disorder mean V0.

In Figs. 4.2 and 4.3 the analytical results for the mean and the standard devi-
ation of r2 and φ are compared to numerical simulations. Within the numerical
approach, the same scattering problem is solved numerically for a fixed random
distribution of the disorder potential. The mean and the standard deviation of r2

and φ are computed by averaging over 103 configurations of the disorder poten-
tial for each value of V at fixed V0 = t. For small V � V0 we see a very good
agreement between numerical and analytical results. Thus, we can conclude that
the results presented in Eqs. (4.2.28)–(4.2.31) indeed correctly describe the low-V
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regime. However, these approximations break down when the disorder strength V
is of the order of the disorder mean V0, as expected from the previous discussion in
Section 4.2.2. For very strong disorder V > V0 = t, scattering becomes indepen-
dent of the boundary length. This means that the self-averaging (“mirror”) effect
breaks down, which is well consistent with our everyday experience, as a mirror
becomes blurry when scratching it strongly enough. The mean value of r2 in this
large-V limit approaches 1/2 and the standard deviation of φ gets large, i.e., it
becomes equally probable to scatter into any of the two valleys and the acquired
phase gets completely random.

In summary, we find that if we break chiral symmetry by disorder with a finite
mean value V0, scattering shows self-averaging, as long as the disorder fluctuations
are weak compared to the disorder mean, V � V0. In the large-L limit we thereby
regain purely specular reflection. The results for the scattering phase φ are in
perfect agreement with the ones obtained from the Dirac equation, except for an
additional weak dependence of the phase fluctuations on the disorder mean. Hence,
for the kind of disorder we considered, neglecting inter-valley scattering is indeed
a valid approximation to still describe the scattering phase correctly. For strong
disorder V & V0 the self-averaging behavior breaks down and scattering becomes
completely diffusive.
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Figure 4.2.: Mean value 〈r2〉 and standard deviation σ(r2) of the inter-valley scat-
tering probability as a function of the disorder strength V , com-
puted within the tight-binding approximation for a disorder mean
of V0 = t. Numerical results are shown for logarithmically spaced
boundary lengths ranging from 3a to 3 ·27a = 384a, averaged over 103

disorder configurations. The analytical results in the low-V regime
are plotted exemplarily for L = 3a and L = 6a.
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Figure 4.3.: Mean value 〈φ〉 and standard deviation σ(φ) of the intra-valley scat-
tering phase as a function of the disorder strength V , computed within
the tight-binding approximation for a disorder mean of V0 = t. Nu-
merical results are shown for logarithmically spaced boundary lengths
ranging from 3a to 3 · 27a = 384a, averaged over 103 disorder con-
figurations. The analytical results in the low-V regime are plotted
exemplarily for L = 3a and L = 6a.
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4.2.4. Scattering matrix with chiral symmetry

As stated previously, for V0 = 0 we cannot find an explicit expression for the scat-
tering matrix parameters r2 and φ depending on the boundary length L = Na.
However, we can compute the corresponding expressions for each N = 3, 6, . . .
individually. Averaging over the occuring Fourier coefficients of the disorder po-
tential, we obtain for N = 3

〈r2
3〉 = 4

3
V 2 +O (V 3) , σ(r2

3) = 4
3
V 2 +O (V 3) ,

〈φ3〉 = 0 , σ(φ3) =
√

4
3
V +O (V 2) ,

(4.2.32)

and for N = 6

〈r2
6〉 =

√
π
3
V +O (V 2) , σ(r2

6) = 4
√

π
12

√
V +O

(
V 3/2

)
,

〈φ6〉 = 0 , σ(φ6) =

√√
4π
3

ln(2)
√
V +O (V ) .

(4.2.33)

Details on the calculation can be found in Appendix C.2.

For larger N , the expressions for r2 and φ become very complicated rational
functions and the multidimensional integrals that occur in the disorder averages
are unfeasible to be evaluated analytically. More refined numerical calculations
within the low-V regime, averaging over 106 disorder configurations, suggest that
the prefactors change very weakly with N , but it is not clear if they will converge
for N → ∞. Furthermore, we know from the results of the Dirac approach in
Section 4.1.5 that the exact prefactors are not universal but additionally depend
on the distribution of the disorder potential. Therefore, we would not gain new
insights by computing the exact analytical expressions for larger N . Instead, we
rely on numerical computations and compare them to the analytical solutions for
N = 3 and N = 6 for a qualitative discussion, as the latter very well resembles
the behavior for any N ≥ 6 qualitatively.

The numerical results and the analytical expressions of Eqs. (4.2.32) and (4.2.33)
are shown in Figs. 4.4 and 4.5. We see a big qualitative difference between the cases
of N = 3 and N ≥ 6. This is most likely due to the structure of the evanescent
modes. For N = 3 the system is so small that only a single evanescent mode
exists, whereas for N ≥ 6 a new class of evanescent modes (χ+

ν , see Appendix B.2)
is available. Since a sample with a boundary length of 3 unit cells (< 1 nm) is
anyway far from being a realistic setup, we will not bother further about this case.

For N ≥ 6 both parameters r2 and φ are mainly independent of N , such that in
agreement with the results from the Dirac approach no self-averaging happens and
the boundary does not behave like a mirror. The inter-valley scattering probability
increases linearly with the disorder strength for small V � 1 and its standard
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deviation even as
√
V , contrary to the quadratic dependence we have seen for

broken chiral symmetry V0 > 0. Therefore, inter-valley scattering dramatically
increases for small V , compared to the case of broken chiral symmetry V0 6= 0.
The same is true for fluctuations of the scattering phase φ. The results of φ are
very much in accordance with the ones from the continuum model. The mean
value of φ is exactly zero, meaning that the drift-term occurring in the case of
broken chiral symmetry vanishes. Fluctuations of the scattering phase increase as√
V instead of a linear increase for weak disorder and are again not suppressed

with increasing L.
Interestingly, the mean value of r2 reaches about 2/3 for strong disorder V > 1,

indicating that in this limit it becomes more favorable to scatter into the opposite
valley than staying in the same cone. However, we cannot find any plausible
explanation for this observation. The standard deviation of the scattering phase
σ(φ) becomes again large in this limit, such that φ becomes completely random.
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Figure 4.4.: Mean value 〈r2〉 and standard deviation σ(r2) of the inter-valley scat-
tering probability as a function of the disorder strength V , com-
puted within the tight-binding approximation for a disorder mean
of V0 = 0. Numerical results are shown for logarithmically spaced
boundary lengths ranging from 3a to 3 ·27a = 384a, averaged over 103

disorder configurations. The analytical results in the low-V regime
are plotted exemplarily for L = 3a and L = 6a.
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Figure 4.5.: Mean value 〈φ〉 and standard deviation σ(φ) of the intra-valley scat-
tering phase as a function of the disorder strength V , computed within
the tight-binding approximation for a disorder mean of V0 = 0. Nu-
merical results are shown for logarithmically spaced boundary lengths
ranging from 3a to 3 · 27a = 384a, averaged over 103 disorder con-
figurations. The analytical results in the low-V regime are plotted
exemplarily for L = 3a and L = 6a.





5. Scattering at finite doping

Finally, we study how the results obtained in the last chapter transfer to the
more general case of finite dopings EF > 0, where a potentially large number of
modes can contribute to electronic transport. To this end, we solve the scattering
problem within the tight-binding approximation from the model introduced in
Section 3.3.2 at energies between 0.05t and 0.2t, which are still small enough to be
well in the linear regime of the graphene dispersion (Eq. (2.2.7)). The scattering
matrix is computed numerically using the Python package Kwant [14], which is
specifically designed for quantum transport calculations. The procedure of solving
the scattering problem follows the general idea described in Section 3.5 and also
explained in much detail in [15], and it is also analogous to the tight-binding
computation at EF = 0 shown in Appendix B (except for the much larger number
of modes, which would make an analytic computation extremely cumbersome). For
this reason, we will not discuss further details of the derivation of the scattering
matrix here.

In Section 5.1 we shortly sketch the structure of the propagating modes in k-
space at EF > 0, and explain how we can describe diffusive scattering in terms
of these modes. In Section 5.2 we then discuss the resulting diffusive scattering
probability, depending on if chiral symmetry is broken or preserved.

5.1. Structure of the modes

For finite but small Fermi energy EF � t, the Fermi surface can be mapped
onto two approximately circular curves around the two Dirac points K and K′

(Fig. 5.1). Due to periodic boundary conditions, the momentum in x-direction
along the boundary is restricted (cf. Eq. (B.1.3)) by the condition

kxL = 2πν , ν ∈ Z . (5.1)

Hence, propagating modes at a certain Fermi energy EF > 0 correspond to points
in k-space which are equally spaced along kx and lie on the approximately circular
Fermi surfaces, as depicted in Fig. 5.1. The velocity of the modes is given by

v =
1

~
dE

dk
, (5.2)
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Figure 5.1.: Left: Fermi surface (blue) for EF = 0.1t within the first Brillouin
zone (not to scale). Right: By shifting by reciprocal lattice vectors,
the Fermi surface can be mapped onto two approximately circular
shapes (distance of the two Dirac cones not to scale). Due to periodic
boundary conditions, modes are equally spaced along kx. Incoming
modes are depicted by violet dots, outgoing modes by orange ones.
Blue arrows indicate the direction of the velocity of the modes, which
defines angles with respect to the boundary normal ŷ. Specular reflec-
tion processes (green) do not change this angle, whereas diffusive ones
(red) do. Also inter-valley processes with high momentum transfer
(dark red) are diffusive.

thus it is normal to the Fermi surface. We can separate incoming and outgoing
modes by their velocity in y direction. Incoming modes have a negative vy (moving
towards the boundary, violet in Fig. 5.1), outgoing ones have a positive vy (orange
in Fig. 5.1). With use of the velocity, we can easily assign to each mode an angle
of incidence with respect to the boundary normal ŷ, as defined in Fig. 5.1. As
also described in Section 3.1, an incoming mode with the angle ϑin is reflected
specularly, if the outgoing mode has an angle of ϑout = −ϑin. This is equivalent
to saying that the momentum along the boundary kx is conserved during the
scattering process, and only the momentum ky perpendicular to the boundary
changes. One such specular reflection process is symbolized by a green arrow in
Fig. 5.1. On the other hand side, during scattering processes which do not conserve
momentum along the boundary, also the angle of the direction of propagation of
the mode with respect to the boundary is changed from ϑin to ϑ′out 6= −ϑin. Such
processes we call diffusive, exemplarily shown by a red arrow in Fig. 5.1. Diffusive
processes can happen within one cone, but also inter-valley scattering processes
change the momentum strongly and therefore contribute to diffusive scattering
(dark red arrow in Fig. 5.1). To study the influence of diffusive scattering in
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general in a system with many modes, we consider the total diffusive scattering
probability

Pdiff =
1

NM

∑
m,n

ψin
n→ψout

m
diffusive

|Smn|2 , (5.3)

i.e., the sum of probabilities of all diffusive scattering processes from all incoming
modes ψin

n to all outgoing modes ψout
m . Thereby, we average diffusive contributions

over all NM incoming modes.

5.2. Diffusive scattering with and without chiral
symmetry

In Fig. 5.2, numerical results of Pdiff are shown for Fermi energies between 0.05t
and 0.2t as a function of the standard deviation V of the boundary onsite potential,
which we have identified to express the strength of the disorder. The corresponding
Fermi wavelengths range from ≈ 109a to ≈ 27a (Eq. (2.2.9)), and the boundary
length is chosen as L = 120a to always fulfill L > λF . We chose a mean value of
the disorder potential of V0 = EF and V0 = EF − 0.2t. Additionally, we averaged
over 103 configurations of the disorder potential.

We see a huge qualitative difference between the two choices of the disorder
mean V0. For V0 6= EF , the diffusive scattering probability increases quadrati-
cally for small V and is suppressed with increasing Fermi wavelength λF for small
V � (EF − V0). Hence, we observe a clear mirror effect, similar to the behavior
of the inter-valley scattering probability for broken chiral symmetry observed at
EF = 0 (cf. Eq. (4.2.28) and Fig. 4.2). However, for V0 = EF the increase of Pdiff

with V is linear and essentially independent of λF , just as the behavior of r2 for
preserved chiral symmetry at EF = 0, shown in Fig. 4.4. We can conclude that
for finite EF and V0 = EF , chiral symmetry is on average preserved, leading to
a qualitativ change in the scattering behavior and to a breakdown of the mirror
effect. Moreover, the diffusive scattering increases for small V (< 0.1t) by two
orders of magnitude compared to the case of V0 6= EF , where chiral symmetry is
explicitly broken.

This result, that chiral symmetry is on average preserved for V0 = EF , is consis-
tent with the case EF = 0 and also with the following consideration (cf. Fig. 5.3).
If the mean value of the onsite potential is larger than zero on the boundary, the
Dirac cones are shifted with respect to the bulk. Thereby, an onsite potential V0

effectively shifts the chemical potential on the boundary locally by −V0, as also
discussed in Section 3.3.2. If V0 = EF , the chemical potential on the boundary
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Figure 5.2.: Total diffusive scattering probability Pdiff , averaged over all incoming
modes, as a function of the disorder strength V . Numerical results are
computed within the tight-binding approximation with use of Kwant
[14], for a boundary length of 120a and averaged over 103 disorder con-
figurations. The scattering problem is solved at Fermi energies ranging
from EF = 0.05t to EF = 0.2t, corresponding to Fermi wavelengths
between ≈ 109a and ≈ 27a. The disorder mean is chosen separately
for each Fermi energy as V0 = EF (a) and V0 = EF − 0.2t (b).

is on average shifted down to the Dirac points, and chiral symmetry is on the
boundary on average preserved, just as for EF = 0 and V0 = 0.

In summary, we find that the behavior observed for EF = 0 equivalently occurs
for finite EF . For a disorder potential with a mean value V0 6= EF which breaks
chiral symmetry, the diffusive scattering probability is suppressed with increasing
Fermi wavelength λF . Hence, the system averages itself and in the large Fermi
wavelength limit the boundary reflects specularly like a mirror. On the other
hand side, a disorder mean of V0 = EF leads to a breakdown of this mirror effect
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Figure 5.3.: Schematic sketch of the linear part of the graphene dispersion (Dirac
cone) at different positions y on the graphene sheet (for simplicity only
one cone is shown). A finite mean value V0 > 0 of the onsite potential
on the boundary shifts the Dirac cone up with respect to the bulk,
thereby effectively shifting down the chemical potential. An onsite
potential of V0 = EF shifts the chemical potential on the boundary to
the Dirac point.

and hence to a strong increase of diffusive scattering.





6. Conclusion

In this thesis, we studied scattering at a single disordered graphene boundary
within the scattering matrix formalism. We explained that we can model disorder
within the continuum model of the Dirac equation by using appropriate position-
dependent boundary conditions on the Dirac spinor wavefunctions, and within the
tight-binding approximation by introducing a random onsite potential. Further,
we showed that we can analytically solve for the scattering matrix in both ap-
proaches, assuming the Fermi energy to be directly at the Dirac points. Within
the continuum model, the chosen boundary conditions do not mix the two valleys
of the graphene dispersion, hence we studied only a single valley. In this case we
remain with one incoming and one outgoing propagating mode. We computed the
distribution of the scattering phase that is acquired during the scattering process,
providing information about the “diffusiveness” of scattering. In the tight-binding
approach, we additionally allowed for inter-valley scattering, therefore computing
the intra-valley scattering phase and the inter-valley scattering probability. The
results of both approaches agree very well.

If the disorder breaks chiral symmetry, we can compute explicit analytical ex-
pressions for the scattering matrix for weak enough disorder. We find a quadratic
increase of the inter-valley scattering probability r2 and a linear increase of fluc-
tuations of the intra-valley scattering phase φ with the disorder strength V , and
a random-walk-like drift term for the mean value of the scattering phase that is
quadratic in V . More importantly, we find that inter-valley scattering as well as
fluctuations on the scattering phase are suppressed with the boundary length L
as 1/L, clearly indicating a self-averaging behavior. For large boundary lengths,
diffusive scattering vanishes and the boundary reflects specularly, hence behaving
similar to a classical mirror. Only in the regime of very strong disorder V , we find
numerically that it becomes equally probable to scatter into any of the two cones,
and fluctuations on the scattering phase become large. In this limit scattering on
the boundary is thus completely diffusive.

On the other hand side, if the disorder is chosen such that it preserves chiral
symmetry on average, the situation is very different. Both mean value and fluc-
tuations of the inter-valley scattering probability r2 as well as fluctuations of the
scattering phase φ qualitatively change their behavior for weak disorder, showing
a significant increase compared to the case of broken chiral symmetry. Very un-
expectedly, the scattering phase even follows a Cauchy distribution. Additionally,
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all those parameters do not any more decay with the boundary length. Therefore,
we observe a breakdown of the expected mirror effect, as even for large boundary
lengths diffusive scattering remains finite and the boundary never reflects specu-
larly.

Numerical studies at finite doping show a very similar behavior. In accordance
with the analytically studied case of scattering at the Dirac points and with intu-
itive expectations, the preservation of chiral symmetry occurs if the disorder mean
matches the Fermi energy, V0 = EF . In this case we see again a breakdown of the
mirror effect and a significant increase of the diffusive scattering probability, com-
pared to the case of a mismatch V0 6= EF where chiral symmetry is broken and the
mirror works, i.e., diffusive scattering becomes small for large Fermi wavelengths.

The very unexpected effect observed in this thesis, that chiral symmetry can lead
to a breakdown of a mirror-like behavior of a disordered graphene boundary, should
in principle also be observable in experiment. This could be achieved by tuning the
disorder mean on the boundary with a gate and focusing incoming electrons onto
the boundary, e.g., with a magnetic field. When the disorder potential is tuned
such that chiral symmetry is on average conserved, the boundary should not any
more behave like a mirror and diffusive scattering should increase strongly, which
one would then be able to observe as a decrease of the device conductance.



A. Parametrization of the scattering
matrix at the Dirac points

At the Dirac points, the scattering matrix is of size 2 × 2. We can find a useful
parametrization as follows. We start from a general complex matrix

S =

(
r1e

iϕ1 r3e
iϕ3

r3e
iϕ3 r2e

iϕ2

)
(A.1)

that we choose to be symmetric due to time-reversal symmetry (Eq. (3.5.12)).
From the unitarity condition Eq. (3.5.11) we obtain

r1 = r2 = r and r3 =
√

1− r2 , (A.2)

and additionally

ei(ϕ1−ϕ3) + ei(ϕ3−ϕ2) = 0 . (A.3)

Defining

ϕ1 = φ+ ∆1 , (A.4)

ϕ2 = φ+ ∆2 , (A.5)

ϕ3 = φ , (A.6)

we obtain

ei∆1 = −e−i∆2 (A.7)

and thereby with ∆1 = ∆

S = eiφ
(

rei∆
√

1− r2√
1− r2 −re−i∆

)
. (A.8)





B. Scattering matrix in the
tight-binding approach

B.1. Lead eigenstates

Consider the tight-binding Hamiltonian defined in Eq. (4.2.5) in Section 4.2.1. As
explained in Section 3.5, we will in a first step ignore the boundary and assume
the lead to have translational invariance also in negative y-direction. This can be
easily accomplished by writing the Hamiltonian and the lead wavefunction as

H inf
L =


. . . . . .
. . . HL TL

T †L HL
. . .

. . . . . .

 , ψinf
L =


...

ψL(2)
ψL(1)

...

 . (B.1.1)

As we know that this infinite lead has translational invariance in x- and in y-
direction, we use a Bloch ansatz for the lead wavefunction, writing

ψinf
L (m,n) = λmξnχ , (B.1.2)

where λ and ξ are eigenvalues of the translation operator in y- and x-direction,
respectively. The 4-vector χ gives the mode structure within each superlattice unit
cell. Note that this Bloch ansatz lives on the rectangular superlattice. We thereby
disregard the original honeycomb lattice structure and assume the hoppings Tx and
Ty to be exactly aligned with the x- and y-axis, respectively, as shown in Fig. 4.1
on the right. This means that we choose the mode structure χ within a unit cell
to be multiplied by a factor of ξ when hopping along Tx, by λ when hopping along
Ty, and by ξλ for hoppings Txy. This choice amounts to a specific gauge of the
phase of the wavefunction. Hence, it is completely equivalent to choosing Bloch
phases according to the honeycomb structure by, e.g., assuming also a phase shift
in y-direction for hoppings Tx.

As we have periodic boundary conditions ψinf
L (m,n) = ψinf

L (m,n + N), it must
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hold that ξN = 1, therefore we have

ξν = eikx,νa = e2πiν/N with kx,ν =
2πν

L
=

2π

a

ν

N
, ν = 0, . . . , N − 1 . (B.1.3)

At EF = 0, the Fermi surface consists only of the Dirac points, so propagating
modes have a momentum that lies at these points in momentum space. Therefore,
the momentum kx,ν must match the x-component of the Dirac points for some ν
to have propagating modes at all, such that we demand kx,ν = Kx = 2π/3a or

kx,ν = K ′x = −2π/3a (Eq. (2.1.4)). We conclude that N
!

= 3ν, thus propagating
modes are only possible if the boundary length L is a multiple of 3a, which we in
the following will assume to be true.

Using the Bloch ansatz, the Schrödinger equation for the infinite lead at EF = 0
reduces to

H inf
L ψinf

L = 0
Eq. (B.1.2)⇒ Hcχ = 0 , (B.1.4)

with

Hc = H0 +
(
ξ−1
ν Tx + λ−1Ty + ξ−1

ν λ−1Txy + h.c.
)
. (B.1.5)

Hence, we reduced the infinite-dimensional eigenvalue problem of Eq. (B.1.1) to
one of dimension 4× 4, from which we can get the mode structure χ within each
lead unit cell. By solving detHc = 0, we obtain the relations

λ+
ν =

(1 + ξν)
2

ξν
, λ−ν =

ξν
(1 + ξν)2

(B.1.6)

between the translation operator eigenvalues ξ and λ that need to be fulfilled for
Hc to have a zero eigenvalue. Thereby for each possible x-momentum kx,ν we have
two solutions for the momentum in y-direction defined through

λν = eiky,νa . (B.1.7)

As we in fact restrict the lattice to positive y, modes do not have to be normalizable
for negative y. Therefore, we can allow for all λ with |λ| ≤ 1, i.e., for plane waves
and modes that decay exponentially for y →∞, as also stated in Section 3.5. This
also means that the momentum ky does not have to be real but can also have a
positive imaginary part.
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We get the corresponding eigenmodes as

χ+
ν =


0
−1
0

1 + ξν

 , χ−ν =


−1− ξν

0
ξν
0

 . (B.1.8)

Regarding their translation eigenvalue λ±ν , these lead eigenmodes can be classified
as follows:

Propagating modes: Modes with ξK = ξN/3 = e2πi/3 and ξK′ = ξ2N/3 = e−2πi/3

have λ = 1 and thus are propagating (their amplitudes do not decay in y-direction).
Defining

Φpr = (χ−K , χ
+
K , χ

−
K′ , χ

+
K′) , Ξpr = diag(ξK , ξK , ξK′ , ξK′) , Λpr = 14 ,

(B.1.9)

the set of propagating modes on the m-th lead unit cell is given by

ΨprΛ
m
pr =


Φpr ΞN−1

pr
...

Φpr Ξpr

Φpr

Λm
pr . (B.1.10)

To separate incoming and outgoing states, we have to find eigenstates of the par-
ticle current operator [15]

J =
2a

~
Im(Λ∗prTL) (B.1.11)

within the set of propagating modes. Therefore we have to diagonalize

Jpr = Ψ†prJΨpr =
2a

~
Ψ†pr Im(Λ∗prTL) Ψpr =

a

i~
Ψ†pr(TL − T †L)Ψpr . (B.1.12)

Jpr can be straightforwardly evaluated from the definitions above, with Eq. (2.2.8)
yielding

J =
4√
3
NvF


0 −α
−α∗ 0

0 α∗

α 0

 , (B.1.13)
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where

α = ξ
1/4
K = eiπ/6 . (B.1.14)

The eigenvalues of J are − 4√
3
NvF (corresponding to incoming modes moving in

negative y-direction, towards the boundary) with normalized eigenvectors v−K =
1√
2
(α, 1, 0, 0)T and v−K′ = 1√

2
(0, 0,−α∗, 1)T , and + 4√

3
NvF (corresponding to out-

going modes) with eigenvectors v+
K = 1√

2
(−α, 1, 0, 0)T and v+

K′ = 1√
2
(0, 0, α∗, 1)T .

Since we sorted the propagating modes by the two valleys (Eq. (B.1.9)) and these
eigenvectors do not mix the subspaces of the two valleys, we can also assign each
to a unique valley by labeling them K,K′.

To ensure that S is unitary, all propagating lead eigenmodes have to be properly
normalized to carry the same probability current. However, as here all modes have
already the same current eigenvalue according to its absolute value, we can choose
any normalization that simplifies the calculation. With

Φin = Φpr · (v−K , v−K′)/
√
N , Ξin = diag(ξK , ξK′) , Λin = 12 , and (B.1.15)

Φout = Φpr · (v+
K′ , v

+
K)/
√
N , Ξout = diag(ξK′ , ξK) , Λout = 12 , (B.1.16)

we can therefore define incoming and outgoing modes with current normalized to
∓4vF/

√
3 and well-defined momenta kx = 2π/3, kx = −2π/3 on the m-th lead

unit cell within the notation introduced in Eq. (4.2.3) as

(ψin
K(m), ψin

K′(m)) = ΨinΛm
in =


Φin ΞN−1

in
...

Φin Ξin

Φin

Λm
in , (B.1.17)

(ψout
K′ (m), ψout

K (m)) = ΨoutΛ
m
out =


Φout ΞN−1

out
...

Φout Ξout

Φout

Λm
out . (B.1.18)

Note that we sort the outgoing modes in opposite order with respect to the valleys
as the incoming modes. This is to ensure that they reflect time-reversal symmetry
(cf. Eq. (3.5.5)). Under time-reversal the velocity of the modes is reversed and the
valleys are exchanged. Therefore, with this ordering the outgoing modes are the
time-reversed incoming ones.
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Evanescent modes: For −N/3 < ν < N/3 holds λ−ν < 1 and λ+
ν > 1, thus

χ−ν -modes are evanescent (they decay for y → ∞, starting from a finite value at
the boundary), whereas χ+-modes are not normalizable. For N/3 < ν < 2N/3 =
−N/3 mod N the opposite case is true. The normalization of the evanescent
modes is irrelevant for the result of the calculation of S, therefore we multiply
them with 1/

√
N which will later simplify prefactors. We can then simply write

the set of evanescent modes within the m-th lead unit cell as(
ψev
−N

3
+1

(m), . . . , ψev
N
3
−1

(m), ψev
N
3

+1
(m), . . . , ψev

2N
3
−1

(m)
)

= ΨevΛev = (Ψ−evΛ−ev,Ψ
+
evΛ+

ev) , (B.1.19)

where

Ψ∓ev =
1√
N


Φ∓ev (Ξ∓ev)N−1

...
Φ∓ev Ξ∓ev

Φ∓ev

 , Λev = diag(Λ−ev,Λ
+
ev) , (B.1.20)

with

Φ−ev = (χ−−N
3

+1
, . . . , χ−N

3
−1

) , (B.1.21)

Ξ−ev = diag(ξ−N
3

+1, . . . , ξN
3
−1) , (B.1.22)

Λ−ev = diag(λ−−N
3

+1
, . . . , λ−N

3
−1

) , (B.1.23)

and

Φ+
ev = (χ+

N
3

+1
, . . . , χ+

2N
3
−1

) , (B.1.24)

Ξ+
ev = diag(ξN

3
+1, . . . , ξ 2N

3
−1) , (B.1.25)

Λ+
ev = diag(λ+

N
3

+1
, . . . , λ+

2N
3
−1

) . (B.1.26)

B.2. Computation of the scattering matrix

In a second step we want to set up a system of equations for the scattering matrix
of the boundary as described in Section 3.5. To achieve this, we can use the
eigenstates of the infinite lead to compose scattering states in the leads, now
assuming to have the boundary terminating the lead, which are given in the m-th
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lead unit cell by

ΨL(m) = (ψK(m), ψK′(m)) = ΨinΛm
in + ΨoutΛ

m
outS + ΨevΛm

evSev , (B.2.1)

Each of these two scattering states is a superposition of a fixed incoming mode
with momentumK orK′, outgoing modes into which the incoming mode has been
reflected at the boundary (expressed by the scattering matrix S), and evanescent
modes, where Sev gives the amplitudes to scatter into them, equivalently to S.

With ΨB = (ψB,K , ψB,K′), where the additional subscript K,K′ distinguishes
the boundary wavefunctions depending on the momentum of the incoming modes,
the last two blocks of the Schrödinger equation

H

(
ΨL

ΨB

)
= 0 (B.2.2)

yield

(
TLΨout TLΨev −TLB

T †LBΨoutΛout T †LBΨevΛev HB

) S
Sev

ΨB

 =

( −TLΨin

−T †LBΨinΛin

)
. (B.2.3)

This is a linear system of 4N equations with 4N unknowns, which are the compo-
nents of the scattering matrix S, those of the scattering matrix of the evanescent
modes Sev, and the boundary wavefunction ΨB. The matrix on the left that de-
fines the system contains the disorder potentials Vj on the boundary sites via
HB. Therefore, by solving this system of equations for the scattering matrix, we
can obtain S as a function of all Vj as discussed in Section 3.5. In principle we
can easily solve the system numerically for any N by inverting the matrix on the
left. However, we are interested in an analytic solution as a function of N to
study the dependence of the relevant parameters of S on the boundary length
L = Na. Solving the above system of equations for S analytically requires more
effort than a numerical matrix inversion, but in principle the procedure is also
somehow straightforward.

First, we realize that TLΨ−ev = 0, T †LBΨ+
ev = 0, such that we can simplify further

to

(
TLΨout 0 TLΨ+

ev −TLB
T †LBΨoutΛout T †LBΨ−evΛ−ev 0 HB

)
S
S−ev

S+
ev

ΨB

 =

( −TLΨin

−T †LBΨinΛin

)
. (B.2.4)

Due to the banded structure of TL and TLS it seems to be useful to apply a discrete
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Fourier transform of both equation blocks by multiplying from the left by(
U ⊗ 14 0

0 U

)
, Umn =

1√
N
e2πi(N−m)(N−n)/N =

1√
N
e2πimn/N . (B.2.5)

We obtain

(
(U ⊗ 14)TLΨout 0 (U ⊗ 14)TLΨ+

ev −(U ⊗ 14)TLBU
†

UT †LBΨoutΛout UT †LBΨ−evΛ−ev 0 UHBU
†

)
S
S−ev

S+
ev

UΨB


=

(−(U ⊗ 14)TLΨin

−UT †LBΨinΛin

)
.

(B.2.6)

By explicitly computing all blocks of the system using the definitions given before,
we get

0 0 0 0

−A2 0 0 0

0 0 0 Λ+
ev 1 + Ξ†

−A1 0 0 0

0 0 0 0

0 0 Ξ−>ev 0

α∗A2 0 0 0

0 0 0 0 UHBU
†

−αA1 0 0 0

0 Ξ−<ev 0 0




S
S−<ev

S−>ev

S+
ev

UΨB

 =



0

A1

0

A2

0

0

α∗A1

0

−αA2

0



(B.2.7)

with

A1 =

(
1√
2
, 0

)
, A2 =

(
0,

1√
2

)
, (B.2.8)
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and

Ξ−<ev = diag(ξ−N
3

+1, . . . , ξ0) , (B.2.9)

Ξ−>ev = diag(ξ1, . . . , ξN
3
−1) , (B.2.10)

Ξ−ev = diag(Ξ−<ev ,Ξ
−>
ev ) , (B.2.11)

and

Ξ = diag(ξ1, . . . , ξN) = diag(Ξ−>ev , ξK ,Ξ
+
ev, ξK′ ,Ξ−<ev ) . (B.2.12)

Correspondingly, the evanescent modes scattering matrix Sev is split up into parts
for the same momentum ranges as

Sev =

S−<ev

S−>ev

S+
ev

 (B.2.13)

The lower right block of Eq. (B.2.7) has the form

UHBU
† =

1√
N


Ṽ0 Ṽ1 . . . ṼN−1

Ṽ ∗1 Ṽ0
. . .

...
...

. . . . . . Ṽ1

Ṽ ∗N−1 . . . Ṽ ∗1 Ṽ0

 , (B.2.14)

with the Fourier coefficients of the disorder potential

Ṽk =
1√
N

N−1∑
j=0

Vj e
2πi(j−1)k/N . (B.2.15)

By clever pivoting, i.e., exchanging the rows and columns of Eq. (B.2.7), we can
bring the system into a block-diagonal form where the lower right ((N/3 + 3) ×
(N/3 + 3))-block does not depend on Sev, thus leaving us with(

V̄ B1

C D1

)(
Ψ̄
S

)
=

(
B2

D2

)
. (B.2.16)

Here Ψ̄ contains some of the components of UΨB which however will be eliminated
in the procedure of solving for S and therefore do not need to be specified. The
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matrix

V̄ =
1√
N



Ṽ0 . . . ṼN
3
−2 Ṽ ∗1 ṼN

3
−1

...
. . .

...
...

...

Ṽ ∗N
3
−2

. . . Ṽ0 Ṽ ∗N
3
−1

Ṽ1

Ṽ1 . . . ṼN
3
−1 Ṽ0 ṼN

3

Ṽ ∗N
3
−1

. . . Ṽ ∗1 Ṽ ∗N
3

Ṽ0


(B.2.17)

contains only the lowest third of the Fourier components of the disorder potential
Vj. Further, the remaining blocks of the system are given by

C =

(
0 . . . 0 1 + ξK′ 0
0 . . . 0 0 1 + ξK

)
,

B1 =



0 0
...

...

0 0

0 α∗√
2

−α√
2

0


, B2 =



0 0
...

...

0 0
α∗√

2
0

0 −α√
2


,

D1 =

(
0 − 1√

2

− 1√
2

0

)
, D2 =

(
1√
2

0

0 1√
2

)
. (B.2.18)

Assuming the invertibility of V̄ and D1 − CV̄ −1B1, we can use the block ma-
trix inversion formula (Eq. (4.1.27)) to solve Eq. (B.2.16) by multiplying with(
V̄ B1

C D1

)−1

from the left. We thereby obtain

S =
[
D1 − CV̄ −1B1

]−1
(D2 − CV̄ −1B2) , (B.2.19)

reducing the problem to the inversion of V̄ . Due to the structure of B1, B2, and
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C, we only need to know the lower right 2× 2 block of V̄ −1, which we denote by

V̄ −1 =


. . . . . .

. . . . . .
. . . W11 W12

. . . W21 W22

 . (B.2.20)

As V̄ (and therefore also W ) is Hermitian, it must hold that W11,W22 ∈ R and
W21 = W ∗

12. Further, from the structure of V̄ we conclude that W11 = W22.
We formally obtain Y = W−1 by again using block-matrix inversion. Due to
Eq. (4.1.27), Y is given by the Schur complement of the upper left block of V̄ as

Y =

(
Y11 Y12

Y ∗12 Y11

)

=
1√
N

 Ṽ0 ṼN
3

Ṽ ∗N
3

Ṽ0



−

 Ṽ1 . . . ṼN
3
−1

Ṽ ∗N
3
−1

. . . Ṽ ∗1




Ṽ0 . . . ṼN
3
−2

...
. . .

...

Ṽ ∗N
3
−2

. . . Ṽ0


−1

Ṽ ∗1 ṼN
3
−1

...
...

Ṽ ∗N
3
−1

Ṽ1


 .

(B.2.21)

From Eq. (B.2.19) we can straightforwardly write down S in terms of the Yij,
resulting in Eq. (4.2.10).



C. Computation of disorder
averages

C.1. Disorder averages and Wick’s theorem

In the process of computing any parameter X of the scattering matrix as a function
of the mean value and the standard deviation of the disorder, in both the Dirac
and the tight-binding approach we need to compute expressions like

〈X(x0, . . . , xN−1)〉 =

∫ ∞
−∞

dx0f(x0) · · ·
∫ ∞
−∞

dxN−1f(xN−1) X(x0, . . . , xN−1) ,

(C.1.1)

or similarly in terms of the Fourier coefficients of the disorder as

〈X(x̃0, . . . x̃N−1)〉 =

∫
dx̃0f̃(x̃0) · · ·

∫
dx̃N−1f̃(x̃N−1) X(x̃0, . . . x̃N−1) . (C.1.2)

Here f(xj) or f̃(x̃k) are the probability distributions of the disorder parameter xj
or x̃k, respectively, which are each normalized to have unit standard deviation. (In
the Dirac approach we have to replace N → 2N + 1.) Since we expand r2 and φ
to second order in the x̃k, knowing their distribution and correlations

〈x̃k〉 = 0 , 〈x̃∗kx̃l〉 = 〈x̃−kx̃l〉 = δkl , (C.1.3)

(cf. Eq. (4.1.56)), we can easily evaluate the mean values of X = r2 or X = φ.

However, to compute their standard deviations

σ(X) =
√
〈X2〉 − 〈X〉2 , (C.1.4)

we need to evaluate 〈X2〉, where we have to include terms up to 4-th order in the
disorder parameters x̃k. Here we can make use of Wick’s theorem [18], from which
one can conclude that higher-order expectation values of Gaussian variables can
be decomposed into the sum of all possible products of second-order expectation



74 C Computation of disorder averages

values, e.g.,

〈xmxnxrxs〉 = 〈xmxn〉〈xrxs〉+ 〈xmxr〉〈xnxs〉+ 〈xmxs〉〈xnxr〉
= δmnδrs + δmrδns + δmsδnr . (C.1.5)

From the fact that 〈xm〉 = 0, we can directly conclude that all expectation values
of odd order are automatically zero. For the Fourier components we obtain with
Eq. (4.2.20) correspondingly

〈x̃kx̃lx̃px̃q〉 =
1

N2

∑
mnrs

〈xmxnxrxs〉e2πik(m−1)/Ne2πil(n−1)/Ne2πip(r−1)/Ne2πiq(s−1)/N

= δk,−l δp,−q + δk,−p δl,−q + δk,−q δl,−p , (C.1.6)

and similarly for the Dirac approach.

C.2. Scattering matrix for preserved chiral symmetry
for small boundary lengths

As stated in Section 4.2.4, for preserved chiral symmetry we cannot derive exact
expressions for the parameters r2 and φ of the scattering matrix depending on
the boundary length L = Na. To still have analytical expressions as a reference,
we can however compute expressions for the lowest possible lengths N = 3 and
N = 6.

From Eqs. (4.2.14), (4.2.15) we obtain with Eq. (4.2.19) for N = 3

r2
3 =

4

3
V 2|x̃1|2 +O(V 3) , (C.2.1)

φ3 = −
√

4

3
V x̃0 +O(V 3) . (C.2.2)

From these expressions using the considerations of Appendix C.1 we directly obtain
Eq. (4.2.32).

For N = 6 we obtain analogously

r2
6 =

2V 2F (x̃0, x̃1, x̃2)

3x̃2
0 + V 2

(
(x̃2

0 − |x̃1|2)2 + F (x̃0, x̃1, x̃2)
) , (C.2.3)

with

F (x̃0, x̃1, x̃2) = |x̃1|4 − x̃0

(
(x̃∗1)2x̃2 + x̃2

1x̃
∗
2

)
+ |x̃0|2|x̃2|2 . (C.2.4)
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For V � 1, r2
6 as a function of x̃0 is very sharply centered around x̃0 = 0. Thus,

we can replace x̃0 by 0 in the terms ∝ V 2, such that we remain with

r2
6 ≈

2V 2|x̃1|4
3x̃2

0 + 2V 2|x̃1|4
. (C.2.5)

Furthermore, with the same reasoning we can approximate the probability distri-
bution of x̃0 as

f̃(x̃0) =
1√
2π
e−x̃

2
0/2 ≈ 1√

2π
. (C.2.6)

With this, we can evaluate

〈r2
6〉 ≈

1√
2π

∫
dx̃0

∫
dx̃1f̃(x̃1) r2

6 =

√
π

3
V

∫
dx̃1f̃(x̃1)|x̃1|2 =

√
π

3
V , (C.2.7)

〈r4
6〉 ≈

1√
2π

∫
dx̃0

∫
dx̃1f̃(x̃1) r4

6 =
1

2

√
π

3
V

∫
dx̃1f̃(x̃1)|x̃1|2 =

1

2

√
π

3
V ,

(C.2.8)

and

σ(r2
6) =

√
〈r4

6〉 − 〈r2
6〉2 = 4

√
π

12

√
V +O(V 3/2) . (C.2.9)

For the scattering phase φ we obtain

φ6 = arctan

(√
2

3

|x̃1|2 − x̃2
0

x̃0

V +O(V 3)

)
. (C.2.10)

This is an odd function of x̃0, hence we directly see that averaging over x̃0 yields
〈φ6〉 = 0. For the standard deviation of φ6 we have to compute

〈φ2
6〉 =

〈
arctan2

(√
2

3

|x̃1|2 − x̃2
0

x̃0

V

)〉
+O(V 6)

=

〈
arctan2

(√
2

3

|x̃1|2
x̃0

V

)〉
+O(V 2) , (C.2.11)

where the last approximation comes from the fact that x̃0 is Gaussian distributed
around zero and therefore under the integral over x̃0 the term ∝ 1/x̃0 in the
arctangent dominates over the term∝ x̃0. As arctan2(ε/x̃0) is a very sharp function
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of x̃0 around zero for small ε, we can again use the approximation Eq. (C.2.6) and
compute

∞∫
−∞

dx̃0√
2π

arctan2

(
ε

x̃0

)
=

∞∫
−∞

dx̃0√
2π

ε∫
0

dε1
x̃0(1 + ε21/x̃

2
0)

ε∫
0

dε2
x̃0(1 + ε22/x̃

2
0)

=
complex
contour

integration

√
π

2

ε∫
0

ε∫
0

dε1 dε2
|ε1|+ |ε2|

=
√

2π ln(2) |ε| . (C.2.12)

With ε =
√

2/3 V |x̃1|2 we eventually obtain

σ(φ6) =
√
〈φ2

6〉 =

√√
4π

3
ln(2)

√
V +O(V ) . (C.2.13)
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